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OBSERVER DESIGN FOR A FLEXIBLE STRUCTURE
WITH DISTRIBUTED AND POINT SENSORS

The paper is devoted to the observability study of a dynamic system, which describes the vibrations
of an elastic beam with an attached rigid body and distributed control actions. The mathematical
model is derived using Hamilton’s principle in the form of the Euler-Bernoulli beam equation with
hinged boundary conditions and interface condition at the point of attachment of the rigid body.
It is assumed that the sensors distributed along the beam provide output information about the
deformation in neighborhoods of the specified points of the beam. Based on the variational form of the
equations of motion, the spectral problem for defining the eigenfrequencies and eigenfunctions of the
beam oscillations is obtained. Some properties of the eigenvalues and eigenfunctions of the spectral
problem are investigated. Finite-dimensional approximations of the dynamic equations are constructed
in the linear manifold spanned by the system of eigenfunctions. For these Galerkin approximations,
observability conditions for the control system with incomplete information about the state are derived.
An algorithm for observer design with an arbitrary number of modal coordinates is proposed for the
differential equation on a finite-dimensional manifold. Based on a quadratic Lyapunov function with
respect to the coordinates of the finite-dimensional state vector, the exponential convergence of the
observer dynamics is proved. The proposed method of constructing a dynamic observer makes it
possible to estimate the full system state by the output signals characterizing the motion of particular
point only. Numerical simulations illustrate the exponential decay of the norm of solutions of the
system of ordinary differential equations that describes the observation error.

MSC: 93B07, 74K10.
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1. Introduction.

Control theory for flexible structures is a thoroughly studied field from theoretical
point of view. Controllability and stabilization problems for different models of flexible
beams have been the subject of interest of many authors for several decades; see, for
instance, [1-4] and references therein.

In real engineering structures that consist of networks of interconnected beams,
there is often a need to provide a feedback control which takes into account an output
information about the state of the system. A general challenge is that most of the
real settings have limitations for recording and processing output signals. Namely, only
partial information about the motion of certain reference points is usually available for
control purposes. That is why the questions of observability and observer design become
important for estimating the complete state of a dynamic model [5-7]. Controllability
and observability problems have been studied for strings, plates, beams and multi-link
networks in [11-18].

An analytical approach for designing a Luenberger observer for a finite-dimensional
linear system is based on constructing an auxiliary matrix of gain parameters such

125



A. Zuyev, J. Kalosha

that the error dynamics is asymptotically stable. Then the above gain parameters can
be defined by checking the Routh—Hurwitz or the Liénard-Chipart conditions for the
corresponding characteristic polynomial. For mathematical models of flexible structures
with multiple degrees of freedom, this approach requires the analysis of high order
polynomial inequalities with parameter dependent coefficients. The implementation
of this scheme may be a very difficult technical task. An alternative approach for
observer design is based on Lyapunov’s direct method. The idea is to take a suitable
quadratic form as a Lyapunov function candidate and define the gain parameters in
such a way that the observation error dynamics has stable trivial equilibrium. Moreover,
it is possible to prove that the trivial solution is asymptotically stable with the help of
the Barbashin—Krasovskii theorem (or LaSalle’s invariance principle). This technique
has been applied to observer design and observed-based stabilization in [8-10| for
mathematical models of flexible manipulators.

In the present paper, we study the mathematical model that describes a flexible
beam attached to a rigid body (shaker). The beam is simply supported at the ends
by two hinges and is actuated by distributed piezoelectric controllers and the shaker.
In previous studies, the stabilization problem with a state feedback was investigated
for this infinite-dimensional system. The control design that ensures strong asymptotic
stability of the trivial equilibrium was proposed in [19]. Now, we widen our study to the
system with output and question ourselves whether it is possible to fully reconstruct the
state vector having at our disposal only output signals on a subset of the domain. In this
work, the observability problem is investigated for a finite-dimensional approximation
of the dynamics. An observer design that guarantees the exponential decay of the
observation error is proposed.

The rest of this paper is organized as follows. The mechanical system under con-
sideration is described in section 2, and its equations of motion are derived from the
variational principle in section 3. Some properties of eigenvalues of the associated
spectral problem are discussed in sections 4. A finite-dimensional approximation of the
dynamical equations based on Galerkin’s method is proposed in section 5. The main
results (observability conditions together with observer design scheme) are presented
in section 6. Finally, we illustrate the convergence of the proposed observer with some
numerical simulations in section 7.

2. Modeling of a flexible beam with a shaker.

Consider a flexible beam supported at both ends and attached to the shaker. Let [
be the length of the beam, and let w(x,t) denote the deflection of the centerline of the
beam at a point € [0,!] and time ¢ (here z = 0 stands for the upper end and = = [ for
the lower one, correspondingly). We assume that the shaker is attached at the point
x = lp, and m is the mass of the moving part of the shaker. Then the kinetic energy of
the system considered is

! m
K= 2/0 p(x)i?(z,t) do + in(lo,t), (1)

where p(x) is the mass per unit length of the beam. We use dots to denote derivatives
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with respect to t, and primes to denote derivatives with respect to x. According to the
Euler—Bernoulli beam model, the potential energy can be written as follows:

! Va1
U= % /0 B@)I(x) (u(z,1))* dz + Zu?(lo,1). @)

Here E(z) and I(x) are the Young modulus and the moment of inertia of the cross
section area, respectively, and s is the stiffness coefficient of the shaker. In the sequel,
we assume that damping may be neglected.

3. Variational form of the dynamical equations.

Suppose that w(z,t) defines the motion of the system considered for ¢ € [0, 7],
7 > 0. We have the following geometric boundary conditions:

w(0,t) = w(l,t) = 0.

By using Hamilton’s principle, we get

T T k l
5/0 (K—U)dt+/0 Faw(zo,t)+ZMj/O ®i(z)ow" (z,t)dx y dt =0, (3)

J=1

for each admissible variation dw(z,t) of class C? ([0,1] x [0, 7]) satisfying the boundary
conditions
dwli=p = dW|i=r = dw|z—0 = dw|y=; = 0.

Here F' is the control force implemented by the shaker. In formula (3), we assume also
that there are k piezoelectric actuators attached to the beam. We describe the action of
the j-th actuator by its density of the torque M; and the shape function 1;(x). These
characteristics may be computed by using results of the paper [20]. We assume that

supp; N{0,1p,l} =0 for each j =1,2,... k.
By performing the integration by parts with respect to ¢ in (3), we obtain

0. (4)

z=ly —

1 k
/ ptdw + | ETw” — Z Mjp; | dw" | dz + (mi + »w — F) dw|
0 .
7j=1

Then another integration by parts with respect to z yields the following partial
differential equation:

k
pii(z,t) + (BIw"(x,1)" = > 9] (2)M;, 2 € (0,1)\ {lo}, (5)
j=1
with boundary and interface conditions
w‘x:O = w‘x:l =0, w”‘w:O = w”‘l“:l =0, (6)
(mab + sew)| .y, = (Ej'w”)"m:lo_0 — (EIw”)"x:lOJFO + F,
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for w(z,t) of class C2([0,1] x [0,7]) such that the derivatives w”(z,t) and w™(x,t)
exist for all x € [0,1] \ {lp} and ¢ € [0, 7].

4. Spectral problem.

To analyse the spectrum of oscillations of the mechanical system considered, we first
study the control system (5)-(6) with M; = ... = M}, =0 and F = 0. For simplicity,
we assume that the beam is homogeneous, i.e. p, F/, and I are treated as constants in
the sequel.

By substituting w(z,t) = W(x)q(t) into the homogeneous part of (5)—(6), we get
4(t) = —Aq(t) together with the following spectral problem:

4
W) = AL W @), 2 0.0\ o),
W(0) =W (l) =0, W"(0)=W"(l) =0, W € C*[0,1], (7)
W"(ly — 0) — W (I + 0) = = ;E?mW(zo).

The eigenfunctions of the above problem are

W(z) = Cy sin(pz) + Coy sinh(pz), x <lp,
| Bisin(u(z —1)) + Besinh(u(z — 1)), x> l,
1/4
where p = (%) , and the constants C4,Cy, By, By satisfy the following linear

algebraic system:

sin plo —sh ulp —sinpu(lp — 1) shu(lo —1) e})

sin plop sh plo —sinp(lo —1) —shu(lo —1) Cy 0 3

cos plo ch plp —cosp(lo—1) —chpu(lo—1) B =0. (8
cos pulo + };E_IZ? sin plg %Z@ shplo —chplo  —cosu(lp —1) chu(lo —1) B>

Thus, the eigenvalues \ of the spectral problem (7) are obtained by solving the equation
A(X) =0, (9)

where A(\) is the determinant of the 4 x 4-matrix of (8). A rigorous investigation of
the characteristic equation (9) with regard to the asymptotic behavior of its roots is
carried out in [21].

Let A1, A2, ... be eigenvalues of (7), and let Wi (z) ,Wa(z), ... be the corresponding
eigenfunctions. Let us define

l
(Wi W), = /0 W)W, () da + mWi(lo) W (). (10)

We have the following lemma.
Lemma 1. If \; # A\; then (W;, W;),, = 0.
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Proof. The integration by parts of the expression fol W, (z)Wj' (z)dx and exploiting
the interface conditions W}"(lo 4+ 0) — W/"(lo — 0) = 2272W;(lp), j = 1,..., N, gives

! d? \im —
/0 Wj(m)@Wi(w)dﬂﬁ + TWi(lo)WjUO)

on the one hand, and

/W I W;(z)dz + Aj TZ?I J{VVz'(lo)Wj(lo)

on the other hand. Calculating the difference between these two expressions, we obtain

! 4 4
d d m
[ (W50 300 = Wia) S5W30) ) i+ 270 = AWill W0 =0
As both Wj(x) and W;(x) satisfy (7),
(i = Ag) (Wi, Wy) pp =
which leads to (W3, Wj) ; = 0 for A; # A;. O

Lemma 2. Fach eigenvalue of the spectral problem (7) is a non-negative real
number. .
Proof. Consider the differential operator £ : D(L) — H = L*[0,1] x R acting as

<:<u$0>kéa@:(zp_%wwéﬁzglw%m+m))

with the domain
ge(Hﬁonuﬂﬂom)uH% 1)) x
D(L£) = { u(0) =u(l) =0, «"(0) = u"(1) =0, CH.
u”(lo — 0) = u”(lo + 0), = u(lo)
Then the spectral problem (7) can be rewritten as

L£C=AC.

Let us rewrite the bilinear form (10) in terms of elements of H:

(GirGidg = << ZZ ) ; ( Zj >>H 1= /IPUi(fﬂ)UJ(ﬂC)diHmij-
0

A direct computation leads to
l
(LGiy i) g /EIUW z)uj(z)dr + »pipj — EI( (lo = 0) — i (lo + O))
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and
l
(G, LG g = /Efui(a:)u;-/"(az)da: + xpip; — E1 (u;-"(lo —0) —uj'(lo + 0)) pi-
0

The integration by parts gives (L{;, (j) g = (G, £{j) 7. Besides, it is easily verifiable
l

that (¢, £¢) 7 = [ EI(W(x))*dx + »p*> > 0 for all ¢ € D(L). So, L is positive self-
0

adjoint operator with respect to the bilinear form (-, ) 7; thus the eigenvalues of £ are

real and non-negative. ([
5. Galerkin’s method.
Let us consider a finite set of eigenvalues A1, Ao, ... , Ay and the corresponding

eigenfunctions Wi (x), Wa(x), ..., Wn(x) of the spectral problem (7). Then we substitute

N
w(z,t) =Y Wjlx)g(t)
j=1
into the variational form of equations of motion (4), assuming that (4) holds for each

ow(-,t) € span{Wy, Wa,... ., Wn}, t>0.

As a result, we get the Galerkin system with respect to q1(t), g2(t), ..., qn(t):

Wil S~ o (o) do

uo wi, j=1,2,...,N, (11)
IW;113 W13 l

G +Ajg; =
i=1

where ug = F, u; = M;, 1 =1,...,k.
System (11) can be equivalently written as
Z:AZ+BU, Z:(Ch,pb---aQN,pN)Ta U:(Uo,ul,...,Uk)T, (12)

where A = diag(Al, AQ, ce ,AN),

0 0 0
0 1 blO bll e blk
n=(25 0) 8- z 7
J 0 0 0
bNO le e ka
l
b'o _ Wj(lo) b'i _ fo %(fC)W]"(UC) dx i=1.2... . k. (13)
ToAwsg IW; 1%

130



Observer Design for a Flexible Structure

6. Luenberger observer design.

Assume that the state w(x,t) of the flexible beam can measured by r strain gauges
located at points z = l1,...,l, and, moreover, the shaker displacement w(ly,t) is
measured as function of time. The current, generated by the s-th gauge, is proportional
to w”(ls,t). By assuming that the measuring device implements a current integrator,
we treat the signals

yo(t) = w(lo,t), ys(t) = w"(ls,t), s=1,...,7, (14)

as the output for the mathematical model (5)—(6). Then, as the representation
N

w(a,t) =Y Wila)g;(t)

j=1
is used to derive Galerkin’s system (12), we express the output (14) in terms of functions
q1(t),...,qn(t) as follows:

N N
o) = Y Willo)g;(t), ys(t) = > W) (I)gi(t), s=1,....m.
j=1 j=1

Thus, we assume that the output signal y(t) = Cz(t) € R"*! is available for the
finite-dimensional control system (12), where

Co1 0o ... CON 0
C11 0o ... C1N 0 I

y:C'z, C = : . . . . 5 ch:Wj(lo), csj:Wj (ZS), 521,1‘. (15)
cr1 0 ... ¢y O

Lemma 3. Let the eigenvalues A1, X2, ..., Ay be distinct and, for each j = 1, N,
there is an s € {0,...,r} such that cs;j # 0. Then system (12) with output (15) is
observable.

Proof. Let us prove that rank H = 2N, where the matrix

C

CA
H=

CA2N71

by a suitable permutation of its rows and columns can be transformed to the following
block form:

Hy 0
: Csl CsN
H. 0 —A1Cs1 —ANCsN
07' HO ) HS - ) S = Oa , T
: AV leg Mooy
0 H,
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Each H is a Vandermonde-like matrix whose determinant can be calculated as

N
det Hs = | | css H (A —24), s=0,...,m
i=1  1<j<n<N
Hy
Under the assumptions of Lemma 3, the rectangular block : has a nonzero
H,
minor of order N. So, rankH = 2N and system (12), (15) is observable by Kalman’s
observability criterion. O

The following result describes an explicit scheme for constructing the Luenberger
observer for system (12), (15).

Theorem 1. Let system (12), (15) be observable and \; > 0 for all j =1, N. Then,
for any 2(0) € R?N, 2(0) € R*N, and any u € L™®[0,00), the corresponding solutions
z(t) and zZ(t) of system (12) and

Z(t) = (A — FC)z(t) + Bu(t) + Fy(t) (16)
satisfy the property
lz(t) = Z2(t)|| = 0 ast — 4o0. (17)
Here
Jfio o fir
0 0
F = : : f»:fyicsj j=1,N, s=0,r
. . ) J Aj”mGHQ’ ) ) sl
fno oo I
0o ... 0

and vs > 0 are arbitrary constants.
Proof. Consider the observation error e(t) = z(t) — 2(t) = (A1,01,..., AN, 0n)T.
Then subtracting (16) from (12) yields the following dynamics:

é¢=(A—-FC)e. (18)
Let us consider the following positive definite quadratic form:
N
2W (e) = Y [W;%(55 + \;A%),
j=1
and compute its time derivative along the trajectories of system (18):
2
T

r N N N
W(e) == D IWIPNA Y Caldi==> 7 [ D Cy; | <.
i=1 s=1 j=1

s=1 j=1
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According to Lyapunov’s theorem, the trivial solution of (18) is stable.
Our goal is to check whether the system (18) admits nontrivial trajectories on the
set K = {e € R?N : W(e) = 0}. As far as 75 > 0 for all s = 0,...,r, the identity

. N
W(e(t)) = 0 implies that ) CyjA;(t) = 0 or, in the matrix form,
j=1

Ce(t)

0, (19)

which in turn implies that the time derivatives CZ%;(C’e(t)) vanish for all n =0,1,2,....
In view of (19), system (18) reduces to

é = Ae (20)

on the set K. Computing the derivatives of C'e(t) up to (2N —1)-st along the trajectories
of (20), one can see that
dn

dt—nC’e(t) =CA"(t), n=0,...,2N —1.

So, the components of e(t) satisfy the following algebraic system:
CA"(t) =0, n=0,...,2N — 1. (21)

As system (12), (15) is observable, system (21) admits only the trivial solution e(t) = 0
because of Kalman’s observability rank condition. Thus, the trivial solution of (18) is
asymptotically stable by the Barbashin—Krasovskii theorem. O

Remark. As the error dynamics (18) is linear in the considered case, the obtained
asymptotic stability result guarantees in fact the exponential convergence in (17). Note
that the assertion of Theorem 1 can be reformulated in terms of partial asymptotic
stability of the extended system (12), (15), (16) with respect to the variables z —z. This
type of stability conditions can be formally analyzed with extensions of the Barbashin—
Krasovskii-LaSalle results for partial stabilization of ordinary differential equations
(see, e.g., [22]) and dynamical systems in abstract spaces [23].

7. Numerical simulations.

The goal of this section is to illustrate the behavior of solutions of control sys-
tem (12), (15) and its dynamic observer (16) by numerical simulations for the model
with N = 6 modes of oscillations. All computations are carried out for the following
realistic mechanical parameters (cf. [21]):

[=1875m, Ilp=14m, E=71-10"Pa, [=16875-10"""m"
p=2660-2.25-10""kg/m, m=0.045kg, s =2630N/m.

The model is driven by the periodic force F' = sin 4t and the beam displacement at z =
lp is taken as the output, so that the piezo actuators are switched off the data from piezo
sensors is neglected. For numerical simulations, we choose the observer gain parameter
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~v1 = 3 and the initial conditions Z(0 (0) = 0. 1 pi(0) =0.1,72=1,...,N. The
N
overall weighted error [e(?)[* = £ (A ( )) + 2 Z( ((t))? is presented in Fig. 1,

7=1
while high frequency components of the observation error are depicted in Figs. 2 and 3.
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Fig. 1. The time plot of |le(t)|?.
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Fig. 2. The time plot of Fig. 3. The time plot of
(AN (1) + 5 (O (1) Flan(t) — an(1))* + 5 (pn (t) — pn (1)

The above time plots confirm the convergence of the proposed observer for the
considered multidimensional model.

8. Conclusions and future work.

In this paper, we have proposed an explicit analytic approach for constructing the
Luenberger observer for a class of finite-dimensional models of flexible structures. This
observer design allows estimating the full system state for an arbitrary dimension of the
output vector. We do not solve here the output stabilization problem leaving this task
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for future investigations. In the previous work [19], the stabilization problem was solved
for the beam-shaker model by a feedback law depending on the infinite-dimensional
state vector. So, another direction of further study is related to the observer-based
stabilization of this class of distributed parameter flexible structures.
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0O.JI. 3yes, }0.1. Kajnomia
Cunre3s criocrepirada aJjisl IPy>KHOI CTPYKTYPH 3 PO3IOLIJIEHUMH Ta TOYKOBUMU CEHCOpPa-

MHA.

CTaTTIO TPUCBSYEHO JOCIIIZKEHHIO 33/1a49i CIOCTEPEXKYBAHOCTI JUHAMITHOI CHCTEMU, KA OIHCYE KO-
JIMBAHHS IIPY?KHOI 0aJIKU 3 IPUETHAHIM TBEP/IUM TiJIOM i PO3HOiIEHNME KepylouuMu BiinBaMmu. Ma-
TEMATHUYIHY MOJIEJIb BHBEIEHO 3a JTOTOMOrOI0 Bapiariiinoro npuaiuny [amimbrona—OcTporpaicbKoro
y Burisal piBusuas Eitepa—BepHyiii 3 KpalioBUMH yMOBaMHU IIApPHIPHOrO 3aKpillJIeHHsT KiHIIB OaJi-
KM Ta yMOBaMuU iHTepdelicy B TOUI TpUKpimieHHs: TBepaoro Tima. [lepenbadaerbest, mo posmoiieni
B30B2K OaJIKM CEHCOPH HAIAIOTh BUXIiAHY iH(MOpMAaIiiio npo gedopMarliii B OKOJII 33/ IaHIX TOYOK OAJIKHU.
Ha ocnosi Bapiariiinol ¢popMu piBHSIHDb PyXy OTPHUMAHO CIIEKTPAJBHY 3339y JJjis OOUUCIEHHST BJIAC-
HUX 9acTOT 1 BjacHUX (OpM KosmBaHb OaJiku. JloC/ipKeHO JesiKi BJIACTUBOCTI BJIACHUX 3HAYEHb 1
BJIACHUX (DYHKINH CHeKTpaIbHOI 3a/a4i. Y JHIHHOMY MHOTOBHU/I, IO MOPOXKYETHCS CIHCTEMOIO BJIac-
HUX DYHKIIN crieKTpaiabHOl 3a/1ati, o0y I0BaHO CKIHYEeHHOBUMIPHI allpOKCUMAI] IUHAMITHIX DIBHSIHb.
s mogesti HabJkeHb 3a ['aJIbOpKIHUM HAaBEIEHO JOCTATHI YMOBH CIIOCTEPEXKYBAHOCTI CHCTEMHU 3 BH-
XOJIOM TIpM HemNoBHill indopmarii mpo ctan cucremu. JInst mudepeHiaJbHOTO PIBHSIHHS 3 BUXOIOM Y
CKIHYEHHOBUMIpPHIi JIiHIKHIN 000JIOHII 3aITPOTIOHOBAHO aJITOPUTM HOOYI0BU CUCTEMU-CIIOCTEpIrada Jjist
JOBITBHOI KITBKOCTI MOZAJIbHUX KoopamHaT. Ha ocHoBi amamizy dyukmil JIsmynoBa y Burisimi KBai-
paruvdHOl POPMH BiJI KOOPJUHAT CKIHYEHHOBUMIPHOIO (ha30BOr0 BEKTOPA JIOBEJIEHO €KCIOHEHIIaJIbHY
361k HICTh PO3B’sI3KiB OOY10BaHOI crucTeMu-criocTepirada. OTpuManuit MeTo1 moOyI0BYU JIMHAMITHOTO
criocTepiraya J1a€ MOXKJIMBICTD OIIHIOBaHHSI CTaHy BCi€l cucTeMu 3a HasBHOCTI BHXiJHUX CHUTHAJIB IIO-
10 PyXy JIMIIIEe OKPEMUX TOUYOK. Pe3ybTaTi 9ncesbHOr0 IHTEerpyBaHHS 1TIOCTPYIOTH €KCIIOHEHIAJIbHE

3racaHHsi HODMH PO3B’sI3KiB cucTeMu JuepeHIiaIbHuX PIBHAHD, SIKa OIKCY€E IOXUOKY CIIOCTEPEXKEHb.

Karouwosei caosa: cucmema 3 npystchoro 6aakoro, nabausicenta 3a 1 asvbopkinum, cnocmepescysa-

Hicmb, cnocmepizay Jlyenbepeepa.
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