
ISSN 1683-4720 Працi IПММ НАН України. 2022. Том 36, № 1

UDC: 517.5
DOI: 10.32782/1683-4720-2022-36-2

c⃝2022. R. Salimov, B. Klishchuk

ON THE ASYMPTOTIC BEHAVIOR AT INFINITY OF RING
Q-HOMEOMORPHISMS WITH RESPECT TO p-MODULUS
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1. Introduction.

Let us recall some definitions, see [37]. Let Γ be a family of paths γ in Rn, n > 2.
A Borel function ρ : Rn → [0,∞] is called an admissible for a family Γ of paths γ in
Rn, (abbr. ρ ∈ admΓ), if ∫

γ

ρ(x) ds > 1

holds for any locally rectifiable path γ ∈ Γ.
Let p ∈ (1,∞). The quantity

Mp(Γ) = inf
ρ∈admΓ

∫
Rn

ρp(x) dm(x)

is called p–modulus of the family Γ. Here dm(x) corresponds to the Lebesgue measure
in Rn, n > 2.

Let D and D′ be domains in Rn, n > 2, and let Q : D → [0,∞] be a measurable
function. A homeomorphism f : D → D′ is called a Q-homeomorphism with respect to
p-modulus if

Mp(fΓ) 6
∫
D

Q(x) ρp(x) dm(x) (1)

for every family Γ of curves in D and every admissible function ρ for Γ.
This conception is a natural generalization of the geometric definition of a quasicon-

formal mapping: if Q(x) 6 K < ∞ a.e., then f is quasiconformal for p = 2 in C, (see
definition A, p. 21–22 in [1]), for p = n in Rn, n > 2, (see 13.1 and 34.6 in [37]), and
has local Lipschitz property, for n− 1 < p < n, (see [5]). Note that the estimate of the
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type (1) was first established in the classical quasiconformal theory, (see [18, p. 221]).
Next, it was obtain in [2], Lemma 2.1, for quasiconformal mappings in space Rn, n > 2.

The class of Q-homeomorphisms with respect to the n-modulus was first considered
in the papers [21–23], see also the monograph [25]. The main goal of the theory
of Q-homeomorphisms is to clear up various interconnections between properties of
the majorant Q(x) and the corresponding properties of the mappings themselves. In
particular, the problem of the local and boundary behavior of Q-homeomorphisms has
been studied in Rn first in the case Q ∈ BMO (bounded mean oscillation) in the
papers [22–24] and then in the case of Q ∈ FMO (finite mean oscillation) and other
cases in the papers [10,11,27,31].

For arbitrary sets E, F and G of Rn we denote by ∆(E,F,G) a set of all continuous
curves γ : [a, b] → Rn that connect E and F in G, i.e., such that γ(a) ∈ E, γ(b) ∈ F
and γ(t) ∈ G for a < t < b.

Let D be a domain in Rn, n > 2, x0 ∈ D and d0 = dist(x0, ∂D). Set

A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} ,

Si = S(x0, ri) = {x ∈ Rn : |x− x0| = ri} , i = 1, 2 .

The following concept generalizes and localizes the concept of a Q-homeomorphism.
It is motivated by the ring definition of quasiconformal mappings in the sense of Gehring
(see [4]), introduced originally by V. Ryazanov, U. Srebro, and E. Yakubov on the
plane, and later extended by V. Ryazanov and S. Sevost’yanov in the space Rn , n > 2,
(see [25, 29], Chapters VII and XI).

Let a function Q : D → [0,∞] be Lebesgue measurable. We say that a homeomorp-
hism f : D → Rn is ring Q-homeomorphism with respect to p-modulus at x0 ∈ D if
the relation

Mp(∆(fS1, fS2, fD)) 6
∫
A

Q(x) ηp(|x− x0|) dm(x) (2)

holds for any ring A = A(x0, r1, r2) , 0 < r1 < r2 < d0, d0 = dist(x0, ∂D), and for any
measurable function η : (r1, r2) → [0,∞] such that

r2∫
r1

η(r) dr = 1 .

The theory of ring Q-homeomorphisms for p = n was studied in works [25, 28–30],
for 1 < p < n in works [6–8, 32–35] and for p > n in works [13–17]. In this paper, we
obtain an analogue by Martio–Rickman–Väisälä’s theorem on the growth at infinity of
quasi-regular mappings, (see [20]).

The theory of ring Q-homeomorphisms can be applied to mappings of finite distortion
belonging to the Orlicz– Sobolev classes W 1,φ

loc under the Calderon condition, and, in
particular, to the Sobolev classes W 1,p

loc with p > n− 1, (see [6, 12]).
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Denote by ωn−1 the area of the unit sphere Sn−1 = {x ∈ Rn : |x| = 1} in Rn and
by

qx0(r) =
1

ωn−1 rn−1

∫
S(x0,r)

Q(x) dA

the integral mean over the sphere S(x0, r) = {x ∈ Rn : |x − x0| = r} , here dA is the
element of the surface area.

Now we formulate a criterion which guarantees for a homeomorphism to be the ring
Q-homeomorphisms with respect to p-modulus for p > 1 in Rn, n > 2.

Proposition 1. Let D be a domain in Rn, n > 2, and let Q : D → [0,∞]
be a Lebesgue measurable function such that qx0(r) ̸= ∞ for a.e. r ∈ (0, d0), d0 =
dist(x0, ∂D). A homeomorphism f : D → Rn is ring Q-homeomorphism with respect to
p-modulus at a point x0 ∈ D if and only if the quantity

Mp (∆(fS1, fS2, fA)) 6
ωn−1(

r2∫
r1

dr

r
n−1
p−1 q

1
p−1
x0

(r)

)p−1

holds for any 0 < r1 < r2 < d0 (see [33], Theorem 2.3).

Following the paper [19], a pair E = (A,C) where A ⊂ Rn is an open set and C is
a nonempty compact set contained in A, is called condenser. We say that a condenser
E = (A,C) lies in a domain D if A ⊂ D. Clearly, if f : D → Rn is a homeomorphism
and E = (A,C) is a condenser in D then (fA, fC) is also condenser in fD. Further,
we denote fE = (fA, fC).

Let E = (A,C) be a condenser. Denote by C0(A) a set of continuous functions
u : A → R1 with compact support. Let W0(E) = W0(A,C) be a family of nonnegative
functions u : A → R1 such that 1) u ∈ C0(A), 2) u(x) > 1 for x ∈ C and 3) u belongs
to the class ACL and

|∇u| =

(
n∑

i=1

(
∂u

∂xi

)2
) 1

2

.

For p > 1 the quantity

capp E = capp (A,C) = inf
u∈W0(E)

∫
A

|∇u|p dm(x)

is called p-capacity of the condenser E . It is known that for p > 1

capp E = Mp(∆(∂A, ∂C;A \ C)), (3)

see in [36], Theorem 1. For p > n the inequality

capp (A,C) > nΩ
p
n
n

(
p− n

p− 1

)p−1 [
m

p−n
n(p−1) (A)−m

p−n
n(p−1) (C)

]1−p

(4)
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holds where Ωn is a volume of the unit ball in Rn (see, e.g., the inequality 8.7 in [26]).
Let us recall the so-called isodiametric inequality or Bieberbach inequality (1915),

see Corollary 2.10.33 in [3]. Here and in what follows, diam (·) denotes the Euclidean
diameter in Rn, n > 2.

Proposition 2. Let E be a compact set in Rn, n > 2. Then

m(E) 6 2−nΩn (diamE)n,

where Ωn is a volume of the unit ball in Rn.

2. Main results.

Now we consider the main result of our paper on the behavior at infinity of ring
Q-homeomorphisms with respect to p-modulus for p > n. The case p = n was studied
in the work [30].

Theorem 1. Suppose that f : Rn → Rn is a ring Q-homeomorphism with respect to
p-modulus at a point x0 with p > n where x0 is some point in Rn and for some numbers
r0 > 0, κ = κ(x0) > 0 the condition

qx0(t) 6 κ tα (5)

holds for a.e. t ∈ [r0,+∞). If α ∈ [0, p− n) then

lim inf
R→∞

diam f (B(x0, R))

R
p−n−α
p−n

> 2κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

> 0 .

If α = p− n then

lim inf
R→∞

diam f (B(x0, R))

(lnR)
p−1
p−n

> 2κ
1

n−p

(
p− n

p− 1

) p−1
p−n

> 0 ,

where B(x0, R) = {x ∈ Rn : |x− x0| 6 R}.
Proof. Consider a condenser E = (A,C) in Rn, where A = {x ∈ Rn : |x− x0| < R},

C = {x ∈ Rn : |x − x0| 6 r0}, 0 < r0 < R < ∞. Then fE = (fA, fC) is a ringlike
condenser in Rn and by (3) we have equality

capp fE = Mp (∆(∂fA, ∂fC; f(A \ C))) .

Due to the inequality (4)

capp (fA, fC) > nΩ
p
n
n

(
p− n

p− 1

)p−1 [
m

p−n
n(p−1) (fA)−m

p−n
n(p−1) (fC)

]1−p

we obtain

capp (fA, fC) > nΩ
p
n
n

(
p− n

p− 1

)p−1

[m(fA)]
n−p
n . (6)
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On the other hand, by Proposition 1, one gets

capp (fA, fC) 6 ωn−1(
R∫
r0

dt

t
n−1
p−1 q

1
p−1
x0

(t)

)p−1 . (7)

Combining the inequalities (6) and (7), we obtain

nΩ
p
n
n

(
p− n

p− 1

)p−1

[m(fA)]
n−p
n 6 ωn−1(

R∫
r0

dt

t
n−1
p−1 q

1
p−1
x0

(t)

)p−1 .

Due to ωn−1 = nΩn, the last inequality can be rewritten as

Ω
p
n
−1

n

(
p− n

p− 1

)p−1

[m(fA)]
n−p
n 6

 R∫
r0

dt

t
n−1
p−1 q

1
p−1
x0 (t)

1−p

. (8)

Consider a case when α ∈ [0, p− n). Then from the condition (5) the estimate

Ω
p
n
−1

n

(
p− n

p− 1

)p−1

[m(fA)]
n−p
n 6 κ

(
p− n− α

p− 1

)p−1 (
R

p−n−α
p−1 − r

p−n−α
p−1

0

)1−p

holds. Therefore

m(fA) > Ωn κ
n

n−p

(
p− n

p− n− α

)n(p−1)
p−n

(
R

p−n−α
p−1 − r

p−n−α
p−1

0

)n(p−1)
p−n

.

Hence, by Proposition 2, we have

diam f (B(x0, R)) > 2κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

(
R

p−n−α
p−1 − r

p−n−α
p−1

0

) p−1
p−n

.

Dividing the last inequality by R
p−n−α
p−n and taking the lower limit as R → ∞, we

conclude

lim inf
R→∞

diam f (B(x0, R))

R
p−n−α
p−n

> 2κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

.

Now we consider a case when α = p− n. Then from (8) we get

Ω
p
n
−1

n

(
p− n

p− 1

)p−1

[m(fA)]
n−p
n 6 κ

(
ln

R

r0

)1−p

.

Therefore

m(fB(x0, R)) > Ωn κ
n

n−p

(
p− n

p− 1

)n(p−1)
p−n

(
ln

R

r0

)n(p−1)
p−n

.
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Hence, by Proposition 2, we obtain

diam f (B(x0, R)) > 2κ
1

n−p

(
p− n

p− 1

) p−1
p−n

(
ln

R

r0

) p−1
p−n

.

Finally, dividing the last inequality by (lnR)
p−1
p−n and taking the lower limit for R → ∞,

we conclude

lim inf
R→∞

diam f (B(x0, R))

(lnR)
p−1
p−n

> 2κ
1

n−p

(
p− n

p− 1

) p−1
p−n

.

This completes the proof of Main Theorem. �
Corollary 1. Suppose that f : Rn → Rn is a ring Q-homeomorphism with respect

to p-modulus at a point x0 with p > n where x0 is some point in Rn and for some
numbers r0 > 0, κ = κ(x0) > 0 the condition qx0(t) 6 κ holds for a.e. t ∈ [r0,+∞).
Then

lim inf
R→∞

diam f (B(x0, R))

R
> 2κ

1
n−p > 0 ,

where B(x0, R) = {x ∈ Rn : |x− x0| 6 R}.

Let us consider some examples.

Example 1. Let f1 : Rn → Rn, where

f1(x) =

κ
1

n−p

(
p−n

p−n−α

) p−1
p−n |x− x0|

p−n−α
p−n x−x0

|x−x0| , x ̸= x0

0, x = x0 .

Note that the mapping f1 maps the ball B(x0, R) onto the ball B(0, R̃), where

R̃ = κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

R
p−n−α
p−n .

It can be easily seen that

lim
R→∞

diam f1 (B(x0, R))

R
p−n−α
p−n

= lim
R→∞

diamB(0, R̃)

R
p−n−α
p−n

= lim
R→∞

2R̃

R
p−n−α
p−n

= 2κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

.

Let us show that the mapping f1 is a ring Q-homeomorphism with respect to p-
modulus with the function Q(x) = κ |x − x0|α at the point x0. Clearly, qx0(t) = κ tα.
Consider a ring A(x0, r1, r2), 0 < r1 < r2 < ∞. Note that the mapping f1 maps the
ring A(x0, r1, r2) onto the ring Ã(0, r̃1, r̃2), where

r̃i = κ
1

n−p

(
p− n

p− n− α

) p−1
p−n

r
p−n−α
p−n

i , i = 1, 2.
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Denote by Γ a set of all curves that join the spheres S(x0, r1) and S(x0, r2) in the ring
A(x0, r1, r2). Then one can calculate p-modulus of the family of curves f1Γ in implicit
form:

Mp(f1Γ) = ωn−1

(
p− n

p− 1

)p−1 (
r̃

p−n
p−1

2 − r̃
p−n
p−1

1

)1−p

(see, e.g., the relation (2) in [5]). Substituting in the above equality the values r̃1 and
r̃2, defined above, one gets

Mp(f1Γ) = ωn−1 κ

(
p− n− α

p− 1

)p−1 (
r

p−n−α
p−1

2 − r
p−n−α
p−1

1

)1−p

.

Note that the last equality can be written by

Mp(f1Γ) =
ωn−1(

r2∫
r1

dt

t
n−1
p−1 q

1
p−1
x0

(t)

)p−1 ,

where qx0(t) = κ tα.
Hence, by Proposition 1, the homeomorphism f1 is a ring Q-homeomorphism with

respect to p-modulus for p > n with the function Q(x) = κ |x− x0|α .
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20. Martio, O., Rickman, S., Väisälä, J. (1970). Distortion and singularities of quasiregular mappings.
Ann. Acad. Sci. Fenn. AI, 465, 1–13.

21. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2001). To the theory of Q-homeomorphisms.
Dokl. Akad. Nauk Rossii, 381 (1), 20–22.

22. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2004). Q-homeomorphisms. Contemporary
Math., 364, 193–203.

23. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2005). On Q-homeomorphisms. Ann. Acad.
Sci. Fenn. Ser. A1. Math., 30, 49–69.

24. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2004). Mappings with finite length distortion.
J. Anal. Math., 93, 215–236.

25. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2009). Moduli in Modern Mapping Theory.
Springer Monographs in Mathematies, Springer, New York.

26. Maz’ya, V. (2003). Lectures on isoperimetric and isocapacitary inequalities in the theory of Sobolev
spaces. Contemp. Math., 338, 307–340.

27. Ryazanov, V., Sevost’yanov, E. (2006). Normal families of space mappings. Sib. El. Math. Rep., 3,
216–231.

28. Ryazanov, V., Srebro, U., Yakubov, E. (2005). On ring solutions of Beltrami equation. J. Anal.
Math., 96, 117–150.

29. Ryazanov, V.I., Sevost’yanov, E.A. (2007). Equicontinuous classes of ring Q-homeomorphisms.
Siberian Mathematical Journal, 48 (6), 1093–1105.

30. Salimov, R., Smolovaya, E. (2010). On the order of growth of ring Q-homeomorphisms at infinity.
Ukrainian Mathematical Journal, 62 (6), 829–836.

33



R. Salimov, B. Klishchuk

31. Salimov, R. (2008). ACL and differentiability of a generalization of quasiconformal maps. Izvestiya:
Mathematics, 72 (5), 977–984.

32. Salimov, R. (2011). On finitely Lipschitz space mappings. Siberian Elecronic Mathematical Reports,
8, 284–295.

33. Salimov, R. (2012). Estimation of the measure of the image of the ball. Siberian Mathematical
Journal, 53 (4), 920–930.

34. Salimov, R. (2013). To a theory of ring Q-homeomorphisms with respect to a p-modulus. Ukrainian
Mathematical Bulletin, 10 (3), 379–396.

35. Salimov, R. (2013). Оne property of ring Q-homeomorphisms with respect to a p-module. Ukrainian
Mathematical Journal, 65 (5), 728–733.

36. Shlyk, V.A. (1993). The equality between p-capacity and p-modulus. Siberian Mathematical Journal,
34 (6), 216–221.
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Б. Клiщук, Р. Салiмов
Про асимптотичну поведiнку на нескiнченностi кiльцевих Q-гомеоморфiзмiв вiд-
носно p-модуля.

Iнтегральнi оцiнки вигляду (1) зустрiчаються в роботах Л. Альфорса (див., напр., теорему 3,
п. D, розд. I в [1]), О. Лехто i К. Вiртанена (див. нерiвнiсть (6.6), п. 6.3, розд. V в [18]) для
квазiконформних вiдображень на площинi. У роботi В.Я. Гутлянського, К. Бiшопа, О. Мартiо i
М. Вуорiнена (2003), див. [2], при вивченнi локальних властивостей просторових квазiконформ-
них вiдображень доведено нерiвнiсть вигляду (1), що стало безпосереднiм поштовхом для вве-
дення поняття Q-гомеоморфiзму. Цей термiн був запропонований професором О. Мартiо (2001),
див. [21–23]. По сутi, Q-гомеоморфiзми – це вiдображення зi скiнченним спотворенням, оскiльки
функцiя Q не передбачається обмеженою. Означення Q-гомеоморфiзму має геометричний харак-
тер i є аналогiчним означенню Ю. Вяйсяля для квазiконформних вiдображень, див 13.1 i 34.6
в [37]. Поняття кiльцевого Q-гомеоморфiзму узагальнює поняття квазiконформного вiдображен-
ня за Герiнгом, див. [4], i вперше зустрiчається у роботi В.I. Рязанова, У. Сребро i Е. Якубова
(2005) при p = n = 2 на комплекснiй площинi при дослiдженнi вироджених рiвнянь Бельтрамi,
див. [28]. У просторi Rn, n > 2, кiльцевi Q-гомеоморфiзми вперше зустрiчаються у статтi В.I. Ря-
занова, Є.О. Севостьянова (2007), див. [29]. У роботi В.Я. Гутлянського i А. Гольберга (2009)
оцiнка вигляду (2) при p = n з деякою функцiєю Q була встановлена для просторових ква-
зiконформних вiдображень, див. [9]. Також теорiя кiльцевих Q-гомеоморфiзмiв була застосована
до дослiдження локальних та граничних властивостей вiдображень зi скiнченним спотворенням
класiв Орлiча–Соболєва W 1,φ

loc за умови типу Кальдерона на функцiю φ та, зокрема, до класiв
Соболєва W 1,p

loc при p > n − 1, див. [6, 12]. У данiй роботi дослiджується асимптотична поведiн-
ка на нескiнченностi кiльцевих Q-гомеоморфiзмiв вiдносно p-модуля при p > n. Випадок p = n

вивчався у роботi [30]. Отримано аналог результату Мартiо–Рiкмана–Вяйсяля (1970) про оцiн-
ку швидкостi зростання вiдображень з обмеженим спотворенням на нескiнченностi, див. [20].
Знайденi достатнi умови на iнтегральне середнє значення функцiї Q по сферах, при яких вi-
дображення мають степеневий та логарифмiчний порядок зростання, див. теорему 1. Також у
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роботi побудованi приклади кiльцевих Q-гомеоморфiзмiв вiдносно p-модуля при p > n, якi пока-
зують точнiсть отриманих оцiнок, див. приклад 1.

Ключовi слова: кiльцевi Q-гомеоморфiзми, p-модуль сiм’ї кривих, квазiконформнi вiдобра-
ження, конденсатор, p-ємнiсть конденсатора.
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