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ON THE ASYMPTOTIC BEHAVIOR AT INFINITY OF RING
Q-HOMEOMORPHISMS WITH RESPECT TO p-MODULUS

We study the asymptotic behavior at infinity of ring @-homeomorphisms with respect to p-modulus
for p > n. We obtain an analogue of the Martio—Rickman—V4iisild theorem on the growth at infinity of
quasi-regular mappings. Examples of mappings are constructed that show the accuracy of the estimates
obtained in the main theorem.
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1. Introduction.

Let us recall some definitions, see [37]|. Let ' be a family of paths v in R™, n > 2.
A Borel function p : R™ — [0, 00] is called an admissible for a family I" of paths 7 in
R™, (abbr. p € admT), if

/p(az)ds > 1
g

holds for any locally rectifiable path v € I'.
Let p € (1,00). The quantity

M,I) = inf /pp(a;)dm(x)

peadm I’
Rn

is called p—modulus of the family T'. Here dm(x) corresponds to the Lebesgue measure
in R", n > 2.

Let D and D’ be domains in R™, n > 2, and let @ : D — [0, 00] be a measurable
function. A homeomorphism f : D — D’ is called a Q-homeomorphism with respect to
p-modulus if

My (fT) < / Q) ¢ () dm(z) (1)
D

for every family I' of curves in D and every admissible function p for I'.

This conception is a natural generalization of the geometric definition of a quasicon-
formal mapping: if Q(z) < K < oo a.e., then f is quasiconformal for p = 2 in C, (see
definition A, p. 21-22 in [1]), for p = n in R™, n > 2, (see 13.1 and 34.6 in [37]), and
has local Lipschitz property, for n — 1 < p < n, (see [5]). Note that the estimate of the
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type (1) was first established in the classical quasiconformal theory, (see [18, p. 221]).
Next, it was obtain in [2], Lemma 2.1, for quasiconformal mappings in space R, n > 2.

The class of @-homeomorphisms with respect to the n-modulus was first considered
in the papers [21-23], see also the monograph [25|. The main goal of the theory
of ()-homeomorphisms is to clear up various interconnections between properties of
the majorant Q(z) and the corresponding properties of the mappings themselves. In
particular, the problem of the local and boundary behavior of @-homeomorphisms has
been studied in R™ first in the case @ € BMO (bounded mean oscillation) in the
papers [22-24| and then in the case of Q € FMO (finite mean oscillation) and other
cases in the papers [10,11,27,31].

For arbitrary sets E, F' and G of R™ we denote by A(E, F,G) a set of all continuous
curves v : [a,b] — R™ that connect E and F in G, i.e., such that v(a) € E, v(b) € F
and v(t) € G for a <t < b.

Let D be a domain in R™, n > 2, zy € D and dy = dist(xg, D). Set

A(zo,r1,7r2) ={z € R" : r < |z — 20| < 12},

Si = S(xg,mi) ={x €eR": |z —xo| =1}, 1=1,2.

The following concept generalizes and localizes the concept of a Q-homeomorphism.
It is motivated by the ring definition of quasiconformal mappings in the sense of Gehring
(see [4]), introduced originally by V. Ryazanov, U. Srebro, and E. Yakubov on the
plane, and later extended by V. Ryazanov and S. Sevost’yanov in the space R" ,n > 2,
(see [25,29], Chapters VII and XI).

Let a function @ : D — [0, o] be Lebesgue measurable. We say that a homeomorp-
hism f : D — R"™ is ring ()-homeomorphism with respect to p-modulus at xg € D if
the relation

My(A(fS1, 752 D)) < [ @) (fo — o) di(a) )
A

holds for any ring A = A(zg,r1,72), 0 <11 < 719 < dp, dy = dist(xg, D), and for any
measurable function 7 : (r1,72) — [0, 00] such that

T2

/n(r)drzl.

T1

The theory of ring @-homeomorphisms for p = n was studied in works [25,28-30],
for 1 < p < n in works [6-8, 32-35] and for p > n in works [13-17|. In this paper, we
obtain an analogue by Martio—Rickman—V4&isild’s theorem on the growth at infinity of
quasi-regular mappings, (see [20]).

The theory of ring ()-homeomorphisms can be applied to mappings of finite distortion
belonging to the Orlicz— Sobolev classes VVli’f under the Calderon condition, and, in
particular, to the Sobolev classes I/Vli’cp with p > n — 1, (see [6,12]).
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Denote by wy,—1 the area of the unit sphere S*~1 = {x € R" : |z| = 1} in R" and

by
t) = [ QG
S(zo,r)

the integral mean over the sphere S(xo,7) = {z € R" : |x — x9| = r}, here dA is the
element of the surface area.

Now we formulate a criterion which guarantees for a homeomorphism to be the ring
@-homeomorphisms with respect to p-modulus for p > 1 in R™, n > 2.

Proposition 1. Let D be a domain in R", n > 2, and let Q : D — [0, 00]
be a Lebesgue measurable function such that qu,(r) # oo for a.e. v € (0,dp), do =
dist(xg,9D). A homeomorphism f : D — R™ is ring Q-homeomorphism with respect to
p-modulus at a point xg € D if and only if the quantity

MP (A(fsb fSQ') fA)) <

Wn—1

p—1
r
j? dr
—1 1
1 ""p r=T Qx (T)

holds for any 0 < r; < rqo < dy (see [33], Theorem 2.3).

Following the paper [19], a pair £ = (A, C) where A C R" is an open set and C' is
a nonempty compact set contained in A, is called condenser. We say that a condenser
E =(A,C) lies in a domain D if A C D. Clearly, if f : D — R" is a homeomorphism
and €& = (A, C) is a condenser in D then (fA, fC) is also condenser in fD. Further,
we denote f€ = (fA, fC).

Let £ = (A,C) be a condenser. Denote by CO(A) a set of continuous functions
u: A — R! with compact support. Let Wy(£) = Wo(4, C) be a family of nonnegative
functions u : A — R such that 1) u € Co(A), 2) u(z) > 1 for € C and 3) u belongs

to the class ACL and .
"/ ou\2\?

cap, & = cap,, (4,C) e%/rvlf( /|Vupdm x)
u€EWp

For p > 1 the quantity

is called p-capacity of the condenser £. It is known that for p > 1

cap, & = Mp(A(0A,0C; A\ O)), (3)
see in [36], Theorem 1. For p > n the inequality
p—n p—1 p—n p—n 1-p
cap, (A,C) > n Qi . [mw—w (A) — matr 1 (C) (4)
p—
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holds where ©,, is a volume of the unit ball in R™ (see, e.g., the inequality 8.7 in [26]).

Let us recall the so-called isodiametric inequality or Bieberbach inequality (1915),
see Corollary 2.10.33 in [3]. Here and in what follows, diam (-) denotes the Euclidean
diameter in R”, n > 2.

Proposition 2. Let E be a compact set in R",n > 2. Then
m(E) < 27"Q,, (diam E)",
where £, is a volume of the unit ball in R™.

2. Main results.

Now we consider the main result of our paper on the behavior at infinity of ring
(Q-homeomorphisms with respect to p-modulus for p > n. The case p = n was studied
in the work [30].

Theorem 1. Suppose that f : R™ — R"™ is a ring Q-homeomorphism with respect to
p-modulus at a point xg with p > n where xg is some point in R™ and for some numbers
ro > 0, Kk = k(xg) > 0 the condition

Qo (1) < K17 ()

holds for a.e. t € [ro,+00). If a € [0,p — n) then

p—1
di B R 1 — p=n
lim inf 1amf£_n(_gio, ) >2mnip (pn)P > 0.
R—o0 R p—n p—n—«
If a =p—n then
. p=l
lim inf dlamf(B(i?’R)) > 9 kih (p—n)v >0,
R—o0 (lnR)ﬁ Y 2 1

where B(xg, R) = {x € R" : |[x — z9| < R}.

Proof. Consider a condenser £ = (A4, C) in R”, where A = {z € R" : |z — 29| < R},
C={zxeR":|z—x9| <710}, 0 <719 < R< 0. Then f€ = (fA, fC) is a ringlike
condenser in R™ and by (3) we have equality

cap,, f€ = My, (A(OfA,0fC; f(A\C))).

Due to the inequality (4)

. p—n - s _p—n_ 1—
cap, (fA, fC) =2 nQy <p — 1) [mn(p_l) (FA) — m 5 (70)
we obtain .
cap, (74, 1C) > n95 (B3 ) fmira)= o
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On the other hand, by Proposition 1, one gets

Wn—1

R p—1
i dt

n—1 —Llo
ro tP=T g7 (1)

Combining the inequalities (6) and (7), we obtain

2 (p—n p=1 n—p Wn—1
nﬂ( ) (A <

R p-t
I dt

n—1 _1_
ro tP=1 qbt (1)

Due to wnp—1 = nQ,, the last inequality can be rewritten as

cap, (f4, fC) <

1-p

p—1 a
i ! (p‘”) e e e ®)

— n—1 —L_
Pt 5 gl (1)

U]

Consider a case when « € [0,p — n). Then from the condition (5) the estimate

— p—1 e o p—1 e p—n—a\ 1—p
Qé*l (p 7;) [m(fA)}Tp <k (pnla> <Rpp1 . >
p—

holds. Therefore

ne-1) n—ay 2=
m(fA) = Q, ko7 (pf;fa (RS TP;;&) e
Hence, by Proposition 2, we have
1 p—n e [ e  pommaN i
diam f (B(zo, R)) > 2 k77 (p_n_a> <Rp_1 o ) ‘

Dividing the last inequality by R7 7 and taking the lower limit as R — oo, we

conclude
p—1

dlamfﬁi(_:io,R)) 22&% ( p—n >pn .

p—n—«

lim inf
R—o0 R »n

Now we consider a case when av = p — n. Then from (8) we get

;" (p_">p_l m(fA)] " < & <1nR)l_p _

p—1

Therefore
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Hence, by Proposition 2, we obtain

p—1 p—1

diam f (B(zo, R)) > 2 K r <p — n) o <ln R> o
p—1 o

-1
Finally, dividing the last inequality by (In R)an and taking the lower limit for R — oo,

we conclude .
.

lim inf dlamf(B(:i?’R)) = 2/1%71) <p — n) o
R—00 (InR)»= p—1

This completes the proof of Main Theorem. [J

Corollary 1. Suppose that f : R™ — R" is a ring Q-homeomorphism with respect
to p-modulus at a point xg with p > n where xg is some point in R™ and for some

numbers o > 0, k = k(xg) > 0 the condition qu,(t) < £ holds for a.e. t € [rg, +00).
Then

di B R 1
lim inf fam f (B(z0, B)) > 2K > 0,
R—oo R
where B(xg, R) = {x € R" : |[x — z9| < R}.
Let us consider some examples.
Example 1. Let f1 : R® — R™, where
1 =L p—n—a
n—p p—n p—n _ ——a T—T
frw) = 07 (E2R) T ool T A

0, T =1x.

Note that the mapping fi maps the ball B(zg, R) onto the ball B(0, ]Aé), where

p=1
B (pmn N pemnee
pD—n—a« '

It can be easily seen that
lim diam f1 (B(zo, R)) — lim diam B(0, R)

p—n—o p—n—o

R—oo R »-n R—o0 R »-n

p—1

o 2R o <p—n> e
p

RaooRp;ﬁi;a —-n—a

Let us show that the mapping f; is a ring (Q-homeomorphism with respect to p-
modulus with the function Q(x) = k |z — zo|® at the point zg. Clearly, g, (t) = k1%
Consider a ring A(xg,r1,72), 0 < 11 < r9 < co. Note that the mapping f; maps the
ring A(zo,71,72) onto the ring A(0, 71, 72), where

p—1

- 1 p_n p—n P*f;a .
r; = KnP <p—n—a> r, 7, =12
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Denote by I' a set of all curves that join the spheres S(zg,r1) and S(xg,72) in the ring
A(zg,71,72). Then one can calculate p-modulus of the family of curves fiI" in implicit

form: . .
_ p— p=n p=n\ 1P
M (AD) =y (220) (7 )

p—1
(see, e.g., the relation (2) in [5]). Substituting in the above equality the values 71 and
9, defined above, one gets

p—1 p—n—o p—n—a\ 1—Dp
e p—n—a p—n—oa
Mp(f]-r) = Wp—-1K <p> (,’,,2 p—1 o 7’1 p—1 ) ‘
p—1
Note that the last equality can be written by

Wnp—1

Mp(flr) = p—1°
T2

dt
f “n—1 _1_
r1tr=T gl (1)
where gy, (t) = K t%.
Hence, by Proposition 1, the homeomorphism f; is a ring Q-homeomorphism with
respect to p-modulus for p > n with the function Q(z) = x|z — x| .
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B. Kaimyk, P. Canimos
IIpo acuMOTOTHUYHY MMOBEAIHKY HAa HECKIHYEHHOCTI KijblieBux (Q-romeomopdismiB Bia-

HOCHO p-MoOAyJIs.

Iarerpasbui oninku Burysiay (1) sycrpivatorses B poborax JI. Asbdopca (aus., Hamp., Teopemy 3,
n. D, posn. I B [1]), O. Jlexro i K. Bipranena (qus. mepisuicts (6.6), n. 6.3, poza. V B [18]) mus
KBa3iKOHMOPMHUX Bigobparkenb Ha mromuHi. Y pobori B.4. I'yriusucekoro, K. Bimoma, O. Maprio i
M. Byopinena (2003), qus. [2], npu BUBYEHHI JIOKAJLHUX BJIACTUBOCTEH IIPOCTOPOBUX KBa3iKOHMOPM-
HUX BiJIOOparKeHb JOBEJIEHO HEPIBHICTH BUrIAmy (1), mo cramo 6e3mocepeiHiM MOMTOBXOM /ISt BBE-
JleHHsI TOHATTA (Q-romeoMopdismy. leit repmin 6yB 3anpononosanuii npodecopom O. Maprio (2001),
nus. [21-23]. o cyri, @-romeomopdizmu — ne BioGpaskeHHs 31 CKIHYEHHUM CIIOTBOPEHHSIM, OCKIIBKY
dbyuKIisa @ He mepeadayaeThCs ooMexkeHo. O3HaveHHsT (Q-romeoMopdi3zMy Mae reOMETPUIHMH XapaK-
Tep i € anasorivauMm ozuHadenno 0. Bsiicans nna keazikordopmunx Bimobpaxkenb, nus 13.1 i 34.6
B [37]. IlonsiTTs Kinbieporo Q-romMmeoMopdiamMy y3arasbHIOE IOHATTs KBa3iKOH(MOPMHOrO Bio6paskeH-
ua 3a lepiarom, aus. [4], i Buepme 3ycrpivaerbea y pobori B.I. Paszanosa, V. Cpebpo i E. fxy6osa
(2005) npu p = n = 2 Ha KOMINIEKCHIN IIOIMHI IPK JOCJIi/[PKEHH] BUPOJPKEHNX PiBHsIHb Besbrpami,
nuB. [28]. Y npocropi R™, n > 2, kinbnesi @Q-romeomopdizmu Buepmie 3ycrpivaiorsesa y crarti B.1. Pa-
saHoBa, €.0. CesocrbsioBa (2007), mus. [29]. V pobori B.4. I'yrisaeskoro i A. Tons6epra (2009)
ominka BuraAmy (2) npu p = n 3 geaxoo dyHknico ( Oyira BCTAHOBIEHA sl NPOCTOPOBUX KBa-
sikondopMHUX BinoGparxkens, mus. [9]. Takoxk Teopis KinbueBux Q-romeomopdismis Oyia 3acTocoBaHA
JI0 JTOCJTi/I?KEHHsI JIOKAJIbHUX Ta TPAHUIHUX BJIACTUBOCTEN BimoOpaskeHb 31 CKIHYeHHUM CIIOTBOPEHHSIM
kaaciB Opaiva—CoboseBa Wlt’f 3a ymoBu Tuny Kasibaepona Ha (YHKINO ¢ Ta, 30KpeMa, 10 KJaciB
CoboseBa Wllo’cp upu p > n — 1, nus. [6,12]. YV naniit po6oTi JOCHIRPKYETHCA ACUMITOTAYIHA [IOBEIiH-
Ka Ha HECKIHYEHHOCTI KiableBux (Q-romeoMopdi3MiB BiTHOCHO p-MOmy/ist ipu p > n. Bunamok p = n
BuBdaBcst y po6ori [30]. Orpumano anasor pesynsrary Maprio—Pikmana—Bsiicsuist (1970) npo onis-
Ky HIBHJKOCTI 3pOCTAHHS BiOOpParKeHb 3 OOMEXKEHUM CIIOTBOPEHHSM Ha HECKiHYeHHOCTi, mus. [20].
Suaitzieni mocraTHI yMOBHM Ha iHTerpajibHe cepeiHe 3HadeHHs GYHKIIT () 1o cdepax, Opu sIKAX Bi-

00pakeHHsT MAIOThb CTEIEHEBUH Ta JiorapudMidHM MOPsIOK 3pOCTaHHs, auB. TeopeMy 1. Takox y
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poGoti mobymoBaHi IPUKJIAIN KIIbIEBUX (J-roMeoMopdi3MiB BITHOCHO p-MOYJIsSI IPU P > M, SIKI HOKa-

3yIOTh TOYHICTH OTPUMAHUX OINIHOK, JIMB. IpUKJIaT 1.

Karwvwost caosa: «Kiavuesi QQ-20MeoMOPPi3MU, P-M0oOYyav Cim’i Kpusux, Keasikonpopmmi 6idobpa-

JHCEHMA, KOHOEHCATOD, P-EMHICTID KOHIEHCAODA.
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