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ITPO EKCTPEMAJIBHI 3AJTAYI EKCITOHEHIITAJIBHOI'O TUITY
JJIs PO3B’SI3KIB HEJIIHIMTHOTO PIBHIHHS BEJIBTPAMI

Hocmimkenns nemniniitanx cucrem turny Komi-Pimana-BensrpaMi 3yMOBIeHO BUBYEHHSM IIEBHUX 3a-
Jad TiIpOoIWHAMIKM Ta ra30BOl AWHAMIKHU, Y SKUX MAa€ MICIle HEOJ/IHOPI/IHICTh CEpPEOBUINA Ta IIEBHA
CHUHI'YJISIpHICTB. ¥ pobOoTi po3risiaerses HediHiliHa cucrema tuiny Komri-Pimana—Besasrpami y mo-
JISPHI# cucTeMi KOODAWHAT, ¥ sIKifi pajiajbHa MOXi/IHA BUPAKAETHCA UYe€pe3 KOMILIEKCHUN KoediIieHT,
KyTOBY HOXiIHYy Ta 11 m—CTeneHeBUii MO/Ay/Ib. 30KpeMa, SIKIIO 1M JOPIBHIOE HYJIIO, TO JIaHa CUCTEMA
PIBHSIHB 3BOJIMTHCS 0 3BUYAWHOIL JIIHIHOI cucTeMu piBHAHBb BenbrpaMi. BigMmiTiMo, mo 3aranabHi cu-
CTEMH TEPIIOTO MOPSAAKY BukopucToByBaanch M.O. JIaBpeHTHEBUM [17TsT O3HAUEHHST KBA31KOH(MOPMHUX
Bino6parkenp Ha monwHi, nus. [1]. 3azada Ipo CHOTBOPEHHS ILIONII IPU KBa3iKOHMOPMHUX Bimobpa-
JKeHHsIX Oepe cBiil nouarok y po6ori B. Bosipcekoro, aus. [2]|. Buepiue BepxHst onjiaka mori o6pasy
Kpyra npu KBasikondopMmuux Binobpaxennax Oyia orpumana M.O. JlaBpeaToesnm, nus. [1]. ¥V monHO-
rpadii [3], quB. TBepRKeHHs 3.7, OTPUMAHO yTOYHEHHsI HepiBHOCTI JIaBpeHThEBA y TEPMiHAX KyTOBOI
nunaTarii. Y fgaHii poboTi 3HalIeHa TOYHA BEPXHS OIIHKA, €KCITOHEHIIaJIbHOTO TUITY TLIOIT 06pa3y Kpy-
ra, 1mo € a"ajorom Bigomoro pesynbrary M.O. JlaBpenrbeBa. K HACIIIOK, PO3B’s3aHA €KCTPEMAJIHHA
3aja4a i PYHKIIOHAJIY MIHIMAJIHLHOTO 3HAYEHHsI Ha KOJi peryiaspHux romeomopdizmis f: B — B
kiacy CobosieBa Wli)’cz (B), siki € po3B’si3kamu HesiHIHOTO piBHAHHA Benbrpami. KpiM mporo orpuma-
HO eKCTpeMasbHmil anasor simomol semu Ikomm—IIIBapma, mus. [4]. Takox 3Haiineno BimobGpazkeHus,
Ha SIKOMY JOCATAIOTHCS OTPUMAaHI OIiHKH. TaKuM YHHOM, y pOOOTI PO3B’S3aHO €KCTpeMaJibHi 3asati
Ha TIEBHOMY KJIACl PEryJsipHUX TOMeOMOP(MHUX PO3B’SI3KIB 3 y3araJbHEHUMM IOXITHUMH, IHTErpoBa-
HUMH 3 KBaJIPATOM, HeJiHifiHuX piBHaAHb Benbrpami. Panime y poborax [5-7| 6ysm orpumani Bepxmi
OI[iHKU CTEIEHEBOTO Ta JiorapudmiyHoro tuiy. JoBe/IeHHS OCHOBHOIO Pe3Yy/IbTaTy CTATTi 6a3yeThCs HA
mudepenniabHOMY CHiBBigHOIIEHH] yuTst DyHKIIT muromi o6pa3iB KpyriB JOBUILHUX padiyciB, sike Oyiro
BCTAHOBJIEHO y pobori [6] ma perymsapanx romeomopdismis kaacy Cobonesa Wlt’cz.

MSC: 30C62; 31A05; 31A20.

Karowosi caosa: pishanns Beavmpami, nesinitine pisnanns Beavmpami, peeyaapruti 2omeomop-
Pizm, peeyaapruti comeomopdrutll po3s’a3ox pieHanHnA Beavmpami.

1. Beryn.

Hexait G — obacts y komiutekcHiit miaomuni C, To6To 3B’s3Ha Ta BiAKpUTA ITiIMHO-
xkuna C, 1 nexait u: G — C — Bumipna dynkiis 3 [u(z)| < 1 m.c. (Maiixe ckpisb) B G.
Pisnannam Beasvmpami HA3UBAETbCA PIBHSAHHS BUJISILY

fE:M(z)fz> (1)

e fz = %(fa; +ify), f. = %(fw —ify), z =x+ 1y, fp 1 fy — 9acTunni moxixni BimoOpa-
xkeHHs f 1o x 1y, BianosigHo. OyHKINS |1 HABUBAETHCT KOMNAECKCHUM KOEPIUIEHMOM,

a

1)
Bl = 10

dusamayitinum sionowenmam pisnanns (1). PiBusaunsa Beasrpami (1) nasusaersest 6u-
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podoicenum, Ko K, € cyrreBo HeobMmexenowo, T06to K, ¢ L>(G). Teopemn icayBan-
Hsi ToMeoMOpdHIX po3B’s13KiB Kiracy CoboJieBa Wﬁ)cl Oy/in HEJTABHO JOBEJIEHI METOIOM
MOJIYJIIB JIjIsI 6araTboX BUPOJKEHUX PIiBHsAHBL BesbTpami, AuB., HaIPUKJIAI, MOHOTDa~
dit [8,9], a Takox oruisym [10,11].

Hexait 0 : G — C — Bumipna dyukiis i m > 0. Posrigaremo y mosstpHiit cucremi
koopuHAT (1, 6) HACTYIIHE PIBHSHHSI:

fr=0a(re®) [ fo™ fo, (2)

ne fr i fo — wacTunni noximui Bimobpaskenusi f mo r i 6, BigmosizHo. BpaxoByrodn
dbopmysu (21.25) ma c. 611 B [12], Maemo

Tfr = Zfz +5f27 f@ = i(zfz _fo) .

Axmo z (0(2) |z]i]zf, — Zfz|™ + 1) # 0, To piBHsAHHS (2) MOXKHA 3aIICATH Y KOMILIEKC-
Hiit dopwmi:
o(2)|2lilzf. —Zf™ — 1
o(2)|z|ilzf. —Zfz" +1
BigmiTumo, 1110 1101601 HesliHiiHI piBHSIHHS 3ycTpidaoTbes y poboti [13], mus. Teopemy
5.7.

IIpu m = 0 y Bumanxy, ko z (0(2) |z|i+ 1) # 0, piBusuus (3) 3BOIUTLCS 10
3BHYaiiHOTO piBHsHHS Besbrpami (1) 3 KoMmiekcHIM KoedinieHToM

fe- (3)

"
I
ISR

_zo(z)|z]i—1
Mo = SO RliF T
Axmo y (3) mokmactu m = 01 0 = —i/|z|, To MU mpuxoAEMO 10 BiOMOI cHcTeMn

Komri—Pimana. IIpu m > 0 piBusiHHs (3) € 9aCTKOBUM BHIIAKOM 3arajibHOI HeJiHIHOT
KOMILTEKCHOI cucTeMu piBustHb (7.33), m. 7.7 B [12]|. Beromu gani 6ymemo BBazKkaTH, 110
m > 0.

Heminiitai cucremu piBHAHDb Y YaCTUHHUX TOXITHUX 3apa3, K 1 paHille, BUBYAIOTbCA
y PI3BHOMAHITHUX acIeKTax, AuB., Hanpukiasi, [1,2, 5-8, 10— 16]. Bimvitumo, 1o 3araib-
Hi CHCTeMH TEPITIOTO MOPSIKY BukopucToByBaanch M.O. JlaBpenTheBuM 7151 O3HATEHHST
KBa3iKOH(MOPMHUX Bio6pakeHb Ha ionui, aus. [1,16].

Y nmamiit pobori 3HalijeHa TOYHA BEPXHs OIIHKA EKCIIOHEHIAJIBHOIO THUITY ILIO-
i ob6pasy Kpyra, 1o € aHajgorom simomoro pesyiabrary M.O. JlaBpenrbera (1962),
quB. [1]. Sk Hacinok, po3s’s3aHa eKcTpeMasbHa 3a1a4a Jist PYHKIIOHALY MiHIMAIb-
HOTO 3HaYeHHS HA KOJi, & TaKOyK OTPUMAHO €KCTPeMAaJIbHUUl aHaJIOr BiIOMOI JieMu
Ikomu—IIIBapra (1965), aus. [4]. Takox 3HalIEHO PO3B’S3KMU HEJIHIHHONO DPIBHSIHHS
Benbprpami, Ha SKAX JOCATAIOTHCA OTPUMaHI OIMIHKK. TOYHI BEpXHi OIIHKA CTEIEHEBOTO
Ta, jorapudmivaoro tuiy Gysiu orpumani y poborax [5-7|. Haramaemo, 1o 3aa4a npo
CITOTBOPEHHSI ILJIOINI ITPpY KBa3iKOH(MOPMHMX BimoOpaykeHHAX Oepe CBiil MoIaToK y po-
6ori B. Bosipcekoro (1955), nus. [2]. Psix pesysnbraTiB y npoMy HAIPSIMKY OTPUMAHO Y
pobGorax [17,18].
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2. JlortoMi>kHi MOHSITTHA Ta TBEPAKEHHSH.

Haranaemo nesiki o3nadennsi. Bimoopaxenus f: G — C nHazuBaeTbcsd pezyaaprum
y mowuyt zop € G, 9Kmo B Iiit Touni f Mae mosHmil gudepenmian i ftoro akobianm Jy =
|f212—1f5|? # 0 (nus., manmpukaz, 1. 1.6 B [19]). Tomeomopdism f kmacy Cobosena I/Vlicl
HA3UBAETLCA pe2yAapHum, Ao Jy > 0 m.c. Peeyaaprum comeomopdrum po3e’asrom
pisnanna (3) Oynemo HasuBaTH perynsipauii romeomopdism f: G — C, akuit m.c. y G
3a/10BOJIbHSIE PIBHSAHHS (3).

Bceioan masti 6ymemo BBazKaTH, 110

B, ={z€C:|z|<r}, 7 ={2€C:|z|=r},B={z€C:|z] <1}.
IMosnaunmo wepes S(r) = | f(By)| — mionyy muoxunu f(B,). ¥ HacTynHoMy TBEp-
JKEeHHI HaBesleHo judepeHIianbiy HepiBHicTb jist dbyskuii S(r), qus. gemy 2y [6].

Jlema 1. Hezati f: B — C — peeyaapnut 2omeomopdrnuti pose’azox pienarna (3)
xaacy Coboresa I/Vli)f 3 nopmysannam f(0) = 0. Todi

SI(T) > 2m+2ﬂ_%+1 / ds — ST+2(T) (4)
5o 12l (mo()) ™7

onn m.6. 1 € (0,1).

3. ExcrpemasibHa 3aga4a aJjiss QyHKIIOHAJY ILJIOHII oOpas3y Kpyra.

Hexait ¢ > 0, « > 0 i H — MHOXXUHa BCiX pery/sipaux romeomopdismis f: B — B
kitacy CoboseBa Wlif (B), sxi 3amoBobHsAIOTH piBHsHHEA (3) M.C., f(0) =01

Imo(z) > q\z\*afle\;l" (5)

JIst M.B. z € B.

Teopema 1. /las eciz v € (0,1) cnpasedausa pisnicms

3l
—~
D
=

max | f(B,)] :w(1+5(e%a —e)>_ ,

feH

— am ; ; ;
de B = L=, npu yvomy maxcumym dynryionary docazacmoca 1na 61006pasceri

fu(z) = (1+ﬁ<e‘z1|°‘ —e))_ﬁllil ,  Axwo z £ 0, (7)
0, arwo z = 0.

Jlosedenna. Hexait f € H. 3 ymosn (5) Bumumsae

m+1

ds (271')””‘17“‘”1
1 < I U
gers
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3 i€l ominky Ta jgeMu 1 OTpUMAEMO

—(m+1)
/ 1
S (r m ds 2qer™
%227%27”“ / — 2%
§73(r) i 12l (moz)) ™7 e
st M.B. 1 € (0,1). Tnrerpyroun o6uaBi yacTHHU OCTaHHBOI HepiBHOCTI 1O t € (7, 1),
OTPUMYEMO
1 m /
ST2(t 2q a1
/( m()> dt > —% <er‘* —e). (8)
-3 am 2
T
Bimmitumo, mo g, (t) = S__z(t) € HecnaHoo. Tomi
2

! 1

1 m
S0 g ' )= 2 (55— 5%
/(73) dt—/(gm(t)) di < gm(1) = gm(r) = — (5 (r)—S (1)) )

T s

(muB. Teopemy IV.7.4 B [20]). Kombinyroun uepisrocri (9) i (8), maemo
2 m m

2 (5750) ~ 57 W) 2 L (e —e).

m QT 2

3sincu, Bpaxosytoun ymoBy S(1) < 7, IPUXOAMMO JIO OIIHKH

S(T‘)éw(1+ﬁ(e%‘*—e)> %, (10)

ne 3= 4% s seix r € (0,1).

OueBniHo, 10 3HAK PIBHOCTI B OCTAHHIN OIiHIN JocsATaeThes Ha Bimobpazkenni (7).
[Tepesipumo, 1m0 BimoOpaskeHHsI f, HAJIEKUTH Kjaacy H.

Ockinbkn fi € romeomopdismom kmacy C! 5 B\ {0}, To f, € I/Vlif (B \ {0}). ITo-

kiageMo By, = {z € C: |z| <rp}, 1o € (0,1) ra
R(r) = (1 + (er% - e>>_z .
Tomi 3HaxoanMO

1

(F) = R0, (Fo = iR, R(r) =2 (145 (e =) 7

Ba dopmyoo Ha c. 611 B [12], Mmaemo

DN |

[P 1= dndy = 5 [ (172 4721 70?) v =

B 0 BTO
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[0 T R(r)
ZWO/T<R (r))Zdr+7T0/Rrr dr =
:Wq27)r§i1 (Hﬁ(eé_e))m%) dr+7r])(1+ﬁ(efa_e))icff. (11)
i 0

ITokaxkemo 36ixKHicTh 1uX iHTerpaJsis. JilicHo, jerko nepesiputh, mo upu « > 0 iHTe-

To T
__2_ __2_ . .
rpaJu f e mre 102‘2% Ta f e mre % € 30ikaIMU. OCKIIbKHI

0 0
. r _ 2(m+1)
hm#zﬁ m >0
%606—;55T72a71
Ta
. r _2
11m9227():ﬁm>0,

r—0 o= e p—

er® 1 —2(4+5) N -
se g(r) = e (148 (e = ¢)) i go(r) = (146 (e —¢))
CTOCYBABIIM T'PAHUYHY O3HAKY IOPIBHAHHS HEBJACHUX IHTETrPaJIiB, JUB. HACTIIOK TEO-

pemu 1, c¢. 674 y |21], orpumaemo 36ixkHicTh inTerpasis y (11).
Hauti 3HaxoammMo

3o

1 1o 3a-
-

1

(o= (18 (e =) e (el = (145 (e —))

1 1
qer €L “ml
(1= B0 (10 (eH =) e,

3Bijcu BuiLMBa€, MO 3HaiijeHe BiOOpayKeHHsI fy € PO3B’si3KOM piBHsAHHs (3) 3

1
2|79 e . Ouesnamo, mo Imo(z) = ¢z

lfafl

1
o= —¢q| el nna m.B. 2 € B. Tomy

freH. O
BAYBAKEHHA. O4eBuaHO, 110 ijagr( |f(By)| = 0 upu r — 0.
€

4. Tanr ekcTpeMaJibHi 3agad4i.

Hwxge snaiineno makcumym dyukrionany l.(f) = |n|11n |f(z)| nHa kmaci H.
Z|I=T

Hacuinok 1. /las eciz v € (0,1) cnpasedausa pisnicmo

malo() = (146 (e ) 7 12

de f = L, npu yvomy marcumym gynuruionary docazaemvca na sidobpascenni (7).

Jlosedenna. iiicno, Bpaxosytoun HepisaicTb (10) i Te, mo f(0) = 0, maemo

3o

rl2(f) < S(r) < (148 (e —¢))
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3Bijcu

)< (148 (e —)) ™. 13

OueBuiHO, 10 3HAK PIBHOCTI B OCTaHHIil HEPIBHOCTI JocsraeThes Ha Bigobpakenni (7),
sdKe HaJIeKUTh Kiaacy H. [

HaCTyHHe TBEPIZKCHHA € eKCTPpEeMaJIbHIM aHaJIOTOM eKCHOHeHHiaHBHOI‘O TUILY Bi,ILO-

moi stemu Ikomn-IIIBapua, nus. [4].

Hacaigok 2. /Jlas 6ydo-axozo eidobpastcenns [ € H suxonyemvces nepieHicms

1

_1 a \m
liminf |f(z)] emF* < <> .
z—0

qam

IIpu yvomy, snak pienocmi docazaemuvcs na 6idobpastcerni (7).

Jlosedenna. Jiiicuo, 3 oninkn (13) orpumaemo

_1__ 1
1 1 mlz|¥ — ]j 1 mre <
hrzn_gélf lf(2)e hﬂ%lf I.(f)e <

_1 =
gliminf(l—i—ﬂ(e%@f—e)) T = <a> ]
r—0 qm

Jlerko mepesipurn, 10 3HAaK PIBHOCTI B IMiil OIUHIN JocATaeThbCa Ha BimoOpaxkenHi (7).

O
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M.V. Stefanchuk

On extremal problems of exponential type for solutions of the nonlinear Beltrami equation.

The study of nonlinear Cauchy—Riemann—Beltrami systems is conditioned study of certain problems
of hydrodynamics and gas dynamics, in which there is an inhomogeneity of media and a certain
singularity. The paper considers a nonlinear Cauchy—Riemann—Beltrami type system in the polar
coordinate system in which the radial derivative is expressed through the complex coefficient, the
angular derivative and its m-degree module. In particular, if m is equal to zero, then this system
of equations is reduced to the ordinary linear system of Beltrami equations. Note that general first—
order systems were used by M.O. Lavrentyev to define quasiconformal mappings on the plane, see [1].
The problem of area distortion under quasiconformal mappings is due to the work of B. Boyarsky,
see [2|. For the first time, the upper estimate of the area of the disk image under quasiconformal
mappings was obtained by M.O. Lavrentyev, see [1]. A refinement of the Lavrentyev inequality in
terms of the angular dilatation was obtained in the monograph [3], see Proposition 3.7. In the present
paper, it is found an exact upper estimate of exponential type of the area of the image of the disk,
which is analogous to the known result by M.O. Lavrentyev. As a result, the extremal problem for the
functional of minimal value on the circle of regular homeomorphisms f: B — B of the Sobolev class
W,2(B), which are the solutions of the nonlinear Beltrami equation, is solved. In addition, an extreme
analogue of the famous Icoma—Schwartz lemma was obtained, see [4]. Also, we find here a mapping on
which the received estimates are achieved. Thus, the paper solves extreme problems under a certain
class of regular homeomorphic solutions of nonlinear Beltrami equation with generalized derivatives
integrated with a square. Earlier in the works [5] — [7] the upper estimates of power and logarithmic
types were obtained. Proof of the main result of the article is based on the differential relation for the
area function of the images of disks of arbitrary radii, which was established in the work [6] for regular

homeomorphisms of the Sobolev class W22 (B).
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Keywords: Beltrami equation, nonlinear Beltrami equation, reqular homeomorphism, reqular homeo-
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