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IÄÅÍÒÈÔIÊÀÖIß ÏÀÐÀÌÅÒÐIÂ ÍÅËIÍIÉÍÈÕ ÎÑÖÈËßÒÎÐIÂ

Ðîçãëÿäà¹òüñÿ çàäà÷à âèçíà÷åííÿ âåêòîðà ïîñòiéíèõ ïàðàìåòðiâ äèíàìi÷íî¨ ñèñòåìè, ùî îïèñó¹
êîëèâííÿ íåëiíiéíîãî îñöèëÿòîðà çà iíôîðìàöi¹þ ïðî çíà÷åííÿ ¨¨ ôàçîâîãî âåêòîðà. Ïðîïîíó¹òü-
ñÿ çàãàëüíà ñõåìà ïîáóäîâè àñèìïòîòè÷íîãî iäåíòèôiêàòîðà, ÿêó âèêîðèñòàíî äëÿ îòðèìàííÿ
îöiíîê íåâiäîìèõ ïàðàìåòðiâ ðiâíÿíü ìàòåìàòè÷íîãî ìàÿòíèêà. Âèêîðèñòîâó¹òüñÿ ìåòîä ñèíòåçó
iíâàðiàíòíèõ ñïiââiäíîøåíü, ðîçðîáëåíèé äëÿ âèðiøåííÿ îáåðíåíèõ çàäà÷ ìàòåìàòè÷íî¨ òåîði¨
êåðóâàííÿ. Ìåòîä äîçâîëÿ¹ çíàõîäèòè çàëåæíîñòi ìiæ çìiííèìè, ÿêi âèíèêàþòü íà òðà¹êòîðiÿõ
ïîáóäîâàíî¨ ñïåöiàëüíèì ÷èíîì ðîçøèðåíî¨ äèíàìi÷íî¨ ñèñòåìè òà âèçíà÷àþòü øóêàíi íåâiäîìi
ÿê ôóíêöi¨ âiä âiäîìèõ âåëè÷èí.

MSC: 34C15, 34D20.

Êëþ÷îâi ñëîâà: iäåíòèôiêàöiÿ, iíâàðiàíòíi ñïiââiäíîøåííÿ, ìàòåìàòè÷íèé ìàÿòíèê.

1. Äîäàòêîâi ñïiââiäíîøåííÿ â çàäà÷àõ iäåíòèôiêàöi¨. Äëÿ áàãàòüîõ ïðè-
êëàäíèõ çàäà÷ êåðóâàííÿ õàðàêòåðíà ñèòóàöiÿ, êîëè ÷àñòèíà àáî âñi ïàðàìåòðè
âèõiäíî¨ äèíàìi÷íî¨ ñèñòåìè ¹ íåâiäîìèìè. Ó òàêèõ âèïàäêàõ âèíèêà¹ çàäà÷à iäåí-
òèôiêàöi¨, ÿêà ïîëÿãà¹ ó âèçíà÷åííi íåâiäîìèõ ïàðàìåòðiâ ñèñòåìè çà iíôîðìàöi¹þ
ïðî ¨¨ âèõiä � âiäîìî¨ iíôîðìàöi¨ ïðî ðóõ. Ìîæëèâiñòü âèðiøåííÿ çàäà÷i iäåíòè-
ôiêàöi¨ � âëàñòèâiñòü iäåíòèôiêîâàíîñòi, iñòîòíî çàëåæèòü âiä àíàëiòè÷íî¨ ñòðóê-
òóðè ïðàâèõ ÷àñòèí ðiâíÿíü äèíàìiêè òà äîñòóïíî¨ iíôîðìàöi¨ [1]. Äëÿ ðîçâ'ÿçêó
ñàìî¨ çàäà÷i iäåíòèôiêàöi¨ â ðîáîòi âèêîðèñòàíî ìåòîä iíâàðiàíòíèõ ñïiââiäíîøåíü
[2], ÿêèé áóëî ðîçðîáëåíî â àíàëiòè÷íié ìåõàíiöi òà ïðèçíà÷åíî, çîêðåìà, äëÿ ïîøó-
êó ÷àñòèííèõ ðîçâ'ÿçêiâ (çàëåæíîñòåé ìiæ çìiííèìè) â çàäà÷àõ äèíàìiêè òâåðäîãî
òiëà ç íåðóõîìîþ òî÷êîþ. Ìîäèôiêàöiÿ öüîãî ìåòîäó äî ïðîáëåì òåîði¨ êåðóâàí-
íÿ, ñïîñòåðåæåííÿ äîçâîëèëî ñèíòåçóâàòè ìiæ âiäîìèìè i íåâiäîìèìè âåëè÷èíàìè
âèõiäíî¨ ñèñòåìè äîäàòêîâi çâ'ÿçêè, ùî âèíèêàþòü â ïðîöåñi ðóõó ¨¨ ðîçøèðåíî¨
ìîäåëi [3] � [5]. Âàðòî çàçíà÷èòè, ùî áiëüø çàãàëüíèé ïiäõiä, ÿêèé ôîðìó¹ âiäïî-
âiäíèé ìåòîä ðîçâ'ÿçêó çàäà÷ ñïîñòåðåæåííÿ äëÿ íåëiíiéíèõ äèíàìi÷íèõ ñèñòåì
çàâäÿêè ñèíòåçó iíâàðiàíòíîãî ìíîãîâèäó â ïðîñòîði ðîçøèðåíî¨ ñèñòåìè, áóëî çà-
ïðîïîíîâàíî â ðîáîòàõ [6], [7] ÿê ïåâíó ìîäèôiêàöiþ ìåòîäó ñòàáiëiçàöi¨ íåëiíiéíèõ
ñèñòåì I&I (Input and Invariance).

Ìåòîþ äàíî¨ ðîáîòè ¹ ïîøèðåííÿ ìåòîäó ñèíòåçó iíâàðiàíòíèõ ñïiââiäíîøåíü
â çàäà÷àõ êåðóâàííÿ íà çàäà÷i iäåíòèôiêàöi¨ ïàðàìåòðiâ íåëiíiéíèõ îñöèëÿòîðiâ.
Áóäå ðîçãëÿíóòî âiäíîñíî ïðîñòèé âèïàäîê çàäà÷i iäåíòèôiêàöi¨, à ñàìå: 1) âèõî-
äîì âèõiäíî¨ ñèñòåìè ¹ ïîâíèé ôàçîâèé âåêòîð i 2) ñèñòåìà ëiíiéíî çàëåæèòü âiä
íåâiäîìèõ ïàðàìåòðiâ. Óçàãàëüíåííÿ íà áiëüø ñêëàäíi êîíñòðóêöi¨ ñèñòåì âõiä -
âèõiä, ó òîìó ÷èñëi i iç çàëó÷åííÿì iíôîðìàöi¨ ïðî âèõiä, îòðèìàíèé íà äåêiëüêîõ
òðà¹êòîðiÿõ, ìîæóòü áóòè ïðîâåäåíi ç âèêîðèñòàííÿì îïèñàíîãî íèæ÷å ïiäõîäó i
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¹ ïðåäìåòîì îêðåìîãî äîñëiäæåííÿ.
Ðîçãëÿíåìî ìîäåëü îñöèëÿòîðà, ÿêà ëiíiéíî çàëåæèòü âiä âåêòîðiâ ïîñòiéíèõ

ïàðàìåòðiâ a1 = col(a11, ..., a1k1), a2 = col(a21, ..., a2k2).

ẍ+ aT1 f(x) + aT2 g(x) = u(t, x), (1)

äå x, u(t, x) ∈ R, a1, f(x) ∈ Rk1 , a2, g(x) ∈ Rk2 . Äàëi áóäåìî ââàæàòè, ùî:
1) ôóíêöi¨ f(x), g(x), u(t, x) çàäîâîëüíÿþòü óìîâàì òåîðåìè ïðî iñíóâàííÿ òà

¹äèíiñòü ðîçâ'ÿçêó x(t) äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) äëÿ t ∈ [0,∞);
2) Çíà÷åííÿ ôàçîâîãî âåêòîðó âèìiðþþòüñÿ â ïðîöåñi êîëèâàíü îñöèëÿòîðà,

òîáòî x(t), ẋ(t) ¹ âiäîìèìè ôóíêöiÿìè ÷àñó;
3) Îñêiëüêè ïðîïîíóåìèé ìåòîä iäåíòèôiêàöi¨ ïðèçíà÷åíî äëÿ îòðèìàííÿ àñèìï-

òîòè÷íèõ îöiíîê ïàðàìåòðiâ, òî ïðèðîäíî ïðèïóñòèòè, ùî ïðîïîíîâàíà ñõåìà çà-
ñòîñîâó¹òüñÿ äëÿ ðåàëüíîãî îá¹êòó ïðè äîñòàòíüî äîâãèì çà ÷àñîì ñïîñòåðåæåííi
çà éîãî îáìåæåíèìè êîëèâàííÿìè | x(t) |, | ẋ(t) |≤ M < ∞, àìïëèòóäà ÿêèõ íå
çàòóõà¹ äî íóëÿ.

Ïîçíà÷èâøè x1 = x, x2 = ẋ ïåðåïèøåìî ðiâíÿííÿ (1) ó âèãëÿäi ñèñòåìè

ẋ1 = x2,

ẋ2 = −aT1 f(x1)x2 − aT2 g(x1) + u(x1, t).
(2)

Äàëi, áóäåìî ââàæàòè, ùî óìîâè iäåíòèôiêîâàíîñòi [1] âèêîíàíî â îáëàñòi, äî
ÿêî¨ íàëåæèòü òðàåêòîðiÿ ñèñòåìè (2). Ñàìà çàäà÷à iäåíòèôiêàöi¨ ïîëÿãà¹ ó âèçíà-
÷åííi âåêòîðiâ a1, a2 çà âiäîìîþ iíôîðìàöi¹þ ïðî êîëèâàííÿ îñöèëÿòîðà. Òàêîþ
iíôîðìàöi¹þ ¹ âèõiä � â íàøîìó âèïàäêó ôóíêöi¨ ÷àñó x1(t), x2(t), à òàêîæ òi âåëè-
÷èíè, ÿêi ìîæóòü áóòè îòðèìàíi ç âèêîðèñòàííÿì òiëüêè çíà÷åíü âèõîäó. Çîêðåìà,
äàëi âiäîìèì ââàæàòèìåìî áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ äîâiëüíî¨ ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü

ξ̇ = U(ξ, x1(t), x2(t)), ξ(0) = ξ0 ∈ Rk1+k2 , (3)

â ÿêié íà ïðàâó ÷àñòèíó ñèñòåìè U(ξ, x1, x2) ïîêè ùî íàêëàäåíî ¹äèíå îáìåæåííÿ,
à ñàìå: öi ôóíêöi¨ ïîâèííi çàäîâîëüíÿòè äîñòàòíiì óìîâàì òåîðåì iñíóâàííÿ òà
¹äèíîñòi ðîçâ'ÿçêiâ äëÿ t ∈ [0,∞).

Iäåÿ ñèíòåçó iíâàðiàíòíèõ ñïiââiäíîøåíü â çàäà÷àõ iäåíòèôiêàöi¨ ïîëÿãà¹ â ôîð-
ìóâàííi äîäàòêîâèõ çâ'ÿçêiâ ìiæ "âiäîìèìè"âåëå÷èíàìè x1(t), x2(t), ξ(t) òà íåâiäî-
ìèìè a1, a2 âèõiäíî¨ ñèñòåìè, ÿêi âèíèêàþòü íà äåÿêèõ òðà¹êòîðiÿõ ðîçøèðåíî¨
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2), (3).

2. Ïîáóäîâà iíâàðiàíòíèõ ñïiââiäíîøåíü. Áóäåìî øóêàòè äîäàòêîâi ñïiââiä-
íîøåííÿ ó âèãëÿäi

a1 = Ψ1(x1, x2) + ξ1, a2 = Ψ2(x1, x2) + ξ2. (4)

Ââåäåìî ó ðîçãëÿä âiäõèëåííÿ ε1, ε2 âiä (4), çðîáèâøè çàìiíó ïàðàìåòðiâ a1, a2 çà
ôîðìóëàìè

a1 = Ψ1(x1, x2) + ξ1 + ε1, a2 = Ψ2(x1, x2) + ξ2 + ε2. (5)
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ßêùî áóäå âñòàíîâëåíî, ùî íà äåÿêèõ òðà¹òîðiÿõ ðîçøèðåíî¨ ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü (2), (3) ìà¹ ìiñöå òîòîæíiñòü ∥ε1(t)∥ = ∥ε2(t)∥ ≡ 0, òî ñàìå íà
öèõ òðà¹êòîðiÿõ iíâàðiàíòíi ñïiââiäíîøåííÿ (4) âèçíà÷àþòü çíà÷åííÿ a1, a2.

Ç óðàõóâàííÿì çàìiíè (5) ðiâíÿííÿ ȧ1 = 0, ȧ2 = 0 ïåðåòâîðþþòüñÿ â äèôåðåí-
öiàëüíi ðiâíÿííÿ âiäíîñíî âiäõèëåíü

ε̇1 = −Ψ1
′
x1
x2 −Ψ1

′
x2

[
−(Ψ1 + ξ1 + ε1)

T f(x1)x2 − (Ψ2 + ξ2 + ε2)
T g(x1) + u

]
− ξ̇1,

ε̇2 = −Ψ2
′
x1
x2 −Ψ2

′
x2

[
−(Ψ1 + ξ1 + ε1)

T f(x1)x2 − (Ψ2 + ξ2 + ε2)
T g(x1) + u

]
− ξ̇2.

Òóò Ψi
′
xj

= ∂Ψi
∂xj

, i, j = 1, 2.

Íà ïåðøîìó åòàïi ïðîïîíó¹ìî¨ ñõåìè âèçíà÷èìî ñòðóêòóðó äîïîìiæíüî¨ ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü. Äëÿ öüîãî âèìàãàòèìåìî, ùîá ðiâíÿííÿ (3) ìàëè
âèãëÿä

ξ̇1 = −Ψ1
′
x1
x2 +Ψ1

′
x2

[
(Ψ1 + ξ1)

T f(x1)x2 + (Ψ2 + ξ2)
T g(x1)− u

]
,

ξ̇2 = −Ψ2
′
x1
x2 +Ψ2

′
x2

[
(Ψ1 + ξ1)

T f(x1)x2 + (Ψ2 + ξ2)
T g(x1)− u

]
.

(6)

Çà òàêèì âèáîðîì ìà¹ìî, ùî âðàçi ξ1(t), ξ2(t) � áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ öi¹¨ ñèñòåìè, òî ðiâíÿííÿ âiäíîñíî âiäõèëåíü ε1(t), ε2(t) ñòàþòü îäíîðiäíèìè

ε̇1 = Ψ1
′
x2

(
εT1 f(x1)x2 + εT2 g(x1)

)
,

ε̇2 = Ψ2
′
x2

(
εT1 f(x1)x2 + εT2 g(x1)

)
,

(7)

îòæå äîïóñêàþòü òðèâiàëüíèé ðîçâ'ÿçîê ∥ε1(t)∥ = ∥ε2(t)∥ ≡ 0.
Òàêèì ÷èíîì îòðèìàíî ñiì'þ äîäàòêîâèõ ñèñòåì âèäó (6), çàëåæíó âiä ïîêè

ùî âiëüíèõ âåêòîð-ôóíêöié Ψ1(x1, x2),Ψ2(x1, x2) òà ¨õ ïîõiäíèõ. Êîæíà ç òàêèõ
ñèñòåì, ðàçîì ç âèõiäíîþ ñèñòåìîþ (2), ïåðåòâîðþ¹ íà äåÿêèõ òðà¹êòîðiÿõ ðiâíîñòi
(4) â iíâàðiàíòíi ñïiââiäíîøåííÿ, çà ÿêèìè ìîæå áóòè çíàéäåíi ïàðàìåòðè a1, a2.
Íà iíøèõ òðà¹êòîðiÿõ ç'ÿâëÿþòüñÿ íåíóëüîâi äîäàíêè ε1(t), ε2(t), ÿêi çàëåæàòü âiä
ïîõiäíèõ ôóíêöié Ψ1(x1, x2),Ψ2(x1, x2).

3. Çàäà÷à ñòàáiëiçàöi¨ âiäõèëåíü. Ïðèðîäíüî âèíèêà¹ ïèòàííÿ ïðî âèáið
ïîêè ùî âiëüíèõ ôóíêöié òàêèì ÷èíîì, ùîá äîäàíêè ε1(t), ε2(t) â ôîðìóëàõ (5)
ïðÿìóâàëè äî íóëÿ, òîáòî òðèâiàëüíèé ðîçâ'ÿçîê ðiâíÿíü ó âiäõèëåííÿõ (7) ìàâ áè
âëàñòèâiñòü ãëîáàëüíî¨ àñèìïòîòè÷íî¨ ñòiéêîñòi. Âiäïîâiäü íà öå ïèòàííÿ ñòàíî-
âèòü çìiñò äðóãîãî åòàïó ïðîïîíó¹ìî¨ ñõåìè iäåíòèôiêàöi¨. Îñêiëüêè iñíó¹ áàãàòî
ìåòîäiâ âèðiøåííÿ ïðîáëåìè ñòàáiëiçàöi¨ íåëiíiéíèõ íåàâòîíîìíèõ ñèñòåì, òî äî-
ñëiäæåííÿ íà öüîìó åòàïi ïåðåäáà÷àþòü, ùî âèáið Ψ1(x1, x2),Ψ2(x1, x2) ñèñòåìè
(7) çäiéñíþ¹òüñÿ äëÿ êîæíî¨ êîíêðåòíî¨ äèíàìi÷íî¨ ñèñòåìè îêðåìî â çàëåæíîñòi
âiä àíàëiòè÷íîãî âèäó u(x1, t) òà âåêòîð-ôóíêööié f(x1), g(x1).

Äëÿ àâòîíîìíîãî îñöèëÿòîðà (2), êîëè çîâíiøíÿ çìóøóþ÷à ñèëà u(x1) íå çàëå-
æèòü âiä ÷àñó t, îäèí iç ïiäõîäiâ äî çàäà÷i ñòàáiëiçàöi¨ ìîæå áóòè ïîâ'ÿçàí çi ñïðî-
áîþ âèêîðèñòàííÿ ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ [8]. Îá'¹êòîì äîñëiäæåííÿ â
öüîìó âèïàäêó ¹ ðîçøèðåíà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (2), (3), ôàçîâèé
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âåêòîð ÿêî¨ (x1(t), x2(t), ε
T
1 (t), ε

T
2 (t)) ∈ Ω ⊂ Rk1+k2+2. Íàâåäåìî îñíîâíi êðîêè âiä-

ïîâiäíî¨ ñõåìè.

Ââåäåìî ó ðîçãëÿä çíàêîâèçíà÷åíó ôóíêöiþ

V =
εT1 ε1 + εT2 ε2

2
,

òà çàïèøåìî ¨¨ ïîõiäíó âçÿòó â ñèëó ñèñòåìè (7)

V̇ = εT1 ε̇1 + εT2 ε̇2 = (εT1 Ψ1
′
x2

+ εT2 Ψ2
′
x2
)(εT1 f(x1)x2 + εT2 g(x1)).

Âèçíà÷åìî âèãëÿä ôóíêöié, ÿêi çàëèøàëèñü âiëüíèìè: íåõàé Ψ1(x1, x2),Ψ2(x1, x2)
äîðiâíþþòü

Ψ1(x1, x2) =
λx22
2

f(x1) + Φ1(x1), Ψ2(x1, x2) = λx2g(x1) + Φ2(x1), (8)

äå êîåôiöi¹íò λ < 0, Φ1(x1),Φ2(x1) � äîâiëüíi ôóíêöi¨ çìiííî¨ x1, äàëi ââàæàòèìåìî
Φ1(x1) = Φ2(x1) = 0. Çà òàêèìè ôóíêöiÿìè ïîõiäíà âiä V ñòà¹ çíàêîñòàëîþ

V̇ = λ(εT1 f(x1)x2 + εT2 g(x1))
2 ≤ 0, (9)

à ñàìi ðiâíÿííÿ ó âiäõèëåííÿõ ïðèéìàþòü âèãëÿä

ε̇1 = λx2f(x1)
(
εT1 f(x1)x2 + εT2 g(x1)

)
,

ε̇2 = λg(x1)
(
εT1 f(x1)x2 + εT2 g(x1)

)
.

(10)

Îñêiëüêè ñèñòåìà (10) äîïóñêà¹ òðèâiàëüíèé ðîçâ'ÿçîê ∥ε1(t)∥ = ∥ε2(t)∥ ≡ 0, òî
ìíîæèíà M = {(x1(t), x2(t), 0, 0)} ¹ iíâàðiàíòíîþ â

E = {(x1, x2, ε1, ε2) : V̇ = λ(εT1 f(x1)x2 + εT2 g(x1))
2 = 0}.

ßêùî ïðè öüîìó M áóäå íàéáiëüøîþ iíâàðiàíòíîþ ìíîæèíîþ, òî çà òåîðåìîþ
ËàÑàëëÿ âñi ðîçâ'ÿçêè ç ïî÷àòêîâèìè çíà÷åííÿìè â Ω, áóäóòü ç ÷àñîì ïðàãíóòè
äî M , òîáòî

lim
t→∞

∥εi(t)∥ = 0, i = 1, 2. (11)

Òàêèì ÷èíîì, çàïðîïîíîâàíà ñõåìà ðîçâ'ÿçàííÿ çàäà÷i iäåíòèôiêàöi¨ ïàðàìåò-
ðiâ ñèñòåìè (2) ïîëÿãà¹:

1) ó âiäïîâiäíîìó âèáîðó ôóíêöié Ψ1(x1),Ψ2(x1), ÿêi ïîâèíi çàáåçïå÷èòè âëà-
ñòèâiñòü ãëîáàëüíî¨ àñèìïòîòè÷íî¨ ñòiéêîñòi òðèâiàëüíîãî ðîçâ'ÿçêó ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü (10): ∀(ε∗1, ε∗2) ∈ Rk1+k2 , lim

t→∞
∥εi(t, ε∗i )∥(t) = 0, i = 1, 2;

2) ðîçâ'ÿçêó çàäà÷i Êîøi ç áóäü-ÿêîþ ïî÷àòêîâîþ óìîâîþ äëÿ ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü (6) òà ïîäàëüøîìó îá÷èñëåííi îöiíîê øóêàíèõ ïàðàìåòðiâ çà
ôîðìóëàìè (5).
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Çà òàêîþ ñõåìîþ ïåðøi äâà äîäàíêè ó ïðàâié ÷àñòèíi ôîðìóë (5) ñòàþòü âiäîìè-
ìè âåëè÷èíàìè, à òðåòié äîäàíîê, âðàçi âèêîíàííÿ ïåðøîãî ïóíêòó, àñèìïòîòè÷íî
ïðàãíå äî íóëÿ.

ßê ïðèêëàä çàñòîñóâàííÿ îïèñàíî¨ ñõåìè iäåíòèôiêàöi¨, ðîçãëÿíåìî çàäà÷ó âèçíà-
÷åííÿ ïàðàìåòðiâ ìîäåëi ìàòåìàòè÷íîãî ìàÿòíèêà, ÿêèé çäiéñíþ¹ âèìóøåíi êîëè-
âàííÿ.

4. Èäåíòèôiêàöiÿ ïàðàìåòðiâ ìàòåìàòè÷íîãî ìàÿòíèêà. Ìîäåëü ìàòå-
ìàòè÷íîãî ìàÿòíèêà � öå ôiçè÷íà ìîäåëü êîëèâàëüíî¨ ñèñòåìè, ÿêà ñêëàäà¹òüñÿ ç
ìàòåðiàëüíî¨ òî÷êè, ïiäâiøåíî¨ íà íåâàãîìié i íåðîçòÿæíié íèòöi. Ðiâíÿííÿ âèìó-
øåíèõ êîëèâàíü ìàþòü âèãëÿä

ẍ(t) + a1ẋ(t) + a2sin(x(t)) = u(x, t). (12)

Òóò x(t) � âiäõèëåííÿ ìàÿòíèêà âiä âåðòèêàëi, a1, a2 � êîåôiöi¹íòè, ÿêi õàðàêòåðè-
çóþòü âiäïîâiäíî äîñèòü ñêëàäíå ÿâèùå äèñèïàöi¨ òà ìàñîâî-ãðàâiòàöiéíó õàðàêòå-
ðèñòèêó ìàÿòíèêà, u(x, t) � çîâíiøíÿ ñïîíóêàëüíà (çìóøóþ÷à) ñèëà, âëàñòèâîñòi
ÿêî¨ çíà÷íîþ ìiðîþ âèçíà÷àþòü õàðàêòåð êîëèâàíü.

Ïîçíà÷èâøè x1 = x, x2 = ẋ ïåðåïèøåìî ðiâíÿííÿ ìàÿòíèêà ó âèãëÿäi ñèñòåìè

ẋ1 = x2,

ẋ2 = −a1x2 − a2sin(x1) + u(x1).
(13)

Çàóâàæåííÿ. Äàëi áóäåìî ââàæàòè, ùî ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü,
ìîäåëþþ÷èõ êîëèâàííÿ ìàòåìàòè÷íîãî ìàÿòíèêà, ÿâëÿþòü ñîáîþ íåçàòóõàþ÷èé,
îáìåæåíèé ïðîöåñ, à ñàìå: ∀t > 0, (x1(t), x2(t)) ∈ P = {(x1, x2) : |x1(t)| ≤ K, |x2(t)| ≤
K,K < ∞}.

Êðiì âèõîäó � x1(t), x2(t), âiäîìèìè ôóíêöiÿìè ÷àñó ââàæàòèìåìî áóäü-ÿêèé
ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ äîâiëüíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

ξ̇ = U(ξ, x1(t), x2(t)), ξ(0) = ξ0 ∈ R2, (14)

â ÿêié íà U(ξ, x1, x2) ïîêè ùî íàêëàäåíî ¹äèíå îáìåæåííÿ, à ñàìå: öi ôóíêöi¨
çàäîâîëüíÿþòü äîñòàòíiì óìîâàì òåîðåì iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ äëÿ t ∈
[0,∞).

Çàäà÷à. Çíàéòè àñèìïòîòè÷íî òî÷íi îöiíêè ïàðàìåòðiâ a1, a2 ñèñòåìè (13) çà
âiäîìèìè çíà÷åííÿìè âèõîäó x1(t), x2(t).

Çà ìåòîäîì ñèíòåçó iíâàðiàíòíèõ ñïâiâiäíîøåíü øóêà¹ìî íåâiäîìi ÿê äåÿêi
ôóíêöi¨ âiä xi(t), ξi(t), i = 1, 2.

a1 = Ψ1(x1, x2) + ξ1, a2 = Ψ2(x1, x2) + ξ2. (15)

Ââåäåìî ó ðîçãëÿä âiäõèëåííÿ ε1, ε2 âiä (15), çðîáèâøè çàìiíó ïàðàìåòðiâ a1, a2 çà
ôîðìóëàìè

a1 = Ψ1(x1, x2) + ξ1 + ε1, a2 = Ψ2(x1, x2) + ξ2 + ε2. (16)
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Ç óðàõóâàííÿì çàìiíè (16) ðiâíÿííÿ ȧ1 = 0, ȧ2 = 0 ïåðåòâîðþþòüñÿ â äèôåðåí-
öiàëüíi ðiâíÿííÿ âiäíîñíî âiäõèëåíü

ε̇1 = −Ψ1
′
x1
x2 −Ψ1

′
x2

[−(Ψ1 + ξ1 + ε1)x2 − (Ψ2 + ξ2 + ε2)sin(x1) + u]− ξ̇1,

ε̇2 = −Ψ2
′
x1
x2 −Ψ2

′
x2

[−(Ψ1 + ξ1 + ε1)x2 − (Ψ2 + ξ2 + ε2)sin(x1) + u]− ξ̇2.
(17)

Íà ïåðøîìó êðîöi âèçíà÷à¹ìî ïðàâi ÷àñòèíè äîïîìîæíiõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü, ïîêëàâøè

ξ̇1 = −Ψ1
′
x1
x2 +Ψ1

′
x2

[(Ψ1 + ξ1)x2 + (Ψ2 + ξ2)sin(x1)− u] ,

ξ̇2 = −Ψ2
′
x1
x2 +Ψ2

′
x2

[(Ψ1 + ξ1)x2 + (Ψ2 + ξ2)sin(x1)− u] .
(18)

Çà òàêèì âèáîðîì ìà¹ìî, ùî âðàçi ξ1(t), ξ2(t) � áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ñèñòåìè (18), òî ðiâíÿííÿ âiäíîñíî âiäõèëåíü ε1(t), ε2(t) ñòàþòü îäíîðiäíèìè

ε̇1 = Ψ1
′
x2

(ε1x2 + ε2sin(x1)) ,

ε̇2 = Ψ2
′
x2

(ε1x2 + ε2sin(x1)) ,
(19)

îòæå äîïóñêàþòü òðèâiàëüíèé ðîçâ'ÿçîê ε1(t) = ε2(t)) ≡ 0.
Òàêèì ÷èíîì îòðèìàíî ñiì'þ äîäàòêîâèõ ñèñòåì âèäó (18), çàëåæíó âiä ïîêè

ùî âiëüíèõ ôóíêöié Ψ1(x1, x2),Ψ2(x1, x2) òà ¨õ ïîõiäíèõ. Êîæíà ç òàêèõ ñèñòåì,
ðàçîì ç âèõiäíîþ ñèñòåìîþ (13), ïåðåòâîðþ¹ ðiâíîñòi (15) â iíâàðiàíòíi ñïiââiäíî-
øåííÿ, òîáòî íà äåÿêèõ òðà¹êòîðiÿõ ðîçøèðåíî¨ ñèñòåìè öi ðiâíîñòi âèêîíóþòüñÿ
òîòîæíüî. Íà iíøèõ òðà¹êòîðiÿõ ç'ÿâëÿþòüñÿ íåíóëüîâi äîäàíêè ε1(t), ε2(t), ÿêi çà-
ëåæàòü âiä ïîõiäíèõ ôóíêöié Ψ1(x1, x2),Ψ2(x1, x2). Òîìó äðóãèì åòàïîì ïîáóäîâè
àñèìïòîòè÷íèõ iäåíòèôiêàòîðiâ ¹ âèáið öèõ ôóíêöié òàêèì ÷èíîì, ùîá òðèâiàëü-
íèé ðîçâ'ÿçîê ðiâíÿíü ó âiäõèëåííÿõ (19) ìàâ âëàñòèâiñòü ãëîáàëüíî¨ àñèìïòîòè÷-
íî¨ ñòiéêîñòi.

Ââåäåìî ó ðîçãëÿä çíàêîâèçíà÷åíó ôóíêöiþ

V =
ε21 + ε22

2
,

òà çàïèøåìî ¨¨ ïîõiäíó âçÿòó â ñèëó ñèñòåìè (19)

V̇ = (ε1Ψ1
′
x2

+ ε2Ψ2
′
x2
)(ε1x2 + ε2sin(x1)).

Íåõàé âiëüíi ôóíêöi¨ Ψ1(x1, x2),Ψ2(x1, x2) ìàòèìóòü âèãëÿä

Ψ1 = λ
x22
2
, Ψ2 = λx2sin(x1), (20)

äå êîåôiöi¹íò λ < 0. Çà òàêèìè ôóíêöiÿìè ïîõiäíà âiä V ñòà¹ çíàêîñòàëîþ

V̇ = λ(ε1x2 + ε2sin(x1))
2 ≤ 0, (21)
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à ñàìi ðiâíÿííÿ ó âiäõèëåííÿõ ïðèéìàþòü âèãëÿä

ε̇1 = λx2 (ε1x2 + ε2sin(x1)) ,

ε̇2 = λsin(x1) (ε1x2 + ε2sin(x1)) .
(22)

Ïîêàæåìî ç âèêîðèñòàííÿì ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ [8], ùî íåðiâ-
íiñòü (21) ¹ äîñòàòíüîþ äëÿ àñèìïòîòè÷íî¨ ñòàáiëüíîñòi òðèâiàëüíîãî ðîçâ'ÿçêó
ñèñòåìè (22). Äëÿ öüîãî ðîçãëÿíåìî ðîçøèðåíó ñèñòåìó (13), (22) ç ôàçîâèì âåê-
òîðîì (x1(t), x2(t), ε1(t), ε2(t)) ∈ Ω ⊂ R4.

Â íàøîìó âèïàäêó Ω � êîìïàêòíà ìíîæèíà, ïîçèòèâíî iíâàðiàíòíà âiäíîñíî
ðîçøèðåíî¨¨ ñèñòåìè. Äiéñíî, çà ïðèïóùåííÿì (x1(t), x2(t)) ∈ P ⊂ R2, äå P îïèñó¹
îáìåæåíó îáëàñòü êîëèâàíü. Çíà÷åííÿ âiäõèëåíü çãiäíî íåðiâíîñòi (21) ëåæàòü
âñåðåäèíi ñôåðè S = {(ε1, ε2) : ε21 + ε22 ≤ ε21(0) + ε22(0)}. Ç öüîãî âèïëèâà¹, ùî
Ω = P × S ¹ êîìïàêòíîþ ìíîæèíîþ, ïîçèòèâíî iíâàðiàíòíîþ âiäíîñíî ñèñòåìè
(13), (22).

Ïîçíà÷èìî ÷åðåç d(t) = ε1(t)x2(t)+ε2(t)sin(x1(t)) � çàãàëüíèé ìíîæíèê ïðàâèõ
÷àñòèí ðiâíÿíü (22). Íåõàé E � ìíîæèíà âñiõ òî÷îê (x1, x2, ε1, ε2) ∈ Ω â ÿêèõ
V̇ = λd(t)2 = 0. Çðîçóìiëî, ùî ìíîæèíà M = {(x1(t), x2(t), 0, 0)} ¹ iíâàðiàíòíîþ â
E. ßêùî ïðè öüîìó M áóäå íàéáiëüøîþ iíâàðiàíòíîþ ìíîæèíîþ, òî çà òåîðåìîþ
ËàÑàëëÿ âñi ðîçâ'ÿçêè ç ïî÷àòêîâèìè çíà÷åííÿìè (x1(0), x2(0), ε1(0), ε2(0)) ∈ Ω,
áóäóòü ç ÷àñîì ïðàãíóòè äî M , òîáòî

lim
t→∞

εi(t) = 0, i = 1, 2. (23)

Äîâåäåìî âiä ïðîòèëåæíîãî, ùî M ¹ íàéáiëüøîþ iíâàðiàíòíîþ ìíîæèíîþ. À
ñàìå, íåõàé d(t) = 0 i â òîé æå ÷àñ ìíîæèíà E ìiñòèòü òðà¹êòîði¨ ñèñòåìè (13), (22)
ç íåíóëüîâèìè âiäõèëåííÿìè ε1(t), ε2(t). Çà ïðèïóùåííÿì d(t) = 0 , çâiäêè âèïëè-
âà¹, ùî öi âiäõèëåííÿ ¹ ñòàöiîíàðíèìè òî÷êàìè ñèñòåìè (22): ε1(t) = ε∗1, ε2(t) = ε∗2.
À öå, â ñâîþ ÷åðãó, íàêëàäà¹ îáìåæåííÿ íà òðà¹êòîði¨ âèõiäíî¨ ñèñòåìè (13).

d(t) = ε∗1x2(t) + ε∗2sin(x1(t)) = 0.

Ç óðàõóâàííÿì ïîçíà÷åíü x1 = x, x2 = ẋ ç îñòàííüî¨ ðiâíîñòi âèòiêà¹ çàëåæíiñòü∣∣∣∣tgx(t)2
∣∣∣∣ = exp

(
−ε∗1t

ε∗2

)
ðóõó ìàÿòíèêà x(t) âiä êîíñòàíò ε∗i , i = 1, 2, ùî íå ¹ ìîæëèâèì, îñêiëüêè ðiâíÿííÿ
(13) íiÿêèì ÷èíîì íå ïîâ'ÿçàíi ç äîïîìiæíîþ ñèñòåìîþ (22). Îòðèìàíå ïðîòè-
ði÷÷ÿ äîâîäèòü òâåðäæåííÿ, ùî ìíîæèíà M = {(x1(t), x2(t), 0, 0)} ¹ íàéáiëüøîþ
iíâàðiàíòíîþ ìíîæèíîþ äëÿ òðà¹êòîðié ðîçøèðåíî¨ ñèñòåìè. À âiäòàê äîâåäåíî
âèêîíàííÿ óìîâè (23).

Îñòàòî÷íèé âèãëÿä iäåíòèôiêàòîðà. Òàêèì ÷èíîì çàôiêñîâàíî âñi ñòó-
ïåíi ñâîáîäè â ïðîïîíó¹ìîìó àëãîðèòìi iäåíòèôiêàöi¨, à ñàìå: ñòðóêòóðà äîïî-
ìiæíèõ äèôåðåíöiàëüíèõ ðiâíÿíü áóëà çàäàíà ðiâíÿííÿìè (18), à âèáið ôóíêöié
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Ψi(x1, x2), i = 1, 2 çà ôîðìóëàìè (20) ôîðìó¹ îñòàòî÷íèé âèãëÿä öèõ ðiâíÿíü

ξ̇1 = λx2

[
(
λx22
2

+ ξ2)x2 + (λx2sin(x1) + ξ1)sin(x1)− u

]
,

ξ̇2 = −λx22cos(x1) + λsin(x1)

[
(
λx22
2

+ ξ2)x2 + (λx2sin(x1) + ξ1)sin(x1)− u

]
.

(24)

Ïðè öüîìó ôàêò âèêîíàííÿ óìîâè (23) äîçâîëÿ¹ ñôîðìóëþâàòè

Òâåðäæåííÿ 1. Ôîðìóëè

â1 = λ
x22(t)

2
+ ξ1(t), â2 = λx2sin(x1(t)) + ξ2(t), (25)

äå ξ1(t), ξ2(t) áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü (24) ôîðìóþòü àñèìïòîòè÷íi îöiíêè ïàðàìåòðiâ a1, a2 ìîäåëi ìàòåìàòè÷íîãî
ìàÿòíèêà (13).

5. Îá÷èñëþâàëüíèé åêñïåðèìåíò ç îöiíêè ïàðàìåòðiâ ìàòåìàòè÷íîãî
ìàÿòíèêà. Çàïðîïîíîâàíà â ðîáîòi ñõåìà ðîçâ'ÿçàííÿ çàäà÷i iäåíòèôiêàöi¨ áóëà
÷èñåëüíî ïðîìîäåëüîâàíà äëÿ øèðîêîãî ñïåêòðó ïî÷àòêîâèõ óìîâ i ïàðàìåòðiâ
äèíàìi÷íî¨ ñèñòåìè (13), (24). Â íàâåäåíèõ ðåçóëüòàòiâ îá÷èñëþâàëüíîãî åêñïåðè-
ìåíòó âèõîä x1(t), x2(t) îòðèìàíî â ðåçóëüòàòi ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ñèñòåìè
(13) ç çîâíiøíüîþ ñèëîþ u(x, t) = −x1(t) + sin(x1(t)), ùî çàáåçïå÷ó¹ íåçàòóõàþ÷è
êîëèâàííÿ ìàÿòíèêà. Ïî÷àòêîâi óìîâè áóëè ïðèéíÿòi ðiâíèìè x(0) = (−2.0; 0.0),
ïî÷àòêîâi óìîâè äëÿ çìiííèõ äîäàòêîâî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (22)
îáèðàþòüñÿ äîâiëüíèì ÷èíîì, â äàíîìó âèïàäêó ξ(0) = (2.0;−2.0). Ïàðàìåòðè ñè-
ñòåìè òà ¨¨ ñïîñòåðiãà÷à íàñòóïíi:

a1 = 0.5, a2 = 5.5, λ = −2.5.

Íà ðèñ.1 íåïåðåðâíîþ ëiíi¹þ çîáðàæåíî ãðàôiêè ôóíêöié

λx2(t)sin(x1(t)) + ξ1(t), λ
x22(t)

2
+ ξ2(t),

ÿêi â ïîâíié âiäïîâiäíîñòi äî òâåðäæåííÿ 1 àñèìòîòè÷íå ïðÿìóþòü ç ÷àñîì äî
çíà÷åíü øóêàíèõ ïàðàìåòðiâ (ÿêi íà ãðàôiêó çîáðàæåíi ïåðåðèâ÷àòèì âiäðiçêîì
ïðÿìî¨). ßê âèäíî ç öèõ ãðàôiêiâ ðåçóëüòàòè ìîäåëþâàííÿ ïiäòâåðäæóþòü çðîá-
ëåíèé âèñíîâîê ïðî òå, ùî ñèñòåìà (24), (25) ¹ àñèìïòîòè÷íèì iäåíòèôiêàòîðîì
ïàðàìåòðiâ ìàòåìàòè÷íîãî ìàÿòíèêà.
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N.V. Zhogoleva, V.F. Shcherbak

Identi�cation of parameters of non-linear oscillators.

Many applied control problems are characterized by a situation where some or all parameters of the

initial dynamic system are unknown. In such cases, the problem of identi�cation arises, which consists

in determining the unknown parameters of the system based on information about its output - known

information about movement. The ability to solve the problem of identi�cation is an essential property

of identi�ability depends on the analytical structure of the right-hand sides of the dynamics equations

and available information [1]. To solve the identi�cation problem itself, this work uses the method

of invariant relations [2], which was developed in analytical mechanics and is intended, in particular,

for �nding partial solutions (dependencies between variables) in problems of the dynamics of a rigid

body with a �xed point. The modi�cation of this method to the problems of the theory of control,

observation made it possible to synthesize additional connections between the known and unknown

quantities of the original system that arise during the movement of its extended model [3] � [5].

It is worth noting that a some more general approach, which forms a suitable method for solving

observation problems for nonlinear dynamic systems due to the synthesis of an invariant manifold in

the space of an extended system, was proposed in the works [6], [7] as a certain modi�cation of the

method stabilization of nonlinear systems I&I(Input and Invariance). The purpose of this work is to

spread the method of synthesis of invariant relations in control problems to the problem of identifying

parameters of pendulum systems. A general scheme for constructing asymptotically accurate estimates

of the parmeters of a two-dimensional dynamical system is proposed. A relatively simple case of the

identi�cation problem will be considered, namely: 1) the output of the original system is the complete

phase vector and 2) the system depends linearly on the unknown parameters. Generalizations to more

general designs of input-output systems, including with the involvement of information about the

output obtained on several trajectories, can be carried out using the approach described below and is

the subject of a separate study. The computational experiment on the estimation of the parameters of

the mathematical pendulum con�rms the e�ciency of the proposed identi�cation scheme.

Keywords: identi�cation, invariant relations, mathematical pendulum..
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