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ÑÏÎÑÒÅÐIÃÀ× ÏÀÐÀÌÅÒÐIÂ ÃÀÐÌÎÍIÉÍÎÃÎ ÎÑÖÈËßÒÎÐÀ

Ðîçãëÿíóòî âèêîðèñòàííÿ ìåòîäiâ òåîði¨ ñïîñåðåæåííÿ íåëiíiéíèõ äèíàìi÷íèõ ñèñòåì â çàäà÷àõ
âèçíà÷åííÿ àìïëiòóäè, ÷àñòîòè òà ôàçè ñèíóñî¨äàëüíîãî ñèãíàëó. Çàïðîïîíîâàíî ñõåìó ïîáóäîâè
íåëiíiéíîãî ñïîñòåðiãà÷à, ÿêèé äîçâîëÿ¹ îòðèìóâàòè îöiíêè íåâiäîìèõ ïàðàìåòðiâ çà ðåçóëüòàòà-
ìè âèìiðþâàííÿ âèõiäíîãî ñèãíàëó â ðåàëüíîìó ìàñøòàái ÷àñó. Âèêîðèñòîâó¹òüñÿ ðîçðîáëåíèé â
àíàëiòè÷íié ìåõàíiöi ìåòîä iíâàðiàíòíèõ ñïiââiäíîøåíü, ÿêèé â çàäà÷àõ êåðóâàííÿ íà òðà¹êòîðiÿõ
ðóõó äèíàìi÷íèõ ñèñòåì äîçâîëÿ¹ ñèíòåçóâàòè äîäàòêîâi çâ'ÿçêè ìiæ âiäîìèìè i íåâiäîìèìè âå-
ëè÷èíàìè. Äîâåäåíî àñèìïòîòè÷íó çáiæíiñòü îöiíîê øóêàíèõ êîìïîíåíò ôàçîâîãî âåòîðà äî ¨õ
ñïðàâæíüîãî çíà÷åííÿ. Ðåçóëüòàòè ìîäåëþâàííÿ äåìîíñòðóþòü åôåêòèâíiñòü ïðîïîíó¹ìîãî ñïî-
ñîáó ðîçâ'ÿçêó çàäà÷i ñïîñòåðåæåííÿ çà ñòàíîì ãàðìîíiéíîãî îñöèëÿòîðà.

MSC: 34C15, 34D20.

Êëþ÷îâi ñëîâà: ñèíóñî¨äíèé ñèãíàë, íåëiíiéíèé ñïîñòåðiãà÷, iíâàðiàíòíi ñïiââiäíîøåííÿ

1. Âñòóï. Ïðîáëåìà îöiíþâàííÿ íåâiäîìî¨ ÷àñòîòè, àìïëiòóäè òà ôàçè ãàð-
ìîíiéíî¨ ñèëè u(t) = A sin(ωt+Φ), ÿêà äi¹ íà ìåõàíi÷íó ñèñòåìó, çíàõîäèòü âiäîáðà-
æåííÿ ó äîñòàòíüî¨ êiëüêîñòi ïóáëiêàöié ÿê ó ìèíóëi òàê i â ñó÷àñíi ÷àñè (äèâ. [1]).
Ïðè÷èíà òàêîãî iíòåðåñó ïîëÿãà¹ â âèêîðèñòàííi âiäïîâiäíèõ ìåòîäiê â ðiçíèõ òåî-
ðåòè÷íèõ òà iíæåíåðíèõ äèñöèïëiíàõ, íàïðèêëàä, ó îáåðòàëüíèõ ìåõàíi÷íèõ ïðî-
öåñàõ, â çàäà÷àõ âiáðîiçîëÿöi¨ ïåðiîäè÷íèõ ñêëàäîâèõ øóìó ÷åðåç îáåðòîâi ìåõàíiç-
ìè, äëÿ êîìïåíñàöi¨ ãàðìîíiéíèõ çáóðåíü â àëãîðèòìàõ àâòîìàòè÷íîãî êåðóâàííÿ,
ó àäàïòèâíî¨ ôiëüòðàöi¨ ïðè îáðîáöi ñèãíàëiâ, òîùî. Â ïðèíöèïi, ìåòîä íàéìåíøèõ
êâàäðàòiâ, Ôóð'¹ àíàëiç, ïåðåòâðåííÿ Ëàïëàñà äàþòü ïîòåíöiéíå ðiøåííÿ âiäïî-
âiäíèõ çàäà÷. Îäíàê öi ìåòîäè ìîæóòü íå ïiäõîäèòè, íàïðèêëàä, äëÿ àëãîðèòìiâ
êåðóâàííÿ ç îáðîáêîþ äàíèõ â ðåàëüíîìó ÷àñi.

Íåçâàæàþ÷è íà âiäíîñíó ïðîñòîòó çàäà÷i âèçíà÷åííÿ ïàðàìåòðiâ �÷èñòî¨ ñèíó-
ñîiäè� ïiäõîäè äî ¨¨ ðîçâ'ÿçàííÿ âèêîðèñòîâóþòü äîñèòü ñêëàäíèé àïàðàò ñó÷àñ-
íèõ ìåòîäiâ ïðèêëàäíî¨ ìàòåìàòèêè. Àëãîðèòì íåëiíiéíîãî ïðåäñòàâëåííÿ ñèíó-
ñî¨äàëüíîãî ñèãíàëó ç ïîäàëüøèì çàñòîñóâàííÿì íåëiíiéíîãî ñïîñòåðiãà÷à Ëó¹í-
áåðãåðà çàïðîïîíîâàíî ó ñòàòòi [2], äå íà áàçi çàãàëüíî¨ òåîði¨ íåëiíiéíîãî ñïîñòå-
ðåæåííÿ àâòîðè áóäóþòü äîñèòü ñêëàäíó êîíñòðóêöiþ âiäïîâiäíîãî ñïîñòåðiãà÷à.
Â ðîáîòi [3] ïiñëÿ ïðåäñòàâëåííÿ ñèíóñî¨äàëüíîãî ñèãíàëó ÿê ëiíiéíî ïàðàìåòðè-
çîâàíî¨ ôîðìè ðîçðîáëåíî êiëüêà àäàïòèâíèõ çàêîíiâ â ÿêèõ ç âèêîðèñòîâóþ÷è
àïàðàòó òåîði¨ êîâçíîãî ðåæèìó êåðóâàííÿ îòðèìàíî îöiíêè ïàðàìåòðiâ ñèíóñîi-
äè. Ìóëüòèñèíóñî¨äàëüíèé ñèãíàë äîñëiäæåíî â ðîáîòàõ [4], [5] äå âiäïîâiäíèé îöi-
íþâà÷ ïîáóäîàíî ç âèêîðèñòàííÿì ñòàíäàðòíîãî ãðàäi¹íòíîãî àëãîðèòìó. Çàäà÷à
iäåíòèôiêàöi¨ íåâiäîìî¨ ÷àñòîòè ñèíóñî¨äàëüíîãî çáóðåííÿ, ÿêå äi¹ íà ëiíiéíå äè-
ôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó âèðiøó¹òüñÿ â ðîáîòi [6]. Ñëiä çàçíà÷èòè
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ðîáîòó [7], â ÿêèé òàêîæ ïðåäñòàâëåíî ïiäõiä, çàñíîâàíèé íà ïîáóäîâi ñïîñòåðiãà÷àõ
ñòàíiâ àëå âæå äëÿ âèçíà÷åííÿ ïàðàìåòðiâ ïåðiîäè÷íî¨ ñèëè, ÿêà äi¹ íà ëiíiéíèé îñ-
öèëÿòîð. Íà ïåðøîìó åòàïi îöiíþþòüñÿ êîåôiöi¹íòè ñêií÷åíîãî íàáëèæåííÿ ðÿäó
Ôóð'¹, çà ÿêèì àïðîêñèìó¹òüñÿ çîâíiøíÿ ïåðiîäè÷íà ñèëà ç ïåðåäáà÷óâàíîþ ÷àñòî-
òîþ. Íà äðóãîìó åòàïi çà ðåçóëüòàòàìè ïåðøîãî åòàïó ïðîïîíó¹òüñÿ ïîáóäóâàòè
ñïîñòåðiãà÷ âæå äëÿ óòî÷íåííÿ ÷àñòîòè íàâàíòàæåííÿ.

Â ïðîïîíó¹ìîé ðîáîòi ïðîáëåìó îòðèìàííÿ àñèìïòîòè÷íèõ îöiíîê àìïëiòó-
äè, ÷àñòîòè òà ôàçè ñèíóñî¨äàëüíîãî ñèãíàëó ðîçâ'ÿçàíî çà äîïîìîãîþ ìåòîäó
iíâàðiàíòíèõ ñïiââiäíîøåíü [8], ÿêèé áóëî ðîçðîáëåíî â àíàëiòè÷íié ìåõàíiöi òà
ïðèçíà÷åíî, çîêðåìà, äëÿ ïîøóêó ÷àñòèííèõ ðîçâ'ÿçêiâ (çàëåæíîñòåé ìiæ çìiííè-
ìè) â çàäà÷àõ äèíàìiêè òâåðäîãî òiëà ç íåðóõîìîþ òî÷êîþ. Ìîäèôiêàöiÿ öüîãî ìå-
òîäó äî ïðîáëåì òåîði¨ ñïîñòåðåæåííÿ, ÿêó ïðîâåäåíî â ðîáîòàõ [9], [10] i äîäàòêîâî
äîñëiäæåíî â [11], äîçâîëèëà ðîçðîáèòè ñõåìó ñèíòåçó ìiæ âiäîìèìè i íåâiäîìèìè
âåëè÷èíàìè âèõiäíî¨ ñèñòåìè äîäàòêîâèõ ñïiââiäíîøåíü, ùî âèíèêàþòü â ïðîöåñi
ðóõó ¨¨ ðîçøèðåíî¨ ìîäåëi. Âàðòî çàçíà÷èòè, ùî áiëüø çàãàëüíèé ïiäõiä, ÿêèé ôîð-
ìó¹ âiäïîâiäíèé ìåòîä ðîçâ'ÿçêó çàäà÷ ñïîñòåðåæåííÿ äëÿ íåëiíiéíèõ äèíàìi÷íèõ
ñèñòåì çàâäÿêè ñèíòåçó iíâàðiàíòíîãî ìíîãîâèäó â ïðîñòîði ðîçøèðåíî¨ ñèñòåìè,
áóëî çàïðîïîíîâàíî â ðîáîòàõ [12], [13] ÿê ïåâíó ìîäèôiêàöiþ ìåòîäó ñòàáiëiçàöi¨
íåëiíiéíèõ ñèñòåì I&I (Input and Invariance).

2. Çàäà÷à ñïîñòåðåæåííÿ äëÿ âèçíà÷åííÿ ïàðàìåòðiâ ãàðìîíiéíîãî
ñèãíàëó.

Îñíîâíîþ ìåòîþ ðîáîòè ¹ âèêîðèñòàííÿ ïiäõîäó [11] ó êîíêðåòíîìó âèïàäêó,
êîëè çàäà÷à ñïîñòåðåæåííÿ ðîçâ'ÿçó¹òüñÿ äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

ẋ1 = −x2, ẋ2 = x3x1, ẋ3 = 0,

y = x1,
(1)

çi ñòàíîì x := (x1;x2;x3) ∈ R3 i âèõîäîì y(t) ∈ R, ÿêèé âèìiðþ¹òüñÿ, òîáòî ¹
âiäîìèì ó áóäü ÿêèé ìîìåíò ÷àñó. Âèõiä öi¹¨ ñèñòåìè � ïåðøà êîìïîíåíòà âåêòîðó
ñòàíó, ÿêó çàäàíî ñèíóñî¨äíèì ñèãíàëîì y(t) = Asin(ωt+Φ). Àìïëiòóäà, ÷àñòîòà i
ôàçà ñèãíàëó â çàëåæíîñòi âiä ïî÷àòêîâèõ óìîâ (x10;x20;x30) ∈ R3 âèçíà÷àþòüñÿ
âiäïîâiäíî çà ôîðìóëàìè

A =

√
x30x210 + x220

x30
, ω =

√
x30, Φ = arctan

(√
x30x10
x20

)
. (2)

Òàêèì ÷èíîì, çàâäÿêè (2) çàäà÷à îöiíêè àìïëiòóäè, ÷àñòîòè òà ôàçè ñèíóñî¨-
äàëüíîãî ñèãíàëó çâîäèòüñÿ äî çàäà÷i ñïîñòåðåæåííÿ ñòàíó ñèñòåìè (1) çà iíôîð-
ìàöi¹þ ïðî ¨¨ ðóõ. Çà ïðèïóùåííÿì òàêîþ iíôîðìàöi¹þ ¹ âèõiä y = x1(t), êðiì
òîãî ìîæåìî ââàæàòè âiäîìèìè òi âåëè÷èíè, ÿêi îòðèìàíi ç âèêîðèñòàííÿì òiëüêè
çíà÷åíü âèõîäó. Çîêðåìà, äàëi òàêèì áóäåìî ââàæàòè áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i
Êîøi ξ(t, ξ0) äëÿ äîâiëüíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

ξ̇ = U(ξ, y(t)), ξ(0) = ξ0 ∈ R2, (3)
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äå íà ïðàâó ÷àñòèíó ñèñòåìè U(ξ, y(t)) ïîêè ùî íàêëàäåíî ¹äèíå îáìåæåííÿ, à
ñàìå: öi ôóíêöi¨ ïîâèííi çàäîâîëüíÿòè äîñòàòíiì óìîâàì òåîðåì iñíóâàííÿ òà ¹äè-
íîñòi ðîçâ'ÿçêiâ äëÿ t ∈ [0,∞).

Iäåÿ ìåòîäó ñèíòåçó iíâàðiàíòíèõ ñïiââiäíîøåíü, ÿêèé äàëi áóäå âèêîðèñòàíî â
çàäà÷i ñïîñòåðåæåííÿ¨, ïîëÿãà¹ â ôîðìóâàííi äîäàòêîâèõ çâ'ÿçêiâ, ÿêi âèíèêàþòü
íà äåÿêèõ òðà¹êòîðiÿõ ðîçøèðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), (3) ìiæ
�âiäîìèìè� âåëå÷èíàìè y(t), ξ(t) òà íåâiäîìèìè ôóíêöiÿìè xi(t), i = 2, 3 âèõiäíî¨
ñèñòåìè. Çà öèì ìåòîäîì äàëi áóäå ðîçãëÿíóòà

Çàäà÷à ñïîñòåðåæåííÿ. Çíàéòè àñèìïòîòè÷íî òî÷íi îöiíêè x2(t), x3(t) � êîì-
ïîíåíò ôàçîâîãî âåêòîðó ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1) çà äàíèìè ïðî
âèõiä x1(t).

3. Ïîáóäîâà iíâàðiàíòíèõ ñïiââiäíîøåíü.
Áóäåìî øóêàòè äîäàòêîâi ñïiââiäíîøåííÿ íà òðà¹êòîðiÿõ ðîçøèðåíî¨ ñèñòåìè

äèôåðåíöiàëüíèõ ðiâíÿíü (1), (3) ó âèãëÿäi

xi = Ψi(x1) + ξi, i = 2, 3, (4)

äåΨi(x1) äåÿêi äèôåðåíöiéîâàíi çà ñâî¨ì àðãóìåíòîì ôóíêöi¨, ÿêi ïiäëÿãàþò âèçíà-
÷åííþ â ïðîïîíó¹ìîé ñõåìi ñïîñòåðåæåííÿ. Ââåäåìî ó ðîçãëÿä âiäõèëåííÿ εi âiä
ñïiââiäíîøåíü (4), çðîáèâøè ó âèõiäíèõ ðiâíÿííÿõ çàìiíó çìiííèõ xi çà ôîðìóëàìè

εi = xi −Ψi(x1)− ξi, i = 2, 3. (5)

ßêùî áóäå âñòàíîâëåíî, ùî ïðè çàôiêñîâàíèõ òèì ÷è iíøèì ÷èíîì ôóíêöiÿõ
Ψi(x1), ξi íà äåÿêèõ òðà¹òîðiÿõ ðîçøèðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ìà¹
ìiñöå òîòîæíiñòü ε1(t) = ε2(t) ≡ 0, òî ñàìå íà öèõ òðà¹êòîðiÿõ iíâàðiàíòíi ñïiââiä-
íîøåííÿ (4) âèçíà÷àòèìóòü çíà÷åííÿ xi, i = 2, 3.

Ç óðàõóâàííÿì çàìiíè (5) ðiâíÿííÿ äëÿ ẋi i = 2, 3 ïåðåòâîðþþòüñÿ â äèôåðåí-
öiàëüíi ðiâíÿííÿ âiäíîñíî âiäõèëåíü

ε̇1 =
dΨ2

dx1
(x1)(Ψ2(x1) + ξ2 + ε2) + (Ψ3(x1) + ξ3 + ε3)x1 − ξ̇2,

ε̇2 =
dΨ3

dx1
(x1)(Ψ2(x1) + ξ2 + ε2)− ξ̇3.

(6)

Íà ïåðøîìó åòàïi ïðîïîíó¹ìî¨ ñõåìè âèçíà÷èìî ñòðóêòóðó äîïîìiæíüî¨ ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü. Äëÿ öüîãî âèìàãàòèìåìî, ùîá ðiâíÿííÿ (3) âiäíîñíî
ξi(t), i = 2, 3 ìàëè âèãëÿä

ξ̇2 =
dΨ2

dx1
(x1)(Ψ2(x1) + ξ2) + (Ψ3(x1) + ξ3)x1,

ξ̇3 =
dΨ3

dx1
(x1)(Ψ2(x1) + ξ2).

(7)

Çà òàêèì âèáîðîì ìà¹ìî, ùî âðàçi ξi(t) ¹ áóäü-ÿêèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ
öi¹¨ ñèñòåìè, òî ðiâíÿííÿ âiäíîñíî âiäõèëåíü εi(t), i = 2, 3 ñòàþòü îäíîðiäíèìè

ε̇2 =
dΨ2

dx1
ε2 + ε3x1, ε̇3 =

dΨ3

dx1
ε2, (8)
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îòæå äîïóñêàþòü òðèâiàëüíèé ðîçâ'ÿçîê ε2(t) = ε3(t) ≡ 0.
Òàêèì ÷èíîì îòðèìàíî ñiì'þ äîäàòêîâèõ ñèñòåì âèäó (7), çàëåæíó âiä ïîêè

ùî âiëüíèõ ôóíêöié Ψi(x1), i = 2, 3 òà ¨õíiõ ïîõiäíèõ. Êîæíà ç íèõ, ðàçîì ç âèõiä-
íîþ ñèñòåìîþ (1), ïåðåòâîðþ¹ íà äåÿêèõ òðà¹êòîðiÿõ ðiâíîñòi (4) â iíâàðiàíòíi
ñïiââiäíîøåííÿ, çà ÿêèìè áåçïîñåðåäíüî ìîæóòü áóòè çíàéäåíi íåâiäîìi êîìïî-
íåíòè ôàçîâîãî âåêòîðó x2, x3. Íà iíøèõ òðà¹êòîðiÿõ ñèñòåìè (1), (7) ç'ÿâëÿþòüñÿ
íåíóëüîâi äîäàíêè ε2(t), ε3(t).

4. Ñòàáiëiçàöi¨ âiäõèëåíü.
Ïðèðîäíüî âèíèêà¹ ïèòàííÿ ïðî âèáið âiëüíèõ ôóíêöié Ψi(x1), i = 2, 3 òà-

êèì ÷èíîì, ùîá äîäàíêè ε2(t), ε3(t) â ôîðìóëàõ (5) ïðÿìóâàëè äî íóëÿ, òîáòî
òðèâiàëüíèé ðîçâ'ÿçîê ðiâíÿíü ó âiäõèëåííÿõ (8) ìàâ áè âëàñòèâiñòü ãëîáàëüíî¨
àñèìïòîòè÷íî¨ ñòiéêîñòi. Âiäïîâiäü íà öå ïèòàííÿ ñòàíîâèòü çìiñò äðóãîãî åòàïó
ïðîïîíó¹ìî¨ ñõåìè ðîçâ'ÿçêó çàäà÷i ñïîñòåðåæåííÿ. Îñêiëüêè iñíó¹ áàãàòî ïiäõîäiâ
äî âèðiøåííÿ ïðîáëåìè ñòàáiëiçàöi¨ íåàâòîíîìíèõ ñèñòåì, òî äîñëiäæåííÿ íà öüîìó
åòàïi â çàãàëüíîìó âèïàäêó ïåðåäáà÷àþòü, ùî âèáið âiëüíèõ ôóíêöié çäiéñíþ¹òüñÿ
äëÿ êîæíî¨ êîíêðåòíî¨ äèíàìi÷íî¨ ñèñòåìè îêðåìî â çàëåæíîñòi âiä àíàëiòè÷íîãî
âèäó ïðàâèõ ÷àñòèí âiäïîâiäíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (8).

Äëÿ àâòîíîìíîãî îñöèëÿòîðà (1) îäèí iç òàêèõ ïiäõîäiâ ìîæå áóòè ïîâ'ÿçàí
çi ñïðîáîþ âèêîðèñòàííÿ ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ [15]. Îá'¹êòîì äîñëiä-
æåííÿ â öüîìó âèïàäêó ¹ ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü

ẋ1 = −x2, ẋ2 = x3x1, ẋ3 = 0,

ε̇2 =
dΨ2

dx1
ε2 + ε3x1, ε̇3 =

dΨ3

dx1
ε2,

(9)

ôàçîâèé âåêòîð ÿêî¨ (x1, x2, x3, ε2, ε3) ∈ Ω ⊂ R5. Íàâåäåìî îñíîâíi êðîêè âiäïîâiä-
íî¨ ñõåìè ñòàáiëiçàöi¨ âiäõèëåíü.

Ââåäåìî ó ðîçãëÿä çíàêîâèçíà÷åíó ôóíêöiþ

V =
1

2
(ε22 + ε23),

òà çàïèøåìî ¨¨ ïîõiäíó âçÿòó â ñèëó ñèñòåìè (8)

V̇ = ε2

(
dΨ2

dx1
ε2 + ε3x1

)
+

dΨ3

dx1
ε2ε3 =

dΨ2

dx1
ε2

2 +

(
x1 +

dΨ3

dx1

)
ε2ε3.

Âèáåðåìî ôóíêöi¨, ÿêi çàëèøàëèñü âiëüíèìè, ç íàñòóïíî¨ ñiì'¨ ôóíêöié

Ψ2(x1) = −x1 + C2, Ψ3(x1) = −x21
2

+ C3, (10)

äå Ci, i = 2, 3 � äîâiëüíi ñòàëi, ÿêi äàëi, áåç îáìåæåííÿ çàãàëüíîñòi, ââàæàòèìåìî
ðiâíèìè íóëþ. Çà òàêèìè ôóíêöiÿìè ïîõiäíà âiä V ñòà¹ çíàêîñòàëîþ

V̇ = −ε22 ≤ 0, (11)
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à ðiâíÿííÿ (9) ïðèéìàþòü âèãëÿä

ẋ1 = −x2, ẋ2 = x3x1, ẋ3 = 0,

ε̇2 = −ε2 + x1ε3, ε̇3 = −x1ε2,
(12)

Ïîêàæåìî ùî âèêîíàííÿ íåðiâíiñòi (11) ¹ äîñòàòíüîþ óìîâîþ äëÿ çàáåçïå÷åííÿ
àñèìïòîòè÷íîãî ïðÿìóâàííÿ çìiííèõ ε2(t), ε3(t) äî íóëÿ. Äiéñíî, ôàçîâèé âåêòîð
ñèñòåìè: (x1, x2, x3, ε2, ε3) ∈ Ω ⊂ R5. Ïðè öüîìó êîíñòàíòà x3 > 0, òî÷êà ç êîîðäè-
íàòàìè (x1(t), x2(t)) íàëåæèòü åëiïñó Sx, à çíà÷åííÿ âiäõèëåíü, çãiäíî íåðiâíîñòi
(11), ëåæàòü âñåðåäèíi ñôåðè Sε äå

Sx = {(x1, x2, x3) : x3x21 + x22 = A2}, Sε = {(ε2, ε3) : ε22 + ε23 ≤ ε22(0) + ε23(0)}.

Çâiäñè âèïëèâà¹, ùî ìíîæèíà Ω = Sx×Sε ¹ êîìïàêòíîþ i ïîçèòèâíî iíâàðiàíòíîþ
âiäíîñíî (12).

Íåõàé E � ìíîæèíà âñiõ òî÷îê (x1, x2, x3, ε2, ε3) ∈ Ω â ÿêèõ V̇ = −ε22 = 0. Çðî-
çóìiëî, ùî ìíîæèíà M = {x1, x2, x3, 0, 0} ¹ iíâàðiàíòíîþ â E. ßêùî ïðè öüîìó M
áóäå íàéáiëüøîþ iíâàðiàíòíîþ ìíîæèíîþ, òî, çà òåîðåìîþ ËàÑàëëÿ, âñi ðîçâ'ÿçêè
ç ïî÷àòêîâèìè çíà÷åííÿìè â Ω áóäóòü ç ÷àñîì ïðÿìóâàòè äî M , òîáòî

lim
t→∞

εi(t) = 0, i = 2, 3. (13)

Äîâåäåìî, ùî M ¹ íàéáiëüøîþ iíâàðiàíòíîþ ìíîæèíîþ â E. À ñàìå, ïðèïó-
ñòèìî ïðîòèëåæíå: ε2(t) = 0 i â òîé æå ÷àñ ìíîæèíà E ìiñòèòü òðà¹êòîði¨ ç íåíó-
ëüîâèì âiäõèëåííÿì ε3(t). Îñêiëüêè ε2(t) = 0, òî ç âèäó äèôåðåíöiàëüíèõ ðiâíÿíü
(12) âèïëèâà¹, ùî òàêå íåíóëüîâå âiäõèëåííÿ ¹ êîíñòàíòîþ: ε3(t) = ε∗3. Îòæå íàøå
ïðèïóùåííÿ ïðèçâîäèòü äî iñíóâàííÿ ñïiââiäíîøåííÿ

ε∗3x1 = Aε∗3 sin(ωt+Φ) ≡ 0,

ùî íå ¹ ìîæëèâèì äëÿ ε∗3 ̸= 0 (iç çðîçóìiëèõ ïðè÷èí ââàæà¹ìî, ùî A ̸= 0). Îòðè-
ìàíå ïðîòèði÷÷ÿ äîâîäèòü òâåðäæåííÿ, ùî ìíîæèíà M ¹ íàéáiëüøîþ iíâàðiàíò-
íîþ ìíîæèíîþ â E, à âiäòàê, çà òåîðåìîþ ËàÑàëÿ, âèêîíàíî óìîâè (13).

5. Îñòàòî÷íèé âèãëÿä ñïîñòåðiãà÷à.
Òàêèì ÷èíîì çàôiêñîâàíî âñi ñòóïåíi ñâîáîäè â ïðîïîíó¹ìîìó àëãîðèòìi ñïî-

ñòåðåæåííÿ, à ñàìå: ñòðóêòóðà äîïîìiæíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çàäàíà ðiâ-
íÿííÿìè (7), à âèáið ôóíêöié Ψi(x1), i = 2, 3 çà ôîðìóëàìè (10) ôîðìó¹ îñòàòî÷-
íèé âèãëÿä öèõ ðiâíÿíü.

Çà òàêîþ ñõåìîþ äîäàíêè Ψi(x1), ξi(t) â ôîðìóëàõ (5) ñòàþòü âiäîìèìè âåëè-
÷èíàìè, à âiäõèëåííÿ εi(t) i = 2, 3 àñèìïòîòè÷íî ïðÿìóþòü äî íóëÿ. Öå äîçâîëÿ¹
áåçïîñåðåäíüî îòðèìàòè àñèìïòîòè÷íi îöiíêè øóêàíèõ çìiííèõ x2(t), x3. Òèì ñà-
ìèì äîâåäåíî

Òâåðäæåííÿ. Ôîðìóëè

x̂2(t) = −x1(t) + ξ2(t), x̂3(t) = −x21(t)

2
+ ξ3(t),
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äå ξ2(t), ξ3(t) áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü

ξ̇2 = x1(t)− ξ2 +

(
ξ3 −

x21(t)

2

)
x1(t),

ξ̇3 = x1(t)(x1(t)− ξ2),

(14)

ôîðìóþòü àñèìïòîòè÷íi îöiíêè íåâiäîìèõ êîìïîíåíò ôàçîâîãî âåêòîðà x2(t), x3
âèõiäíî¨ ñèñòåìè (1).

6. Îá÷èñëþâàëüíèé åêñïåðèìåíò.
Çàïðîïîíîâàíà â ðîáîòi ñõåìà ðîçâ'ÿçàííÿ çàäà÷i ñïîñòåðåæåííÿ áóëà ÷èñåëüíî

ïðîìîäåëüîâàíà äëÿ øèðîêîãî ñïåêòðó ïî÷àòêîâèõ óìîâ i ïàðàìåòðiâ äèíàìi÷íî¨
ñèñòåìè (1). Ñàìà öÿ ñèñòåìà âèêîðèñòàíà äëÿ îòðèìàííÿ âèõîäó x1(t) çà ÿêèì
âèðiøóâàëàñü çàäà÷à ïîáóäîâè àñèìïòîòè÷íèõ îöiíîê x2(t), x3.

Ó íàâåäåíèõ òóò ðåçóëüòàòàõ ðîçðàõóíêó¨ ïî÷àòêîâi çíà÷åííÿ äëÿ çàäà÷i Êîøi
íàñòóïíi: x1(0) = 5.0; x2(0) = −2.0; x3(0) = 0.5; ïî÷àòêîâi óìîâè äëÿ çìiííèõ
äîäàòêîâî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (14) îáèðàþòüñÿ äîâiëüíèì ÷èíîì, â
äàíîìó âèïàäêó ξ1(0) = 1.0; ξ2(0) = 10.0.

Ðèñ. 1. Àñèìïòîòè÷íå îöiíþâàííÿ çìiííèõ x2(t) òà x3 = ω2.

Íà ðèñ.1 íåïåðåðâíîþ ëiíi¹þ çîáðàæåíî ãðàôiêè àïðîêñèìóþ÷èõ ôóíêöié

x̂2(t) = −x1(t) + ξ2(t), x̂3(t) = −x21(t)

2
+ ξ3(t),

ÿêi, â ïîâíié âiäïîâiäíîñòi äî òâåðäæåííÿ 1, àñèìòîòè÷íî ïðÿìóþòü ç ÷àñîì äî
çíà÷åíü øóêàíèõ íåâiäîìèõ (ÿêi íà ãðàôiêàõ çîáðàæåíi ïåðåðèâ÷àòèìè ëiíiÿìè), à
ñàìå äî ôóíêöi¨ x2(t) òà x30 = ω2. ßê âèäíî ç öèõ ãðàôiêiâ ðåçóëüòàòè ìîäåëþâàííÿ
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ïiäòâåðäæóþòü åôåêòèâíiñòü ïðîïîíó¹ìîãî ñïîñîáó àñèìïòîòè÷íîãî îöiíþâàííÿ
çìiííèõ ñòàíó ãàðìîíiéíîãî ñèãíàëó.

7. Âèñíîâêè.
Ðîçãëÿíóòî çàäà÷ó ñïîñòåðåæåííÿ ñòàíó i îäíî÷àñíî¨ iäåíòèôiêàöi¨ ïàðàìåòðà,

ùî õàðàêòåðèçó¹ àìïëiòóäó, ÷àñòîòó òà ôàçó ñèíóñî¨äàëüíîãî ñèãíàëó. Çàïðîïîíî-
âàíî ìåòîä ïîáóäîâè íåëiíiéíîãî ñïîñòåðiãà÷à, ÿêèé äîçâîëÿ¹ îòðèìóâàòè îöiíêè
íåâiäîìèõ çà ðåçóëüòàòàìè âèìiðþâàííÿ âèõiäíîãî ñèãíàëó â ðåàëüíîìó ìàñøòà-
ái ÷àñó. Âèêîðèñòîâó¹òüñÿ ðîçðîáëåíèé â àíàëiòè÷íié ìåõàíiöi ìåòîä iíâàðiàíòíèõ
ñïiââiäíîøåíü [8], ÿêèé â çàäà÷àõ êåðóâàííÿ íà òðà¹êòîðiÿõ ðóõó äèíàìi÷íèõ ñè-
ñòåì äîçâîëÿ¹ ñèíòåçóâàòè äîäàòêîâi çâ'ÿçêè ìiæ âiäîìèìè i íåâiäîìèìè âåëè÷èíà-
ìè. Äîâåäåíî àñèìïòîòè÷íó çáiæíiñòü îöiíîê ïàðàìåòðiâ òà íåâiäîìîãî êîìïîíåí-
òó ôàçîâîãî âåòîðà äî ¨õ ñïðàâæíüîãî çíà÷åííÿ. Îòðèìàíi ðåçóëüòàòè ïëàíó¹òüñÿ
âäîñêîíàëèòè, îñêiëüêè çàïðîïîíîâàíèé ìåòîä çà ñâî¹þ ñóòòþ îáìåæåíèé îöií-
êîþ îäíi¹¨ ñèíóñî¨äè. Ó öüîìó âiäíîøåííi ìàéáóòíi çóñèëëÿ áóäóòü ñïðÿìîâàíi íà
âèÿâëåííÿ ìîæëèâîãî âçà¹ìîçâ'ÿçêó äåêiëüêîõ åëåìåíòàðíèõ îñèëÿòîðiâ ðîçãëÿíó-
òîãî òèïó äëÿ îöiíêè ïåðiîäè÷íèõ/êâàçiïåðiîäè÷íèõ ñèãíàëiâ, îòðèìàíèõ øëÿõîì
íàêëàäàííÿ ðiçíèõ ãàðìîíiê. Êðiì òîãî, ÷åðåç äóæå ïðîñòó ñòðóêòóðó âèõiäíî¨ ñè-
ñòåìè òà äåêiëüêà iñíóþ÷èõ ïiäõîäiâ, çàïðîïîíîâàíèõ äëÿ âèðiøåííÿ öi¹¨ ïðîáëåìè
ñïîñòåðåæåííÿ, öiëêîì ìîæå ñòàòèñÿ, ùî îòðèìàíèé ñïîñòåðiãà÷ ¹ íi÷èì iíøèì, ÿê
óæå íàÿâíèì ñïîñòåðiãà÷åì/iäåíòèôiàòîðîì (àáî ¨õ âàðiàöi¹þ), âèðàæåíèì ó çîâ-
ñiì iíøié ñïîñiá.
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V.F. Shcherbak

Observer of harmonic oscillator parameters.

This paper deals with the problem of asymptotically estimating amplitude, frequency and phase of

a sinusoidal signal by adopting the theory of invariant relations proposed in analytical mechanics [8]

and further investigated in [9], [10] (see also [11]). The problem of frequency, amplitude and phase
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estimation of a sinusoidal signal has attracted a remarkable research attention in the past and current

literature. The reasons of this interest rely on several engineering applications where an e�ective

and robust solution to this problem is crucial. To mention few, it is worth mentioning problems

of harmonic disturbance compensation in automatic control, design of phase-looked loop circuits

in telecommunication, adaptive �ltering in signal processing, etc. In principle, the method of least

squares, Fourier analysis, Laplace transform provide a potential solution to the corresponding problems.

However, these methods may not be suitable, for example, for control algorithms with real-time data

processing. The goal of this paper is to suggest a further contribution to this task by showing how to

solve the problem at hand through the observer's theory. The method of invariant relations is used for

the asymptotically observation scheme design. This aproach is based on dynamical extension of original

system and construct of appropriate invariant relations, from which the unknowns variables can be

expressed as a functions of the known quantities on the trajectories of extended system. The �nal

synthesis is carried out from the condition of obtaining asymptotic estimates of unknown parameters.

It is shown that an asymptotic estimate of the unknown states can be obtained by rendering attractive

an appropriately selected invariant manifold in the extended state space. The asymptotic convergence

of the estimates of the sought phase vector components to their true value is proved. The simulation

results demonstrate the e�ectiveness of the proposed method of solving the state observation problem of

the harmonic oscillator. It should be noted that a more general approach, which forms an appropriate

method for solving observation problems for nonlinear dynamical systems due to the synthesis of

invariant manifold, was proposed as a modi�cation of the I&I method (Input and Invariance) of

stabilization of nonlinear systems in [12,13].

Keywords: sinusoidal signal,nonlinear observer, invariant relations.
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