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This article is devoted to the possibility of joining of two pairs of points of a convex domains by
curves. We are interested in the case when these curves are not farther from each other than the
distance between their end points, possibly, up to some absolute multiplicative constant. We have
obtained some upper and lower bounds for the modulus of families of paths joining curves mentioned
above.
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1. Introduction.

This manuscript is devoted to the possibility of joining points by curves in a bounded
convex domain, as well as estimates of the modulus of families of paths joining them.
The de�nition and properties of the modulus of families of paths can be found, for
example, in [1]. It is worth noting that the study of convex domains can be put on a
par with the study of John domains, uniform domains (separately according to N�akki
and Martio and Sarvas), collared domains as well as quasiextremal distance domains
by Gehring and Martio, see, e.g., [2�4] and [5]. Observe that, the study of classes
of domains mentioned above has applications to the mapping theory. In particular,
since the modulus of families of paths in quasiextremal distance domains (abbr. QED-
domains) may be explicitly estimated in terms of the Euclidean diameter, one can
obtain explicit estimates of the distortion under mappings in such domains. Recall that,
the indicated bounds for the modulus are also called Loewner-type estimates. Wherein,
the modulus of a family of paths joining approaching continua has a logarithmic order
of growth, see, e.g., [6, Lemma 7.38] or [7, relations (3.9)�(3.10)].

These circumstances are the motivation for our research in this manuscript. We
deal exclusively with bounded convex domains and show how exactly their geometry is
related to the construction of curves of a special kind. More precisely, in such domains
we join two di�erent points with some another two di�erent points by means of non-
intersecting curves, so that the diameters of these curves are not too small, and the
distance between two of the points is comparable to the distance between the curves
as a whole. Due to this, the choice of some admissible function for the family of paths
joining these curves becomes obvious. We obtain some upper and lower bounds for the
above modulus. (In the future, we plan to obtain the corresponding applications of these
estimates in the mapping theory, which will be published separately). We emphasize
that, the results established here have already been obtained in particular case, when
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a domain is the unit ball [8]. Concerning some applications of modulus inequalities in
the mapping theory, see [9], cf. [10�11].

Recall, that a set C is convex if any pair of points x, y ∈ C may be joined by some
segment which belongs to C, as well. We de�ne the Euclidean distance between sets
and the Euclidean diameter by the formulae

d(A,B) = inf
x∈A,y∈B

|x− y| , d(A) = sup
x,y∈A

|x− y| .

Sometimes we also write dist (A,B) instead d(A,B) and diamE instead d(E), as well.
As usually, we set

B(x0, r) = {x ∈ Rn : |x− x0| < r} ,

S(x0, r) = {x ∈ Rn : |x− x0| = r} .

2. Auxiliary lemma.

The next statement includes some geometric properties of curves (segments), which
are located in domains of special kind. We assume, that this statement will be useful
for our further research with special distortion of modulus of families of paths. In
particular, we mean quasiconformal mappings and wider mappings with direct and
inverse Poletsky inequality (see, [1, 9�11]).

The following lemma was proved in the case where the domain D ′ is the unit ball
(see the proof of Theorem 1.1 in [8]). For an arbitrary convex domain, its proof is
signi�cantly more di�cult, since the previous methodology relied signi�cantly on the
geometry of the ball.

Lemma 1. Let D ′ be a bounded convex domain in Rn, n ⩾ 2, and let E :=
B(y∗, δ∗/2) be a ball centered at the point y∗ ∈ D ′, where δ∗ := d(y∗, ∂D

′). Let z0 ∈
∂D ′. Then for any points A,B ∈ B(z0, δ∗/8)∩D ′ there are points C,D ∈ B(y∗, δ∗/2),
for which the segments [A,C] and [B,D] are such that

dist ([A,C], [B,D]) ⩾ C0 · |A−B| , (1)

where C0 > 0 is some constant depending only on δ∗ and d(D ′).

Proof. We put
ε0 := |A−B| < δ0 := δ∗/4 .

Let us join the points A and y∗ with the segment I. Due to the convexity of D ′, the
segment I completely belongs to D ′. Points A, y∗ and B form the plane P (if A, y∗
and B belong to some straight line, then we de�ne by P any plane, consisting A and
B). Consider the circle on this plane

S = {z ∈ P : |z −A| = ε0} .

The position of the point z = B on the circle S is completely determined by the angle
φ, φ ∈ [−π, π) between the vector y∗ − A and the radius vector B − A of the point z.
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Points on the circle are further denoted by polar coordinates using pairs z = (ε0, φ).
Our the further goal is to investigate the main three cases regarding the intervals of
change of this angle.

Case 1. �Large angles�: φ ∈ [π/4, 3π/4], or φ ∈ [−π/4,−3π/4], see Figure 1 for
illustrations. Put C := y∗. Let us limit ourselves to considering the case φ ∈ [π/4, 3π/4]

Figure 1. To proof of Lemma 1, case 1

(a case φ ∈ [−π/4,−3π/4] may be considered similarly). Consider the ray

r = r(t) = B + te , e = (y∗ −A)/|y∗ −A| , t > 0.

By construction, the ray r is parallel to the segment I. When t = |y∗ − A|, we have
r(|y∗ − A|) = B + y∗ − A and |r(|y∗ − A|) − y∗| = |B − A| = ε0 < δ0, that is, point
r(|y∗ −A|) belongs to E. Let J be a segment of the ray r, which is contained between
the points B and D := r(|y∗−A|) (it belongs entirely to D ′ due to its convexity). The
distance between I and J is calculated as follows:

dist (I, J) = ε0 sinφ ⩾

√
2

2
ε0 . (2)

The consideration of the �rst case is completed, since we take I and J as segments

[A,C] and [B,D], in addition, we put C0 :=
√
2
2 in (1).

Case 2. �Small angles�: φ ∈ [−π/4, π/4). Consider the case φ ∈ [0, π/4) (the case
φ ∈ [−π/4, 0) may be considered similarly). Let us draw a line through the point y∗,
which belongs to the plane P and is orthogonal to the vector y∗−A, see Figure 2. This
line has exactly two points of intersection with the boundary of the circleB(y∗, δ∗/2)∩P.
We denote these points by x∗∗ and z∗∗. Let x∗∗ be a point such that the angle between
by vectors y∗ −A and x∗∗ −A is negative. Let us put

x∗ =
x∗∗ + y∗

2
, z∗ =

z∗∗ + y∗
2

.

5

0

I J

D

y
*

A
B

z0

C=
D



O. Dovhopiatyi

Figure 2. To proof of Lemma 1, case 2

Furthermore, let ψ denote the angle ∠Ax∗y∗. Then

tanψ =
|A− y∗|

δ∗
4

<
4d(D ′)

δ∗
. (3)

In addition,

tanψ =
|A− y∗|

δ∗
4

⩾
δ∗
2
δ∗
4

= 2 ,

from here
ψ ⩾ arctan 2 >

π

4
,

π

2
− ψ ⩽

π

2
− arctan 2 <

π

4
. (4)

Accordingly, the angle ∠y∗Ax∗ is equal to π
2 − ψ. Let

φ̃ := φ+
π

2
− ψ ,

where ψ is de�ned as above. Due to (4), since φ ∈ [0, π/4) ,

0 < φ̃ ⩽
π

4
+
π

2
− arctan 2 =

3π

4
− arctan 2 <

π

2
. (5)

Consider the ray r(t) = B + t x∗−A
|x∗−A| , t > 0. If t = |x∗ −A|, then

r(|x∗ −A|) = B + x∗ −A .

Note that, r(|x∗ −A|) ∈ B
(
y∗,

δ∗
2

)
. Indeed, by the triangle inequality,

|r(|x∗ −A|)− y∗| =
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=
∣∣B + x∗ −A− y∗

∣∣ ⩽ |x∗ − y∗|+ |B −A| ⩽ δ∗
4

+
δ∗
4

=
δ∗
2
. (6)

Now let I1 be the segment joining the points A and C := x∗, and let I2 be the segment
joining the points B and D := r(|x∗ −A|) = B + x∗ −A. By the construction and due
to (6),

I1 ∩B
(
y∗,

δ∗
2

)
̸= ∅ ̸= I2 ∩B

(
y∗,

δ∗
2

)
. (7)

Note that
dist (I1, I2) = ε0 sin φ̃ . (8)

Given the formulae (3) and (5), we obtain that

tan φ̃ = tan
(
φ+

π

2
− ψ

)
⩾

⩾ tan
(π
2
− ψ

)
= cotψ ⩾

δ∗
4d(D ′)

. (9)

Due to (9) and taking into account (5), we obtain that

sin φ̃ = tan φ̃ · cos φ̃ ⩾
δ∗

4d(D ′)
· cos

(
3π

4
− arctan 2

)
> 0 . (10)

Now, by (8) and (10), we obtain that

dist (I1, I2) ⩾ ε0 ·
δ∗

4d(D ′)
· cos

(
3π

4
− arctan 2

)
> 0 . (11)

As we have already noted, the case φ ∈ [−π/4, 0) may be considered similarly, namely,
the construction of the proof is the same �up to symmetry� with respect to the segment
joining the points A and y∗. In particular, the role of the point x∗ will be played by
the point z∗; the role of the segment joining the points A and x∗ preforms the segment
joining the points A and z∗, etc.

The inequality (11) completes the consideration of case 2, because we may put
[A,C] := I1 and [B,D] := I2, in addition, we set C0 := δ∗

4d(D ′) · cos
(
3π
4 − arctan 2

)
in

the inequality (1).

Case 3. �Very large angles:� or φ ∈ (3π/4, π], or φ ∈ (−π,−3π/4). This case is very
similar in case 2 at its discretion. It is enough to consider the situation φ ∈ (3π/4, π],
because the second situation φ ∈ (−π,−3π/4) is considered similarly and di�ers from
the �rst one only by a certain �symmetry� relative to the line passing through the
points A and y∗. Let the points z∗ and z∗∗ are exactly as de�ned in case 2. Consider
the segment J1, joining the points A and C := z∗ (it completely belongs to D ′ due to
its convexity). Consider a ray

l(t) = B + t · z∗ −A

|z∗ −A|
, t > 0 . (12)
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Figure 3. To proof of Lemma 1, case 3

For t = |z∗−A|, we obtain the point D := l(|z∗−A|) = B+z∗−A, see Figure 3. Let us
prove that this point belongs to the ball B

(
y∗,

δ∗
2

)
. Indeed, by the triangle inequality

|l(|z∗ −A|)− y∗| =

=
∣∣B + z∗ −A− y∗

∣∣ ⩽ |z∗ − y∗|+ |B −A| ⩽ δ∗
4

+
δ∗
4

=
δ∗
2
. (13)

Let J2 be the segment joining the points B and D := B + z∗ −A. By the construction
and due to (13),

J1 ∩B
(
y∗,

δ∗
2

)
̸= ∅ ̸= J2 ∩B

(
y∗,

δ∗
2

)
. (14)

Note that

dist (J1, J2) = ε0 cosα , (15)

where

α = φ− π

2
−
(π
2
− ψ

)
= φ+ ψ − π

and ψ = ∠y∗z∗A. Now we need to �nd the lower bound for cosα.

From the triangle △ y∗z∗A we obtain that

1 ⩽ tanψ =
|A− y∗|
|y∗ − z∗|

⩽
d(D ′)

δ∗
4

=
4d(D ′)

δ∗
,

from here π
4 ⩽ ψ ⩽ arctan 4d(D ′)

δ∗
< π

2 . Then

0 =
3π

4
+
π

4
−π ⩽ α := φ+ψ−π ⩽ π+arctan

4d(D ′)

δ∗
−π = arctan

4d(D ′)

δ∗
<
π

2
. (16)
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On the possibility of joining two pairs of points in convex domains using paths

By (15) and (16), we obtain that

dist (J1, J2) ≥ ε0 cos arctan
4d(D ′)

δ∗
. (17)

Actually, inequality (17) completes the consideration of case 3, since we may put

[A,C] := J1 and [B,D] := J2, in addition, we put C0 := cos arctan 4d(D ′)
δ∗

in (1).
Finally, for all cases 1, 2 and 3 in (1) we may put

C0 = min

{√
2

2
,

δ∗
4d(D ′)

· cos
(
3π

4
− arctan 2

)
, cos arctan

4d(D ′)

δ∗

}
.

□

3. Main results.

Recall that, a Borel function ρ : Rn → [0,∞] is called an admissible for a family Γ
of paths γ in Rn, if the relation

�

γ

ρ(x) |dx| ⩾ 1 (18)

holds for any locally recti�able path γ ∈ Γ. A modulus of Γ is de�ned as follows:

M(Γ) = inf
ρ∈ admΓ

�

Rn

ρn(x) dm(x) . (19)

Theorem 1. Let, under conditions of Lemma 1, Γ denotes the family of all paths

joining the segments [A,C] and [B,D] in D ′. Then

M(Γ) ⩽
m(D ′)

Cn
0

· 1

|A−B|n
, (20)

whereM is the modulus of families of paths de�ned in (19), m(D ′) denotes the Lebesgue

measure of D ′, and C0 is a constant in (1).

Proof. Let us to set

ρ(x) =

{
C −1
0 · |A−B|−1 , x ∈ D ′ ,

0 , x ̸∈ D ′ ,

where C0 is a constant in (1). Due to Lemma 1, ρ satis�es the relation (18). Then,
the relation (20) directly follows by substituting ρ in the integral in (19) and by the
de�nition of inf in it. □

In accordance with [5], a domain D in Rn is called a domain of quasiextremal length

(abbr. QED-domain) if

M(Γ(E,F,Rn)) ⩽ A∗
0 ·M(Γ(E,F,D)) (21)
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for some �nite number A∗
0 ⩾ 1 and all continua E and F in D.

Theorem 2. Let, under conditions of Lemma 1, Γ denotes the family of all paths

joining the segments [A,C] and [B,D] in D ′. Then

M(Γ) ⩾ c̃n · log
(
1 +

3δ∗
8|A−B|

)
, (22)

where M is the modulus of families of paths de�ned in (19), c̃n > 0 is some constant

depending only on n and D ′.

Proof. By [6, Lemma 7.38],

M(Γ([A,C], [B,D],Rn)) ⩾ cn · log
(
1 +

1

m

)
, (23)

where cn > 0 is some constant that depends only on n,

m =
dist([A,C], [B,D])

min{diam ([A,C]),diam ([B,D])}
.

Observe that, by the triangle inequality,

diam ([A,C]) ⩾ |A− C| = |A− z0 + z0 − y∗ + y∗ − C| =

= |(z0 − y∗) + (A− z0) + (y∗ − C)| ⩾

⩾ |z0 − y∗| − |A− z0| − |y∗ − C| ⩾ δ∗ − δ∗/8− δ∗/2 = 3δ∗/8 .

Similarly, we may prove that

diam ([B,D]) ⩾ 3δ∗/8 .

Now, the relation (23) implies that

M(Γ([A,C], [B,D],Rn)) ⩾ cn · log
(
1 +

3δ∗
8|A−B|

)
. (24)

Observe that, D ′ is a John domain (see [2, Remark 2.4]). Thus, D ′ is a uniform domain
(see [2, Remark 2.13(c)]). Thus, D ′ is a QED-domain with some A ∗

0 < ∞ in (21)
(see [5, Lemma 2.18]). Due to (24) and (21), we obtain that

M(Γ([A,C], [B,D], D ′)) ⩾ c̃n · log
(
1 +

3δ∗
8|A−B|

)
, (25)

where c̃n := cn/A
∗
0. The relation (22) has been proved. □
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Î. Äîâãîïÿòèé

Ïðî ìîæëèâiñòü ç'¹äíàííÿ êðèâèìè äâîõ ïàð òî÷îê â îïóêëèõ îáëàñòÿõ.

Äàíà ñòàòòÿ ïðèñâÿ÷åíà ìîæëèâîñòi ç'¹äíàííÿ êðèâèìè äâîõ ïàð òî÷îê îïóêëî¨ îáëàñòi, ÿêi ëå-

æàòü îäíà âiä îäíî¨ íå äàëi, íiæ âiäñòàíü ìiæ ¨õ êiíöåâèìè òî÷êàìè. Â öüîìó êîíòåêñòi ìè

äîïóñêà¹ìî ñèòóàöiþ, êîëè âiäñòàíi ìiæ êðèâèìè i òî÷êàìè ìîæóòü ñïiââiäíîñèòèñÿ ìiæ ñîáîþ

ç òî÷íiñòþ äî äåÿêî¨ àáñîëþòíî¨ ìóëüòèïëiêàòèâíî¨ ñòàëî¨. Âêàçàíå ïèòàííÿ ïiäíiìà¹òüñÿ íàìè ç

ïðèâîäó ïîøóêó âiäïîâiäíî¨ äîïóñòèìî¨ ôóíêöi¨ ñiìåé øëÿõiâ, ùî ç'¹äíóþòü öi êðèâi. Íàÿâíiñòü

äîïóñòèìî¨ ôóíêöi¨ äîçâîëÿ¹ îöiíþâàòè ìîäóëü ñiìåé öèõ øëÿõiâ. Ïî-ïåðøå, îöiíêó ìîäóëÿ çâåð-

õó ìè îòðèìà¹ìî òðèâiàëüíî. Ïî-äðóãå, ìè ñòà¹ìî ñïðîìîæíi äîâîäèòè îöiíêè òèïó Ëüîâíåðà ó

âiäïîâiäíèõ îáëàñòÿõ i, òèì ñàìèì, ìàòè ÿâíó îöiíêó åâêëiäîâî¨ âiäñòàíi ìiæ êiíöåâèìè òî÷êàìè

êðèâèõ ÷åðåç êîíôîðìíèé ìîäóëü òà ¨õ äiàìåòðè. Â ñâîþ ÷åðãó, òàêà îöiíêà ¹ íàéâàæëèâiøîþ

ñòðóêòóðíîþ ñêëàäîâîþ ïðè äîñëiäæåííi âiäîáðàæåíü ç ïðÿìîþ i îáåðíåíîþ íåðiâíîñòÿìè Ïîëå-

öüêîãî, ÿêi äiþòü ç äîâiëüíèõ îáëàñòåé íà îïóêëi îáëàñòi. Âîíè äîçâîëÿþòü, çîêðåìà, îòðèìóâàòè

îöiíêè ñïîòâîðåííÿ âiäñòàíi ïðè âiäîáðàæåííi, ó òîìó ÷èñëi, íåïåðåðâíiñòü çà Ãåëüäåðîì, àáî

(áiëüø ñëàáêó) ëîãàðèôìi÷íó íåïåðåðâíiñòü çà Ãåëüäåðîì. Îñíîâíîþ ìåòîäîëîãi¹þ, ÿêà çàäiÿíà

â ñòàòòi, ¹ ïëîñêèé àíàëiç. Áåðó÷è äâi òî÷êè, ÿêi íàëåæàòü äî îáëàñòi åâêëiäîâîãî ïðîñòîðó, ìè

ôiêñó¹ìî ùå îäíó (òðåòþ) òî÷êó i ðîáèìî ðîçðiç çà äîïîìîãîþ ïëîùèíè, ÿêà ìiñòèòü ¨õ óñiõ.

Ïîäàëüøà êîíñòðóêöiÿ áóäó¹òüñÿ ïåðåâàæíî ç óðàõóâàííÿì òîãî, ÿêèì ¹ êóò ìiæ âiäðiçêàìè

ç ïî÷àòêîì â îäíié ç òî÷îê òà êiíöåì ó êîæíié ç iíøèõ òî÷îê. Âiäíîñíî ¾ëåãêèì¿ ¹ âèïàäîê

¾ñåðåäíiõ êóòiâ¿, òîáòî, êîëè êóò âiääiëåíèé âiä 0 òà π ç îáîõ áîêiâ. Ðîçãëÿä iíøèõ âèïàäêiâ ¹

çíà÷íî âàæ÷èì ìåòîäîëîãi÷íî. Ôiíàëüíèì åòàïîì ðîçãëÿäó ¹ ñèíòåç óñiõ òðüîõ âèïàäêiâ â îäíó

îöiíêó âiäñòàíi ìiæ êðèâèìè iç ñòàëîþ, çàãàëüíîþ äëÿ âñiõ çãàäàíèõ ñèòóàöié ó öiëîìó. Âiäçíà-

÷èìî, ùî îáëàñòi çi ñïåöiàëüíîþ ãåîìåòði¹þ ðîçãëÿäàþòüñÿ â òåîði¨ âiäîáðàæåíü äîâîëi ÷àñòî. Äî

íèõ ìîæíà âiäíåñòè îáëàñòi êâàçiåêñòðåìàëüíî¨ äîâæèíè ïî Ãåðiíãó�Ìàðiòî, ðiâíîìiðíi îáëàñòi

ïî Ìàðòiî�Ñàðâàñó, ðiâíîìiðíi îáëàñòi â ñåíñi Íÿêêi, îáëàñòi Äæîíà òîùî. Ñëiä çàóâàæèòè, ùî

11



O. Dovhopiatyi

îáìåæåíi îïóêëi îáëàñòi, ÿêi ðîçãëÿäàþòüñÿ â ñòàòòi, ¹ îêðåìèìè âèïàäêîì îáëàñòåé êâàçiåêñ-

òðåìàëüíî¨ äîâæèíè. ×è ¹ âiðíèìè ðåçóëüòàòè ñòàòòi äëÿ äîâiëüíî¨ îáëàñòi êâàçiåêñòðåìàëüíî¨

äîâæèíè, àáî äî êëàñiâ îáëàñòåé ïåðåëi÷åíèõ âèùå, íàðàçi íåâiäîìî. Íà äàíèé ìîìåíò ðåçóëüòàòè

ñòàòòi âiäîìi ëèøå äëÿ îäèíè÷íî¨ êóëi; äëÿ äîâiëüíèõ îïóêëèõ îáìåæåíèõ îáëàñòåé âîíè ÿêðàç

âñòàíîâëåíi â äàíié ðîáîòi.

Êëþ÷îâi ñëîâà: îïóêëi îáëàñòi, åâêëiäîâi ïðîñòîðè, îöiíêè òèïó Ëüîâíåðà, êðèâi, ìîäóëi ñi-

ìåé êðèâèõ.
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