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ON THE POSSIBILITY OF JOINING TWO PAIRS OF POINTS IN
CONVEX DOMAINS USING PATH

This article is devoted to the possibility of joining of two pairs of points of a convex domains by
curves. We are interested in the case when these curves are not farther from each other than the
distance between their end points, possibly, up to some absolute multiplicative constant. We have
obtained some upper and lower bounds for the modulus of families of paths joining curves mentioned
above.
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1. Introduction.

This manuscript is devoted to the possibility of joining points by curves in a bounded
convex domain, as well as estimates of the modulus of families of paths joining them.
The definition and properties of the modulus of families of paths can be found, for
example, in [1]. It is worth noting that the study of convex domains can be put on a
par with the study of John domains, uniform domains (separately according to Nékki
and Martio and Sarvas), collared domains as well as quasiextremal distance domains
by Gehring and Martio, see, e.g., [2—4] and [5]. Observe that, the study of classes
of domains mentioned above has applications to the mapping theory. In particular,
since the modulus of families of paths in quasiextremal distance domains (abbr. QED-
domains) may be explicitly estimated in terms of the Euclidean diameter, one can
obtain explicit estimates of the distortion under mappings in such domains. Recall that,
the indicated bounds for the modulus are also called Loewner-type estimates. Wherein,
the modulus of a family of paths joining approaching continua has a logarithmic order
of growth, see, e.g., |6, Lemma 7.38] or |7, relations (3.9)-(3.10)].

These circumstances are the motivation for our research in this manuscript. We
deal exclusively with bounded convex domains and show how exactly their geometry is
related to the construction of curves of a special kind. More precisely, in such domains
we join two different points with some another two different points by means of non-
intersecting curves, so that the diameters of these curves are not too small, and the
distance between two of the points is comparable to the distance between the curves
as a whole. Due to this, the choice of some admissible function for the family of paths
joining these curves becomes obvious. We obtain some upper and lower bounds for the
above modulus. (In the future, we plan to obtain the corresponding applications of these
estimates in the mapping theory, which will be published separately). We emphasize
that, the results established here have already been obtained in particular case, when
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a domain is the unit ball [8]. Concerning some applications of modulus inequalities in
the mapping theory, see [9], cf. [L0-11].

Recall, that a set C' is convez if any pair of points z,y € C may be joined by some
segment which belongs to C, as well. We define the Euclidean distance between sets
and the Euclidean diameter by the formulae

d(A,B) = inf — d(A) = —yl.
(A, B) e, lz—yl, d(A) Sup, |z -yl
Sometimes we also write dist (A, B) instead d(A, B) and diam F instead d(FE), as well.

As usually, we set
B(zg,r) ={x € R" : |z — xo| <7},

S(zo,r) ={z € R": |z —xzo| =1r}.

2. Auxiliary lemma.

The next statement includes some geometric properties of curves (segments), which
are located in domains of special kind. We assume, that this statement will be useful
for our further research with special distortion of modulus of families of paths. In
particular, we mean quasiconformal mappings and wider mappings with direct and
inverse Poletsky inequality (see, [1,9-11]).

The following lemma was proved in the case where the domain D’ is the unit ball
(see the proof of Theorem 1.1 in [8]). For an arbitrary convex domain, its proof is
significantly more difficult, since the previous methodology relied significantly on the
geometry of the ball.

Lemma 1. Let D’ be a bounded convex domain in R™ n > 2, and let £ =
B(y«,0+/2) be a ball centered at the point y. € D', where 6, := d(y.,0D"). Let zo €
OD'. Then for any points A, B € B(zy,0./8) N D’ there are points C, D € B(yx, 0+/2),
for which the segments [A,C] and [B, D] are such that

dist ([A,C],[B,D]) = Cy - |A— BJ, (1)

where Cy > 0 is some constant depending only on d, and d(D’).

Proof. We put
go:=|A—B| <dp:=0d:/4.

Let us join the points A and y, with the segment I. Due to the convexity of D', the
segment I completely belongs to D’. Points A, y, and B form the plane P (if A, y.
and B belong to some straight line, then we define by P any plane, consisting A and
B). Consider the circle on this plane

S={ze€P:|z— Al =¢0}.

The position of the point z = B on the circle S is completely determined by the angle
¢, ¢ € [—m, ) between the vector y, — A and the radius vector B — A of the point z.
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Points on the circle are further denoted by polar coordinates using pairs z = (g, ¢).
Our the further goal is to investigate the main three cases regarding the intervals of
change of this angle.

Case 1. “Large angles™ ¢ € [n/4,3n/4], or ¢ € [—7/4,—3m/4], see Figure 1 for
illustrations. Put C' := y,. Let us limit ourselves to considering the case ¢ € [r/4, 37 /4]

Figure 1. To proof of Lemma 1, case 1

(a case ¢ € [—m/4, —3mw /4] may be considered similarly). Consider the ray
Fer(t)=Btte, o= (g —A)/lg.—Al, t>0.

By construction, the ray r is parallel to the segment I. When ¢ = |y, — A|, we have
r(lys — A]) = B4y« — A and |r(|ly« — A]) — y«| = |B — A| = €9 < dp, that is, point
r(|y« — A]) belongs to E. Let J be a segment of the ray r, which is contained between
the points B and D := r(|y. — A|) (it belongs entirely to D’ due to its convexity). The
distance between I and J is calculated as follows:

2

dist (I, J) = gpsingp > \2[50. (2)

The consideration of the first case is completed, since we take I and J as segments
[A,C] and [B, D], in addition, we put Cj := ? in (1).

Case 2. “Small angles”: ¢ € [-7/4,7/4). Consider the case ¢ € [0,7/4) (the case
¢ € [—7/4,0) may be considered similarly). Let us draw a line through the point ysx,
which belongs to the plane P and is orthogonal to the vector y, — A, see Figure 2. This
line has exactly two points of intersection with the boundary of the circle B(yx, d./2)NP.
We denote these points by x,« and z... Let x,, be a point such that the angle between
by vectors yx — A and .. — A is negative. Let us put

" :I**+y* - :Z**+y*
* 9 ; * 9 .
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Figure 2. To proof of Lemma 1, case 2

Furthermore, let ¥ denote the angle ZAx,y.. Then

[A—y.| _ 4d(D’)

tan ) = —5—— < 5 (3)
4
In addition,
A-yl _ %
tan¢=| 3 y’? 52 =2,
4 4
from here - . . -
w>arctan2>z, §—w§§—arctan2<z. (4)
Accordingly, the angle Zy. Az, is equal to § — . Let
_ v
pi=pt g -,

where 9 is defined as above. Due to (4), since ¢ € [0,7/4),

™

~ 3
0<p< + I _arctan2 = 25 — arctan2 < — . (5)

4 2 4 2

Consider the ray r(t) = B + t\i:i:ﬁl’ t>0.1ft = |z, — A|, then
r(|lze — Al) = B4z, — A.
Note that, r(|z. — A|) € B (ys, %*) Indeed, by the triangle inequality,

r(jze = Al) = 9] =
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5, 0. 4,
=[Bta - A-g|<|lpe -l +B-AI< 4+ 7= (6)

Now let I; be the segment joining the points A and C := x,, and let I5 be the segment

joining the points B and D := r(|x, — A|) = B 4z, — A. By the construction and due
to (6),

ImB<y*,52*)7é®7éIQOB<y*,(;“>. (7)

Note that
dist (Il,IQ) 2608111@. (8)

Given the formulae (3) and (5), we obtain that
~ s
tangoztan(ap+§—w> >

O
4d(D")
Due to (9) and taking into account (5), we obtain that

2tan<g—w> =coty >

- ~ ~ s 3
sing =tany - cosp = 1d(D) - COS (I — arctan2> >0. (10)
Now, by (8) and (10), we obtain that
dist (I1,12) > €p - 4d?]3’) - COoS (Z)Zr — arctan 2> >0. (11)

As we have already noted, the case ¢ € [—7/4,0) may be considered similarly, namely,
the construction of the proof is the same “up to symmetry” with respect to the segment
joining the points A and y,. In particular, the role of the point z, will be played by
the point zy; the role of the segment joining the points A and x, preforms the segment
joining the points A and z,, etc.

The inequality (11) completes the consideration of case 2, because we may put
[A,C] := I and [B, D] := I, in addition, we set C := ﬁ - COS (‘%T — arctan 2) in
the inequality (1).

Case 3. “Very large angles:” or ¢ € (37/4, 7|, or ¢ € (—m,—3m/4). This case is very
similar in case 2 at its discretion. It is enough to consider the situation ¢ € (37/4, ],
because the second situation ¢ € (—m, —37/4) is considered similarly and differs from
the first one only by a certain “symmetry” relative to the line passing through the
points A and y.. Let the points z, and z.. are exactly as defined in case 2. Consider
the segment Ji, joining the points A and C := z, (it completely belongs to D’ due to
its convexity). Consider a ray

Zx

—A
— B L2 T . 12
l(t) +t 7 — A t>0 (12)
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Figure 3. To proof of Lemma 1, case 3

For ¢ = |z, — A|, we obtain the point D :=[(|z. — A|) = B+ 2z, — A, see Figure 3. Let us
prove that this point belongs to the ball B (y*, %*) Indeed, by the triangle inequality

(2 = Al) — | =

Ox  O0x O
=[Btz-—A-p[<|a-wl+B-Al< T+ =7, (13)
Let J5 be the segment joining the points B and D := B + z, — A. By the construction

and due to (13),

Ox Oy
JlﬁB<y*,2>7$®7éJ2ﬂB<y*,2>. (14)
Note that
dist (J1, J2) = gpcos (15)
where - -
smp= G- (§-s)mrv-s

and ¢ = Zy,z. A. Now we need to find the lower bound for cos a.
From the triangle A y,z,A we obtain that

A— D’ 4d(D’
| < tany = Al D) _aaD))
Y — 24| 1 0
from here 7 gwgarctan% < 5. Then
3 4d(D’ 4d(D’
0:%—k%—wéa:zgp—ﬂb—wgw—i—arctaﬂ ( )—W:arctan ES )<72r (16)
* *
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By (15) and (16), we obtain that

4d(D")

dist (J1, J2) > go cos arctan 5
*

(17)

Actually, inequality (17) completes the consideration of case 3, since we may put
[A,C] := J1 and [B, D] := Js, in addition, we put Cj := cosarctan 4ng*) ) in (1).
Finally, for all cases 1, 2 and 3 in (1) we may put

V2 s 37 4d(D")
Cy = min {2, W - COS <4 — arctan 2) , cos arctan T .

0

3. Main results.
Recall that, a Borel function p : R™ — [0, o] is called an admissible for a family T’
of paths v in R"™, if the relation

[ olalds] =1 (18)

Y

holds for any locally rectifiable path v € I'. A modulus of T is defined as follows:

M) = inf /p”(m) dm(x). (19)

pcadmI
Rn

Theorem 1. Let, under conditions of Lemma 1, I' denotes the family of all paths
joining the segments [A,C| and [B, D] in D'. Then
m(D") 1

cy |A— BJn’

M(r) < (20)
where M is the modulus of families of paths defined in (19), m(D') denotes the Lebesgue
measure of D', and Cy is a constant in (1).

Proof. Let us to set

)

Cy'-|[A-B|7', zeD’,
plx) = ,
0, x ¢ D

where Cp is a constant in (1). Due to Lemma 1, p satisfies the relation (18). Then,
the relation (20) directly follows by substituting p in the integral in (19) and by the
definition of inf in it. OJ

In accordance with [5], a domain D in R" is called a domain of quasiextremal length
(abbr. QED-domain) if

M(T'(E,F,R")) < A% - M(T(E, F, D)) (21)
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for some finite number Aj > 1 and all continua E and F' in D.

Theorem 2. Let, under conditions of Lemma 1, I' denotes the family of all paths
joining the segments [A,C| and [B, D] in D'. Then

N 36,
> . o
M(T) > &, -log (1+ 8|A_B|> : (22)

where M is the modulus of families of paths defined in (19), ¢, > 0 is some constant
depending only on n and D’.

Proof. By [6, Lemma 7.38|,
M(T([A,C],[B, D],R"™)) > ¢, -log <1 + ;) , (23)

where ¢, > 0 is some constant that depends only on n,

_ dist([4, C], B, D])
~ min{diam ([A, C]),diam ([B, D])}

Observe that, by the triangle inequality,
diam ([A,C]) 2 |A-C|=|A—z20+ 20—y« + y« — C| =
=0 —we) +(A=20)+ (1 - CO)| =
> 20 — Y| — |A — 20| — |yx — C| = 6 — 04/8 — 04/2 = 30./8.
Similarly, we may prove that
diam ([B, D]) > 30./8.

Now, the relation (23) implies that

M(T([A,C], [B,D],R™)) > ¢, - log (1 + 8|j’5_*B|> : (24)

Observe that, D’ is a John domain (see [2, Remark 2.4]). Thus, D’ is a uniform domain
(see [2, Remark 2.13(c)]). Thus, D’ is a QED-domain with some A] < oo in (21)
(see [5, Lemma 2.18]). Due to (24) and (21), we obtain that

M(T'([A,C),[B,D],D")) > ¢, - log (1 + 8|j§_*B|) , (25)

where ¢, := ¢, /Aj. The relation (22) has been proved. O
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O. HoBronsituii

HPO MO>KJINBiCTh 3’€,E[HaHH§I KPpHUBUMMU [IBOX IIap TOYOK B OIIYKJINX obiiacTax.

Jana cTaTTs IPUCBSIYEHA MOXKJIMBOCTI 3’€THAHHS KPUBUMHU JIBOX AP TOYOK OIyKJIOl 0OJacTi, siki Jie-
JKaTh OJIHA Bif OMHOI He JaJji, HiXK BIACTaHb MiX IX KIHIIEBUMHM TOYKAMH. B IIbOMYy KOHTEKCTI MU
JOIYCKAEMO CHUTYAIlii0, KON BiZICTAHI Mi’K KDUBUMH I TOYKAMU MOXKYTb CIIBBLIHOCHTHUCS MiXK COOOIO
3 TOYHICTIO 70 AesKOI abCOJIFOTHOT MY/IBTUILTIKATUBHOI CTa/I0l. BKa3ame muTaHHs maHIMAETHCS HAMU 3
MIPUBO/IY HOUIYKY BiAOBiHOI momyctuMol MyHKINI ciMell misaxis, mo 3’eauyors mi Kpusi. HagBricts
J0TycTUMOl (DYHKIIIT JO3BOJISE OMIHIOBATH MOIYJIh CiMeli X miisixiB. [lo-mepine, OMiHKY MO/Iy/Ist 3BEP-
Xy Mu oTpuMaemMo TpusianbHO. [lo-apyre, Mu craeMo CIpoMOXKHI HO0BOAMTH OIiHKK THILy JIbOBHEDA ¥
BLATIOBITHUX 00/IACTSX 1, TUM CAMWM, MATHU sIBHY OIIIHKY €BKJIIOBOI BiICTAHI MiXkK KiHIIEBUMHU TOYKAMU
KpuBUX 4depe3 KOHPOPMHMI MOmyab Ta ix miamerpu. B cBOIO depry, Taka OmiHKA € HANBaKJIMUBIIIOO
CTPYKTYPHOIO CKJIQI0BOIO IIPU ITOCJIIIZKeHH] BioOparkeHb 3 npsimMoio i obepHenoio HepisHOcTsMu Iloste-
IBKOTO, 5K II0TH 3 TOBLILHAUX 00/1acTeil Ha OmyKJIi obsacti. Bonn 103B0IsIIOTH, 30KpeMa, OTpUMyBaTH
OITIHKM CITOTBOPEHHS BiJICTaHI NpW BimOOpazKeHHi, y TOMY YHCJi, HEIEPEPBHICTH 3a lesbaepom, abo
(6imbnr cmabky) morapudmivay HenepepBHICTH 3a [ebaepom. OCHOBHOIO METOIOIOTIEIO, AKa, 33 iAHA
B CTAaTTi, € IWTOCKWH aHasi3. Bepyun nBi Toukm, siki HaIekKaTh 70 00JIACTI €BKJIOBOTO MPOCTOPY, MU
dikcyemo me omay (TpeTio) TOYKY i po6MMO PO3pi3 3a JOMOMOTOIO TIOIWHW, KA MICTHTH IX YCIX.
Ilomanpmia KOHCTPyKIis OyMyeThCs MEPEBAXKHO 3 yPAXyBaHHAM TOTO, sIKMM € KyT MiXK Bimpizkamu
3 MOYATKOM B OHIM 3 TOYOK Ta KIHIEM Yy KOXHIN 3 IHITUX TOYOK. BiTHOCHO «JIETKMM» € BHWIIQJI0K
«CepenHiX KyTiB», TOOTO, Koim KyT Bigmimenuil Bix 0 ta 7 3 obox OokiB. Po3risan immux BuUmagkis €
3HAYHO BayK9MM MeTOH0JorigHo. PIiHAJBHUM eTaloM pPO3IVIAAY € CHHTe3 yCiX TPhOX BHIIAJKIB B OJHY
OIHKY BiICTaHI MiXK KPUBUMH 13 CTAJI0I0, 3arajIbHOIO Ul BCIX 3raJ@HuX CATyamiil y mijgomy. Binzma-
9rMO, 0 00JIACTi 31 CHeIia/IbHOI0 TEOMETPIEI0 PO3IIAIAI0OTHCS B TEOpii BiToOparkeHb 10BOJIL gacTo. 1o
HIUX MOYKHA BigHecTn 00JacTi KBa3iekcTpeMasibHOT qoBkuHM 1Mo I'epinry—Mapito, piBHOMipHi o6sacTi

o Maprio—Capsacy, pisaomipsui ob6iacti B cenci Hakki, obmacti Txona Tomo. Coin 3ayBaxkuTu, 1o
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obMerkeHl OMyKJi 006JacTi, SIKi PO3I/ISIAIOTHCS B CTATTI, € OKPEMIMH BHITAJKOM 00JacTeil KBa3iekc-
TPeMaJIbHOI JTOBXKUHK. U¥ € BIDHUMU DPe3y/IbTATU CTATTI /I AOBIIBHOI 00J1acTi KBa3ieKCTPeMaIbHOL
JOBXKHHHU, a0 [0 KjaciB obacTeil nepesivenux Bumie, Hapasi HeBimomo. Ha mammit MomenT pesynbprarn
CTaTTi BiZOMI JIHIe A1 OOUHUYHOI KyJii; [JIs JOBLIBHUX OIyK/INX OOMEKeHHX 00/IacTeil BOHU SKPa3

BCTAHOBJIEHI B HJaHiil poboTi.

Karouo8i caosa: onyxai obaacmi, e6katdosi npocmopu, ouinku muny Jvoenepa, Kpust, modyai ci-

Mmell KpUBUT.
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