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ÇÀÄÀ×À Ç ÓÌÎÂÀÌÈ ÄIÐIÕËÅ�ÂÅÍÒÖÅËß ÄËß ÐIÂÍßÍÍß

ËÀÏËÀÑÀ Â ÍÅÎÁÌÅÆÅÍÎÌÓ ÑÅÊÒÎÐI

Ðîçãëÿíóòî ìiøàíó çàäà÷ó Äiðiõëå�Âåíòöåëÿ â íåîáìåæåííîìó ñåêòîði. Çà äîïîìîãîþ ïåðåòâî-
ðåííÿ Ìåëëiíà êðàéîâó çàäà÷ó çâåäåíî äî ðiçíèöåâîãî ðiâíÿííÿ. Îòðèìàíî îöiíêè ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i ó âàãîâîìó ïðîñòîði Ãiëüáåðòà.

MSC: 34N05.

Êëþ÷îâi ñëîâà: ïåðåòâîðåííÿ Ìåëëiíà, âàãîâi ïðîñòîðè Ãiëüáåðòà, ðåãóëÿðíiñòü.

1. Âñòóï.

Íåõàé θ ∈ (0, 2π]. Ïîçíà÷èìî ÷åðåç sθ íåñêií÷åííèé ñåêòîð, îáìåæåííèé ðàäi-
àëüíèìè ëiíiÿìè γ = {(r, ϕ) : r > 0, ϕ = 0} i γθ = {(r, ϕ) : r > 0, ϕ = θ}.

Ðîçãëÿíåìî ãðàíè÷íó çàäà÷ó: çíàéòè ôóíêöiþ v(x) òàêó, ùî

−∆v = f, â sθ, (1)

v = ψ1, íà γθ, vx2 + κvx1x1 = ψ, íà γ, (2)

äå f , ψ, ψ1 � çàäàíi ôóíêöi¨. Çàóâàæèìî, ùî îáëàñòü sθ ìiñòèòü êóòîâó òî÷êó â
ïî÷àòêó êîîðäèíàò. Êðiì òîãî, ãðàíè÷íó óìîâó (2) ìîæíà ðîçãëÿäàòè êàê óìîâó
Âåíòöåëÿ, îñêiëüêè çîâíiøíÿ íîðìàëüíà ïîõiäíà íà γ äîðiâíþ¹ −vx2 , à vx1x1 - îïå-
ðàòîðó Ëàïëàñà�Áåëüòðàìû íà γ (äèâ. [4]). Ãðàíè÷íi çàäà÷i ç óìîâîþ Âåíòöåëÿ â
ãëàäêèõ îáëàñòÿõ ðîçãëÿäàëèñÿ â ðîáîòàõ [4,6,14,17,18]. Çàãàëüíó òåîðiþ âàãîâèõ
ïðîñòîðiâ Ãiëüáåðòà ó çàñòîñóâàííi äî çàäà÷ â îáëàñòÿõ ç êóòîâèìè òî÷êàìè ìîæíà
çíàéòè ó [16]. Çàäà÷i òèïó (1)�(2) âèâ÷àëèñü ðiçíèìè ìåòîäàìè â [20,22]. Iíòåðåñ äî
(1)�(2) âèêëèêàíèé, çîêðåìà, ìîäåëÿìè, ùî âèíèêàþòü ïðè äîñëiäæåííi ïðîöåñiâ
êîðîçi¨ (äèâ. [8, 9, 13]). Ó äàíié ðîáîòi ìè ñïèðà¹ìîñÿ íà ðåçóëüòàòè ðîáiò [23, 24],
â ÿêèõ çàäà÷i ç êóòîâèìè òî÷êàìè çâåäåíî äî ðiçíèöåâèõ ðiâíÿíü i îòðèìàíî îöií-
êè ðîçâ'ÿçêiâ ó âàãîâèõ ïðîñòîðàõ Ãiëüáåðòà. Ïîäiáíèìè ìåòîäàìè ðiçíi çàäà÷i â
îáëàñòÿõ ç îñîáëèâîñòÿìè äîñëiäæóâàëèñÿ â ðîáîòàõ [5, 7, 11,26].

Îñíîâíó óâàãó ìè ïðèäiëÿ¹ìî äî çàäà÷i ç f = ψ1 = 0, òîáòî

−∆u = 0, â sθ, (3)

ux2 + κux1x1 = g, íà γ, u = 0, íà γθ. (4)

Ïëàí ðîáîòè ïîëÿãà¹ â íàñòóïíîìó. Ó äðóãîìó ðîçäiëi íàâåäåíî îñíîâíi ôàêòè
ùîäî ïåðåòâîðåííÿ Ìåëëiíà, âàãîâèõ ïðîñòîðiâ Ãiëüáåðòà i ñôîðìóëüîâàíî îñíîâ-
íèé ðåçóëüòàò - Òåîðåìó 1. Ó òðåòüîìó ðîçäiëi ãðàíè÷íó çàäà÷ó (3)�(4) çâåäåíî
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äî ðiçíèöåâîãî ðiâíÿííÿ. Äàëi äîâåäåíî òâåðäæåííÿ, ùî äîçâîëÿþòü ïîáóäóâàòè
ðîçâ'ÿçîê d0 âiäïîâiäíîãî îäíîðiäíîãî ðiçíèöåâîãî ðiâíÿííÿ ó âèãëÿäi íåñêií÷åí-
íîãî äîáóòêó, à òàêîæ ðîçâ'ÿçîê d1 íåîäíîðiäíîãî ðiâíÿííÿ ó âèãëÿäi êîíòóðíîãî
iíòåãðàëó. ×åòâåðòèé ðîçäië ìiñòèòü äîäàòêîâi îöiíêè, íåîáõiäíi äëÿ iíòåãðàëüíèõ
îöiíîê d1 i ðîçâ'ÿçêó u âiäïðàâíî¨ çàäà÷i (3)�(4). Ï'ÿòèé ðîçäië çàâåðøó¹ äîâåäåííÿ
Òåîðåìè 1.

2. Äîïîìiæíi òâåðäæåííÿ. Îñíîâíèé ðåçóëüòàò.

Ïîçíà÷èìî ÷åðåç g̃(p) ïåðåòâîðåííÿ Ìåëëiíà ôóíêöi¨ g(r). Ôîðìóëè îáåðíåííÿ
Ìåëëiíà ìàþòü âèãëÿä

g̃(p) =
1

2π

∞�

0

rp−1g(r)dr. g(r) =
1

2πi

p1+i∞�

p1−i∞

r−pg̃(p)dp, p = p1 + ip2.

Îñòàííÿ ôîðìóëà, çîêðåìà, ïåðåäáà÷à¹, ùî ôóíêöiÿ g̃ ¹ àíàëiòè÷íîþ â äåÿêèé
ñìóçi a1 < p1 < a2. Äëÿ ïåðåòâîðåííÿ Ìåëëiíà ñïðàâäæó¹òüñÿ ðiâíiñòü Ïàðñåâàëÿ

∞�

0

|g(r)|2r2p1−1dr =
1

2πi

p1+i∞�

p1−i∞

|g̃(p)|2dp,

(äèâ. Òåîðåìó 71 â [25]).
Ââåäåìî ïðîñòîðè Hk

µ(sθ) iç ñêií÷åíîþ íîðìîþ

∥w∥Hk
µ(sθ)

=

 ∑
|α|≤k

�

sθ

|x|2(µ−k+α)|∂α1
x1
∂α2
x2
w(x)|2dx

1/2

,

äå α = (α1, α2), |α| = α1 + α2. Ó ðîçäiëi 6.1 â [15] äîâåäåíî, ùî äàíà íîðìà åêâiâà-
ëåíòíà íîðìi

∥w∥k,µ,sθ =

 k∑
i=0

∞�

0

r2(µ−k)+1∥(r∂r)iw(r, ·)∥2Hk−i(0,θ)

1/2

,

äå (r, ϕ) � ïîëÿðíi êîîðäèíàòè, w(x) = w(r, ϕ), òîáòî iñíóþòü ñòàëi 0 < c1 < c2 òàêi,
ùî

c1∥w∥k,µ,sθ ≤ ∥w∥Hk
µ(sθ)

≤ c2∥w∥k,µ,sθ . (5)

Áóäåìî òàêîæ âèêîðèñòîâóâàòè ïðîñòîðè H
k+1/2
µ (R+) ç íîðìîþ

∥g∥Hk+1/2(R+) =

 k∑
i=0

∞�

0

r2(µ−k+i)+1|g(i)r (r)|2dr + ∥g∥2
L
k+1/2
µ (R+)

1/2

,
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äå ∥g∥2
L
k+1/2
µ (R+)

=

∞�

0

r2µdr

r�

0

|g(k)(r + ρ)− g(k)(r)|2dρ
ρ2
.

Ìà¹ìî òàêèé ðåçóëüòàò (äèâ. Òâåðäæåííÿ 3.2 â [23]).

Ëåìà 1. Icíóþòü äîäàòíi ñòàëi c3(µ), c4(µ) òàêi, ùî

c3(µ)∥g∥2
H

k+1/2
µ (R+)

≤
µ−k+i∞�

µ−k−i∞

|g̃(p)|2(1 + |p|)2k+1dp

i
≤ c4(µ)∥g∥2

H
k+1/2
µ (R+)

. (6)

Ñëiäè ôóíêöié w ∈ Hk+1
µ (sθ) íà γ, γθ ìîæíà ðîçãëÿäàòè ÿê ôóíêöi¨ çìiííî¨ r

i ïîäiáíèì ÷èíîì ââåñòè ïðñòîðè H
k+1/2
µ (γ), H

k+1/2
µ (γθ), íîðìè â ÿêèõ ïîçíà÷èìî

÷åðåç ∥ · ∥k+1/2,µ,γ , ∥ · ∥k+1/2,µ,γθ âiäïîâiäíî.
Ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò äàíî¨ ðîáîòè.

Òåîðåìà 1. Íåõàé l ∈ N , µ ∈ R òàêi, ùî − π
2θ < µ − l − 1 < 0. Ïðèïóñòèìî,

ùî f ∈ H l
µ(sθ), ψ ∈ H

l−1/2
µ (γ), ψ1 ∈ H

l+3/2
µ (γθ). Òîäi çàäà÷à (1)-(2) ìà¹ ¹äèíèé

ðîçâ'ÿçîê v ∈ H l+2
µ (sθ) i, êðiì òîãî, ñïðàâåäëèâà îöiíêà

∥v∥l+2,µ,sθ ≤ C
(
∥f∥l,µ,sθ + ∥ψ∥l−1/2,µ,γ + ∥ψ1∥l+3/2,µ,γθ

)
. (7)

äå ñòàëà C çàëåæèòü âiä l, µ, θ.

3. Ðiçíèöåâå ðiâíÿííÿ.

Çàäà÷à (3)�(4) â ïîëÿðíèõ êîîðäèíàòàõ ìà¹ òàêèé âèãëÿä

urr(r, ϕ) +
1

r
ur(r, ϕ) +

1

r2
uϕϕ(r, ϕ) = 0, r > 0, 0 < ϕ < θ,

u(r, θ) = 0, r > 0,
1

r
uϕ(r, 0) + κurr(r, 0) = g(r), r > 0, .

Çà äîïîìîãîþ ïåðåòâîðåííÿ Ìåëëiíà çà çìiííîþ r, äëÿ îáðàçó ũ(p, ϕ) îäåðæèìî
çàäà÷ó

p2ũ(p, ϕ) + ũϕϕ(p, ϕ) = 0, 0 < ϕ < θ, (8)

ũϕ(p+ 1, 0) + κp(p+ 1)ũ(p, 0) = g̃(p+ 2), (9)

ũ(p, θ) = 0. (10)

Ðîçâ'ÿçîê çàäà÷i (8)�(10) øóêà¹ìî ó âèãëÿäi ũ(p, ϕ) = d(p) sin p(θ−ϕ)
sin pθ . Î÷åâèäíî, ùî

ũ(p, ϕ) çàäîâîëüíÿ¹ ðiâíÿííÿ (8) i óìîâó (10). Äëÿ çíàõîäæåííÿ d(p) îòðèìà¹ìî
ðiâíÿííÿ

ctg (p+ 1)θ d(p+ 1)− κp d(p) = − g̃(p+ 2)

p+ 1
, (11)

Ïîçíà÷èìî ω(p) = κp tg (p+ 1)θ, i ðîãëÿíåìî ñïî÷àòêó îäíîðiäíå ðiâíÿííÿ

d(p+ 1)− ω(p)d(p) = 0. (12)
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Ôóíêöi¨ sinx, cosx ìîæíà çàïèñàòè ó âèãëÿäi íåñêií÷åííèõ äîáóòêiâ (äèâ. [12],
ôîðìóëè 1.431.1, 1.431.3).

sinx = x
∞∏
k=1

(
1− x2

k2π2

)
, cosx =

∞∏
k=1

(
1− 4x2

(2k − 1)2π2

)
.

Ïîçíà÷èìî γ = κθ, ak = kπ
θ , bk = 2k−1

2θ π, k ∈ N , òîäi

ω(p) = γp(p+ 1)

∞∏
k=1

(ak − 1− p)(ak + 1 + p)

(bk − 1− p)(bk + 1 + p)

(
bk
ak

)2

. (13)

Çàãàëüíèé ðîçâ'ÿçîê (12) ìà¹ âèãëÿä

d(p) = γp+1/2Γ(p)Γ(p+ 1)
∞∏
k=1

Γ(ak + 1 + p)Γ(bk − p)

Γ((bk + 1 + p)Γ(ak − p)

(
bk
ak

)2p−1

W (k)E(p). (14)

äå W (k) � äîâiëüíi ñòàëi, E(p) � äîâiëüíà ïåðiîäè÷íà ôóíêöiÿ ç ïåðiîäîì 1. Íàñëi-
äóþ÷è äîâåäåííÿ Òâåðäæåííÿ 5.1 ç [23], äîâåäåíî òàêèé ðåçóëüòàò.

Ëåìà 2. Íåñêií÷åííèé äîáóòîê

A(p) =
∞∏
k=1

Γ(ak + 1 + p)Γ(bk − p)

Γ((bk + 1 + p)Γ(ak − p)

(
bk
ak

)2p+1

(15)

çáiãà¹òüñÿ çà âèêëþ÷åííÿì ïîëþñiâ ôóíêöié Γ(ak + 1 + p), Γ(bk − p), k ∈ N.
Çàóâàæåííÿ 1. Ó çâ'çêó ç äîâåäåííÿì äàíî¨ ëåìè âàæëèâî âiäìiòèòè, ùî ðÿä

∞∑
k=1

(
1
bk

− 1
ar

)
=

∞∑
0

θ
πk(2k−1) àáñîëþòíî çáiãà¹òüñÿ.

Íàñëiäîê 1. Ôóíêöi¨ (äèâ. (14))

d0(p) = γp+1/2Γ(p)Γ(p+ 1)A(p), ds(p) = d0(p) sin(pπ)exp(ipπ) (16)

¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (12).

Çàóâàæåííÿ 2. Çà äîïîìîãîþ ôîðìóëè Åéëåðà îòðèìà¹ìî

| sinπp| = 1√
2
(ch (2πp2)− cos (2πp1))

1/2,

sinπp exp(iπp) =
1

2i
(1− exp(−2πp1 + 2πp2)). (17)

Ëåìà 3. Ó ñìóçi

−1− π

θ
< Rep <

π

2θ
(18)

äëÿ âåëèêèõ çíà÷åíü |p2| ñïðàâåäëèâà àñèìïòîòè÷íà ôîðìóëà

ln A(p) = (p+
1

2
) ln

tg(p+ 1)θ

θ
+

3

2
p+ r(p), (19)
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äå r(p) = O(1), ïðè |p2| → ∞
Äîâåäåííÿ. Ïðîñòi ïîëþñè ôóíêöi¨ A(p) çíàõîäÿòüñÿ â òî÷êàõ p = −1− kπ

θ −n,

p = 2k−1
2θ + n, k ∈ N, n ∈ N ∪ {0}. Îòæå ôóíêöiÿ A(p) ¹ àíàëiòè÷íîþ â ñìóçi (18).

Äàëi êîðèñòóâàòèìîñÿ àñèìïòîòè÷íîþ ôîðìóëîþ (äèâ. (6.1.40), ñ. 257 â [1]

ln Γ(z) = (z − 1/2) ln z − z +
1

2
ln 2π +

1

12z
+ ξ(z), (20)

äå ξ(z) = O( 1
z3
), ÿêùî |z| → ∞, |argz| < π − ε, ε > 0. Ïiñëÿ ðóòèííèõ îá÷èñëåíü i

çàñòîñóâàííÿ ôîðìóëè (20), ìà¹ìî

ln A(p) =
∞∑
k=1

[
(p+

1

2
) ln

(
bk
ak

)2

+ ln Γ(ak + p+ 1)

+ ln Γ(bk − p)− ln Γ(bk + p+ 1)− ln Γ(ak − p)

]

= (p+
1

2
)

∞∑
k=1

ln
(ak + 1 + p)(ak − p− 1)

(bk + 1 + p)(bk − p− 1)

(
bk
ak

)2

+Q(p) + r(p) (21)

äå

Q(p) =

∞∑
k=1

[
ak
ak + 1 + p

ak − p− 1
− bk ln

bk + 1 + p

bk − p− 1

]
, (22)

r(p) = O(1), ÿêùî |p| → ∞.
Äëÿ îöiíêè Q âèêîðèñòà¹ìî ôîðìóëó Åéëåðà�Ìàêëîðåíà â òàêié ïðîñòié ôîðìi

(äèâ. [3])

n∑
i=1

φ(i) =

n�

1

φ(τ)dτ +
φ(1) + φ(n)

2
+

n�

1

φ′(x)(x− [x]− 1/2)dx, (23)

äå [x] � öiëà ÷àñòèíà x. Ïîçíà÷èìî δ = π
θ . Ââåäåìî ôóíêöiþ

φ(p, t) = δt ln
δt+ p+ 1

δt− p− 1
− δ(t− 1/2) ln

δ(t− 1/2) + p+ 1

δ(t− 1/2)− p− 1
,

òîäi

Q(p) =
∞∑
k=1

φ(p, k). (24)

Áåçïîñåðåäíiìè îá÷èñëåííÿìè îòðèìà¹ìî

φ′(t) =

t�

t/2

[
4δ4τ2(p+ 1)

(δτ + p+ 1)2(δτ − p− 1)2
− 4δ2(p+ 1)

(δτ)2 − (p+ 1)2

]
dτ. (25)
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Ç (25) âèïëèâà¹ ðiâíîìiðíà îáìåæåíiñòü ïðè âåëèêèõ çíà÷åíü |p| iíòåãðàëó∣∣∣∣∣∣
∞�

0

φ′(p, τ)(τ − [τ ]− 1/2)dτ

∣∣∣∣∣∣ ≤ c5. (26)

Áà÷èìî, ùî

lim
n→∞

φ(p, n) = lim
n→∞

[
δn ln

1 + p+1
δn

1− p+1
δn

− δ(n− 1/2) ln
1 + p+1

δ(n−1/2)

1− p+1
δ(n−1/2)

]
= 0. (27)

Äàëi âèâîäèìî, ùî

φ(p, 1) = δ ln
1 + p+1

δ

1− p+1
δ

− δ/2 ln
1 + p+1

δ2

1− p+1
δ/2

= O(1), ïðè |p| → ∞. (28)

Áåçïîñåðåäíiìè îá÷èñëåííÿìè ïåðåêîíà¹ìîñÿ â òîìó, ùî

lim
n→∞

n�

1

φ(p, τ)dτ =
3

2
p+O(1). (29)

Ç (23), (24), (27), (28), (29) ìà¹ìî

Q1(p) = lim
n→∞

 n�

1

φ(p, τ)dτ +
1

2
φ(p, n)

+
1

2
φ(p, 1) +O(1) =

3

2
p+O(1). (30)

Ó ïiäñóìêó ç (21, (22, (30), âèâîäèìî îöiíêó (19). □
Ââåäåìî ôóíêöiþ

Λ(p) = pγp+1/2 Γ(p)Γ(p+ 1)A(p). (31)

ßê áà÷èìî, ôóíêöiÿ Λ(p), ñ òî÷íiñòüþ äî ìíîæíèêà p, ñïiâïàäà¹ ñ d0(p). Íàãà-
äà¹ìî îöiíêó (äèâ. (6.3.18), ñ.219 â [1])

(ln Γ(z))′ = ln z − 1

2z
+ ξ2(z) (32)

äå ξ2(z) = O( 1
z2
). Çà äîïîìîãîþ (16), (32), ìà¹ìî òàêèé íàñëiäîê ç Ëåìè 3.

Íàñëiäîê 2. Ó ñìóçi

−1 < Re <
π

2θ
(33)

äëÿ âåëèêèõ çíà÷åíü |p2| ñïðàâåäëèâi àñèìïòîòè÷íi ôîðìóëè

ln Λ(p) = (p+
1

2
)ln ω(p)− p

2
+ r1(p),

(ln Λ(p))′ = ln ω(p) + r2(p), (34)
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äå r1(p) = O(1), r2(p) = O(1), ÿêùî |p| → ∞.

Çàóâàæåííÿ 3. Çàóâàæèìî, ùî îöiíêà (34) ìîæå áóòè êîðèñíîþ i ïðè Re p ≥
−1, íàïðèêëàä, ÿêùî ðîçãëÿäà¹òüñÿ ôóíêöiÿ (p + 1)2Λ(p), äëÿ ÿêî¨ p = −1 ¹ âæå
ðåãóëÿðíîþ òî÷êîþ.

Ïîâåðíåìîñÿ äî ðiâíÿííÿ (11). Øóêà¹ìî éîãî ðîçâ'ÿçîê ó âèãëÿäi

d1(p) = ds(p)y(p), (35)

îòðèìà¹ìî

y(p+ 1)− y(p) = h(p), h(p) = − g̃(p+ 2)

κp(p+ 1)ds(p)
. (36)

Ëåìà 4. Ó ñìóçi

−1− π

2θ
< Re q < 0 (37)

ôóíêöiÿ h(p) ¹ àíàëiòè÷íîþ i, êðiì òîãî, ìà¹ìî

lim
q→−i∞

|h(q)| = 0, lim
q→+i∞

|h(q)| exp(−2πq) = 0. (38)

Ãðàíè÷íi ïåðåõîäè (38) âèïëèâàþòü ç (17) i ïåðøî¨ ôîðìóëè â (34).
Äëÿ äîäàòíiõ çíà÷åíü ïàðàìåòðó ε ïîçíà÷èìî ÷åðåç L0,ε êîíòóð, ÿêèé ñêëàäà-

¹òüñÿ ç òî÷îê p óÿâíî¨ îñi ïðè |p| > ε i íàïiâêîëà |p| = ε, Rep > 0. ×åðåç L−1,ε

ïîçíà÷èìî êîíòóð, îòðèìàíèé çñóâîì L0,ε íà îäèíèöþ âëiâî.

Ëåìà 5. Ôóíêöiÿ

y(p) =
1

2i

�

L−1,ε

h(p+ ζ)[ctgπζ + i]dζ (39)

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (36) ïðè âñiõ p:

− π

2θ
< Re p < 0. (40)

Äîâåäåííÿ. Ìà¹ìî

y(p+ 1)− y(p)

=
1

2i

�

L−1,ε

h(p+ ζ + 1)[ctgπζ + i]dζ − 1

2i

�

L−1,ε

h(p+ ζ)[ctgπζ + i]dζ

=
1

2i

[ �
L0,ε

h(p+ ζ)[ctgπζ + i]dζ −
�

L−1,ε

h(p+ ζ)[ctgπζ + i]dζ

]
. (41)

Çãiäíî ç Ëåìîþ 4 ôóíêöiÿ h(p + ζ) íå ìà¹ îñîáëèâîñòåé, ÿêùî −1 − π
2θ − Re p <

Re ζ) < − π
2θ . Çà óìîâîþ (40) âiäðiçîê [−1, 0] âêëàäà¹òüñÿ â iíòåðâàë (−1 − π

2θ −
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Re p,−Re p), i, ÿê íàñëiäîê, ôóíêöiÿ h(p+ζ) áóäå àíàëiòè÷íîþ çà çìiííîþ ζ ó ñìóçi,
ùî ðîçòàøîâàíà ìiæ êîíòóðàìè L−1,ε i L0,ε. Çáiæíiñòü iíòåãðàëiâ â (41) çàáåçïå-
÷ó¹òüñÿ ãðàíè÷íèìè ñïiââiäíîøåííÿìè (38). Ç (41) i òåîðåìè Êîøi ïðî ëèøêè
âèïëèâà¹

y(p+ 1)− y(p) = πResζ=0h(p+ ζ)ctg πζ = h(p).

Ëåìó äîâåäåíî. □

Çàóâàæåííÿ 4. Âèçíà÷èìî êîíòóð Lε, ÿêèé ñêëàäà¹òüñÿ ç íàïiâêîëà Re p < 0,
|p| = ε i òî÷îê óÿâíî¨ îñi òàêèõ, ùî |p| > ε. Îñêiëüêè â îáëàñòi, ùî ðîçòàøîâàíà
ìiæ L−1,ε i Lε íåìà¹ îñîáëèâèõ òî÷îê, ìè ìîæåìî çàìiíèòè â (39) iíòåãðóâàííÿ ïî
L−1,ε íà - Lε:

y(p) =
1

2i

�

Lε

h(p+ ζ)[ctgπζ + i]dζ (42)

Çà äîïîìîãîþ (35), (36), (42), ìîæåìî ïðåäñòàâèòè ðîçâ'ÿçîê d1(p) ó âèãëÿäi

d1(p) = − 1

2i

�

Lε

g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

d0(p)

(p+ ζ)d0(p+ ζ)

sinπp

sinπ(p+ ζ) exp(iπζ)
[ctgπζ + i]dζ

=
1

κ

�

Lε

g̃(p+ 2 + ζ)

(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

dζ

e−iπζ − eiπζ
(43)

4. Iíòåãðàëüíi îöiíêè.

Äîòðèìóþ÷èñü òi¹¨ ñàìî¨ ñõåìè, ùî çàïðîïîíîâàíî ïðè äîâåäåííi Ëåì 7.1 i 7.2
ç [23], ìîæåìî äîâåñòè òàêi ðåçóëüòàòè.

Ëåìà 6. ßêùî y ∈ (−∞,+∞), Rep ∈ (− π
2θ , 0), òîäi ñïðàâåäëèâà íåðiâíiñòü∣∣∣∣ Λ(p) sinπp

Λ(p+ iy) sinπ(p+ iy)

∣∣∣∣ ≤ c6e
(π−ε)|y|, (44)

äå ε > 0, c2 íå çàëåæèòü âiä p2.

Ëåìà 7. Äëÿ âñiõ p òàêèõ, ùî Rep ∈ (− π
2θ , 0) i y ∈ (−1, 1), ôóíêöiÿ

B(y, p) =
Λ(p) sinπp

Λ(p+ iy) sinπ(p+ iy)

[
1 + |p|

1 + |p+ iy|

]k+1/2

− |ω(p)|ip2
|ω(p+ iy)|i(y+p2)

(45)

çàäîâîëüíÿ¹ îöiíêó

|B(p, y)| ≤ c7|y|. (46)

Ïåðåéäåìî äî âëàñíå iíòåãðàëüíèõ îöiíîê d1(p).

Ëåìà 8. Ñïðàâåäëèâà îöiíêà
�

Re p=µ−l−1

|d1(p)|2(1 + |p|)2l+3dp

i
≤ c8

�

Re p=µ−l+1

|g̃(p)|2(1 + |p|)2l−1dp

i
(47)
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çà óìîâîþ

− π

2θ
< µ− l − 1 < 0, l ∈ N.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (43), ìà¹ìî

d1(p) = v.p.

+i∞�

−i∞

g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

dζ

e−iπζ − eiπζ

−πi Resζ=0
g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

1

e−iπζ − eiπζ

= i v.p.

+∞�

−∞

g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

dy

eπy − e−πy
+

g̃(p+ 2)

2κ(p+ 1)p
. (48)

Ïîìíîæèìî îáèäâi ÷àñòèíè (48)íà (1 + |p|)l+3/2:

(1 + |p|)l+3/2d1(p) =
1

2κ
(1 + |p|)l+3/2

(p+ 1)p
g̃(p+ 2) + I1(p) + I2(p), (49)

äå

I1(p) = i v.p.

+1�

−1

g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

dy

eπy − e−πy
,

I2(p) = i

�

|y|>1

g̃(p+ 2 + ζ)

κ(p+ 1 + ζ)

Λ(p)

pΛ(p+ ζ)

sinπp

sinπ(p+ ζ)

dy

eπy − e−πy
(50)

Âàðòî âiäçíà÷èòè, ùî äðóãèé iíòåãðàë I2(p) íå ìà¹ îñîáëèâîñòåé. Îöiíèìî, äëÿ
ïðèêëàäó, ïåðøèé iíòåãðàë. Âèäiëèìî â I1(p) ñèíãóëÿðíó i ðåãóëÿðíó ÷àñòèíè
I1(p) = I11(p) + I12(p), äå

I11(p) = |ω(p)|ip2i v.p.
+1�

−1

g̃(p+ 2 + iy)

κ(p+ 1 + iy)p
(1 + |p+ iy|)l+3/2|ω(p)|−i(p2+y) dy

eπy − e−πy
,

I12(p) = i

+1�

−1

g̃(p+ 2 + iy)(1 + |p+ iy|)l+3/2

κ(p+ 1 + iy)p
B(y, p)

dy

eπy − e−πy
, (51)

Äî iíòåãðàëó I12 çàñòîñîâó¹ìî îöiíêó (46)

|I12(p)| ≤ c9

+1�

−1

|g̃(p+ 2 + iy)|(1 + |p+ iy|)l−1/2 |y|dy
|eπy − e−πy|

= c9

+1�

−1

|g̃(p1 + 2 + i(p2 − x))|(1 + |p1 + i(p2 − x)|)l−1/2 |x|dx
|eπx − e−πx|
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Äàëi, çà äîïîìîãîþ òåîðåìè Þíãà (äèâ. Òåîðåìó 4.30, ñ.90 â [2]), îòðèìà¹ìî

�

Re p=µ−l−1

|I12(p)|2
dp

i
≤ c10

�

Re p=µ−l−1

|g̃(p+ 2)|2(1 + |p|)2l−1dp

i

[ 1�

−1

|x|dx
|eπx − e−πx|

]2

≤ c11

�

Re p=µ−l+1

|g̃(p)|2(1 + |p|)2l−1dp

i
. (52)

Îöiíêó iíòåãðàëó I11(p) îäåðæèìî çà äîïîìîãîþ òåîðåìè Êàëüäåðîíà�Çiãìóíäà
(äèâ. Òåîðåìó 3.7, ñ.32 â [21]). Ïîçíà÷èìî K(x) = (exp(−πx) − exp(πx))−1. ßêùî,
íàïðèêëàä, x > 0, òîäi exp(πx)−exp(−πx) ≥ πx. ÎñêiëüêèK ¹ íåïàðíîþ ôóíêöi¹þ,
îòðèìà¹ìî, ùî

|K(x)| ≤ 1

π|x|
. (53)

Äàëi, íåõàé, äëÿ ïðèêëàäó, y > 0 i x > 2y, òîäi áåçïîñåðåäíiì iíòåãðóâàííÿì ìîæíà
âïåâíèòèñü ó òîìó, ùî

∞�

2y

|K(x− y)−K(x)| ≤ 2

π
ln

chπy + 1

chπy
≤ c12.

Ó çàãàëüíîìó âèïàäêó âèâîäèìî, ùî

sup
y ̸=0

�

|x|>2|y|

|K(x− y)−K(x)|dx ≤ c13. (54)

Ìà¹ìî òàêîæ äëÿ äîâiëüíèõ 0 < r1 < r2

�

r1<|x|<r2

K(x)dx =

−r1�

−r2

K(x)dx+

r2�

r1

K(x)dx = 0. (55)

Ç (53)�(55) áà÷èìî, ùî âèêîíàíî âñi òðè óìîâè (a, b, c) çãàäàííî¨ âèùå òåîðåìè
ç [21], îòæå

�

Re p=µ−l−1

|I11(p)|
dp

i
≤ c14

�

Re p=µ−l+1

|g̃(p)|2(1 + |p|)2l−1dp

i
. (56)

Ç (52), (56) i àíàëîãè÷íèõ ìiðêóâàíü îäåðæèìî (47). □
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5. Äîâåäåííÿ Òåîðåìè 1.

Ðîçãëÿíåìî çàäà÷ó Äiðiõëå

−∆w = f, â sθ,

w = 0, íà γ, w = ψ1, íà γθ, (57)

Ç Òâåðäæåííÿ 2.5, ñ.98 â [19] âèïëèâà¹, ùî çà óìîâàìè µ− l− 1 ̸= j πθ , j ± 1,±2, ..,

f ∈ H l
µ(sθ), ψ1 ∈ H

l+3/2
µ (γθ), iñíó¹ ¹äèíèé ðîçâ'ÿçîê w ∈ H l+2

µ (sθ) çàäà÷i (57) i
ñïðàâåäëèâà îöiíêà

∥w∥l+2,µ,sθ ≤ c15 (∥f∥l,µ,sθ + ∥ψ1∥l+2,µ,γθ) . (58)

Äëÿ ôóíêöi¨ u = v−w îòðèìà¹ìî çàäà÷ó (3), (4) ç g = ψ+wx2−κwx1x1 ∈ H
l−1/2
µ (γ),

l ∈ N. Ç (58) áà÷èìî, ùî

∥g∥l−1/2,µ,γ ≤ c16 (∥f∥l,µ,sθ + ∥ψ1∥l+2,µ,γθ) . (59)

Îöiíèìî íîðìó u ÷åðåç íîðìó ¨¨ ñëiäó íà γ. Âðàõîâóþ÷è, ùî ˜(r∂r)ju(p) = pju(p),
îäåðæèìî ç (5) çà äîïîìîãîþ ðiâíîñòi Ïàðñåâàëÿ

∥u∥2l+2,µ,sθ
≤ c17

l+2∑
i=0

∥piũ(p, ·)∥2H2+l−i(0,θ)dθ. (60)

Äàëi, îñêiëüêè ũ(p, ϕ) = d1(p)
sin p(θ−ϕ)

sin pθ , áà÷èìî, ùî∣∣∣∣∂j ũ∂ϕj

∣∣∣∣2 ≤ c18
|d1(p)|2

| sin2 pθ|
|p|2j

[
| sin p(θ − ϕ)|2 + | cos p(θ − ϕ)|2

]
. (61)

Ó Òâåðäæåííi 7.4 ðîáîòè [23] äîâåäåíî, ùî

|p|2

| sin2 pθ|

θ�

0

[
| sin pξ|2 + | cos pξ)|2

]
dξ ≤ c19(1 + |p|). (62)

Ç (60)-(62) ìà¹ìî

∥u∥2l+2,µ,sθ
≤ c20

l+2∑
i=0

�

Re p=µ−l−1

|p|2(i−1)+2(2+l−i)(1 + |p|)|d1(p)|2
dp

i

≤ c21

�

Re p=µ−l−1

(1 + |p|)2(1+l)+1|d1(p)|2
dp

i
(63)

Ëåìè 1, 8 äîçâîëÿþòü ñòâåðäæóâàòè, ùî ç (47), (63) âèïëèâà¹ íåðiâíiñòü

∥u∥l+2,µ,sθ ≤ c22∥g∥l−1/2,µ,γ . (64)

Íàðåøòi, îöiíêà (7) âèïëèâà¹ ç (58), (64).
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M.V. Krasnoshchok

Dirihlet�Ventcel bounsdary problem for Laplace equation in an unbounded sector.

We are concerned with boundary value problems for Laplace equation in an unbounded sector sθ with

vertex at the origin, the boundary conditions being of mixed type and jumping at corner. The boundary

conditions are these: Dirichlet datum on one of the radial lines, while on the other the values of an

Ventcel boundary condition is prescribed. We are interested in looking for solutions having a prescribed

degree of smoothness up to the origin: more precisely we search for solutions of problem having all

the derivatives up to the order that are square integrable with a power weight. This problem has a

background in physical modeling of electrostatic or thermal imaging. Determining the geometry and the

physical nature of an corrosion within a conducting medium from voltage and current measurements

on the accessible boundary of the medium can be modeled as an inverse boundary value problem for

the Laplace equation subject to appropriate boundary conditions on the corrosion surface. We are

interesting in investigation of a regularity properties of solution to the @direct@ problem. Applying

Mellin transform we pass to a �nite di�erence equation.We use the methods of V.A.Solonnikov and

E.V.Frolova just as in the case of the analogous �nite di�erence equation obtained under the Dirichlet

or the Neumann conditions indstead of the Ventcel condition in our case. We obtain the sulution of

homogeneous di�erence equation in the form of in�nite product. Then we �nd asymptotic formulas

for this solution.Returning to nonhomogeneous di�ererence equation we �nd its solution in the form

of contour integral. we de�ne the solution of the starting problem by the help of the inverse Mellin

transform. We estimate this solution in the norm of V.Kondratiev spaces Hk
µ(sθ under some conditions

on weight µ, higher order of derivatives k and the opening of the angle θ.

Keywords: Mellin transform, weighted Hilbert spaces, regularity.
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