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ON THE SURFACES MODULI THEORY

In this article we continue to develop the theory of several moduli of families of surfaces, in particular,
strings (open surfaces) of various dimensions in Euclidean spaces. Since the surfaces in question can be
extremely fractal (wild), the natural basis for studying them is the so-called Hausdorff measures. As
is known, these moduli are the main geometric tool in the modern mapping theory and related topics
in geometry, topology and the theory of partial differential equations with appropriate applications
to the boundary-value problems of mathematical physics in anisotropic and inhomogeneous media. In
addition, this theory can also find its further applications in many other fields, including mathematics
itself (nonlinear dynamics, minimal surfaces), theoretical physics (conformal field theory, string theory),
and engineering (mathematical models of the filtration of gases and fluids in underground mines of
water, gas and oil seams, crystal growth and others). On the basis of the proof of Lemma 1 about the
connections between moduli and the Lebesgue measures, we have proved the corresponding analogue
of the Fubini theorem in the terms of the moduli that extends the known Véiséld theorem for families
of curves to families of surfaces of arbitrary dimensions. It is necessary to note specially here that the
most refined place in the proof of Lemma 1 is Proposition 1 on measurable (Borel) hulls of sets in
Euclidean spaces. We also prove here the corresponding Lemma 2 and Proposition 2 on families of
centered spheres. Finally, in a similar way, suitable results can be also obtained for families of several
spheroids.

MSC: Primary 30C62, Secondary 30C65.

Keywords: moduli of surfaces in Euclidean spaces, Hausdorff measures, measurable (Borel) hulls of
sets.

1. Introduction.
Later on, H¥ denotes k-dimensional Hausdorff measure, k = 1,... ,n, in R",
n > 2. Namely, see, e.g., Section 2.1 in [1] or Section 2.10.2 in [2],

H(A) = sup HE(A), (1)

HE(A) = kafi(‘;)k (2)

for each set A in R”, where the infimum is taken over all countable collections of
numbers J; € (0,¢) such that some sets A; in R™ with diameters J; cover A. Here Qj
denotes the volume of the unit ball in R*¥. ¥ is an outer measure in the sense of
Caratheodory, see, e.g., Section I1.4 in [9], i.e.,
(I) H¥(X) < H¥(Y) whenever X C Y,
(II) H*¥(ZX;) < SHF(X;) for each sequence X; of sets,
(III) H¥(XUY) = H¥X) +HF(Y) whenever dist(X,Y) > 0.

A set E C R" is called measurable with respect to H* if
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(IV) H*(X) = H¥(X N E) + HE(X \ E) for every set X C R™.

It is well known that every Borel set is measurable with respect to any outer measure
in the sense of Caratheodory, see, e.g., [9], p. 52. Moreover, H* is Borel regular, i.e., for
every set X C R”, there is a Borel set B C R" such that X C B and H*¥(X) = H*(B),
see, e.g., |9], p. 53, and Section 2.10.1 in [2]. The latter implies that, for every measurable
set £ C R"™, there exist Borel sets B, and B* C R™ such that B, C £ C B* and
H*(B*\ By) =0, see, e.g., Section 2.2.3 in [2], and, in particular, H¥(B*) = HF(E) =
H*(B,).

Let w be an open set in RF := RFU{oc}, k= 1,... ,n—1. A (continuous) mapping
S :w — R" is called a k-dimensional surface S in R". Sometimes we call the image
S(w) € R™ the surface S, too. The number of preimages

N(S,y) = card S™!(y) = card {z € w: S(z) =y} (3)

is said to be a multiplicity function of the surface S at a point y € R”. In other
words, N(S,y) denotes the multiplicity of covering of the point y by the surface S. It
is known that the multiplicity function is lower semi continuous, i.e.,

N(S,y) = liminf N(S,ym)
m—0o0

for every sequence ¥y, € R", m = 1,2,..., such that y,, — y € R" as m — oo, see,
e.g., [8], p- 160. Thus, the function N(S,y) is Borel measurable and hence measurable
with respect to every Hausdorff measure H”, see, e.g., [9], p. 52.

k-dimensional Hausdorff area in R™ (or simply area) associated with a k-dimensional
surface S : w — R"™ is given by

As(B) = A5(B) = / N(S.y) dHby (4)
B

for every Borel set B C R™ and, more generally, for an arbitrary set that is measurable
with respect to H* in R™. We say that the surface S is rectifiable if Ag(R") < oc.

If o : R" — [0,00] is a Borel function, then its integral over a k-dimensional
surface S in R", n > 2, is defined by the equality

/QdA = /@(y) N(S,y) dHy . (5)
S Rn

Given a family S of such k-dimensional surfaces S in R"™, a Borel function ¢ : R" —
[0, 00] is called admissible for S, abbr. o € adm S, if

/ oFdA > 1 (6)
S
for every S € S. Given p € [k, ), the p-modulus of S is the quantity

() = inf [ @) aL'@), (7)
J
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where dL™(z) corresponds to the Lebesgue measure in R", see, e.g., [1], [2] and [9].
All these moduli My(S), p € [k,00), are themselves outer measures in the sense of
Caratheodory on the collection of all families S of k-dimensional surfaces in R", see,
e.g., Theorem and Remark to it in [3].

We say that So is minorized by S; and write So > &y if every S € Sy has a
subsurface that belongs to Si. It is known that M,(S1) > M,(S2), see, e.g., [3, p. 176~
178]. We also say that a property P holds for p-a.e. (almost every) k-dimensional
surface in a family S if a subfamily of all surfaces in S, for which P fails, has the
p-modulus zero. If 0 < ¢ < p, then P also holds for g-a.e. S, see, e.g., Theorem 3 in [3].

REMARK 1. Arguing by contradiction, we obtain immediately by the definition of
these moduli M, that, for every p € (0,00) and k=1,... ,n—1,
(i) p-a.e. bounded k-dimensional surface in R™ is rectifiable,
(i) given a Borel set B in R™ of the (Lebesgue) measure zero,

As(B) = 0 (8)

for p-a.e. k-dimensional surface S in R", e.g., compare arguments of the first item in
the proof of Theorem 33.1 in [11].
The following lemma was first proved in [4], see also Lemma 9.1 in [6].

Lemma 1. Let k = 1,... ,n—1, p € [k,00), and let C be an open cube in R,
n = 2, whose edges are parallel to coordinate axes. Suppose that a property P holds for
p-a.e. intersections with C of k-dimensional planes P that is parallel to a k-dimensional
coordinate plane H. Then the set £ of all projections of such P with the false P for S :=
P NC into the corresponding (n — k)-dimensional coordinate plane H+ (perpendicular
to H) has the Lebesgue measure zero.

In its proof there was a gap related to the measurability of the set £. In view of the
importance of this lemma, we fill this gap here.

On the basis of Lemma 1, the following analogue of the Fubini theorem, see, e.g.,
Theorem III(8.1) in [9], in the terms of the moduli was first obtained in [4], see also
Theorem 9.1 in [6]. It extends the Viiséld theorem with k& = 1, see, e.g., Theorem 33.1
in [11], cf. Theorem 3 in [3] and Lemma 2.13 in [7], too.

Theorem 1. Let k=1,... ,n—1, p € [k,0), and let E be a subset in an open set
QCR™ n>=2 Then E is measurable by Lebesgue in R™ if and only if E is measurable
with respect to area on p-a.e. k-dimensional surface S in Q. Moreover, L"(E) = 0 if
and only if on p-a.e. k-dimensional surface S in

Ag(E) = 0. (9)
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2. On measurable (Borel) hulls of sets.

Let £™ be the outer Lebesgue measure in R™, m > 1. Recall that a set B C R™ is
called measurable if
(V) L™(X)=L"(X NB)+ L™(X \ B) for every set X C R™.

It is said that a set B € R™ is a measurable hull of a set A C R™ if B is
measurable, A C B and
(VI) L™(X N A) = L™(X N B) for every set X C R™.

If, in addition, B is a Borel set, then B is called a Borel hull of the set A.

In particular, choosing X = R in (VI), we obtain that
(VIT) L™(A) = L™(B) .

As is known, see, e.g., 2.1.4 in [2|, if L™(A) < oo and a measurable (Borel) set
B C R™ includes A and satisfies (VII), then B is a measurable (Borel) hull of A.

Note also that £ in R™ coincides with the Hausdorff measure H™, see, e.g.,
Theorem 2.2.2 in [1]. Consequently, by Introduction £™ is Borel regular. Thus, by
2.1.5 in [2| we have the following conclusion:

REMARK 2. Every set A in R™ with £™(A) < oo has a Borel hull B.

ProproSITION 1. Let C be an open cube in R™, n > 2, whose edges are parallel to
coordinate axes. Suppose that A is a set in the open m—dimensional cube C™, which

is a projection of C into an m—dimensional coordinate plane H™, m =1,... ,n — 1.
Then, for all p € [k,0), k :=n —m, and for every Borel hull B of the set A in C™,
My(Pa) = My(Ps) , (10)

where P4 and Pp denote the families of all k—dimensional surfaces consisting of
intersections with C' of k—dimensional planes P that are perpendicular to H™ and
have projections in A and B, correspondingly.

Proof. For every fixed p € [k,00), Mp(Pa) < M,(Pp) by the monotonicity of
these moduli because by definition A C B and, correspondingly, P4 C Pp .

Thus, it remains us to derive the inverse inequality My,(Pa) > M,(Pp) . For this
purpose, note that, since B is Borel,

o€admPy o€adm« Py

My(Pa) ==  inf /Qp(x) ac"(x) inf /Qp(x) ac(x) , (11)
Rn Rn

po€admPp o€ adm« Pp

My(Pp) = inf /Qp(x) ac"(x) = inf /Qp(a:) ac(x) , (12)
Rn Rn

with adm, P4 and adm, Pg that denote the subclasses of adm P4 and adm Pg, corres-
pondingly, of p vanished outside the Cartesian product B x C}, where C} is the open
k—dimensional cube, which is a projection of C' into the k—dimensional coordinate
plane Hj, that is perpendicular to H™. Moreover, by the construction

/ oFy) dck(y) > 1 VzeA. (13)
{z}xC,
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Note that if M,(Pa) = oo, then we have nothing to prove. Therefore, we may
further assume that M,(P4) < co. Let ¢ be an arbitrary function of the class adm, Py
such that

/ oPlz) dL(z) < oo . (14)
C

Then also
/ o (z) AL () < oo (15)

C

because k < p. Since £ = L™ x L*, we have by the Fubini theorem, see, e.g., Theorem
I11(8.1) in [9], that the function

R = [ dwdcte). seb. (16)
{z}xCy
is measurable and finite a.e. with respect to the Lebesgue measure £ in C™.

In particular, then the set £ := {z € B : R(z) < 1} is measurable and by the Borel
regularity of £ there exist Borel sets B, and B* in B such that B, C F C B* and
L™(By) = L™(E) = L™(B*), see, e.g., Theorem II1(6.6) in [9]. Note that EN A = ()
by the condition (13) and, consequently, B, N A = (), hence, A C B\ B, and by (V)

L7(B) = L™(Bx) + L™(B\ By) = L™(Bx) + L™(A) = L™(B") + L™(B),  (17)

i.e.,

LB = 0. (18)

Finally, setting p.(x) = oo on the Borel set B* x Cy and p.(x) = p(z) otherwise,
we see that p, € adm, Pp and that

/ﬁ@mwu>=/f@wﬁuy (19)
C C

Thus, we come to the desired conclusion. [

3. The proof of Lemma 1.

Proof. Let us prove Lemma 1 by contradiction. Namely, let us assume that its
conclusion is not true. Then, by Borel regularity of the Lebesgue measure £, m =
n —k, in H™ := H', there is a Borel hull B of the set £ with £™(B) > 0 in the open
cube C™ := C N H™, see Remark 2. Note that by Proposition 1 it should be that

M,(P5) = 0. (20)

However, if a Borel function ¢ : R™ — [0, 0o] is admissible for Pp such that o =0
outside the Borel set C} x B, where C} is the open k—dimensional cube, which is the
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perpendicular projection of C into H, then, by the Holder inequality,

P P

/ E(z) dL™( / Pz dL™(x) / dLm(z)

CkXB C}CXB CkXB

and, consequently, by the Fubini theorem, see, e.g., Theorem III(8.1) in [9],

p
k

k>

[ 20 )

5 7 ﬁm(B))pk
(f den(a >)
CkXB

where h is the length of the edge of cube C, i.e.,

L™(B)

Thus, the obtained contradiction disproves the above assumption. [

4. The proof of Theorem 1.

Proof. By the Lindeldf theorem, see, e.g., Theorem 1.5.XI in [5], applied to R", every
cover of the set {2 contains its countable subcover. Hence, by the minorant property
of the modulus M, and subadditivity of the Lebesgue measure £", we may assume
without loss of generality that ) is an open cube C in R"™ whose edges are parallel to
the coordinate axes.

Suppose first that F is Lebesgue measurable in R™. Then, by the Borel regularity
of the Lebesgue measure L, there exist Borel sets B, and B* in R™ such that B, C
E C B* and L"(B*\B,) = 0. Thus, by (ii) in Remark 1, Ag(B*\B) = 0 and hence F
is measurable by area on p-a.e. k-dimensional surface S in C. Conversely, if the latter is
true, then E is measurable by area on a.e. k-dimensional plane H in C' that is parallel
to a k-dimensional coordinate plane, see Lemma 1. Thus, F is measurable by the Fubini
theorem applied to its characteristic function.

Now, suppose that £"(E) = 0. Then by Remark 2 there is a Borel set B such
that £ C B and L£"(B) = 0. Then, by (ii) in Remark 1, the relation (9) holds for
p-a.e. k-dimensgional surface S in C. Conversely, if the latter is true, then, in particular,
Ag(E) = 0 on a.e. k-dimensional plane H in C, which is parallel to a k-dimensional
coordinate plane, see Lemma 1. Thus, £L™"(E) = 0 again by the Fubini theorem. [J

REMARK 3. Say by the Lusin theorem, see, e.g., Section 2.3.5 in [2|, for every
measurable function g : R™ — [0,00], there is a Borel function ¢* : R™ — [0, o0
such that ¢ = o a.e. in R™. Thus, by Theorem 1, for every £k = 1,... ,n — 1 and
p € [k,00), o is measurable on p-a.e. k-dimensional surface S in R™.
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We say that a Lebesgue measurable function ¢ : R” — [0, 00| is p-extensively
admissible for a family S of k-dimensional surfaces S in R", abbr. ¢ € ext,adm S, if

/ " dA > 1 (22)
S

for p-a.e. S € S. The p-extensive modulus M,(S) of S is the quantity

=

WS) = inf [ P (@) dim(a), (23)
J

where the infimum is taken over all ¢ € ext,admS. In the case p = n, we use the
notations M (S) and g € ext adm S, respectively. For every p € (0,00), k=1,... ,n—1,
and every family S of k-dimensional surfaces in R",

My(S) = My(S). (24)

5. Borel hulls and centered spheres.

PROPOSITION 2. Let R be aring {xr € R" : 1 < |z] <712}, 0 <r; <7y < 00, in R™,
n > 2. Suppose that A is a set in (r1,72). Then

My(Sa) = Mp(Sp) Vpzn—1 (25)

for every Borel hull B in (r1,72) of the set A, where Sy and Sp denote the families
of (n — 1)—dimensional spheres S(r) := {x € R" : |z| = r} with all 7 in A and B,
correspondingly.

Proof. For every fixed p € [n —1,00), M,(Sa) < Mp(Sg) by the monotonicity of
these moduli because by definition A C B and, correspondingly, Sa4 C Sp .

Thus, it remains us to derive the inverse inequality M,(Sa) > Mp(Sg) . For this
purpose, note that, since B is Borel,

M) = it [e@are = wt o [o@are, o)
R™ Rn

My(Sp) = it [ Q@) dce) =t [ew @, @)
R™ Rn

with adm, S4 and adm, Sg that denote the subclasses of adm S4 and adm Spg, corres-
pondingly, of p vanished outside the Cartesian product B x S"~!, where S*~! is the
unit sphere in R"™ centered at the origin. By the construction

/ "THy) dH T Hy) =1 VreA. (28)
{r}xsn—1
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Note that if M,(S4) = oo, then we have nothing to prove. Therefore, we may
further assume that M,(S4) < co. Let p be an arbitrary function of the class adm, Sy
such that

/Qp(:c) dl"(z) < oo. (29)
R

Then also
/Q"l(x) dL"(z) < oo (30)
R
because p > n — 1. Since L™ = H" = H! x H" ! = £ x H* ! in R, we have by the
Fubini theorem, see, e.g., Theorem III(8.1) in [9], that the function

R(r) = / Y y) dYy), re B, (31)

{r}xsn—1

is measurable and finite a.e. with respect to the Lebesgue measure £ in (rq,72).

In particular, then the set E := {r € B : R(r) < 1} is measurable and by the Borel
regularity of L' there exist Borel sets B, and B* in B such that B, C E C B* and
LY(B,) = LY(E) = £(B*), see, e.g., Theorem II1(6.6) in [9]. Note that E N A = () by
the condition (28) and, consequently, B, N A = (), hence, A C B\ B, and by (V)

LY(B) = LB +LYB\B)) > LN(B.)+LNA) = LY(BY) +LY(B), (32)

i.e.,

L£Y(B* = 0. (33)

Finally, setting p.(z) = co on the Borel set B* x S*~! and p.(z) = p(z) otherwise,
we see that p, € adm, Sp and that

/ &(z) dL(z) = / P(x) dL™(z) (34)
R R

Thus, we come to the desired conclusion. [J
6. Moduli of spheres and Lebesgue measure.

Lemma 2. Let R be a ring {x € R" : 1 < |z| <712}, 0 <11 <71g <00, in R”,
n > 2, and let S4 the collection of all (n — 1)—dimensional spheres S(r) := {x € R" :
\z| = r} with r in A. If Mp(Sa) =0 for some p > n — 1, then L1(A) = 0.

Proof. By subadditivity of measures M, and £!, we may assume further that r; > 0.
By Remark 2 there is a Borel hull B of A, for which by Proposition 2

My(Sp) = 0. (35)

Let us assume that £™(A) > 0. Then also should be £L™(B) > 0.
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However, if a Borel function ¢ : R™ — [0, 00] is admissible for Sp such that o = 0
outside the Borel set B x S"~!. where S"~! is the unit sphere in R™ centered at the
origin, then, by the Hélder inequality,

n—1 p—(n—1)
[ eware < | [ ow Jae
BxSn—1 xSn—1 xSn—1

and, consequently, by the Fubini theorem, see, e.g., Theorem III(8.1) in [9],

p

n—1
[ 0" Hx) dL™(x) p
. Bx§n-1 (£1(B))=1
[ ¢ ac@) T > =
Rn n1 (a1t LI(B)) T
[ dcr(x)
BxSn—1

where a,, 1 = nw™/? /T(1+4n/2) is the area of S*~! calculated through the Euler gamma
function T, i.e., with the constant C), , := (tp_p) 1P/ (n=1)

My(Sg) > LY(B)-Cpp/r? "> 0. (36)

Thus, the obtained contradiction disproves the above assumption. [

These results will find interesting applications in modern mapping theory, see, e.g.,
[4,6,7] and [10].

The corresponding results can be also obtained for families of several spheroids
(cylinders, ellipsoids, etc.) that will be published elsewhere.
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B. Psasanos, €. CeBocThsiHOB

IIpo Teopiro MoayJiiB MOBEPXOHb.

Y mif ¢TaTTi MU OPOJOBXKYEMO PO3BHBATH TEOPII0 MOLYJIB CiMeill TedKHX IIOBEPXOHb, 30KpeMa, CTPYH
(BizkpuTuX 110BEpXOHDB) Pi3HOI po3MipHOCTI B eBK/IimoBux npocropax. Ockinbku po3risayTi HoBepxHi
MOXKYTb OyTr HaA3BUIANHO (DPAKTAIHLHUMU, IPUPOTHOIO OCHOBOIO JI/Isl iX BUBUYEHHS € TaK 3BaHI Mipm
Xaycmopda. Ak BimoMo, MOIYIh € OCHOBHIM I'€OMETDPUYHUM iHCTPYMEHTOM Y CydJacHii Teopil Bimobpa-
ZK€Hb Ta CYMIKHHUX 00/IaCTAX y TeoMeTpil, Tomoaorii Ta Teopil mudepeHIiaapbHuX PIBHIHD Y YaCTUHHAX
MOXITHUX 3 BLAMOBIIHNM 3aCTOCYBAHHSAM 10 KPANOBUX 337aY MATeMATHIHOI (Di3MKM B aHI30TPOIHUX i
HEOMHOPIMHUX cepemoBumax. KpiM TOTro, 11st TEOPist TAKOXK MOXKe 3HANTH CBOE MTOIAIbIE 3aCTOCY BAHHS
B 6araThox IHMMX 06/1aCTAX, BKIIOYAIOYA CAMY MATEMATAKY (HETHIHHA JUHAMIKA, MIHIMAJIHHI TOBEPX-
mi), Teopermuny disuky (komdopmHa TEOpia 1mosiA, TEOPis CTPYH), iHKEHEPHA cupaBa (MaTeMaTHIH
Mogmesti dimbrpamii ra3is i piguH y mig3eMHAX MIaxTax BOAY, rady i HAMTOBUX IIACTIB, PICT KPUCTAIIB
ta inmwmx). Ha ocnosi nosenenns nemu 1 npo 38’a3kum Mix Mogynamu Ta mipavu JleGera moseneHo
BiamoBimHamit anaJsior Teopemu PyOiHi B TepMiHAX MOJIYJIB, MO TOIMKUPIOE BioMy Teopemy Vaisild 3
cimell kpuBux Ha ciM’T HOBEPXOHDb J0BiAbHUX po3mipHocTeil. Cuiig 0c06/1uBO Biag3HaYMTH, 110 HAPOLIbIT
BUTOHYEHUM MICIIEM y JoBeseHHi jgemu 1 € TBepmkenns 1 npo sumipai (6opemiBehKi) 060JIOHKH MHO-
JKWH B €BKJIJOBUX MpocTopax. Hamu TakoK J0BeIeHO BiAMOBIAHY jemy 2 i TBepkeHHsT 2 TIpo cim'T

KoHMeHTpraHuX cdep. Hapemti, anasoriumi pesyabratu MOXKHA OTPUMATH I PI3HUX CHEPOimiB.

Katowo8t caosa: modyai cimell NOGEPTOHD Y €6KAID06UT NPOCNOPAT, TaYcdopPost MIPU, GUMIPHT

(6openesi) 06040HKU MHOINCUH.
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