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ON THE SURFACES MODULI THEORY

In this article we continue to develop the theory of several moduli of families of surfaces, in particular,
strings (open surfaces) of various dimensions in Euclidean spaces. Since the surfaces in question can be
extremely fractal (wild), the natural basis for studying them is the so-called Hausdor� measures. As
is known, these moduli are the main geometric tool in the modern mapping theory and related topics
in geometry, topology and the theory of partial di�erential equations with appropriate applications
to the boundary-value problems of mathematical physics in anisotropic and inhomogeneous media. In
addition, this theory can also �nd its further applications in many other �elds, including mathematics
itself (nonlinear dynamics, minimal surfaces), theoretical physics (conformal �eld theory, string theory),
and engineering (mathematical models of the �ltration of gases and �uids in underground mines of
water, gas and oil seams, crystal growth and others). On the basis of the proof of Lemma 1 about the
connections between moduli and the Lebesgue measures, we have proved the corresponding analogue
of the Fubini theorem in the terms of the moduli that extends the known V�ais�al�a theorem for families
of curves to families of surfaces of arbitrary dimensions. It is necessary to note specially here that the
most re�ned place in the proof of Lemma 1 is Proposition 1 on measurable (Borel) hulls of sets in
Euclidean spaces. We also prove here the corresponding Lemma 2 and Proposition 2 on families of
centered spheres. Finally, in a similar way, suitable results can be also obtained for families of several
spheroids.

MSC: Primary 30C62, Secondary 30C65.

Keywords: moduli of surfaces in Euclidean spaces, Hausdor� measures, measurable (Borel) hulls of
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1. Introduction.

Later on, Hk denotes k-dimensional Hausdor� measure, k = 1, . . . , n, in Rn,
n ⩾ 2. Namely, see, e.g., Section 2.1 in [1] or Section 2.10.2 in [2],

Hk(A) = sup
ε>0

Hk
ε (A) , (1)

Hk
ε (A) = Ωk inf

∞∑
i=1

(
δi
2

)k

(2)

for each set A in Rn, where the in�mum is taken over all countable collections of
numbers δi ∈ (0, ε) such that some sets Ai in Rn with diameters δi cover A. Here Ωk

denotes the volume of the unit ball in Rk. Hk is an outer measure in the sense of

Caratheodory, see, e.g., Section II.4 in [9], i.e.,

(I) Hk(X) ⩽ Hk(Y ) whenever X ⊆ Y ,

(II) Hk(ΣXi) ⩽ ΣHk(Xi) for each sequence Xi of sets,

(III) Hk(X ∪ Y ) = Hk(X) +Hk(Y ) whenever dist(X,Y ) > 0.

A set E ⊂ Rn is called measurable with respect to Hk if
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(IV) Hk(X) = Hk(X ∩ E) +Hk(X \ E) for every set X ⊂ Rn.
It is well known that every Borel set is measurable with respect to any outer measure

in the sense of Caratheodory, see, e.g., [9], p. 52. Moreover,Hk isBorel regular, i.e., for
every set X ⊂ Rn, there is a Borel set B ⊂ Rn such that X ⊂ B and Hk(X) = Hk(B),
see, e.g., [9], p. 53, and Section 2.10.1 in [2]. The latter implies that, for every measurable
set E ⊂ Rn, there exist Borel sets B∗ and B∗ ⊂ Rn such that B∗ ⊂ E ⊂ B∗ and
Hk(B∗ \B∗) = 0, see, e.g., Section 2.2.3 in [2], and, in particular, Hk(B∗) = Hk(E) =
Hk(B∗).

Let ω be an open set in Rk := Rk ∪{∞}, k = 1, . . . , n−1. A (continuous) mapping
S : ω → Rn is called a k-dimensional surface S in Rn. Sometimes we call the image
S(ω) ⊆ Rn the surface S, too. The number of preimages

N(S, y) = card S−1(y) = card {x ∈ ω : S(x) = y} (3)

is said to be a multiplicity function of the surface S at a point y ∈ Rn. In other
words, N(S, y) denotes the multiplicity of covering of the point y by the surface S. It
is known that the multiplicity function is lower semi continuous, i.e.,

N(S, y) ⩾ lim inf
m→∞

N(S, ym)

for every sequence ym ∈ Rn, m = 1, 2, . . . , such that ym → y ∈ Rn as m → ∞, see,
e.g., [8], p. 160. Thus, the function N(S, y) is Borel measurable and hence measurable
with respect to every Hausdor� measure Hk, see, e.g., [9], p. 52.

k-dimensional Hausdor� area in Rn (or simply area) associated with a k-dimensional
surface S : ω → Rn is given by

AS(B) = Ak
S(B) :=

�

B

N(S, y) dHky (4)

for every Borel set B ⊆ Rn and, more generally, for an arbitrary set that is measurable
with respect to Hk in Rn. We say that the surface S is recti�able if AS(Rn) < ∞.

If ϱ : Rn → [0,∞] is a Borel function, then its integral over a k-dimensional

surface S in Rn, n ⩾ 2, is de�ned by the equality�

S

ϱ dA :=

�

Rn

ϱ(y)N(S, y) dHky . (5)

Given a family S of such k-dimensional surfaces S in Rn, a Borel function ϱ : Rn →
[0,∞] is called admissible for S, abbr. ϱ ∈ admS, if�

S

ϱk dA ⩾ 1 (6)

for every S ∈ S. Given p ∈ [k,∞), the p-modulus of S is the quantity

Mp(S) = inf
ϱ∈admS

�

Rn

ϱp(x) dLn(x) , (7)
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where dLn(x) corresponds to the Lebesgue measure in Rn, see, e.g., [1], [2] and [9].
All these moduli Mp(S), p ∈ [k,∞), are themselves outer measures in the sense of
Caratheodory on the collection of all families S of k-dimensional surfaces in Rn, see,
e.g., Theorem and Remark to it in [3].

We say that S2 is minorized by S1 and write S2 > S1 if every S ∈ S2 has a
subsurface that belongs to S1. It is known that Mp(S1) ⩾ Mp(S2), see, e.g., [3, p. 176�
178]. We also say that a property P holds for p-a.e. (almost every) k-dimensional
surface in a family S if a subfamily of all surfaces in S, for which P fails, has the
p-modulus zero. If 0 < q < p, then P also holds for q-a.e. S, see, e.g., Theorem 3 in [3].

Remark 1. Arguing by contradiction, we obtain immediately by the de�nition of
these moduli Mp that, for every p ∈ (0,∞) and k = 1, . . . , n− 1,
(i) p-a.e. bounded k-dimensional surface in Rn is recti�able,
(ii) given a Borel set B in Rn of the (Lebesgue) measure zero,

AS(B) = 0 (8)

for p-a.e. k-dimensional surface S in Rn, e.g., compare arguments of the �rst item in
the proof of Theorem 33.1 in [11].

The following lemma was �rst proved in [4], see also Lemma 9.1 in [6].

Lemma 1. Let k = 1, . . . , n − 1, p ∈ [k,∞), and let C be an open cube in Rn,

n ⩾ 2, whose edges are parallel to coordinate axes. Suppose that a property P holds for

p-a.e. intersections with C of k-dimensional planes P that is parallel to a k-dimensional

coordinate plane H. Then the set E of all projections of such P with the false P for S :=
P ∩C into the corresponding (n− k)-dimensional coordinate plane H⊥ (perpendicular

to H) has the Lebesgue measure zero.

In its proof there was a gap related to the measurability of the set E . In view of the
importance of this lemma, we �ll this gap here.

On the basis of Lemma 1, the following analogue of the Fubini theorem, see, e.g.,
Theorem III(8.1) in [9], in the terms of the moduli was �rst obtained in [4], see also
Theorem 9.1 in [6]. It extends the V�ais�al�a theorem with k = 1, see, e.g., Theorem 33.1
in [11], cf. Theorem 3 in [3] and Lemma 2.13 in [7], too.

Theorem 1. Let k = 1, . . . , n− 1, p ∈ [k,∞), and let E be a subset in an open set

Ω ⊂ Rn, n ⩾ 2. Then E is measurable by Lebesgue in Rn if and only if E is measurable

with respect to area on p-a.e. k-dimensional surface S in Ω. Moreover, Ln(E) = 0 if

and only if on p-a.e. k-dimensional surface S in Ω

AS(E) = 0 . (9)
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2. On measurable (Borel) hulls of sets.

Let Lm be the outer Lebesgue measure in Rm, m ⩾ 1. Recall that a set B ⊂ Rm is
called measurable if
(V) Lm(X) = Lm(X ∩B) + Lm(X \B) for every set X ⊆ Rm.

It is said that a set B ⊆ Rm is a measurable hull of a set A ⊆ Rm if B is
measurable, A ⊆ B and
(VI) Lm(X ∩A) = Lm(X ∩B) for every set X ⊆ Rm.

If, in addition, B is a Borel set, then B is called a Borel hull of the set A.
In particular, choosing X = Rm in (VI), we obtain that

(VII) Lm(A) = Lm(B) .
As is known, see, e.g., 2.1.4 in [2], if Lm(A) < ∞ and a measurable (Borel) set

B ⊂ Rm includes A and satis�es (VII), then B is a measurable (Borel) hull of A.
Note also that Lm in Rm coincides with the Hausdor� measure Hm, see, e.g.,

Theorem 2.2.2 in [1]. Consequently, by Introduction Lm is Borel regular. Thus, by
2.1.5 in [2] we have the following conclusion:

Remark 2. Every set A in Rm with Lm(A) < ∞ has a Borel hull B.

Proposition 1. Let C be an open cube in Rn, n ⩾ 2, whose edges are parallel to
coordinate axes. Suppose that A is a set in the open m−dimensional cube Cm, which
is a projection of C into an m−dimensional coordinate plane Hm, m = 1, . . . , n − 1.
Then, for all p ∈ [k,∞), k := n−m, and for every Borel hull B of the set A in Cm,

Mp(PA) = Mp(PB) , (10)

where PA and PB denote the families of all k−dimensional surfaces consisting of
intersections with C of k−dimensional planes P that are perpendicular to Hm and
have projections in A and B, correspondingly.

Proof. For every �xed p ∈ [k,∞), Mp(PA) ⩽ Mp(PB) by the monotonicity of
these moduli because by de�nition A ⊆ B and, correspondingly, PA ⊆ PB .

Thus, it remains us to derive the inverse inequality Mp(PA) ⩾ Mp(PB) . For this
purpose, note that, since B is Borel,

Mp(PA) := inf
ϱ∈ admPA

�

Rn

ϱp(x) dLn(x) = inf
ϱ∈ adm∗ PA

�

Rn

ϱp(x) dLn(x) , (11)

Mp(PB) := inf
ϱ∈ admPB

�

Rn

ϱp(x) dLn(x) = inf
ϱ∈ adm∗ PB

�

Rn

ϱp(x) dLn(x) , (12)

with adm∗ PA and adm∗ PB that denote the subclasses of admPA and admPB, corres-
pondingly, of ρ vanished outside the Cartesian product B × Ck, where Ck is the open
k−dimensional cube, which is a projection of C into the k−dimensional coordinate
plane Hk that is perpendicular to Hm. Moreover, by the construction�

{z}×Ck

ϱk(y) dLk(y) ⩾ 1 ∀ z ∈ A . (13)
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Note that if Mp(PA) = ∞, then we have nothing to prove. Therefore, we may
further assume that Mp(PA) < ∞. Let ϱ be an arbitrary function of the class adm∗ PA

such that �

C

ϱp(x) dLn(x) < ∞ . (14)

Then also �

C

ϱk(x) dLn(x) < ∞ (15)

because k ⩽ p. Since Ln = Lm×Lk, we have by the Fubini theorem, see, e.g., Theorem
III(8.1) in [9], that the function

R(z) :=

�

{z}×Ck

ϱk(y) dLk(y) , z ∈ B , (16)

is measurable and �nite a.e. with respect to the Lebesgue measure Lm in Cm.

In particular, then the set E := {z ∈ B : R(z) < 1} is measurable and by the Borel
regularity of Lm, there exist Borel sets B∗ and B∗ in B such that B∗ ⊆ E ⊆ B∗ and
Lm(B∗) = Lm(E) = Lm(B∗), see, e.g., Theorem III(6.6) in [9]. Note that E ∩ A = ∅
by the condition (13) and, consequently, B∗ ∩A = ∅, hence, A ⊆ B \B∗ and by (V)

Lm(B) = Lm(B∗) + Lm(B \B∗) ⩾ Lm(B∗) + Lm(A) = Lm(B∗) + Lm(B), (17)

i.e.,

Lm(B∗) = 0 . (18)

Finally, setting ρ∗(x) = ∞ on the Borel set B∗ × Ck and ρ∗(x) = ρ(z) otherwise,
we see that ρ∗ ∈ adm∗ PB and that

�

C

ϱp∗(x) dLn(x) =

�

C

ϱp(x) dLn(x) . (19)

Thus, we come to the desired conclusion. □

3. The proof of Lemma 1.

Proof. Let us prove Lemma 1 by contradiction. Namely, let us assume that its
conclusion is not true. Then, by Borel regularity of the Lebesgue measure Lm, m =
n− k, in Hm := H⊥, there is a Borel hull B of the set E with Lm(B) > 0 in the open
cube Cm := C ∩Hm, see Remark 2. Note that by Proposition 1 it should be that

Mp(PB) = 0 . (20)

However, if a Borel function ϱ : Rn → [0,∞] is admissible for PB such that ϱ ≡ 0
outside the Borel set Ck ×B, where Ck is the open k−dimensional cube, which is the
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perpendicular projection of C into H, then, by the H�older inequality,

�

Ck×B

ϱk(x) dLn(x) ⩽

 �

Ck×B

ϱp(x) dLn(x)


k
p
 �

Ck×B

dLn(x)


p−k
p

and, consequently, by the Fubini theorem, see, e.g., Theorem III(8.1) in [9],

�

Rn

ϱp(x) dLn(x) ⩾

( �
Ck×B

ϱk(x) dLn(x)

) p
k

( �
Ck×B

dLn(x)

) p−k
k

⩾
(Lm(B))

p
k

(hk · Lm(B))
p−k
k

,

where h is the length of the edge of cube C, i.e.,

Mp(PB) ⩾
Lm(B)

hp−k
> 0 . (21)

Thus, the obtained contradiction disproves the above assumption. □

4. The proof of Theorem 1.

Proof. By the Lindel�of theorem, see, e.g., Theorem I.5.XI in [5], applied to Rn, every
cover of the set Ω contains its countable subcover. Hence, by the minorant property
of the modulus Mp and subadditivity of the Lebesgue measure Ln, we may assume
without loss of generality that Ω is an open cube C in Rn whose edges are parallel to
the coordinate axes.

Suppose �rst that E is Lebesgue measurable in Rn. Then, by the Borel regularity
of the Lebesgue measure Ln, there exist Borel sets B∗ and B∗ in Rn such that B∗ ⊂
E ⊂ B∗ and Ln(B∗\B∗) = 0. Thus, by (ii) in Remark 1, AS(B

∗\B∗) = 0 and hence E
is measurable by area on p-a.e. k-dimensional surface S in C. Conversely, if the latter is
true, then E is measurable by area on a.e. k-dimensional plane H in C that is parallel
to a k-dimensional coordinate plane, see Lemma 1. Thus, E is measurable by the Fubini
theorem applied to its characteristic function.

Now, suppose that Ln(E) = 0. Then by Remark 2 there is a Borel set B such
that E ⊂ B and Ln(B) = 0. Then, by (ii) in Remark 1, the relation (9) holds for
p-a.e. k-dimensional surface S in C. Conversely, if the latter is true, then, in particular,
AS(E) = 0 on a.e. k-dimensional plane H in C, which is parallel to a k-dimensional
coordinate plane, see Lemma 1. Thus, Ln(E) = 0 again by the Fubini theorem. □

Remark 3. Say by the Lusin theorem, see, e.g., Section 2.3.5 in [2], for every
measurable function ϱ : Rn → [0,∞], there is a Borel function ϱ∗ : Rn → [0,∞]
such that ϱ∗ = ϱ a.e. in Rn. Thus, by Theorem 1, for every k = 1, . . . , n − 1 and
p ∈ [k,∞), ϱ is measurable on p-a.e. k-dimensional surface S in Rn.
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We say that a Lebesgue measurable function ϱ : Rn → [0,∞] is p-extensively
admissible for a family S of k-dimensional surfaces S in Rn, abbr. ϱ ∈ extp admS, if

�

S

ϱk dA ⩾ 1 (22)

for p-a.e. S ∈ S. The p-extensive modulus Mp(S) of S is the quantity

Mp(S) = inf

�

Rn

ϱp(x) dm(x), (23)

where the in�mum is taken over all ϱ ∈ extp admS. In the case p = n, we use the
notations M(S) and ϱ ∈ ext admS, respectively. For every p ∈ (0,∞), k = 1, . . . , n−1,
and every family S of k-dimensional surfaces in Rn,

Mp(S) = Mp(S) . (24)

5. Borel hulls and centered spheres.

Proposition 2. Let R be a ring {x ∈ Rn : r1 < |x| < r2}, 0 < r1 < r2 < ∞, in Rn,
n ⩾ 2. Suppose that A is a set in (r1, r2). Then

Mp(SA) = Mp(SB) ∀ p ⩾ n− 1 (25)

for every Borel hull B in (r1, r2) of the set A, where SA and SB denote the families
of (n − 1)−dimensional spheres S(r) := {x ∈ Rn : |x| = r} with all r in A and B,
correspondingly.

Proof. For every �xed p ∈ [n− 1,∞), Mp(SA) ⩽ Mp(SB) by the monotonicity of
these moduli because by de�nition A ⊆ B and, correspondingly, SA ⊆ SB .

Thus, it remains us to derive the inverse inequality Mp(SA) ⩾ Mp(SB) . For this
purpose, note that, since B is Borel,

Mp(SA) := inf
ϱ∈ admSA

�

Rn

ϱp(x) dLn(x) = inf
ϱ∈ adm∗ SA

�

Rn

ϱp(x) dLn(x) , (26)

Mp(SB) := inf
ϱ∈ admSB

�

Rn

ϱp(x) dLn(x) = inf
ϱ∈ adm∗ SB

�

Rn

ϱp(x) dLn(x) , (27)

with adm∗ SA and adm∗ SB that denote the subclasses of admSA and admSB, corres-
pondingly, of ρ vanished outside the Cartesian product B × Sn−1, where Sn−1 is the
unit sphere in Rn centered at the origin. By the construction

�

{r}×Sn−1

ϱn−1(y) dHn−1(y) ⩾ 1 ∀ r ∈ A . (28)
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Note that if Mp(SA) = ∞, then we have nothing to prove. Therefore, we may
further assume that Mp(SA) < ∞. Let ϱ be an arbitrary function of the class adm∗ SA

such that �

R

ϱp(x) dLn(x) < ∞ . (29)

Then also �

R

ϱn−1(x) dLn(x) < ∞ (30)

because p ⩾ n − 1. Since Ln = Hn = H1 ×Hn−1 = L1 ×Hn−1 in R, we have by the
Fubini theorem, see, e.g., Theorem III(8.1) in [9], that the function

R(r) :=

�

{r}×Sn−1

ϱn−1(y) dHn−1(y) , r ∈ B , (31)

is measurable and �nite a.e. with respect to the Lebesgue measure L1 in (r1, r2).

In particular, then the set E := {r ∈ B : R(r) < 1} is measurable and by the Borel
regularity of L1, there exist Borel sets B∗ and B∗ in B such that B∗ ⊆ E ⊆ B∗ and
L1(B∗) = L1(E) = L1(B∗), see, e.g., Theorem III(6.6) in [9]. Note that E ∩ A = ∅ by
the condition (28) and, consequently, B∗ ∩A = ∅, hence, A ⊆ B \B∗ and by (V)

L1(B) = L1(B∗) + L1(B \B∗) ⩾ L1(B∗) + L1(A) = L1(B∗) + L1(B) , (32)

i.e.,

L1(B∗) = 0 . (33)

Finally, setting ρ∗(x) = ∞ on the Borel set B∗ × Sn−1 and ρ∗(x) = ρ(z) otherwise,
we see that ρ∗ ∈ adm∗ SB and that

�

R

ϱp∗(x) dLn(x) =

�

R

ϱp(x) dLn(x) . (34)

Thus, we come to the desired conclusion. □
6. Moduli of spheres and Lebesgue measure.

Lemma 2. Let R be a ring {x ∈ Rn : r1 < |x| < r2}, 0 ⩽ r1 < r2 < ∞, in Rn,

n ⩾ 2, and let SA the collection of all (n− 1)−dimensional spheres S(r) := {x ∈ Rn :
|x| = r} with r in A. If Mp(SA) = 0 for some p ⩾ n− 1, then L1(A) = 0.

Proof. By subadditivity of measuresMp and L1, we may assume further that r1 > 0.
By Remark 2 there is a Borel hull B of A, for which by Proposition 2

Mp(SB) = 0 . (35)

Let us assume that Lm(A) > 0. Then also should be Lm(B) > 0.

45



V. Ryazanov1, E. Sevost'yanov1,2

However, if a Borel function ϱ : Rn → [0,∞] is admissible for SB such that ϱ ≡ 0
outside the Borel set B × Sn−1, where Sn−1 is the unit sphere in Rn centered at the
origin, then, by the H�older inequality,

�

B×Sn−1

ϱn−1(x) dLn(x) ⩽

 �

B×Sn−1

ϱp(x) dLn(x)


n−1
p
 �

B×Sn−1

dLn(x)


p−(n−1)

p

and, consequently, by the Fubini theorem, see, e.g., Theorem III(8.1) in [9],

�

Rn

ϱp(x) dLn(x) ⩾

( �
B×Sn−1

ϱn−1(x) dLn(x)

) p
n−1

( �
B×Sn−1

dLn(x)

) p−(n−1)
n−1

⩾
(L1(B))

p
n−1

(αn−1r1n−1 · L1(B))
p−(n−1)

n−1

,

where αn−1 = nπn/2/Γ(1+n/2) is the area of Sn−1 calculated through the Euler gamma
function Γ, i.e., with the constant Cn,p := (αn−1)

(n−1−p)/(n−1),

Mp(SB) ⩾ L1(B) · Cn,p/r
p−(n−1)
1 > 0 . (36)

Thus, the obtained contradiction disproves the above assumption. □
These results will �nd interesting applications in modern mapping theory, see, e.g.,

[4, 6, 7] and [10].

The corresponding results can be also obtained for families of several spheroids
(cylinders, ellipsoids, etc.) that will be published elsewhere.
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Â. Ðÿçàíîâ, �. Ñåâîñòüÿíîâ

Ïðî òåîðiþ ìîäóëiâ ïîâåðõîíü.

Ó öié ñòàòòi ìè ïðîäîâæó¹ìî ðîçâèâàòè òåîðiþ ìîäóëiâ ñiìåé äåÿêèõ ïîâåðõîíü, çîêðåìà, ñòðóí

(âiäêðèòèõ ïîâåðõîíü) ðiçíî¨ ðîçìiðíîñòi â åâêëiäîâèõ ïðîñòîðàõ. Îñêiëüêè ðîçãëÿíóòi ïîâåðõíi

ìîæóòü áóòè íàäçâè÷àéíî ôðàêòàëüíèìè, ïðèðîäíîþ îñíîâîþ äëÿ ¨õ âèâ÷åííÿ ¹ òàê çâàíi ìiðè

Õàóñäîðôà. ßê âiäîìî, ìîäóëü ¹ îñíîâíèì ãåîìåòðè÷íèì iíñòðóìåíòîì ó ñó÷àñíié òåîði¨ âiäîáðà-

æåíü òà ñóìiæíèõ îáëàñòÿõ ó ãåîìåòði¨, òîïîëîãi¨ òà òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ó ÷àñòèííèõ

ïîõiäíèõ ç âiäïîâiäíèì çàñòîñóâàííÿì äî êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè â àíiçîòðîïíèõ i

íåîäíîðiäíèõ ñåðåäîâèùàõ. Êðiì òîãî, öÿ òåîðiÿ òàêîæ ìîæå çíàéòè ñâî¹ ïîäàëüøå çàñòîñóâàííÿ

â áàãàòüîõ iíøèõ îáëàñòÿõ, âêëþ÷àþ÷è ñàìó ìàòåìàòèêó (íåëiíiéíà äèíàìiêà, ìiíiìàëüíi ïîâåðõ-

íi), òåîðåòè÷íó ôiçèêó (êîíôîðìíà òåîðiÿ ïîëÿ, òåîðiÿ ñòðóí), iíæåíåðíà ñïðàâà (ìàòåìàòè÷íi

ìîäåëi ôiëüòðàöi¨ ãàçiâ i ðiäèí ó ïiäçåìíèõ øàõòàõ âîäè, ãàçó i íàôòîâèõ ïëàñòiâ, ðiñò êðèñòàëiâ

òà iíøèõ). Íà îñíîâi äîâåäåííÿ ëåìè 1 ïðî çâ'ÿçêè ìiæ ìîäóëÿìè òà ìiðàìè Ëåáåãà äîâåäåíî

âiäïîâiäíèé àíàëîã òåîðåìè Ôóáiíi â òåðìiíàõ ìîäóëiâ, ùî ïîøèðþ¹ âiäîìó òåîðåìó V�ais�al�a ç

ñiìåé êðèâèõ íà ñiì'¨ ïîâåðõîíü äîâiëüíèõ ðîçìiðíîñòåé. Ñëiä îñîáëèâî âiäçíà÷èòè, ùî íàéáiëüø

âèòîí÷åíèì ìiñöåì ó äîâåäåííi ëåìè 1 ¹ òâåðäæåííÿ 1 ïðî âèìiðíi (áîðåëiâñüêi) îáîëîíêè ìíî-

æèí â åâêëiäîâèõ ïðîñòîðàõ. Íàìè òàêîæ äîâåäåíî âiäïîâiäíó ëåìó 2 i òâåðäæåííÿ 2 ïðî ñiì'¨

êîíöåíòðè÷íèõ ñôåð. Íàðåøòi, àíàëîãi÷íi ðåçóëüòàòè ìîæíà îòðèìàòè äëÿ ðiçíèõ ñôåðî¨äiâ.

Êëþ÷îâi ñëîâà: ìîäóëi ñiìåé ïîâåðõîíü ó åâêëiäîâèõ ïðîñòîðàõ, õàóñäîðôîâi ìiðè, âèìiðíi

(áîðåëåâi) îáîëîíêè ìíîæèí.
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