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ÊIÂ ÐIÂÍßÍÍß p(x)-ËÀÏËÀÑÀ Ç ÒÎ×ÍÈÌÈ ÍÅËÎÃÀÐÈÔÌI×-

ÍÈÌÈ ÓÌÎÂÀÌÈ

Äîâåäåíî ñëàáêó íåðiâíiñòü Ãàðíàêà äëÿ íåîáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ

div
(
| ∇u |p(x)−2 ∇u

)
= 0, p(x) = p̄+ L

log log 1
|x−x0|

log 1
|x−x0|

, p̄ > 1, L > 0,

ç òî÷íèìè íåëîãàðèôìi÷íèìè óìîâàìè íà ôóíêöiþ p(x).
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Êëþ÷îâi ñëîâà: ðiâíÿííÿ p(x)−Ëàïëàñà, ñëàáêà íåðiâíiñòü Ãàðíàêà, íåîáìåæåíi ðîçâ'ÿçêè,
íåëîãîðèôìi÷íi óìîâè.

1 Âñòóï òà îñíîâíèé ðåçóëüòàò

Íåõàé Ω � îáìåæåíà îáëàñòü â Rn, n ⩾ 2. Ó äàíié ñòàòòi ìè äîñëiäæó¹ìî åëiïòè÷íi
ðiâíÿííÿ òàêîãî òèïó

div
(
| ∇u |p(x)−2 ∇u

)
= 0, x ∈ Ω, (1)

äå ïîêàçíèê p(x) ìà¹ íàñòóïíó ôîðìó

p(x) = p̄+ ℓ(| x− x0 |), ℓ(s) = L
log log 1

s

log 1
s

, p̄ > 1, L > 0. (2)

Ìåòîþ ðîáîòè ¹ âñòàíîâëåííÿ ñëàáêî¨ íåðiâíîñòi Ãàðíàêà äëÿ íåâiä'¹ìíèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (1).

Ïåðåä òèì ÿê ñôîðìóëþâàòè îñíîâíi ðåçóëüòàòè, âèñâiòëèìî êîðîòêî iñòîðiþ
ïðîáëåìè. Äîñëiäæåííÿ ðåãóëÿðíîñòi ìiíiìiçàòîðiâ ôóíêöiîíàëiâ ç íåñòàíäàðòíè-
ìè óìîâàìè çðîñòó áóëî çàïî÷àòêîâàíî Æèêîâèì [54�57,59], Marcellini [36, 37], òà
Lieberman [35], à â îñòàííi òðèäöÿòü ðîêiâ ÿêiñíà òåîðiÿ åëiïòè÷íèõ i ïàðàáîëi÷íèõ
ðiâíÿíü äðóãîãî ïîðÿäêó ç òàê çâàíîþ ¾ëîãàðèôìi÷íîþ¿ óìîâîþ

osc
Br(x0)

p(x) ⩽
L

log 1
r

, 0 < r < 1, 0 < L < ∞, (3)

Ðîáîòà ÷àñòêîâî ïiäòðèìàíà ãðàíòîì Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (ïðî¹êò �Ìàòåìà-
òè÷íå ìîäåëþâàííÿ ñêëàäíèõ äèíàìi÷íèõ ñèñòåì òà ïðîöåñiâ àêòóàëüíèõ äëÿ áåçïåêè äåðæà-
âè�, ðå¹ñòðàöiéíèé íîìåð 0123U100853) òà �âðîïåéñüêèì Ñîþçîì ó ðàìêàõ ñòèïåíäi¨ iìåíi Ìàði¨
Ñêëîäîâñüêî¨�Êþði äëÿ ïîñòäîêòîðàíòiâ.
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íàáóëà àêòèâíîãî ðîçâèòêó (äèâ. [1�3,5,6,9�16,20�22,25�30,39,47�49,52]). Ðiâíÿííÿ
òàêîãî òèïó i ñèñòåìè òàêèõ ðiâíÿíü âèíèêàþòü ó ðiçíèõ çàäà÷àõ ìàòåìàòè÷íî¨
ôiçèêè (äèâ. íàïð. ìîíîãðàôi¨ [8, 25,40,53] i ïîñèëàííÿ â íèõ).

Âèïàäîê, êîëè óìîâà (3) çàìiíþ¹òüñÿ íà óìîâó

osc
Br(x0)

p(x) ⩽
µ(r)

log 1
r

, lim
r→0

µ(r) = ∞, lim
r→0

µ(r)

log 1
r

= 0, (4)

ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä ëîãàðèôìi÷íîãî âèïàäêó. Âèÿâëÿ¹òüñÿ, òàêà íåëîãàðèô-
ìi÷íà óìîâà ¹ òî÷íîþ óìîâîþ ãëàäêîñòi ñêií÷åííèõ ôóíêöié ó âiäïîâiäíîìó ïðî-
ñòîði Ñîáîë¹âà W 1,p(x)(Ω). Òîìó öåé âèïàäîê íàäçâè÷àéíî öiêàâèé äëÿ âèâ÷åí-
íÿ. Àëå, íàñêiëüêè íàì âiäîìî, ðåçóëüòàòiâ ó öüîìó íàïðÿìêó íåáàãàòî. Æèêîâ
[58] îòðèìàâ óçàãàëüíåííÿ ëîãàðèôìi÷íî¨ óìîâè, ùî ãàðàíòó¹ ùiëüíiñòü ãëàäêèõ
ôóíêöié ó ïðîñòîði Ñîáîë¹âà W 1,p(x)(Ω). Çîêðåìà, öåé ðåçóëüòàò ìà¹ ìiñöå, ÿêùî
1 < p̄ ⩽ p(x) i

osc
Br(x0)

p(x) ⩽ L
log log 1

r

log 1
r

, 0 < L ⩽
p̄

n
. (5)

Ïiçíiøå Æèêîâ i Ïàñòóõîâà [60] âñòàíîâèëè ïiäâèùåíó iíòåãðîâàíiñòü ãðàäi¹íòà
ðîçâ'ÿçêiâ ðiâíÿííÿ p(x)-Ëàïëàñà çà òi¹¨ ñàìî¨ óìîâè.

Âíóòðiøíÿ íåïåðåðâíiñòü, íåïåðåðâíiñòü äî ìåæi òà íåðiâíiñòü Ãàðíàêà äëÿ
ðiâíÿííÿ p(x)-Ëàïëàñà áóëî äîâåäåíî â ðîáîòàõ [4, 7, 51] çà óìîâè (4) i

�

0

exp
(
− γ exp(µc(r))

)dr
r

= +∞, (6)

ç äåÿêèìè ÷èñëàìè γ, c > 1. Íàïðèêëàä, ôóíêöiÿ µ(r) = L log log log
1

r
çàäîâîëüíÿ¹

óìîâàì (4), (6), ïðè äîñòàòíüî ìàëîìó äîäàòíüîìó ÷èñëó L.
Ðåçóëüòàòè ñòàòòåé [4, 7, 51] áóëî óçàãàëüíåíî â ðîáîòàõ [43, 48] äëÿ øèðîêîãî

êëàñó åëiïòè÷íèõ i ïàðàáîëi÷íèõ ðiâíÿíü ç íåëîãàðèôìi÷íèì çðîñòàííÿì Îðëi÷à.
Çîêðåìà, ó [48] äîâåäåíî, ùî çà óìîâ (4), (6) ôóíêöi¨ ç âiäïîâiäíèõ êëàñiâ Äå Äæîð-
äæi B1(Ω) ¹ íåïåðåðâíèìè i, êðiì òîãî, áóëî ïîêàçàíî ùî ðîçâ'ÿçêè âiäïîâiäíèõ
åëiïòè÷íèõ i ïàðàáîëi÷íèõ ðiâíÿíü ç íåñòàíäàðòíèìè óìîâàìè çðîñòó íàëåæàòü äî
öèõ êëàñiâ.

ßêiñíi âëàñòèâîñòi îáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1) çà óìîâè (2) áóëî âñòà-
íîâëåíî â [50].

Ùîäî íåîáìåæåíèõ ðîçâ'ÿçêiâ, òî ðåçóëüòàòiâ íåáàãàòî. Äëÿ äâîôàçíèõ åëiï-
òè÷íèõ ðiâíÿíü

div

(
| ∇u |p−2 ∇u+ a(x) | ∇u |q−2 ∇u

)
= 0, q > p,

âiäîìî, ùî âiäñòàíü ìiæ p i q íå ïîâèííà áóòè íàäòî âåëèêîþ. Iíàêøå ó âèïàä-

êó q >
np

n− p
, p < n iñíóþòü íåîáìåæåíi ìiíiìiçàòîðè i â òîé æå ÷àñ ñòàëà â
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íåðiâíîñòi Ãàðíàêà íå ìîæå áóòè íåçàëåæíîþ âiä ðîçâ'ÿçêó, íà âiäìiíó âiä ñòàí-
äàðòíîãî âèïàäêó, òîáòî, ÿêùî p = q (äèâ. [1, 9�16, 24, 27, 28, 35, 39, 41, 47, 48, 52] òà
ïîñèëàííÿ â íèõ). Ñàìå Ok [39] äîâiâ îáìåæåíiñòü ìiíiìiçàòîðiâ åëiïòè÷íèõ ôóíê-

öiîíàëiâ äâîôàçíîãî òèïó ó âèïàäêó q >
np

n− p
çà äåÿêèõ äîäàòêîâèõ ïðèïóùåíü.

Òî÷íiøå, çà óìîâè osc
Br(x0)

a(x) ⩽ Ara, a ⩾ q − p ôóíêöiÿ u íàëåæèòü âiäïîâiäíî-

ìó êëàñó Äå Äæîðäæi DG+(Ω) i ¹ îáìåæåíîþ ñòàëîþ, ùî çàëåæèòü âiä ||u||Ls ç

s ⩾
(q − p)n

a+ p− q
. Öÿ óìîâà, íàïðèêëàä, äà¹ ìîæëèâiñòü ïîêðàùèòè ðåçóëüòàòè ðå-

ãóëÿðíîñòi [9�11, 14, 15] äëÿ íåîáìåæåíèõ ìiíiìiçàòîðiâ çi ñòàëîþ, ÿêà çàëåæèòü
âiä ||u||Ls . Ñëàáêó íåðiâíiñòü Ãàðíàêà äëÿ íåîáìåæåíèõ ñóïåððîçâ'ÿçêiâ âiäïîâiä-
íèõ åëiïòè÷íèõ ðiâíÿíü iç óçàãàëüíåíèìè óìîâàìè çðîñòó Îðëi÷à çà òàê çâàíèõ
ëîãàðèôìi÷íèõ óìîâ áóëî äîâåäåíî ìåòîäîì Ìîçåðà â [12].

Ñëàáêà íåðiâíiñòü Ãàðíàêà äëÿ ôóíêöié, ùî íàëåæàòü äî âiäïîâiäíèõ åëiï-
òè÷íèõ êëàñiâ Äå Äæîðäæi DG−(Ω), áóëî äîâåäåíî â [42] ç íåëîãàðèôìi÷íèìè
óìîâàìè.

Ïåðø, íiæ ñôîðìóëþâàòè îñíîâíèé ðåçóëüòàò, íàãàäà¹ìî îçíà÷åííÿ êëàñó De
Giorgi.

Îçíà÷åííÿ 1. ×åðåç W 1,Φ(BR(x0)) áóäåìî ïîçíà÷àòè êëàñ ôóíêöié u ∈
W 1,1(BR(x0)) ç

�
BR(x0)

Φ(x, |∇u|)dx < ∞ i áóäåìî êàçàòè, ùî âèìiðíà ôóíêöiÿ u :

BR(x0) → R íàëåæèòü äî åëiïòè÷íîãî êëàñóDG±
Φ (BR(x0)), ÿêùî u∈W 1,Φ(BR(x0))

òà iñíóþòü òàêi ñòàëi c > 0, q > 1, ùî äëÿ áóäü-ÿêî¨ êóëi Br(x0) ⊂ BR(x0), áóäü-
ÿêèõ ÷èñåë k ∈ R i σ ∈ (0, 1) ìàþòü ìiñöå íåðiâíîñòi:

�

Br(x0)

| ∇(u− k)± |p(x) ζq dx ⩽ γ

�

Br(x0)

(
u− k

rσ

)p(x)

±
dx, k ∈ R1, σ ∈ (0, 1), (7)

äå (u−k)± := max{±(u−k), 0}, A±
k,r := Br(x0)∩{(u−k)± > 0}, ζ(x) ∈ C∞

0 (Br(x0)),

0 ⩽ ζ(x) ⩽ 1, ζ(x) = 1 ó B(1−σ)r(x0) i |∇ζ(x)| ⩽ 1

σr
.

Áóäåìî ââàæàòè ïàðàìåòðè n, p, q ñòðóêòóðíèìè äàíèìè i ïèñàòè γ, ÿêùî
êîíñòàíòó ìîæíà âèçíà÷èòè àïðiîðíî â òåðìiíàõ öèõ ïàðàìåòðiâ. Êîíñòàíòà γ
ìîæå çìiíþâàòèñÿ â ðàìêàõ ñòàòòi.

Îñíîâíèé ðåçóëüòàò ïðåäñòàâëåíî ó òåîðåìi.

Òåîðåìà 1. Íåõàé u ∈ DG−(Ω), u ⩾ 0, B8ρ(x0) ⊂ BR(x0) ⊂ Ω, i u ∈ Lm
loc(Ω)

ç äåÿêèì m > 0 i

( �
B2ρ(x0)

um

) 1
m

⩽ d. Òîäi iñíó¹ äîäàòíà êîíñòàíòà C, ùî çàëå-

æèòü òiëüêè âiä âiäîìèõ ïàðàìåòðiâ òà d, òàêà, ùî  

Bρ(x0)

uθdx


1
θ

⩽ C

(
inf

B ρ
2
(x0)

u+ ρ

)
, (8)
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äå
�

Bρ(x0)

uθdx := |Bρ(x0)|−1
�

Bρ(x0)

uθdx i θ > 0 � äåÿêå ôiêñîâàíå ÷èñëî, ùî çàëå-

æèòü òiëüêè âiä âiäîìèõ ïàðàìåòðiâ.

2 Äîïîìiæíi ðåçóëüòàòè òà iíòåãðàëüíi îöiíêè

2.1 Ëîêàëüíà êëàñòåðîâà ëåìà

Îäèí ç îñíîâíèõ êðîêiâ äîâåäåííÿ òåîðåìè 1 ïåðåäáà÷à¹ âèêîðèñòàííÿ ëîêàëüíî¨
êëàñòåðîâî¨ ëåìè çãiäíî DiBenedetto, Gianazza, Vespri [17] (äèâ. òàêîæ [18,52]).

Ëåìà 1. Íåõàé Kr(y) � êóá ó Rn ç ðåáðîì r òà öåíòðîì ó òî÷öi y i íåõàé

u ∈ W 1,1(Kr(y)) çàäîâîëüíÿ¹

||(u− k)−||W 1,1(Kr(y)) ⩽ K k rn−1, i |{Kr(y) : u ⩾ k}| ⩾ α|Kr(y)|, (9)

ç äåÿêèìè α ∈ (0, 1), k ∈ R òà K > 0. Òîäi äëÿ áóäü-ÿêîãî ξ ∈ (0, 1) òà áóäü-ÿêîãî

ν ∈ (0, 1) iñíó¹ x̄ ∈ Kr(y) òà δ = δ(n) ∈ (0, 1) òàêi, ùî

|{Kr̄(x̄) : u ⩾ ξ k}| ⩾ (1− ν)|Kr̄(y)|, r̄ := δα2 (1− ξ)ν

K
r. (10)

2.2 Ëåìà Äå Äæîðäæi�Ïóàíêàðå

Íàñòóïíà ëåìà áóäå âèêîðèñòàíà â ïîäàëüøîìó, öå ¹ âiäîìà ëåìà Äå Äæîðäæi�
Ïóàíêàðå (äèâ. [32], Ãëàâà 2, Ëåìà 3.9).

Ëåìà 2. Íåõàé u ∈ W 1,1(Br(y)) äëÿ äåÿêîãî r > 0 òà y ∈ Rn. Íåõàé k, l �
äiéñíi ÷èñëà, äëÿ ÿêèõ ñïðàâåäëèâà íåðiâíiñòü k < l. Òîäi iñíó¹ òàêà ñòàëà γ, ÿêà
çàëåæèòü òiëüêè âiä n, ùî

(l − k)|A−
k,r|

1− 1
n ⩽ γ

rn

|Br(y) \A−
l,r|

�

A−
l,r\A

−
k,r

|∇u|dx,

äå A−
k,r = Br(y) ∩ {u < k}.

2.3 Ëîêàëüíi åíåðãåòè÷íi îöiíêè

Äëÿ îòðèìàííÿ ëîêàëüíèõ åíåðãåòè÷íèõ îöiíîê äîâåäåìî ñïî÷àòêó äîïîìiæíèé

ðåçóëüòàò. Äëÿ áóäü-ÿêèõ k, r > 0 ïîçíà÷èìî w(x) :=

(
k

r

)ℓ(|x−x0|)
.

Ëåìà 3. Íàñòóïíi íåðiâíîñòi âèêîíóþòüñÿ äëÿ áóäü-ÿêèõ t, s > 0:

sup
r⩽k⩽r−

n
m

(  

Br(x0)

ws dx

) 1
s
(  

Br(x0)

w−t dx

) 1
t

⩽ C (11)
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çà óìîâè, ùî t L
(
1 + n

m

) log log 1
r

log 1
r

⩽
1

2
.

Äîâåäåííÿ. Ùîá äîâåñòè íåðiâíiñòü (11), äîñòàòíüî ïåðåâiðèòè âèêîíàííÿ íà-
ñòóïíèõ îöiíîê

r−n

�

Br(x0)

w−t dx ⩽ γ

(
k

r

)−tℓ(r)

, (12)

r−n

�

Br(x0)

ws dx ⩽ γ

(
k

r

)sℓ(r)

(13)

äëÿ t > 0 i s > 0. Íåðiâíiñòü (13) î÷åâèäíà â ñèëó çðîñòàííÿ ôóíêöi¨ ℓ(| x −
x0 |) íà x ∈ Br(x0) òà â ñèëó äîñòàòíüî¨ ìàëîñòi r. Ïåðåâiðèìî íåðiâíiñòü (12).

Iíòåãðóþ÷è ÷àñòèíàìè òà çâàæàþ÷è íà çðîñòàííÿ ôóíêöi¨
log log 1

s

log2 1
s

íà iíòåðâàëi

(0, r), îòðèìà¹ìî

r−n

�

Br(x0)

w−t dx = γ

r�

0

(
k

r

)−tℓ(s)

sn−1 ds ⩽

⩽ rn
(
k

r

)−tℓ(r)

+ t L log
k

r

log log 1
r

log2 1
r

r�

0

(
k

r

)−tℓ(s)

sn−1 ds ⩽

⩽ rn
(
k

r

)−tℓ(r)

+ t L
(
1 +

n

m

) log log 1
r

log 1
r

r�

0

(
k

r

)−tℓ(s)

sn−1 ds ⩽

⩽ rn
(
k

r

)−tℓ(r)

+
1

2
r−n

�

Br(x0)

w−t dx

çà óìîâè, ùî t L
(
1 + n

m

) log log 1
r

log 1
r

⩽
1

2
, r ⩽ v ⩽ r−

n
m , ç ÷îãî âèïëèâà¹ îöiíêà (13),

ÿêà äîâîäèòü (11). □

Ëåìà 4. Íåõàé u ∈ DGΦ(BR(x0)), òîäi äëÿ áóäü-ÿêîãî r < R òà áóäü-ÿêèõ

ñòàëèõ k ∈ R, σ ∈ (0, 1), δ ∈ (0, 1) âèêîíó¹òüñÿ òàêà íåðiâíiñòü

�

A−
k,(1−σ)r

|∇u|p̄(1−δ)dx ⩽ γσ−q̄(1−δ)

(
k

r

)p̄(1−δ)

rn

(
| A−

k,r |
rn

) (1−δ)(s−1)
s

, (14)

çà óìîâè, ùî t L
(
1 + n

m

) log log 1
r

log 1
r

⩽
1

2
, äå q̄ = max

Br(x0)
p(x).
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Äîâåäåííÿ. Ñòàðòóþ÷è ç îöiíêè (7), ìà¹ìî

�

A−
k,r

| ∇u |p(x) ζ q̄dx ⩽ γ

�

Br(x0)

(
(u− k)−

σr

)p(x)

dx ⩽ γσ−q̄

(
k

r

)p̄ �

A−
k,r

w dx.

Çâiäêè, âèêîðèñòîâóþ÷è íåðiâíiñòü Þíãà, îòðèìà¹ìî

�

A−
k,r

w | ∇u |p̄ ζ q̄dx ⩽
�

A−
k,r

| ∇u |p(x) ζ q̄dx+

�

A−
k,r

(
k

r

)p(x)

dx ⩽ γσ−q̄

(
k

r

)p̄ �

A−
k,r

w dx.

Êîìáiíóþ÷è îòðèìàíi îöiíêè, ìà¹ìî

�

Br(x0)

w|∇(u− k)−|p̄ζ q̄dx ⩽ γσ−q̄

(
k

r

)p̄ �

A−
k,r

wdx,

ùî ïðèçâîäèòü, â ñèëó ëåìè 3, äî íàñòóïíî¨ îöiíêè

�

Br(x0)

|∇(u− k)−|p̄(1−δ)ζ q̄dx ⩽

( �

Br(x0)

w|∇(u− k)−|p̄ζ q̄dx
)1−δ( �

A−
k,r

w− 1−δ
δ dx

)δ

⩽

⩽ γσ−q̄(1−δ)

(
k

r

)p̄(1−δ)( �

A−
k,r

wdx

)1−δ( �

A−
k,r

w− 1−δ
δ dx

)δ

⩽

⩽ γσ−q̄(1−δ)

(
k

r

)p̄(1−δ)

rn

(
| A−

k,r |
rn

) (1−δ)(s−1)
s

ç äåÿêèìè δ ∈ (0, 1), s > 1. □

2.4 Ëåìà ïðî ðîçïîâñþäæåííÿ äîäàòíîñòi

Íàñòóïíà ëåìà ¹ íàñëiäêîì ëåìè 4 òà ëåì 6.2, 6.3 ç [32, Ãëàâà 2].

Ëåìà 5. Íåõàé u ∈ DG−(Ω), u ⩾ 0, Br(x̄) ⊂ Bρ(x0) ⊂ B8ρ(x0) ⊂ Ω, à òàêîæ

÷èñëî k > 0 çàäîâîëüíÿ¹ óìîâi:

k ⩽
1

r
n
m

. (15)

Íåõàé âèêîíó¹òüñÿ óìîâà

t L
(
1 +

n

m

) log log 1
r

log 1
r

⩽
1

2
, (16)

ïîêëàäåìî òàêîæ, ùî äëÿ äåÿêîãî α0 ∈ (0, 1) âèêîíó¹òüñÿ îöiíêà

|
{
B r

2
(x̄) : u ⩾ k

}
| ⩾ α0|B r

2
(x̄)|, (17)
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òîäi iñíó¹ òàêå ÷èñëî η0 ∈ (0, 1), ùî çàëåæèòü òiëüêè âiä âiäîìèõ ïàðàìåòðiâ

òà âiä α0, ùî àáî

k ⩽
r

η0
, (18)

àáî

u(x) ⩾ η0 k, x ∈ Br(x̄). (19)

Äîâåäåííÿ ëåìè ìàéæå íå âiäðiçíÿ¹òüñÿ âiä ñòàíäàðòíîãî. ßêùî (18) íå âèêî-
íó¹òüñÿ, òî â ñèëó (15) âèêîíó¹òüñÿ íåðiâíiñòü (14). Äåòàëüíå äîâåäåííÿ ïðåäñòàâ-
ëåíî ó Ëåìàõ 6.2 òà 6.3 â [32, Ãëàâà 2].

3 Äîâåäåííÿ òåîðåìè 1

Ñïî÷àòêó äîâåäåìî íàñòóïíó ëåìó.

Ëåìà 6. Íåõàé Bρ(x0) ⊂ B8ρ(x0) ⊂ Ω,

( �
B2ρ(x0)

um

) 1
m

⩽ d i íåõàé ñïðàâåäëèâà

íåðiâíiñòü ∣∣∣{B ρ
2
(x0) : u ⩾ N

}∣∣∣ ⩾ α
∣∣∣B ρ

2
(x0)

∣∣∣ , (20)

äëÿ äåÿêîãî N > 0 i äåÿêîãî ÷èñëà α ∈ (0, 1). Òîäi ïðè âèêîíàííi óìîâ ëåìè 4

iñíóþòü òàêi ñòàëi C2, τ > 0, ÿêi çàëåæàòü ëèøå âiä äàíèõ çàäà÷i, i d, ùî àáî

ìà¹ ìiñöå îöiíêà

ατ ⩽
C2ρ

N
, (21)

àáî

ατ ⩽
C2

N
inf

B ρ
2
(x0)

u. (22)

Äîâåäåííÿ. Ñïî÷àòêó ïðèïóñòèìî, ùî íåðiâíiñòü (21) ïîðóøó¹òüñÿ, òîáòî ç äå-
ÿêèìè ñòàëèìè τ > 0 i C2 > 0 ìà¹ìî

ατN ⩾ C2ρ. (23)

Çàóâàæèìî, ùî ç íåðiâíîñòi (20) âèòiêà¹ òàêà îöiíêà

|
{
B2ρ(x0) : u ⩾ N

}
| ⩾ 4−nα|B2ρ(x0)|. (24)

Äëÿ òîãî ùîá äàëi çàñòîñóâàòè ëåìó 4 ç k = εN , äå ÷èñëî ε áóäå îáðàíî ïiçíiøå,
íàì çíàäîáèòüñÿ íàñòóïíà îöiíêà, ÿêà ¹ íàñëiäêîì íåðiâíîñòi (24)  

B2ρ(x0)

umdx


1
m

⩾ N

(
|{B2ρ(x0) : u ⩾ N}|

|B2ρ(x0)|

) 1
m

⩾ 4−
n
mα

1
mN. (25)
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Êðiì òîãî, âèêîðèñòîâóþ÷è íåðiâíiñòü (1 + d)−14−
n
mα

1
m < 1, îòðèìà¹ìî:

|{B ρ
2
(x0) : u ⩾ (1 + d)−14−

n
mα

1
mN }| ⩾ |{B ρ

2
(x0) : u ⩾ N }| ⩾ α|B ρ

2
(x0)|.

Îáèðàþ÷è ε = (1 + d)−14−
n
mα

1
m , ç óðàõóâàííÿì (23) ìà¹ìî

εN = α
1
mN(1 + d)−14−

n
m ⩾ ατNC−1

2 ⩾ ρ,

çà óìîâè, ùî τ ⩾
1

m
i C2 ⩾ (1 + d)4

n
m . Ç iíøîãî áîêó, çàñòîñîâóþ÷è (25) i òå, ùî

|B2(x0)| > 1, îòðèìà¹ìî:

εN ⩽ (1 + d)−1

  

B2ρ(x0)

um dx


1
m

⩽ |B2ρ(x0)|−
1
m

d

d+ 1
⩽ ρ−

n
m .

Îòæå, ìè ïîêàçàëè, ùî ρ ⩽ εN ⩽ ρ−
n
m , ùî äîçâîëÿ¹ çàñòîñóâàòè ëåìó 4 ç r = ρ,

σ = 1/2, k = εN . Áåðó÷è äî óâàãè, ùî

�

A−
εN,ρ

|∇u|p̄(1−δ) ζq(x) dx =

�

A−
εN,(1−σ)ρ

|∇u|p̄(1−δ)dx =

�

B(1−σ)ρ(x0)

|∇(u− εN)−|p̄(1−δ)dx,

ìîæåìî çàïèñàòè:

�

B ρ
2
(x0)

|∇(u− εN)−|p̄(1−δ)dx ⩽ γρn
(
εN

ρ

)p̄(1−δ)

. (26)

Äëÿ òîãî ùîá çàñòîñóâàòè ëîêàëüíó êëàñòåðîâó ëåìó 1 ïåðåâiðèìî âèêîíàííÿ óìî-
âè (9). Âèêîðèñòîâóþ÷è íåðiâíîñòi Ïóàíêàðå, Ãåëüäåðà i îöiíêó (26), îòðèìà¹ìî:

||(u− εN)−||W 1,1(B ρ
2
(x0)) ⩽ |B ρ

2
|1−

1
p̄(1−δ) ||∇(u− εN)−||Lp̄(1−δ)(B ρ

2
(x0))

⩽ γ
(ρ
2

)n−1
εN.

Òåïåð çàñòîñó¹ìî ëåìó 1 ç k = εN , ν = 1
4 , ξ = 1

4 , K = γ, r = ρ
2 . Îòæå, iñíó¹

x̄ ∈ B ρ
2
(x0) i δ = δ(n), ùî ïðè r̄ ⩽ ρ ìà¹ ìiñöå îöiíêà∣∣∣∣{{Br̄(x̄) : u ⩾

εN

4

}∣∣∣∣ ⩾ 3

4
|Br̄(x0)|, r̄ = δ0α

2ρ, äå δ0 :=
3δ

32γ
. (27)

Ùîá äàëi âèêîðèñòàòè ëåìó 5, ïåðåâiðèìî âèêîíàííÿ óìîâè r̄ ⩽ εN
4 ⩽ r̄−

n
m .

Ñïî÷àòêó ïîêàæåìî âèêîíàííÿ âåðõíüî¨ îöiíêè:

εN

4
⩽

1

4

1

ρ
n
m

⩽
1

ρ
n
m

⩽
1

r̄
n
m

.
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Ç iíøîãî áîêó iç óìîâè (23) âèòiêà¹, ùî ñïðàâåäëèâà îöiíêà

1

4
εN =

1

41+
n
m

(1 + d)−1α
1
mN ⩾ C−1

2 ατN ⩾ ρ ⩾ r̄,

ÿêùî τ ⩾
1

m
i C2 ⩾ (1 + d)41+

n
m .

Îòæå, çàñòîñîâóþ÷è ëåìó 5 ç α0 =
3

4
, r = r̄ i k =

εN

4
, ìè îòðèìó¹ìî îöiíêó ç

äåÿêîþ ñòàëîþ η0 ∈ (0, 1), ÿêà çàëåæèòü ëèøå âiä äàíèõ çàäà÷i

u(x) ⩾ η0
εN

4
, x ∈ B2r̄(x̄),

çà óìîâè, ùî C2 ⩾ (1 + d)41+
n
m η−1

0 .
Ïîâòîðþþ÷è öþ ïðîöåäóðó j − 1 ðàçiâ, ïðèõîäèìî äî íàñòóïíî¨ îöiíêè

u(x) ⩾
ηj0 εN

4
, x ∈ B2j r̄(x̄), (28)

ñïðàâåäëèâiñòü ÿêî¨ îáóìîâëåíà âèêîíàííÿì íåðiâíîñòi

2j r̄ ⩽
ηj0 εN

4
⩽ (2j r̄)−

n
m ,

ÿêå ìà¹ ìiñöå ïðè τ ⩾
1

m
− 2 log2 η0, C2 ⩾ (1 + d)41+

n
m δ

log2 η0
0 òà çà óìîâè, ùî j

îáèðà¹òüñÿ ç ðiâíîñòi 2j r̄ = ρ.
Îòæå ç íåðiâíîñòi (28) âèòiêà¹ âèêîíàííÿ îöiíêè

ατ ⩽
C2

N
u(x) ∀x ∈ B ρ

2
(x0),

ùî çàâåðøó¹ äîâåäåííÿ ëåìè. □
Ùîá çàâåðøèòè äîâåäåííÿ ñëàáêî¨ íåðiâíîñòi Ãàðíàêà, âèçíà÷èìî m̄(ρ) =

inf
B ρ

2
(x0)

u(x) + ρ i îöiíèìî íàñòóïíèé iíòåãðàë

 

Bρ(x0)

uθ dx =
θ

|Bρ(x0)|

∞�

0

|{Bρ(x0) : u(x) > N}|N θ−1 dN =

=
θ

|Bρ(x0)|

m̄(ρ)�

0

|{Bρ(x0) : u(x) > N}|N θ−1 dN+

+
θ

|Bρ(x0)|

∞�

m̄(ρ)

|{Bρ(x0) : u(x) > N}|N θ−1 dN,
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äå θ ∈
(
0, 1

2τ

]
. Çàóâàæèìî, ùî iç âèêîíàííÿ îöiíêè

|{Bρ(x0):u(x)>N}|
|Bρ(x0)| ⩾ α âèòiêà¹

ñïðàâåäëèâiñòü íåðiâíîñòi
|{Bρ(x0):u(x)>N}|

|Bρ(x0)| ⩽ γα ç äåÿêîþ äîäàòíîþ ñòàëîþ γ. I

òåïåð çàñòîñîâóþ÷è ëåìó 6 ç óðàõóâàííÿì òîãî, ùî α ⩽

(
C2
N (ρ+ inf

B ρ
2
(x0)

u)

) 1
τ

=

C
1
τ
2 N− 1

τ (m̄(ρ))
1
τ , îòðèìà¹ìî  

Bρ(x0)

uθ dx ⩽ γ(m̄(ρ))θ,

ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè 1.
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Weak Harnack inequality for unbounded solutions to the p(x)-Laplace equation under

the precise non-logarithmic conditions.

The study of the regularity of solutions to the elliptic equations with non-standard growth has

been initiated by Zhikov, Marcellini, and Lieberman, and in the last thirty years, the qualitative

theory of second-order elliptic and parabolic equations has been actively developed. Equations of

this type and systems of such equations arise in various problems of mathematical physics and

engineering (e.g. in describing electrorheological �uids, or in image recognition and data denoising).

There are two cases of the type of growth. The simple so-called �logarithmic� case is studied very

well and there are a lot of classical results in this regard. But the so-called �non-logarithmic� growth

di�ers substantially from the logarithmic case. The non-logarithmic condition introduced by Zhikov

turned out to be a precise condition for the smoothness of �nite functions in the corresponding

Sobolev space, which makes it extremely interesting to study. But to our knowledge, there are only

a few results in this direction. Zhikov and Pastukhova proved higher integrability of the gradient

of solutions to the p(x)-Laplace equation under the non-logarithmic condition. Interior continuity,

continuity up to the boundary, and Harnack's inequality to the p(x)-Laplace equation were proved by

Alkhutov, Krasheninnikova, and Surnachev. These results were generalized by Skrypnik and Voitovich.

The qualitative properties of bounded solutions of p(x)-Laplace equation under the non-logarithmic

condition were established by Skrypnik and Yevgenieva. As for unbounded solutions, there are just a

few results. Ok has proved the boundedness of minimizers of elliptic functionals of the double-phase

type under some assumptions on the growth parameters. The obtained condition gives a possibility to

improve the regularity results for unbounded minimizers. The weak Harnack inequality for unbounded

supersolutions of the corresponding elliptic equations with generalized Orlicz growth under the so-

called logarithmic conditions was proved by Benyaiche, Harjulehto, H�ast�o and Karppinen. In the

current paper, the weak Harnack inequality for unbounded solutions to the p(x)-Laplace equation has

been proved under the precise non-logarithmic condition on the function p(x).

Keywords: p(x)-Laplace equation, weak Harnack's inequality, unbounded solutions, non-log conditions.
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