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ÌÅÒÎÄ ÄÅÊÎÌÏÎÇÈÖI� AÄÎÌßÍÀ Ó ÒÅÎÐI� ÑËÀÁÊÎÍÅËIÍIÉ-
ÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ×

Ïðîáëåìà ðîçâ'ÿçíîñòi íåëiíiéíèõ êðàéîâèõ çàäà÷ áåðå ñâié ïî÷àòîê iç êëàñè÷íî¨ òåîði¨ ïåðiîäè÷-
íèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâèíóòî¨ â ðîáîòàõ À. Ïó-
àíêàðå, Î.Ì. Ëÿïóíîâà, I.Ã. Ìàëêiíà, Þ.Î. Ìèòðîïîëüñüêîãî, À.Ì. Ñàìîéëåíêà, Î.À. Áîé÷óêà òà
iíøèõ. Ó êëàñè÷íèõ ðîáîòàõ Ð. Áåëëìàíà, Äæ. Õåéëà, Þ.Î. Ìèòðîïîëüñüêîãî, À.Ì. Ñàìîéëåíêà
òà Î.À. Áîé÷óêà îòðèìàíi óìîâè ðîçâ'ÿçíîñòi íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì äèôåðåí-
öiàëüíèõ ðiâíÿíü ó êðèòè÷íèõ âèïàäêàõ. Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷
äëÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ó êðèòè÷íèõ âèïàäêàõ ó ìîíîãðàôiÿõ À.Ì. Ñàìîéëåíêà òà
Î.À. Áîé÷óêà ïîáóäîâàíi iòåðàöiéíi ñõåìè ç âèêîðèñòàííÿì ìåòîäó ïðîñòèõ iòåðàöié. Ó ðîáîòàõ
Î.À. Áîé÷óêà òà Ñ.Ì. ×óéêà äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷ ïîáóäîâàíi
iòåðàöiéíi ñõåìè çà ñõåìîþ Íüþòîíà � Êàíòîðîâè÷à ç êâàäðàòè÷íîþ çáiæíiñòþ, à òàêîæ îòðèìàíi
êîíñòðóêòèâíi óìîâè çáiæíîñòi. Ïðè ïîáóäîâi ðîçâ'ÿçêiâ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i çà äîïîìîãîþ
ìåòîäó ïðîñòèõ iòåðàöié âèíèêà¹ ïðîáëåìà íåìîæëèâîñòi çíàõîäæåííÿ ðîçâ'ÿçêiâ â åëåìåíòàðíèõ
ôóíêöiÿõ, ÿêà, ó ñâîþ ÷åðãó, ïðèâîäèòü äî âåëèêèõ ïîõèáîê ó íàáëèæåííÿõ äî ðîçâ'ÿçêiâ öi¹¨
çàäà÷i. Ñïðîùåííÿ îá÷èñëåíü íåëiíiéíèõ êðàéîâèõ çàäà÷, çîêðåìà, ïåðiîäè÷íèõ êðàéîâèõ çàäà÷,
â åëåìåíòàðíèõ ôóíêöiÿõ ìîæå áóòè äîñÿãíóòå ç âèêîðèñòàííÿì ìåòîäó äåêîìïîçèöi¨ Àäîìÿ-
íà. Äîñëiäæåíà ó ñòàòòi òåõíiêà ïîáóäîâè íàáëèæåíü äî ðîçâ'ÿçêiâ ñëàáêîíåëiíiéíèõ êðàéîâèõ
çàäà÷ ç âèêîðèñòàííÿì ìåòîäó äåêîìïîçèöi¨ Àäîìÿíà âiäðiçíÿ¹òüñÿ âiä ïîïåðåäíiõ ðåçóëüòàòiâ
àâòîðiâ êðàéîâîþ óìîâîþ, êiëüêiñòü êîìïîíåíò ÿêî¨, âçàãàëi êàæó÷è, íå ñïiâïàäà¹ ç ðîçìiðíiñòþ
ðîçâ'ÿçêó. Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè ïåðåíåñåíi íà ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i ç êðàé-
îâîþ óìîâîþ ç âèêîðèñòàííÿì íåëiíiéíèõ îáìåæåíèõ âåêòîðíèõ ôóíêöiîíàëiâ. Ó ñòàòòi îòðèìàíî
êîíñòðóêòèâíi óìîâè ðîçâ'ÿçíîñòi òà ñõåìó ïîáóäîâè ðîçâ'ÿçêiâ ñëàáêîíåëiíiéíî¨ êðàéîâî¨ çàäà÷i
äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ó êðèòè÷íîìó âèïàäêó ç âèêîðèñòàííÿì ìåòîäó äå-
êîìïîçèöi¨ Àäîìÿíà.

MSC: 34B15.

Êëþ÷îâi ñëîâà: ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i, ìåòîä äåêîìïîçèöi¨ Àäîìÿíà.

1. Ïîñòàíîâêà çàäà÷i.
Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C[0, ε0]

[1�3] ñëàáêîíåëiíiéíî¨ êðàéîâî¨ çàäà÷i

dz/dt = A(t) z + f(t) + εZ(z, t, ε), ℓz(·, ε) = α (1)

ó ìàëîìó îêîëi
z0(t) ∈ C1[a, b]

Ðîáîòà ïiäòðèìàíà Íàöiîíàëüíîþ àêàäåìi¹þ íàóê Óêðà¨íè çà êîíêóðñîì íàóêîâî-äîñëiäíèõ
ðîáiò ìîëîäèõ ó÷åíèõ ÍÀÍ Óêðà¨íè ó 2023 ð. (ð/í 0123U103046.)
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ïîðîäæóþ÷î¨ çàäà÷i

dz0/dt = A(t) z0 + f(t), ℓz0(·) = α. (2)

Òóò A(t) � íåïåðåðâíà ïî íåçàëåæíié çìiííié t íà âiäðiçêó [a, b] ìàòðèöÿ, Z(z, t, ε) �
íåëiíiéíà âåêòîð-ôóíêöiÿ, àíàëiòè÷íà çà íåâiäîìîþ z ó ìàëîìó îêîëi ðîçâ'ÿçêó ïî-
ðîäæóþ÷î¨ çàäà÷i (2) òà íåïåðåðâíà ïî ìàëîìó ïàðàìåòðó ε íà âiäðiçêó [0, ε0]. Êðiì
òîãî, âåêòîð-ôóíêöiÿ Z(z, t, ε) òà ôóíêöiÿ f(t) íåïåðåðâíi ïî íåçàëåæíié çìiíié t
íà âiäðiçêó [a, b], êðiì òîãî ℓz(·)− ëiíiéíèé îáìåæåíèé âåêòîðíèé ôóíêöiîíàë [1�3]

ℓz(·) : C[a, b] → Rm.

Àêòóàëüíiñòü âèâ÷åííÿ êðàéîâî¨ çàäà÷i (1) ïîâ'ÿçàíà ç øèðîêèì çàñòîñóâàííÿì
ïîäiáíèõ çàäà÷ ïðè âèâ÷åííi íåiçîòåðìi÷íèõ õèìi÷íèõ ðåàêöié [4], à òàêîæ ïåðiî-
äè÷íèõ ïðîöåñiâ ó áiîëîãi÷íèõ ñèñòåìàõ, ìåõàíèöi, ðàäiîòåõíiöi, òåîði¨ êåðóâàííÿ,
òåîði¨ ñòiéêîñòi ðóõó [1�3,5]. Íàïðèêiíöi ñòàòòi áóäå íàâåäåíî ïðèêëàä çíàõîäæåí-
íÿ íàáëèæåíü äî ïåðiîäè÷íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i ç âèêîðèñòàííÿì ïîáóäîâàíî¨
íàìè iòåðàöiéíî¨ ñõåìè.

Ó ñòàòòÿõ [6,7], âèêîðèñòîâóþ÷è åôåêòèâíèé ìåòîä Íüþòîíà�Êàíòîðîâè÷à [8],
çíàéäåíi íàáëèæåííÿ äî ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷, çîêðåìà, ïåðiîäè÷-
íèõ êðàéîâèõ çàäà÷. Ïðè ïîáóäîâi ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷ âèíèêà¹
ïðîáëåìà íåìîæëèâîñòi çíàõîäæåííÿ ðîçâ'ÿçêiâ â åëåìåíòàðíèõ ôóíêöiÿõ, ÿêà, ó
ñâîþ ÷åðãó, ïðèâîäèòü äî âåëèêèõ ïîõèáîê ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷.
Ïîäiáíà ïðîáëåìà áóëà ïðîäåìîíñòðîâàíà äëÿ ïåðiîäè÷íî¨ çàäà÷i äëÿ ðiâíÿííÿ,
ÿêå âèçíà÷à¹ ðóõ ñóïóòíèêà íà åëiïòè÷íié îðáiòi [9, 10].

Êðiì òîãî, ïîáóäîâà ðîçâ'ÿçêiâ íåëiíiéíèõ êðàéîâèõ çàäà÷ ç âèêîðèñòàííÿì
ìåòîäó ïðîñòèõ iòåðàöié [1] çíà÷íî óñêëàäíþ¹òüñÿ îá÷èñëåííÿì ïîõiäíèõ íåëiíié-
íîñòåé. Ó ñòàòòÿõ [6,7] ïðèñêîðåííÿ çáiæíîñòi iòåðàöiéíèõ äîñÿãíóòî îá÷èñëåííÿì
ïîõiäíèõ íåëiíiéíîñòåé íà êîæíîìó êðîöi. Âðàõîâóþ÷è çàçíà÷åíå, ñïðîùåííÿ îá-
÷èñëåíü ïîõiäíèõ íåëiíiéíîñòåé òà ìîæëèâiñòü çíàõîäæåííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ
êðàéîâèõ çàäà÷, çîêðåìà, ïåðiîäè÷íèõ êðàéîâèõ çàäà÷, â åëåìåíòàðíèõ ôóíêöiÿõ
ìîæóòü áóòè äîñÿãíóòi ç âèêîðèñòàííÿì ìåòîäó äåêîìïîçèöi¨ Àäîìÿíà [11, 12].
Ïðèêëàä òàêîãî ñïðîùåííÿ áóäå íàâåäåíî íèæ÷å.

2. Íåîáõiäíà óìîâà ðîçâ'ÿçíîñòi.
Äîñëiäæó¹ìî êðèòè÷íèé âèïàäîê:

PQ∗ ̸= 0,

ïðè÷îìó ïðèïóñêà¹ìî âèêîíàíîþ óìîâó

PQ∗
d

{
α− ℓK

[
f(s)

]
(·)

}
= 0; (3)

â öüîìó âèïàäêó ïîðîäæóþ÷à çàäà÷à (2) ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s);α

]
(t), r := n− n1, cr ∈ Rr.
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Òóò X(t) � íîðìàëüíà (X(a) = In) ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷àñòèíè
ñèñòåìè (2), Q = ℓX(·) � (m× n)-ìàòðèöÿ,

rank Q = n1, Xr(t) := X(t)PQr ,

PQr � (n× r)-ìàòðèöÿ, óòâîðåíà ç r ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ (n× n)-ìàòðèöi-
îðòîïðîåêòîðà

PQ : Rn → N(Q),

PQ∗
d
− (d×m)-ìàòðèöÿ, óòâîðåíà ç (d := m−n1) ëiíiéíî íåçàëåæíèõ ðÿäêiâ (m×m)-

ìàòðèöi-îðòîïðîåêòîðà

PQ∗ : Rm → N(Q∗).

Êðiì òîãî

G

[
f(s);α

]
(t) = K[f(s)](t) +X(t)Q+

{
α− ℓK[f(s)](·)

}
� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (2),

K

[
f(s)

]
(t) = X(t)

� t

a
X−1(s)f(s)ds

� îïåðàòîð Ãðiíà çàäà÷i Êîøi äëÿ ñèñòåìè (2), Q+ � ïñåâäîîáåðíåíà ìàòðèöÿ çà
Ìóðîì�Ïåíðîóçîì [1]. Íåîáõiäíà i äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi ñëàáêîíåëiíiéíî¨
êðàéîâî¨ çàäà÷i (1)

PQ∗
d
ℓK

[
Z(z(s, ε), s, ε)

]
(·) = 0

ïðèâîäèòü äî íåîáõiäíî¨ óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1) ó ìàëîìó îêîëi ðîçâ'ÿçêó
ïîðîäæóþ÷î¨ çàäà÷i (2):

F0(cr) := PQ∗
d
ℓK

[
A0(z0(s, cr), s)

]
(·) = 0. (4)

Ðiâíÿííÿ (4) áóäåìî äàëi íàçèâàòè ðiâíÿííÿì äëÿ ïîðîäæóþ÷èõ àìïëiòóä ñëàáêî-
íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1).

3. Äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi.
Ïðèïóñòèìî, ùî ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ àìïëiòóä (4) ìà¹ äiéñíi êîðåíi.

Ôiêñóþ÷è îäèí iç äiéñíèõ ðîçâ'ÿçêiâ c∗r ∈ Rr ðiâíÿííÿ (4), ïðèõîäèìî äî çàäà÷i
ïðî ïîáóäîâó ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ó ìàëîìó îêîëi ðîçâ'ÿçêó

z0(t, c
∗
r) = Xr(t)c

∗
r +G

[
f(s);α

]
(t), c∗r ∈ Rr
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ïîðîäæóþ÷î¨ çàäà÷i (2). Ïîçíà÷èìî (d× r) � âèìiðíó ìàòðèöþ

B0 := PQ∗
d
ℓK

[
A1(s)Xr(s)

]
(·).

Òðàäèöiéíîþ óìîâîþ ðîçâ'ÿçíîñòi çàäà÷i (1) ó ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ-
÷î¨ çàäà÷i (2) ¹ âèìîãà ïðîñòîòè êîðåíiâ [1�3]

PB∗
0
PQ∗

d
= 0 (5)

ðiâíÿííÿ (4) ïîðîäæóþ÷èõ àìïëiòóä çàäà÷i (1); òóò

A1(t) =
∂Z(z, t, ε)

∂z

∣∣∣∣∣∣∣∣ z = z0(t, c
∗
r)

ε = 0

� (n× n) � âèìiðíà ìàòðèöÿ. Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1) øóêà¹ìî ó âèãëÿäi

z(t, ε) := z0(t, c
∗
r) + u1(t, ε) + ... + uk(t, ε) + ... .

Íåëiíiéíà âåêòîð-ôóíêöiÿ Z(z, t, ε) àíàëiòè÷íà çà íåâiäîìîþ z â îêîëi ðîçâ'ÿçêó
z0(t, c

∗
r) ïîðîäæóþ÷î¨ çàäà÷i (2), òîìó ó çàçíà÷åíîìó îêîëi ìà¹ ìiñöå ðîçêëàä [11,

c. 502]
Z(z(t, ε), t, ε) = A0(z0(t, c

∗
r), t) +A1(z0(t, c

∗
r), u1(t), t, ε)+ (6)

+A2(z0(t, c
∗
r), u1(t, ε), u2(t, ε), t, ε)+ ... +An(z0(t, c

∗
r), u1(t, ε), ... , un(t, ε), t, ε)+ ... .

Ïåðøå íàáëèæåííÿ äî ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ó êðèòè÷íîìó âè-
ïàäêó

z1(t, ε) := z0(t, c
∗
r) + u1(t, ε), u1(t, ε) = Xr(t)c1 + εG

[
A0(z0(s, c

∗
r))

]
(t), c1 ∈ Rr

âèçíà÷à¹ ðîçâ'ÿçîê íåëiíiéíî¨ êðàéîâî¨ çàäà÷i ïåðøîãî íàáëèæåííÿ

du1(t, ε)

dt
= A(t)u1(t, ε) +A0(z0(t, c

∗
r)), ℓu1(·, ε) = 0.

Ðîçâ'ÿçíiñòü êðàéîâî¨ çàäà÷i ïåðøîãî íàáëèæåííÿ ãàðàíòîâàíà âèáîðîì ðîçâ'ÿçêó
c∗r ∈ Rr ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ àìïëiòóä (4). Äðóãå íàáëèæåííÿ äî ðîçâ'ÿçêó
íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ó êðèòè÷íîìó âèïàäêó

z2(t, ε) := z0(t, c
∗
r) + u1(t, ε) + u2(t, ε)

âèçíà÷à¹ ðîçâ'ÿçîê íåëiíiéíî¨ êðàéîâî¨ çàäà÷i äðóãîãî íàáëèæåííÿ

du2(t, ε)

dt
= A(t)u2(t, ε) +A1(z0(t, c

∗
r), u1(t, ε), ε), ℓu2(·, ε) = 0;
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òóò

u2(t, ε) = Xr(t)c2 + εG

[
A1(z0(s, c

∗
r), u1(s, ε), ε)

]
(t), c2 ∈ Rr.

Óìîâà ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i äðóãîãî íàáëèæåííÿ

F1(c1) := PQ∗
d
ℓK

[
A1(z0(s, c

∗
r), u1(s, ε), ε)

]
(·) = 0

ÿâëÿ¹ ñîáîþ ëiíiéíå ðiâíÿííÿ

F1(c1) = B0 c1 + d1(ε) = 0, (7)

îäíîçíà÷íî ðîçâ'ÿçíå çà óìîâè (5) ïðîñòîòè êîðåíiâ ðiâíÿííÿ (4) ïîðîäæóþ÷èõ
àìïëiòóä; òóò

B0 = F ′
1(c1) ∈ Rd×r, d1(ε) := F1(c1)−B0 c1.

Äiéñíî, ïîçíà÷èìî âåêòîð-ôóíêöiþ [18]

v(t, µ) := z0(t, c
∗
r) + µu1(t, ε) + ... + µk uk(t, ε) + ... ,

ïðè öüîìó

F1(c1) := PQ∗
r
ℓK

[
A1(z0(s, c

∗
r), u1(s, µ))

]
(·) =

= PQ∗
r
ℓK

[
Z ′
µ(v(s, µ), s, ε))

]
(·)

∣∣∣∣ µ = 0
= PQ∗

r
ℓK

[
A1(s)u1(s, ε)

]
(·),

îòæå
B0 = F ′

1(c1).

Òàêèì ÷èíîì, çà óìîâè (5) ïðîñòîòè êîðåíiâ ðiâíÿííÿ (4) ïîðîäæóþ÷èõ àìïëiòóä
çàäà÷i (1) îòðèìó¹ìî ïðèíàéìíi îäèí ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i ïåðøîãî íàáëè-
æåííÿ

u1(t, ε) = Xr(t)c1 + εG

[
A0(z0(s, c

∗
r))

]
(t), c1 = −B−+

0 d1(ε).

Óìîâè ðîçâ'ÿçíîñòi êðàéîâèõ çàäà÷ íàñòóïíèõ íàáëèæåíü

Fj(cj) := PQ∗
d
ℓK

[
A1(z0(s, c

∗
r), u1(s, ε), ... , uj(s, ε))

]
(·) = 0, j = 1, 2, ... , k

ÿâëÿþòü ñîáîþ ëiíiéíi ðiâíÿííÿ

Fj(cj) = B0 cj + dj(ε) = 0; (8)

òóò
B0 = F ′(cj) ∈ Rd×r, dj(ε) := F (cj)−B0 cj , j = 1, 2, ... , k.
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Çà óìîâè (5) ïðîñòîòè êîðåíiâ ðiâíÿííÿ (4) ïîðîäæóþ÷èõ àìïëiòóä çàäà÷i (1) ðiâ-
íÿííÿ (8) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê. Ïîñëiäîâíiñòü íàáëèæåíü äî ðîçâ'ÿçêó
íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ó êðèòè÷íîìó âèïàäêó âèçíà÷à¹ iòåðàöiéíà ñõåìà

u1(t, ε) = Xr(t)c1 + εG

[
A0(z0(s, c

∗
r))

]
(t), c1 = −B−+

0 d1(ε),

zk+1(t, ε) := z0(t, c
∗
r) + u1(t, ε) + ... + uk+1(t, ε), ck = −B−1

0 dk(ε), (9)

uk+1(t, ε) = Xr(t)ck+1 + εG

[
Ak(z0(s, c

∗
r), u1(s, ε), ... , uk(s, ε))

]
(t), k = 0, 1, 2, ... .

Ïðîìiæîê çíà÷åíü ìàëîãî ïàðàìåòðó ε ∈ [0, ε0], 0 ≤ ε∗ ≤ ε0, äëÿ ÿêèõ çáåðiãà¹òü-
ñÿ çáiæíiñòü iòåðàöiéíî¨ ñõåìè (9) äî ðîçâ'ÿçêó ïåðiîäè÷íî¨ êðàéîâî¨ çàäà÷i (1) ó
êðèòè÷íîìó âèïàäêó ìîæíà îöiíèòè àíàëîãi÷íî [1, 15�18].

Òåîðåìà. Ó êðèòè÷íîìó âèïàäêó (PQ∗ ̸= 0) ïîðîäæóþ÷à ïåðiîäè÷íà êðàéîâà

çàäà÷à (2) çà óìîâè (3) ìà¹ r− ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s);α

]
(t), cr ∈ Rr.

ßêùî ïðè öüîìó çàäà÷à ïðî ïîáóäîâó ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ó ìà-

ëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i (2) ó êðèòè÷íîìó âèïàäêó ðîçâ'ÿçíà, òî

ðiâíÿííÿ (4) äëÿ ïîðîäæóþ÷èõ àìïëiòóä ìà¹ äiéñíi êîðåíi. Çà óìîâè (5) ïðîñòî-

òè êîðåíiâ ðiâíÿííÿ (4) äëÿ ïîðîäæóþ÷èõ àìïëiòóä çàäà÷à (1) ìà¹ ïðèíàéìíi

îäèí ðîçâ'ÿçîê. Ïîñëiäîâíiñòü íàáëèæåíü äî ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i

(1) âèçíà÷à¹ iòåðàöiéíà ñõåìà (9). ßêùî iñíó¹ êîíñòàíòà 0 < γ < 1, äëÿ ÿêî¨ ìà¹

ìiñöå íåðiâíiñòü

||u1(t, ε)|| ≤ γ||z0(t, c∗r)||, ||uk+1(t, ε)|| ≤ γ||uk(t, ε)||, k = 1, 2, ... , (10)

òî iòåðàöiéíà ñõåìà (9) çáiãà¹òüñÿ äî ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1).

Ïðèêëàä íåëiíiéíî¨ êðàéîâî¨ çàäà÷i, äëÿ ÿêî¨ ñïðàâäæóþòüñÿ óìîâè äîâåäå-
íî¨ òåîðåìè, áóâ çàïðîïîíîâàíèé ñòóäåíòêîþ ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó
Ñëîâ'ÿíñüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó Î. Çií÷åíêî [19]. Îñîáëèâiñòþ
öüîãî ïðèêëàäó ¹ òîé ôàêò, ùî ïðè ïîáóäîâi ðîçâ'ÿçêiâ çà äîïîìîãîþ ìåòîäó
ïðîñòèõ iòåðàöié [1, 3, 16] äëÿ öi¹¨ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i âèíèêà¹ ïðîáëåìà
íåìîæëèâîñòi çíàõîäæåííÿ ðîçâ'ÿçêiâ â åëåìåíòàðíèõ ôóíêöiÿõ, ÿêà, ó ñâîþ ÷åð-
ãó, ïðèâîäèòü äî âåëèêèõ ïîõèáîê ðîçâ'ÿçêiâ öi¹¨ çàäà÷i. Ïðè ïîáóäîâi ðîçâ'ÿçêiâ çà
äîïîìîãîþ ìåòîäó íàéìåíøèõ êâàäðàòiâ òî÷íiñòü âèùà, ïðîòå âåëè÷èíà ïîõèáîê
ðîçâ'ÿçêiâ öi¹¨ çàäà÷i íå çìiíþ¹òüñÿ ïiñëÿ äðóãî¨ iòåðàöi¨ [19].

Ïðèêëàä. Ïðîäåìîíñòðó¹ìî åôåêòèâíiñòü äîâåäåíî¨ òåîðåìè íà ïðèêëàäi çà-
äà÷i ïðî çíàõîäæåííÿ àíàëiòè÷íèõ ðîçâ'ÿçêiâ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i

dz

dt
= ( 2t− 1)z + εz ln z, ℓz(·, ε) := z(0, ε)− z(1, ε) = 0. (11)
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Íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷àñòèíè äèôåðåíöiàëüíîãî
ðiâíÿííÿ (11) � ôóíêöiÿ

X(t) = et
2−t.

Îñêiëüêè Q = 0, òî äëÿ êðàéîâî¨ çàäà÷i (11) ìà¹ ìiñöå êðèòè÷íèé âèïàäîê [1,5,16]:

Q := ℓX(·) = 0.

Çàãàëüíèé ðîçâ'ÿçîê ïîðîäæóþ÷î¨ çàäà÷i äëÿ ðiâíÿííÿ (11) ìà¹ âèãëÿä

z0(t, cr) = cr e
t2−t.

Îïåðàòîð Ãðiíà çàäà÷i Êîøi äëÿ ðiâíÿííÿ (11) ç äîâiëüíîþ íåîäíîðiäíiñòþ f(t)

K

[
f(s)

]
(t) = et

2−t

� t

0
es−s2f(s) ds

âèçíà÷à¹ ôóíêöiîíàë

ℓK

[
f(s)

]
(·) = K

[
f(s)

]
(0)−K

[
f(s)

]
(1) = −

� 1

0
es−s2f(s)ds.

Ðiâíÿííÿ (4) äëÿ ïîðîäæóþ÷èõ àìïëiòóä äëÿ çàäà÷i (11)

F0(cr) =

� 1

0
es−s2cr e

s2−s ln (cr e
s2−s)ds = cr ln cr −

cr
6

= 0

ìà¹ ¹äèíèé ðîçâ'ÿçîê

c∗r = e
1
6 ≈ 1, 18 136,

ÿêèé âèçíà÷à¹ ïîõiäíó

A1(t) = 1 + ln z0(t, c
∗
r) = t2 − t+

7

6
,

i ïðèâîäèòü äî êîíñòàíòè B0 = 1. Îñêiëüêè B0 ̸= 0, òî óìîâà (5) ïðîñòîòè êîðåíiâ
ðiâíÿííÿ (4) äëÿ ïîðîäæóþ÷èõ àìïëiòóä âèêîíó¹òüñÿ. Îñêiëüêè Q = Q+ = 0, òî
îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (11), ñïiâïàäà¹ ç îïåðàòîðîì Ãðiíà çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (11) ç äîâiëüíîþ íåïåðåðâíîþ íà âiäðiçêó [0; 1] íåîäíîðiäíiñòþ

G

[
f(s); α

]
(t) ≡ K

[
f(s)

]
(t).

Êðàéîâà çàäà÷à ïåðøîãî íàáëèæåííÿ äëÿ ðiâíÿííÿ (11) ðîçâ'ÿçíà â íàñëiäîê ðiâ-
íîñòi F0(c

∗
r) = 0. Òàêèì ÷èíîì, îòðèìó¹ìî

z0(t, c
∗
r) = e

1
6
−t2−t.
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Âèêîðèñòîâóþ÷è iòåðàöiéíó ñõåìó (9) çíàõîäèìî

z1(t, ε) := z0(t, c
∗
0) + u1(t, ε), z1(t, ε) = Xr(t)c1 + εG

[
A0(z0(s, c

∗
0))

]
(t) =

=
ε t e

1
6
−t+t2

6

(
1− 3 t+ 2 t2

)
;

òóò

A0(z0(t, c
∗
0)) =

(
1

6
− t+ t2

)
e

1
6
−t+t2 , c1 = 0.

Íà äðóãîìó êðîöi îòðèìó¹ìî

z2(t, ε) := z0(t, c
∗
0) + u1(t, ε) + u2(t, ε);

òóò

u2(t, ε) = Xr(t)c2 + εG

[
A1(z0(s, c

∗
0), u1(s, ε))

]
(t) =

=
e(−1+t)t

72

(
72 c2 + e1/6(−1 + t)2t2

(
7− 4t+ 4t2

)
ε2
)
, c2 = −ε2 e1/6

360
,

êðiì òîãî

A1(z0(t, c
∗
0), u1(t, ε)) =

ε t e(−1+t)t

36

(
7− 6t+ 6t2

)
e1/6

(
1− 3t+ 2t2

)
.

Íà òðåòüîìó êðîöi îòðèìó¹ìî

z3(t, ε) := z0(t, c
∗
0) + u1(t, ε) + u2(t, ε) + u3(t, ε);

òóò

u3(t, ε) = Xr(t)c3 + εG

[
A2(z0(s, c

∗
0), u1(s, ε), u2(s, ε))

]
(t) =

ε3 e
1
6
−t+t2

6480
×

×(−1 + t)t(−1 + 2t)(1 + (−1 + t)t)(−21 + 5(−1 + t)t(15 + 4(−1 + t)t)), c3 = 0,

êðiì òîãî

A2(z0(t, c
∗
0), u1(t, ε), u2(t, ε)) =

e(−1+t)t

432
×

×
(
72 c2

(
7− 6t+ 6t2

)
+ e1/6(−1 + t)2t2

(
55− 94t+ 118t2 − 48t3 + 24t4

)
ε2
)
.

Íà ÷åòâåðòîìó êðîöi îòðèìó¹ìî

z4(t, ε) := z0(t, c
∗
0) + u1(t, ε) + u2(t, ε) + u3(t, ε) + u4(t, ε);
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òóò

u4(t, ε) = εG

[
A2(z0(s, c

∗
0), u1(s, ε), u2(s, ε), u3(s, ε))

]
(t) =

ε3 e1/6e(−1+t)t

6480
×

× ((−1 + t)t(−1 + 2t) (1 + (−1 + t)t)(−21 + 5(−1 + t)t(15 + 4(−1 + t)t))) ,

êðiì òîãî

A3(z0(t, c
∗
0), u1(t, ε), u2(t, ε), u3(t, ε)) =

=
ε3 t e

1
6
−t+t2

38 880

(
− 165 + 243 t+ 2267 t2 − 10 155 t3 + 20 625 t4 − 25 263 t5+

+20 778 t6 − 12 150 t7 + 4900 t8 − 1320t9 + 240 t10
)
.

Äëÿ çíàéäåíèõ çà äîïîìîãîþ iòåðàöiéíî¨ ñõåìè (9) íàáëèæåíü äî ðîçâ'ÿçêó çàäà÷i
(11) äëÿ

ε ∈ [0, ε0], ε0 := 0, 1,

ìàþòü ìiñöå íåðiâíîñòi

|u1(t, ε)|| ≤ γ||z0(t, c∗r)||C[0,1], ||uk+1(t, ε)||C[0,1] ≤ γ||uk(t, ε)||C[0,1]; (12)

òóò

γ ≈ 0, 0295 876 ≪ 1, k = 1, 2, 3 4,

îòæå, ìîæíà êàçàòè ïðî ïðàêòè÷íó çáiæíiñòü iòåðàöiéíî¨ ñõåìè (9) äî ðîçâ'ÿçêó
çàäà÷i (11) äëÿ ε ∈ [0, 0, 1]. Îñêiëüêè äëÿ

ε ∈ [0, 3], γ ≈ 0, 887 627

ìàþòü ìiñöå íåðiâíîñòi (12), òî ìîæíà êàçàòè ïðî ïðàêòè÷íó çáiæíiñòü iòåðàöiéíî¨
ñõåìè (9) äî ðîçâ'ÿçêó çàäà÷i (11) äëÿ ε ∈ [0, 3]. Ïðè ïîáóäîâi çà äîïîìîãîþ iòåðà-
öiéíî¨ ñõåìè (9) íàáëèæåíü äî ðîçâ'ÿçêó çàäà÷i (11) íà êîæíîìó êðîöi çàáåçïå÷åíå
òî÷íå âèêîíàííÿ óìîâ ðîçâ'ÿçíîñòi, ÿêi ãàðàíòóþòü òî÷íå âèêîíàííÿ êðàéîâèõ
óìîâ (11). Òî÷íiñòü çíàéäåíèõ çà äîïîìîãîþ iòåðàöiéíî¨ ñõåìè (9) íàáëèæåíü äî
ðîçâ'ÿçêó çàäà÷i (11) âèçíà÷àþòü íåâ'ÿçêè

∆k(ε) :=

∣∣∣∣∣∣∣∣z′k(t, ε)− εZ(zk(t, ε), t, ε)

∣∣∣∣∣∣∣∣
C[0;1]

, k = 0, 1, 2, 3, 4;

òóò

Z(z(t, ε), t, ε) := ( 2t− 1)z(t, ε) + ε z(t, ε) ln z(t, ε).

� íåëiíiéíiñòü êðàéîâî¨ çàäà÷i (11). Çîêðåìà

∆0(0, 1) ≈ 0, 0196 893, ∆1(0, 1) ≈ 0, 000 163 663, ∆2(0, 1) ≈ 3, 82 844× 10−6;
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∆3(0, 1) ≈ 4, 22 993× 10−8, ∆4(0, 1) ≈ 1, 07 864× 10−9.

Ïîðiâíÿ¹ìî òî÷íiñòü çíàéäåíèõ çà äîïîìîãîþ iòåðàöiéíî¨ ñõåìè (9) íàáëèæåíü äî
ðîçâ'ÿçêó çàäà÷i (11) ç òî÷íiñòþ

δk(ε) :=

∣∣∣∣∣∣∣∣y′k(t, ε)− εZ(yk(t, ε), t, ε)

∣∣∣∣∣∣∣∣
C[0;1]

, k = 0, 1, 2, 3

íàáëèæåíü
yk(t, ε) = z0(t, c

∗
r) + xk(t, ε), k = 1, 2, 3,

x1(t, ε) ≈ −0, 0 000 320 264− t ·
[
0, 0196 536 · (1− t) + 0, 0601 986 · (1− t)2−

−0, 0 718 794 · (1− t)3 + 0, 0 869 444 · (1− t)4 − 0, 07 242 · (1− t)5+

+0, 0 594 333 · (1− t)6 − 0, 038 034 · (1− t)7t+ 0, 0 214 742 · (1− t)8−

−0, 00 829 416 · (1− t)9 + 0, 00 207 076 · (1− t)10 − 0, 000 122 446 · (1− t)11
]
,

x2(t, ε) ≈ −0, 0 000 328 073− t ·
[
0, 0 196 527 · (1− t)+

+0, 0 601 981 · (1− t)2 − 0, 0 718 842 · (1− t)3 + 0, 086 969 · (1− t)4−

−0, 072 472 · (1− t)5 + 0, 0 595 019 · (1− t)6 − 0, 0 381 007 · (1− t)7+

+0, 0 215 211 · (1− t)8 − 0, 00 831 588 · (1− t)9+

+0, 00 207 643 · (1− t)10 − 0, 000 122 812 · (1− t)11
]
,

x3(t, ε) ≈ −0, 0 000 328 073− t ·
[
0, 0196 527 · (1− t) + 0, 0601 981 · (1− t)2−

−0, 0 718 841 · (1− t)3 + 0, 086 969 · (1− t)4 − 0, 072 472 · (1− t)5+

+0, 0595 019 · (1− t)6 − 0, 0 381 007 · (1− t)7 + 0, 0 215 211 · (1− t)8−

−0, 0 083 159 · (1− t)9 + 0, 00 207 644 · (1− t)10 − 0, 000 122 813 · (1− t)11
]
,

äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (11), îäåðæàíèõ çà äîïîìîãîþ ìåòîäó íàéìåíøèõ
êâàäðàòiâ [19] äëÿ ôiêñîâàíîãî çíà÷åííÿ ε = 0, 1. Òàêèì ÷èíîì, äëÿ ε = 0, 1 îòðè-
ìó¹ìî

δ0(0, 1) = ∆0(0, 1) ≈ 0, 0196 893;

δ1(0, 1) ≈ 1, 29 484 · 10−7 ≪ ∆1(0, 1) ≈ 0, 000 163 663;

δ2(0, 1) ≈ 2, 20 191 · 10−8 ≤ ∆2(0, 1) ≈ 3, 82 844× 10−6;

δ3(0, 1) ≈ 2, 20 212 · 10−8 ≫ ∆4(0, 1) ≈ 1, 07 864× 10−9.
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Òî÷íiñòü çíàéäåíèõ çà äîïîìîãîþ iòåðàöiéíî¨ ñõåìè (9) íàáëèæåíü äî ðîçâ'ÿçêó
çàäà÷i (11) ïåðåâèùó¹ òî÷íiñòü íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (11), îäåð-
æàíèõ çà äîïîìîãîþ ìåòîäó íàéìåíøèõ êâàäðàòiâ, ïî÷èíàþ÷è ç òðåòüîãî êðîêó.
Â ñâîþ ÷åðãó, òî÷íiñòü çíàéäåíèõ çà äîïîìîãîþ iòåðàöiéíî¨ ñõåìè (9) íàáëèæåíü
äî ðîçâ'ÿçêó çàäà÷i (11) ïîñëiäîâíî çìåíøó¹òüñÿ íà êîæíîìó ðîöi, â òîé ÷àñ, ÿê
òî÷íiñòü íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (11), îäåðæàíèõ çà äîïîìîãîþ
ìåòîäó íàéìåíøèõ êâàäðàòiâ, ïiñëÿ äðóãîãî êðîêó ïðàêòè÷íî íå çìåíøó¹òüñÿ.

Âiäçíà÷èìî òàêîæ, ùî òî÷íiñòü íàáëèæåíü, îäåðæàíèõ çà äîïîìîãîþ ìåòîäó
ïðîñòèõ iòåðàöié [1]

∆̌1(0, 1) ≈ 1, 16 055 · 10−4, ∆̌2(0, 1) ≈ 3, 82 851 · 10−6,

∆̌3(0, 1) ≈ 1, 22 684 · 10−5,

çíà÷íî ìåíøà çà òî÷íiñòü íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (11), çíàéäåíèõ
çà äîïîìîãîþ ÿê iòåðàöiéíî¨ ñõåìè (9), òàê i çà äîïîìîãîþ ìåòîäó íàéìåíøèõ
êâàäðàòiâ [19].

Îöiíêà ε∗ ≈ 0, 518 181 äîâæèíè ïðîìiæêó ε∗ çíà÷åíü ìàëîãî ïàðàìåòðó, íà
ÿêîìó çáåðiãà¹òüñÿ çáiæíiñòü iòåðàöiéíî¨ ñõåìè, ïîáóäîâàíî¨ çà ìåòîäîì ïðîñòèõ
iòåðàöié [1] îòðèìàíà ó ñòàòòi Î.Ñ.×óéêà [20] çíà÷íî ìåíøà çà ïðîìiæîê ε ∈ [0, 3]
ïðàêòè÷íî¨ çáiæíîñòi iòåðàöiéíî¨ ñõåìè (9) äî ðîçâ'ÿçêó çàäà÷i (11), îòðèìàíèé
âèùå.

Çàïðîïîíîâàíi ó ñòàòòi óìîâè ðîçâ'ÿçíîñòi òà ñõåìà ïîáóäîâè ðîçâ'ÿçêiâ íåëiíié-
íî¨ êðàéîâî¨ çàäà÷i ç âèêîðèñòàííÿì ìåòîäó äåêîìïîçèöi¨ Àäîìÿíà ó êðèòè÷íîìó
âèïàäêó ìîæóòü áóòè ïåðåíåñåíi íà íåëiíiéíi êðàéîâi çàäà÷i ç ïåðåìèêàííÿìè [21].
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S.M. Chuiko, O.V. Nesmelova, M.V. Popov

Adomian decomposition method in the theory of weakly nonlinear boundary value prob-

lems.

The problem of solvability of nonlinear boundary value problems originates from the classical theory of

periodic boundary value problems for systems of ordinary di�erential equations, developed in the works

of A. Poincare, O.M. Lyapunov, I.G. Malkin, Yu.O. Mitropolsky, A.M. Samoilenko, O.A. Boichuk

and others. In the classical works of R. Bellman, J. Hale, Y.O. Mitropolsky, A.M. Samoilenko and

O.A. Boichuk, the conditions for solvability of nonlinear boundary value problems for systems of

di�erential equations in critical cases were obtained. To �nd solutions to nonlinear boundary value

problems for systems of di�erential equations in critical cases, iterative schemes using the method

of simple iterations were constructed in the monographs of A.M. Samoilenko and O.A. Boichuk. In

the works of O.A. Boichuk and S.M. Chuiko, iterative schemes based on the Newton�Kantorovich

scheme with quadratic convergence were constructed to �nd solutions to nonlinear boundary value

problems, and constructive conditions for convergence were obtained. The technique for constructing

approximations to solutions of weakly nonlinear boundary value problems using the Adomian decompo-

sition method investigated in this paper di�ers from the authors' previous results in that the boundary

condition, the number of components of which, in general, does not coincide with the dimension of

the solution. The results obtained can be transferred to weakly nonlinear boundary value problems

with a boundary condition using nonlinear bounded vector functions. The article obtains constructive

conditions for solvability and a scheme for constructing solutions to a weakly nonlinear boundary value

problem for an ordinary di�erential equation in the critical case using the Adomian decomposition

method.

Keywords: weakly nonlinear boundary value problems, Adomian decomposition method.
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