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ÏÐÎ ÑÒIÉÊIÑÒÜ ÎÁÅÐÒÀÍÍß Ó ÑÅÐÅÄÎÂÈÙI Ç
ÎÏÎÐÎÌ ÂIËÜÍÎ� ÑÈÑÒÅÌÈ ÄÂÎÕ ÏÐÓÆÍÎ ÇÂ'ßÇÀÍÈÕ
ÒÂÅÐÄÈÕ ÒIË

Âèâåäåíi ðiâíÿííÿ îáåðòàííÿ ó ñåðåäîâèùi ç îïîðîì âiëüíî¨ ñèñòåìè äâîõ òâåðäèõ òië, ç'¹äíàíèõ
ïðóæíèì ñôåðè÷íèì øàðíiðîì àáî øàðíiðîì Ãóêà. Ó ïðèïóùåíi, ùî öåíòð ìàñ òâåðäèõ òië çíàõî-
äèòüñÿ íà òðåòié ãîëîâíié îñi iíåðöi¨, âèïèñàíi ðiâíÿííÿ çáóðåíîãî ðóõó ðîçãëÿäóâàíî¨ ìåõàíi÷íî¨
ñèñòåìè ó âèãëÿäi âîñüìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ïåðiîäè÷íèìè êîåôiöi¹íòàìè. Ó
âèïàäêó äâîõ ãiðîñêîïiâ Ëàãðàíæà ïîëó÷åíî õàðàêòåðèñòè÷íå ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó. Íà
ïiäñòàâi êðèòåðiþ Ëü¹íàðà�Øiïàðà, çàïèñàíîãî â iííîðíîìó âèãëÿäi, îòðèìàíi ó âèãëÿäi ñèñòå-
ìè òðüîõ íåðiâíîñòåé óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ðiâíîìiðíèõ îáåðòàíü ãiðîñêîïiâ Ëàãðàíæà.
Ïðîâåäåíi àíàëiòè÷íi äîñëiäæåííÿ öèõ óìîâè ñòiéêîñòi. Äîâåäåíî, ùî ïåðøà íåðiâíiñòü çàâæäè
âèêîíàíà. Iç òðåòüî¨ íåðiâíîñòi ñëiäó¹, ùî êîëè ãiðîñêîïè ìàþòü ðiâíi îñüîâi ìîìåíòè iíåðöi¨
i îáåðòàþòüñÿ ç îäíàêîâèìè êóòîâèìè øâèäêîñòÿìè â ðiçíi ñòîðîíè àáî âiäñóòíÿ ïðóæíiñòü ó
øàðíiði, òî õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ êðàòíèé êîðiíü i ïèòàííÿ ïðî ñòiéêiñòü âèìàãà¹ äî-
äàòêîâèõ äîñëiäæåíü. Âèïèñàíi óìîâè ñòiéêîñòi âiäíîñíî êiíåòè÷íèõ ìîìåíòiâ i ïîêàçàíî, ùî
ñòàðøi êîåôiöi¹íòè íåðiâíîñòåé äîäàòíi çâiäêè âèïëèâà¹, ùî ñòiéêiñòü çàâæäè áóäå ìîæëèâà ïðè
äîñèòü âåëèêèõ çíà÷åííÿõ îäíîãî àáî äâîõ êiíåòè÷íèõ ìîìåíòiâ. Àíàëîãi÷íi âèñíîâêè îòðèìàíi
i ó âèïàäêó øàðíiðà Ãóêà, à òàêîæ ïîêàçàíî, ùî êîëè ãiðîñêîïè îäíàêîâi, òî õàðàêòåðèñòè÷íå
ðiâíÿííÿ ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ. Ïðè âiäñóòíîñòi ïðóæíiñòü ó øàðíiði ç'ÿâëÿ¹òüñÿ êðàò-
íèé íóëüîâié êîðiíü i ïèòàííÿ ïðî ñòiéêiñòü âèìàãà¹ äîäàòêîâèõ äîñëiäæåíü.

MSC: 70E55.

Êëþ÷îâi ñëîâà: îáåðòàííÿ âiëüíî¨ ñèñòåìè äâîõ ïðóæíî çâ'ÿçàíèõ òâåðäèõ òië, ïðóæíèé

ñôåðè÷íèé øàðíið, øàðíið Ãóêà, ñåðåäîâèùå ç îïîðîì, ïîñòiéíèé ìîìåíò, ãiðîñêîïè Ëàãðàíæà,

ðiâíîìiðíå îáåðòàííÿ, àñèìïòîòè÷íà ñòiéêiñòü.

1. Âñòóï.
Íà äàíèé ÷àñ ¹ âåëèêà êiëüêiñòü ðîáiò ó ÿêèõ äîñëiäæó¹òüñÿ äèíàìiêà òà ñòié-

êiñòü ðóõó ñèñòåì çâ'ÿçàíèõ òâåðäèõ òië. Äîñèòü õîðîøèé îãëÿä öèõ ðîáiò íàâåäåíî
â ìîíîãðàôiÿõ [1�4]. Íàïðèêëàä ðîáîòà [2] ìiñòèòüñÿ 351 ïîñèëàíü. Â ìîíîãðàôi¨ [1]
ç ¹äèíèõ ïîçèöié âèêëàäåíî ïiäõiä äî çàäà÷ ïðî ðóõ ñèñòåì òâåðäèõ òië. Ðîçãëÿ-
íóòî ìîäåëi, ùî äîïóñêàþòü ðiçíîìàíiòíi ç'¹äíàííÿ òië òà ¨õ çàãàëüíi ïðîñòîðîâi
ðóõè. Îäíàê, çàäà÷i ïðî âiëüíèé ðóõ ñèñòåì ïîâ'ÿçàíèõ òâåðäèõ òië äàëåêi äî ñâîãî
çàâåðøåííÿ. Ìàáóòü, îäíèìè ç ïåðøèõ öå áóëè ðîáîòè [5�7]. Ó ñòàòòi [5] âèâ÷à¹òü-
ñÿ ïîëîæåííÿ ðiâíîâàãè äâîõ çâ'ÿçàíèõ òâåðäèõ òië âiäíîñíî îðáiòàëüíî¨ ñèñòåìè
êîîðäèíàò. Àâòîðîì âèçíà÷åíî âñi ïîëîæåííÿ âiäíîñíî¨ ðiâíîâàãè òà îòðèìàíî äî-
ñòàòíi óìîâè ñòiéêîñòi. Ìîäåëü ñóïóòíèêà, ïðåäñòàâëåíîãî äâîìà îäíàêîâèìè íåñè-
ìåòðè÷íèìè òiëàìè, ïîâ'ÿçàíèìè íåâàãîìèì ñòðèæíåì, ðîçãëÿäà¹òüñÿ â ñòàòòi [6].
Ó ðîáîòi [7] ìîäåëü ñóïóòíèêà ïðåäñòàâëÿ¹òüñÿ ñèñòåìîþ n òâåðäèõ òië i ãiðîñòàòiâ,
çâ'ÿçàíèìè ñôåðè÷íèìè øàðíiðàìè. Ïðîâåäåíî ÷èñåëüíå iíòåãðóâàííÿ ðiâíÿíü ðó-
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õó, ùî äîçâîëèëî âèçíà÷èòè ñòiéêi âiäíîñíi ïîëîæåííÿ ðiâíîâàãè. Íàâåäåìî ëèøå
ðîáîòè, ÿêi íàéáëèæ÷i äî ðîçãëÿäóâàíî¨ ó ñòàòòi çàäà÷i. Ó çàãàëüíié ïîñòàíîâöi
çàäà÷à ïðî ðóõ ó ñåðåäîâèùi ç îïîðîì âiëüíî¨ ñèñòåìè äâîõ çâ'ÿçàíèõ òâåðäèõ òië
ðîçãëÿäà¹òüñÿ â ìîíîãðàôi¨ [8]. Â íié òà ó ñòàòòi [9] íàãîëîøó¹òüñÿ, ùî â çàëåæíî-
ñòi âiä âèáîðó îñíîâíîãî òiëà áóäóòü ïðåäñòàâëåíi ðiçíi âèäè ðiâíÿííÿ ðóõó âiëüíî¨
ñèñòåìè òâåðäèõ òië. Ó ñòàòòi [10] äîñëiäæåíi íåîáõiäíi óìîâè ñòiéêîñòi ðiâíîìiðíèõ
îáåðòàíü äâîõ âiëüíèõ ãiðîñêîïiâ Ëàãðàíæà ç iäåàëüíîþ ðiäèíîþ, òà ïîêàçàíî, ÿê
ç ðiâíÿíü äëÿ íåâiëüíî¨ ñèñòåìè ãiðîñêîïiâ ñëiäóþòü ðiâíÿííÿ äëÿ âiëüíî¨ ñèñòåìè.
Ðîáîòà [11] óçàãàëüíþ¨ ðåçóëüòàòè ñòàòòi [10] íà âèïàäîê n ãiðîñêîïiâ Ëàãðàíæà
ç iäåàëüíîþ ðiäèíîþ. Äîñëiäæåííÿ âïëèâó äèñèïàòèâíîãî i ïîñòiéíîãî ìîìåíòiâ
íà ñòiéêiñòü ðiâíîìiðíîãî îáåðòàííÿ äâîõ ïðóæíî çâ'ÿçàíèõ âiëüíèõ ãiðîñêîïiâ
Ëàãðàíæà ïðîâåäåíî ó ðîáîòi [12]. Ó ñòàòòi [13] ïîêàçàíà ìîæëèâiñòü ñòàáiëiçàöi¨
íåñòiéêîãî îáåðòàííÿ ó ñåðåäîâèùi ç îïîðîì ãiðîñêîïà Ëàãðàíæà ç iäåàëüíîþ ði-
äèíîþ äðóãèì îáåðòîâèì ãiðîñêîïîì. Â ðîáîòi [14] ðîçãëÿäà¹òüñÿ äèíàìiêà i îði¹í-
òàöiÿ òâåðäîãî òiëà ïðè âõîäi â àòìîñôåðó, äèíàìiêà i óïðàâëiííÿ êîàêñiàëüíèìè
ãiðîñòàòàìè ñóïóòíèêiâ òà áàãàòî iíøèõ îðèãiíàëüíèõ çàäà÷ êîñìi÷íî¨ ìåõàíiêè.
Â [15] ïðåäñòàâëåíèé óíiôiêîâàíèé i äîáðå ðîçðîáëåíèé ïiäõiä äî äèíàìiêè êóòî-
âèõ ðóõiâ òâåðäèõ òië, ùî çàçíàþòü ìîìåíòiâ çáóðåííÿ ðiçíî¨ ôiçè÷íî¨ ïðèðîäè.
Äåòàëüíî ðîçãëÿäà¹òüñÿ äiÿ ðiçíèõ ìîìåíòiâ çáóðåíü, ÿê çîâíiøíiõ (ãðàâiòàöié-
íèé, àåðîäèíàìi÷íèé, ñîíÿ÷íèé òèñê), òàê i âíóòðiøíiõ (çàâäÿêè â'ÿçêié ðiäèíi â
ðåçåðâóàðàõ, ïðóæíèì i â'ÿçêîïðóæíèì âëàñòèâîñòÿì òiëà). Íîâèé êëàñ îáåðòàíü
äèíàìi÷íî ñèìåòðè÷íîãî òâåðäîãî òiëà íàâêîëî íåðóõîìî¨ òî÷êè ç óðàõóâàííÿì
íåñòàöiîíàðíîãî çáóðþþ÷îãî ìîìåíòó i ïîâiëüíî çìiííîãî ç ÷àñîì âiäíîâëþþ÷îãî
ìîìåíòó âèâ÷à¹òüñÿ ó ðîáîòi [16]. Â ñòàòòi [17] ðîçãëÿíóòî ðóõ íàâêîëî öåíòðó ìàñ
ñôåðî¨äà ç ïîðîæíèíîþ, çàïîâíåíîþ â'ÿçêîþ ðiäèíîþ. Ìîìåíò ñèë, ùî äiþòü íà
òiëî ç áîêó â'ÿçêî¨ ðiäèíè â ïîðîæíèíi, âèçíà÷àþòü çà ìåòîäèêîþ, ðîçðîáëåíîþ â
ðîáîòàõ Ô.Ë. ×îðíîóñüêà. Àñèìïòîòè÷íèé ïiäõiä äîçâîëÿ¹ îòðèìàòè äåÿêi ÿêiñíi
ðåçóëüòàòè òà îïèñàòè íåëiíiéíó åâîëþöiþ êóòîâîãî ðóõó çà äîïîìîãîþ ñïðîùåíèõ
óñåðåäíåíèõ ðiâíÿíü. Ñëiä çàçíà÷èòè, ùî ìàòåìàòè÷íèé àïàðàò òà ìåòîäè äîñëiä-
æåííÿ, ÿêi áóëè ðîçðîáëåíi â ðîáîòàõ [14�17], çíàéøëè çàñòîñóâàííÿ â áàãàòüîõ
çàäà÷àõ äèíàìiêè òà ñòiéêîñòi ðóõó ñèñòåì çâ'ÿçàíèõ òâåðäèõ òië.

Ó äàíié ñòàòòi ïðîäîâæóþòüñÿ äîñëiäæåííÿ ñòiéêîñòi ðóõó âiëüíî¨ ñèñòåìè äâîõ
òâåðäèõ, ÿêi áóëè ðîçïî÷àòi â ðîáîòàõ [8�13].

2. Ïîñòàíîâêà çàäà÷i. Îñíîâíi ðiâíÿííÿ.
Ðîçãëÿíåìî âiëüíèé ðóõ äâîõ ïðóæíî çâ'ÿçàíèõ òâåðäèõ òië S1 i S2. Òiëàìè

S1 i S2 ìàþòü ñïiëüíó òî÷êó O2. Çàïèøåìî òåîðåìó ïðî çìiíó ìîìåíòó êiëüêîñòi
ðóõó i êiëüêîñòi ðóõó äëÿ òiëà Si (i = 1, 2). Äëÿ öüîãî çâiëüíèìîñü âiä â'ÿçiâ â
òî÷öi O2. Ïîçíà÷èìî ÷åðåç R1 i L1 ãîëîâíèé âåêòîð i ãîëîâíèé ìîìåíò ñèë ðåàêöi¨
â'ÿçi, ùî äiþòü íà òiëî S1 ç áîêó òiëà S2. Ðiâíÿííÿ ðóõó öåíòðó ìàñ òà ðiâíÿííÿ
çìiíè ìîìåíòó êiëüêîñòi ðóõó òiëà Si âiäíîñíî öåíòðó ìàñ òiëà, òî÷êè Ci ìàþòü
âèãëÿä [8,10]:

miV̇i = Fi +Ri −Ri+1; (1)
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Ïðî ñòiéêiñòü îáåðòàííÿ ó ñåðåäîâèùi ç îïîðîì âiëüíî¨ ñèñòåìè äâîõ ïðóæíî...

(Jiωi)
• + ci ×miV̇i = Mi + Li − Li+1 − si ×Ri+1 (i = 1, 2) . (2)

Òóò Ji � öåíòðàëüíèé òåíçîð iíåðöi¨ òiëà Si; ωi � êóòîâà øâèäêiñòü òâåðäîãî òiëà

Si; m = m1 + m2 � ìàñà âñi¹¨ ñèñòåìè, c1 =
−−−→
C1O2, c2 =

−−−→
O2C2, R1 = R3 = 0,

L1 = L3 = 0; òî÷êîþ ¾•¿ ïîçíà÷åíà àáñîëþòíà ïîõiäíà.
Ñèñòåìà ðiâíÿíü (2), ç óðàõóâàííÿì (1), áóäå ìàòè âèãëÿä:

(J1ω1)
• = M1 − L2 − c1 ×

(
m2F1 −m1F2 +m2ḟ2

)
/m;

(J2ω2)
• = M2 + L2 −

[
c2 × (m2F1 −m1F2)− c2 × ḟ2

]
/m , (3)

äå

f1 = ω1 ×m2c1 + ω2 ×m2c2; f2 = ω1 ×m1c1 + ω2 ×m1c2.

Çâ'ÿæåìî ç êîæíèì iç òië Si íåçìiííî áàçèñ e
i
1 e

i
2 e

i
3 ç âåðøèíîþ â òî÷öi Ci, îñi

ÿêîãî íàïðàâèìî ïî ãîëîâíèõ îñÿõ òåíçîðà iíåðöi¨ Ji i ââåäåìî íåðóõîìèé áàçèñ
e01 e

0
2 e

0
3, âåêòîð e03 ÿêîãî ïðîòèëåæíèé âåêòîðó ïðèñêîðåííÿ âiëüíîãî ïàäiííÿ. Áó-

äåìî ââàæàòè, ùî òðåòi ãîëîâíi îñi iíåðöi¨ ïðîõîäÿòü äëÿ òië S1 i S2 ÷åðåç òî÷êó
O2, òîáòî áóäåìî ââàæàòè, ùî öåíòð ìàñ òië Si ëåæèòü íà öèõ îñÿõ.

Íåõàé òâåðäå òiëî Si çíàõîäèòüñÿ ïiä äi¹þ ñèëè òÿæiííÿ, äèñèïàòèâíîãî ìîìåí-
òó Mi = Diωi, Di = diag (Di1, Di1Di3), Dij > 0 (i = 1, 2; j = 1, 3), ùî ìîäåëþ¹ ñåðå-
äîâèùå ç îïîðîì i ïîñòiéíîãî ìîìåíòó Miq = Qici/ |ci|, ÿêèé ñïðÿìîâàíèé âçäîâæ
âåêòîðà ci i ïiäòðèìó¹ îáåðòàííÿ òiëà Si. Òâåðäè òiëà S1 i S2 ïîâ'ÿçàíi â òî÷öi O2

ïðóæíèì âiäíîâëþâàëüíèì ñôåðè÷íèì øàðíiðîì L2 = −kc1×c2/ (|c1| |c2|), k ≥ 0.
Âåêòîðíi ðiâíÿííÿ (3) â ïðîåêöiÿõ íà îñi ðóõîìîãî áàçèñó ei1 e

i
2 e

i
3 ïðèéìóòü

âèãëÿä:

A′
1ṗ1 + (C1 −B′

1)r1q1 + µ
[
(ṗ2 − r2q2)α

12
22 − (q̇2 + r2p2)α

12
21 + (p22 + q22)α

12
23

]
= −kα21

32 −D11p1;

B′
1q̇1 − (C1 −A′

1)r1p1 − µ
[
(ṗ2 − r2q2)α

12
12 − (q̇2 + r2p2)α

12
11 + (p22 + q22)α

12
13

]
= −kα21

31 −D12q1;

C1ṙ1 +
(
B′

1 −A′
1

)
p1q1 = −D13r1 +Q1; (4)

A′
2ṗ2 + (C2 −B′

1)r2q2 + µ
[
(ṗ1 − r1q1)α

21
22 − (q̇1 + r1p1)α

21
21 + (p21 + q21)α

21
23

]
= −kα21

32 −D21p2;

B′
2q̇2 − (C2 −A′

2)ω02p2 −µ
[
(ṗ1 − r1q1)α

21
12 − (q̇1 + r1p1)α

21
11 + (p21 + q21)α

21
23

]
= −kα21

31 −D22q2;

C2ṙ2 +
(
B′

2 −A′
2

)
p2q2 = −D23r2 +Q2.

Òóò pi, qi, ri � ïðîåêöi¨ âåêòîðà êóòîâî¨ øâèäêîñòi ωi íà âiñi ei1e
i
2e

i
3; A

′
1 = A1 +

m1m2c
2
1/m; B′

1 = B1 + m1m2c
2
1/m; A′

2 = A2 + m2m1c
2
2/m; B′

2 = B2 + m2m1c
2
2/m;

µ = m1m2c1c2/m; αij
µκ = eiµ · ejκ � íàïðÿìíi êîñèíóñè. Êîåôiöi¹íòè αij

µκ ìîæíà

âèðàçèòè ÷åðåç αi0
µσ i αj0

µσ íàñòóïíèì ÷èíîì αij
µκ =

∑3
σ=1 α

i0
µσα

j0
kσ [8].

Äî ñèñòåìè ðiâíÿíü (4) ïîòðiáíî äîäàòè ðiâíÿííÿ äëÿ íàïðÿìíèõ êîñèíóñiâ [8]:

α̇i0
11 = −qiα

i0
31 + riα

i0
21; α̇

i0
21 = piα

i0
31 − riα

i0
11;

α̇i0
12 = −qiα

i0
32 + riα

i0
22; α̇

i0
22 = piα

i0
32 − riα

i0
12;

77



Þ.Ì. Êîíîíîâ

α̇i0
13 = −qiα

i0
33 + riα

i0
23; α̇

i0
23 = piα

i0
33 − riα

i0
13; (5)

α̇i0
31 = −piα

i0
21 + qiα

i0
11; α̇

i0
32 = −piα

i0
22 + qiα

i0
12;

α̇i0
33 = −piα

i0
23 + qiα

i0
13.

Ñèñòåìà (4) � (5) äîïóñêà¹ ðîçâ'ÿçêè:

pi = qi = 0; ri = ω0i = Qi/Di3;

αi0
11 = cosω0it; αi0

12 = sinω0it; αi0
13 = 0;

αi0
21 = − sinω0it; αi0

22 = cosω0it; αi0
23 = 0;αi0

31 = 0; αi0
32 = 0; αi0

33 = 1,

ÿêi âiäïîâiäàþòü ðiâíîìiðíèì îáåðòàííÿì òâåðäèõ òië Si (i = 1, 2) ç êóòîâèìè
øâèäêîñòÿìè ω0i íàâêîëî âåðòèêàëi.

Çàïèøåìî ðiâíÿííÿ (4)�(5) äëÿ çáóðåíîãî ðóõó, çáåðiãàþ÷è äëÿ çìiííèõ ¨õíi
ïîïåðåäíi ïîçíà÷åííÿ:

A′
1ṗ1 + (C1 −B′

1)ω01q1 + µ
[
(ṗ2 − ω02q2)α

12
22 − (q̇2 + ω02p2)α

12
21

]
= −kα10

23 −D11p1;

B′
1q̇1 − (C1 −A′

1)ω01p1 − µ
[
(ṗ2 − ω02q2)α

12
12 − (q̇2 + ω02p2)α

12
11

]
= −kα10

13 −D12q1;

A′
2ṗ2+(C2−B′

1)ω02q2+µ
[
(ṗ1 − ω01q1)α

21
22 − (q̇1 + ω01p1)α

21
21

]
= −kα20

23−D21p2; (6)

B′
2q̇2 − (C2 −A′

2)ω02p2 − µ
[
(ṗ1 − ω01q1)α

21
12 − (q̇1 + ω01p1)α

21
11

]
= −kα20

13 −D22q2;

α̇i0
13 = ω0iα

i0
23 − qi; α̇i0

23 = −ω0iα
i0
13 + pi (i = 1, 2) .

Òóò αik
11 = cosφki; α

ik
12 = − sinφki; α

ik
21 = sinφki; α

ik
22 = cosφki; φki = φk − φi;

φi = ω0it; (i, k = 1, 2).
Ñëiä çàçíà÷àòè, ùî òðåò¹ òà øîñòå ðiâíÿííÿ ó (4) âiäîêðåìëþþòüñÿ i ¨õ õàðàê-

òåðèñòè÷íi ðiâíÿííÿ ìàþòü îäèí äiéñíèé íåãàòèâíèé êîðiíü.
Òàêèì ÷èíîì, îòðèìàíi âiñiì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (6) iç ïåðiî-

äè÷íèìè êîåôiöi¹íòàìè îïèñóþòü çáóðåíèé ðóõ ó ñåðåäîâèùi ç îïîðîì ñèñòåìè
äâîõ ïðóæíî ïîâ'ÿçàíèõ òâåðäèõ òië ó ïðèïóùåííi, ùî ¨õ öåíòðè ìàñ çíàõîäÿòüñÿ
íà òðåòié ãîëîâíî¨ îñi iíåðöi¨ òâåðäîãî òiëà. ×åðåç äèíàìi÷íó (B′

i ̸= A′
i) òà äèñèïà-

òèâíó (Di1 ̸= Di2) íåñèìåòðiþ äîñëiäæåííÿ öiõ ðiâíÿíü ñòà¹ äîñèòü ñêëàäíèì. Ó
öüîìó çâ'ÿçêó ïðîâåäåìî äàëi àíàëiòè÷íi äîñëiäæåííÿ äëÿ äâîõ ãiðîñêîïiâ Ëàãðàí-
æà (B′

i = A′
i) ó ïðèïóùåíi, ùî Di1 = Di2.

3. Óìîâè ñòiéêîñòi ðiâíîìiðíèõ îáåðòàíü äâîõ ãiðîñêîïiâ Ëàãðàíæà.
Ïåðåéäåìî äî íîâèõ çìiííèõ p′i, q′i, αi

13, αi
23 [8, 11]:

p′i = pi sinφi + qi cosφi; q′i = pi cosφi − qi sinφi;

αi
13 = α0i

13 sinφi + α0i
23 cosφi; αi

23 = α0i
13 cosφi − α0i

23 sinφi.

Íåõàé Ωi = q′i − ip′i, γi = αi
13 + iαi

23 (i = 1, 2), òîäi ñèñòåìà ðiâíÿíü (6) ó íîâèõ
çìiííèõ ìîæå áóòè çàïèñàíà íàñòóïíèì ÷èíîì:

A′
1γ̈1 + (iC̃1 +D1 + k)γ̇1 + µγ̈2 = 0;
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A′
2γ̈2 + (iC̃2 +D2 + k)γ̇2 + µγ̈1 = 0, (7)

äå C̃i = Ciω0i.
Ïðåäñòàâèâøè øóêàíi ôóíêöi¨ ó âèãëÿäi aeλt, çàïèøåìî õàðàêòåðèñòè÷íå ðiâ-

íÿííÿ çáóðåíîãî ðóõó (7): ∣∣∣∣ F1 µλ2

µλ2 F2

∣∣∣∣ = 0 (8)

àáî
a4λ

4 + (a3 + ib3)λ
3 + (a2 + ib2)λ

2 + (a1 + ib1)λ+ a0 = 0, (9)

äå Fi = A′
iλ

2 + (iC̃i +Di)λ+ k;

a4 = A′
1A

′
2 − µ2 = (A1 + c21m1)(A2 + c22m2) +A2s

2
1m2 > 0;

a3 = A′
1D2 +A′

2D1 > 0; b3 = A′
1C̃2 +A′

2C̃1;

a2 = D1D2 − C̃1C̃2 + (A′
1 +A′

2) k; b2 = C̃1D2 + C̃2D1;

a1 = (D1 +D2) k; b1 =
(
C̃1 + C̃2

)
k;

a0 = k2; b0 = 0.

Äëÿ òîãî, ùîá âñi íóëi ðiâíÿííÿ (9) áóëè ðiçíi i ëåæàëè ó âiäêðèòié ëiâié ïiâ-
ïëîùèíi, çãiäíî êðèòåðiþ Ëü¹íàðà�Øiïàðà, çàïèñàíîãî â iííîðíîìó âèãëÿäi [18],
íåîáõiäíî i äîñòàòíüî, ùîá ìàòðèöÿ ñüîìîãî ïîðÿäêó, ÿêà ñêëàäåíà ç êîåôiöi¹í-
òiâ öüîãî ðiâíÿííÿ, áóëà iííîðíî-ïîçèòèâíîþ, òîáòî ùîá áóëè ïîçèòèâíî âèçíà÷åíi
ìàòðèöi ∆1, ∆3, ∆5 i ∆7:

I1 = |∆1| = a3 > 0;

I3 = |∆3| =

∣∣∣∣∣∣
a4 −b3 −a2
0 a3 −b2
a3 −b2 −a1

∣∣∣∣∣∣ > 0; (10)

I5 = |∆5| =

∣∣∣∣∣∣∣∣∣∣
a4 −b3 −a2 b1 a0
0 a4 −b3 −a2 b1
0 0 a3 −b2 −a1
0 a3 −b2 −a1 0
a3 −b2 −a1 0 0

∣∣∣∣∣∣∣∣∣∣
= kĨ5 > 0; (11)

I7 = |∆7| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a4 −b3 −a2 b1 a0 0 0
0 a4 −b3 −a2 b1 a0 0
0 0 a4 −b3 −a2 b1 a0
0 0 0 a3 −b2 −a1 0
0 0 a3 −b2 −a1 0 0
0 a3 −b2 −a1 0 0 0
a3 −b1 −a1 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= k2Ĩ7 > 0. (12)

Òàê ÿê a3 > 0, òî I1 > 0 i óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ðiâíîìiðíèõ îáåðòàíü
ó ñåðåäîâèùi ç îïîðîì äâîõ ïðóæíî çâ'ÿçàíèõ ãiðîñêîïiâ Ëàãðàíæà âèçíà÷à¹òüñÿ
òðüîìà íåðiâíîñòÿìè (10)�(12).
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4. Äîñëiäæåííÿ óìîâ ñòiéêîñòi (10)�(12).
Iç íåðiâíîñòåé (11)�(12) ñëiäó¹, ùî êîëè k = 0 ìà¹ìî I5 = 0 i I7 = 0. Â öüîìó âè-

ïàäêó ðiâíÿííÿ (9) ìà¹ êðàòíi êîðåíÿ i óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ïîòðåáóþòü
äîäàòêîâèõ äîñëiäæåíü.

Çàïèøåìî óìîâè ñòiéêîñòi âiäíîñíî êîåôiöi¹íòà ïðóæíîñòi ñôåðè÷íîãî øàðíiðó
k:

Ĩ31k + Ĩ30 > 0; (13)

Ĩ52k
2 + Ĩ51k + Ĩ50 > 0; (14)

Ĩ72k
2 + Ĩ71k + Ĩ70 > 0, (15)

äå
Ĩ31 =

[(
(A′

2)
2 + µ2

)
D1 +

(
(A′

1)
2 + µ2

)
D2

]
a4 > 0;

Ĩ30 =
[(

C̃2
1 (A

′
2)

2 + C̃2
2 (A

′
1)

2
)
+ a23

]
+ b22µ

2 > 0;
(16)

Ĩ52 =
[(
(A′

2)
2 + µ2

)
D1 +

(
(A′

1)
2 + µ2

)
D2

] [
(A′

1 −A′
2)

2D1D2 + (D1 +D2)
2µ2

]
> 0;

Ĩ72 =
[(
A′

1 −A′
2

)2
D1D2 + (D1 +D2)

2µ2
]
> 0. (17)

Iíøi êîåôiöi¹íòè íå íàâåäåíî ÷åðåç ¨õíþ ãðîìiçäêiñòü.
Iç (16) âèïëèâà¹, ùî íåðiâíiñòü (13) i âiäïîâiäíî (10) çàâæäè âèêîíàíi. Òàêèì

÷èíîì, óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ðiâíîìiðíèõ îáåðòàíü ó ñåðåäîâèùi ç îïîðîì
âiëüíî¨ ñèñòåìè äâîõ ïðóæíî çâ'ÿçàíèõ ãiðîñêîïiâ Ëàãðàíæà âèçíà÷à¹òüñÿ äâîìà
íåðiâíîñòÿìè (14)�(15) i âiäïîâiäíî (11)�(12).

Óìîâè ñòiéêîñòi âiäíîñíî êiíåòè÷íèõ ìîìåíòiâ C̃i (i = 1, 2) áóäóòü ìàòè âèãëÿä:(
Ii54C̃

4
i + Ii53C̃

3
i + Ii52C̃

2
i + Ii51C̃i + Ii50

)
k > 0; (18)(

Ii74C̃
4
i + Ii73C̃

3
i + Ii72C̃

2
i + Ii71C̃i + Ii70

)
k2 > 0. (19)

Òóò

I154 = D2
2

(
D1(A

′
2)

2 +D2µ
2
)
> 0; I174 = D1D

2
2

(
D2(A

′
1)

2 +D1µ
2
)
> 0;

I254 = D2
1

(
D2(A

′
1)

2 +D1µ
2
)
> 0; I274 = D2D

2
1

(
D1(A

′
2)

2 +D2µ
2
)
> 0.

(20)

Iç íåðiâíîñòåé (20) ñëiäó¹, ùî ñòàðøi êîåôiöi¹íòè íåðiâíîñòåé (18)�(19) äîäàòíi
çâiäêè âèïëèâà¹, ùî àñèìïòîòè÷íà ñòiéêiñòü çàâæäè áóäå ìîæëèâà ïðè äîñèòü
âåëèêèõ çíà÷åííÿõ îäíîãî àáî äâîõ êiíåòè÷íèõ ìîìåíòiâ.

Ó âèïàäêó øàðíèðiâ Ãóêà, çãiäíî ðîáîòè [8], òðåáà ïîêëàñòè ω01 = ω02 = ω0. Ó
öiîìó ðàçi óìîâè ñòiéêîñòi (11)�(12) âiäíîñíî êâàäðàòà êóòîâî¨ øâèäêîñòi x = ω2

0

ìàþòü âèãëÿä:

Ĩ52x
2 + Ĩ51x+ Ĩ50 > 0, (21)

Ĩ72x
2 + Ĩ71x+ Ĩ70 > 0, (22)
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äå

I52 =
(
C2
1D2 + C2

2D1

) [
(C1D2 + C2D1)

2 µ2 +
(
C1A

′
2 − C2A

′
1

)2
D1D2

]
> 0; (23)

I72 = D1D2 (C1 − C2)
2

[
(C1D2 + C2D1)

2 µ2 +
(
C1A

′
2 − C2A

′
1

)2
D1D2

]
> 0.

Iç íåðiâíîñòåé (23) âèïëèâà¹, ùî ñòàðøi êîåôiöi¹íòè íåðiâíîñòåé (21)�(22) äî-
äàòíi ïðè C1 ̸= C2 i àñèìïòîòè÷íà ñòiéêiñòü çàâæäè áóäå ìîæëèâà ïðè äîñèòü
âåëèêié êóòîâié øâèäêîñòi.

Ç õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (8) ñëiäó¹, ùî êîëè ãiðîñêîïè îäíàêîâi (A′
2 = A′

1,
C2 = C1, m2 = m1, c2 = c1), îáåðòàþòüñÿ ç îäíàêîâèìè êóòîâèìè øâèäêîñòÿìè
(ω02 = ω01 = ω0) i ìàþòü ðiâíi êîåôiöi¹íòè äèñèïàöi¨ (D2 = D1), òî F2 = F1 i öå
ðiâíÿííÿ ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ:

A1λ
2 + (iC1ω0 +D1)λ− k = 0 i

(
A1 +m1c

2
1

)
λ2 + (iC1ω0 +D1)λ− k = 0.

Ñëiä çàçíà÷àòè, ùî ïåðøå i äðóãå ðiâíÿííÿ ïðè k ̸= 0 îïèñóþòü àñèìïòîòè÷íî
ñòiéêi îáåðòàííÿ îäíîãî âiëüíîãî ãiðîñêîïà íà ÿêèé äi¹ âiäíîâëþâàëüíèé ìîìåíò,
òiëüêè ó äðóãîìó ðiâíÿííi äî åêâàòîðiàëüíîãî ìîìåíòó iíåðöi¨ äîäà¹òüñÿ ùå ìîìåíò
iíåðöi¨ ìàñè äðóãîãî ãiðîñêîïà. Êîëèâàííÿ ñòiéêi, òîìó ùî äëÿ öèõ ðiâíÿíü I3 =
kD2

1 > 0. ßê öå âæå áóëî ðàíiøå âiäìi÷åíî, ùî ïðè âiäñóòíîñòi ïðóæíiñòü ó øàðíiði
(k = 0) ç'ÿâëÿþòüñÿ êðàòíi íóëüîâi êîðiííÿ i ïèòàííÿ ïðî àñèìïòîòè÷íó ñòiéêiñòü
âèìàãà¹ äîäàòêîâèõ äîñëiäæåíü.

5. Âèñíîâêè.
Âèâåäåíi ðiâíÿííÿ îáåðòàííÿ ó ñåðåäîâèùà ç îïîðîì âiëüíî¨ ñèñòåìè äâîõ òâåð-

äèõ òië, ç'¹äíàíèõ ïðóæíèì ñôåðè÷íèì øàðíiðîì àáî øàðíiðîì Ãóêà. Ó ïðèïó-
ùåíi, ùî öåíòð ìàñ òâåðäèõ òië çíàõîäèòüñÿ íà òðåòié ãîëîâíié îñi iíåðöi¨, âèïèñàíi
ðiâíÿííÿ çáóðåíîãî ðóõó ìåõàíi÷íî¨ ñèñòåìè ó âèãëÿäi âîñüìi çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü ç ïåðiîäè÷íèìè êîåôiöi¹íòàìè. Ó âèïàäêó äâîõ ãiðîñêîïiâ
Ëàãðàíæà îòðèìàíî õàðàêòåðèñòè÷íå ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó. Íà ïiäñòàâi
êðèòåðiÿ Ëü¹íàðà�Øiïàðà, çàïèñàíîãî â iííîðíîìó âèãëÿäi, îòðèìàíi óìîâè ñòié-
êîñòi ðiâíîìiðíèõ îáåðòàíü ãiðîñêîïiâ Ëàãðàíæà ó âèãëÿäi ñèñòåìè òðüîõ íåðiâíî-
ñòåé. Ïðîâåäåíi àíàëiòè÷íi äîñëiäæåííÿ öèõ óìîâè ñòiéêîñòi. Äîâåäåíî, ùî ïåðøà
íåðiâíiñòü çàâæäè âèêîíàíà. Iç òðåòüî¨ íåðiâíîñòi ñëiäó¹, ùî êîëè ãiðîñêîïè ìàþòü
ðiâíi îñüîâi ìîìåíòè iíåðöi¨ i îáåðòàþòüñÿ ç îäíàêîâèìè êóòîâèìè øâèäêîñòÿìè â
ðiçíi ñòîðîíè àáî âiäñóòíÿ ïðóæíiñòü ó øàðíiði, òî õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹
êðàòíå êîðiííÿ i ïèòàííÿ ïðî ñòiéêiñòü âèìàãà¹ äîäàòêîâèõ äîñëiäæåíü. Âèïèñàíi
óìîâè ñòiéêîñòi âiäíîñíî êiíåòè÷íèõ ìîìåíòiâ i ïîêàçàíî, ùî ñòàðøi êîåôiöi¹íòè
öèõ äâîõ íåðiâíîñòåé äîäàòíi çâiäêè âèïëèâà¹, ùî ñòiéêiñòü çàâæäè áóäå ìîæëèâà
ïðè äîñèòü âåëèêèõ çíà÷åííÿõ îäíîãî îáî äâóõ êiíåòè÷íèõ ìîìåíòiâ. Àíàëîãi÷íi
âèñíîâêè îòðèìàíi i ó âèïàäêó øàðíiðà Ãóêà, à òàêîæ ïîêàçàíî, ùî êîëè ãiðî-
ñêîïè îäíàêîâi, òî õàðàêòåðèñòè÷íå ðiâíÿííÿ ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ. Ïåð-
øå i äðóãå ðiâíÿííÿ îïèñóþòü ñòiéêè âiëüíi îáåðòàííÿ îäíîãî ãiðîñêîïà íà ÿêèé

81



Þ.Ì. Êîíîíîâ

äi¹ âiäíîâëþâàëüíèé ìîìåíò, òiëüêè ó îäíîìó iç ðiâíÿííi òðåáà äî åêâàòîðiàëüíî-
ãî ìîìåíòó äîäàòè ìàñó äðóãîãî ãiðîñêîïà. Ïðè âiäñóòíîñòi ïðóæíiñòü ó øàðíiði
ç'ÿâëÿ¹òüñÿ êðàòíèé íóëüîâèé êîðiíü i ïèòàííÿ ïðî ñòiéêiñòü âèìàãà¹ äîäàòêîâèõ
äîñëiäæåíü.

Äîñëiäæåííÿ âèêîíàíi â ðàìêàõ âiäîì÷î¨ òåìàòèêè ÍÀÍÓêðà¨íè � 0117Ã002164
i ïðîãðàìíî-öiëüîâî¨ òà êîíêóðñíî¨ òåìàòèêè ÍÀÍ Óêðà¨íè � 2-19-Ï (íàóêîâî äî-
ñëiäíà ðîáîòà çà òåìîþ ÂÁ-15-18-21/479) òà áóëè ÷àñòêîâî ïiäòðèìàíà ãðàíòîì âiä
Ôîíäó Ñiìîíñà (Íàãîðîäà 1160640, Ïðåçèäåíòñüêi äèñêðåöiéíi ãðàíòè íà ïiäòðèì-
êó Óêðà¨íè, îäåðæóâà÷ Êîíîíîâ Þ.Ì.).
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Yu.M. Kononov

On the stability of rotation in an environment with resistance of a free system of two

elastically connected rigid bodies.

The equations of rotation in a medium with resistance of a free system of two rigid bodies connected

by an elastic spherical joint or Hooke's joint are obtained. Under the assumption that the center of

mass of solid bodies is located on the third axis of inertia, equations of perturbed motion are obtained.

These equations are represented as eight ordinary di�erential equations with periodic coe�cients. For

two Lagrange gyroscopes, a fourth-order characteristic equation is obtained. Based on the Li?nard-

Schipart criterion, written in the form of innors, conditions for the asymptotic stability of uniform
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rotations of Lagrange gyroscopes are obtained. These conditions are presented in the form of three

inequalities. Analytical studies of stability conditions were carried out. It has been proven that the

�rst inequality is always satis�ed. From the third inequality it follows that if the gyroscopes have

equal axial moments of inertia and rotate with the same angular velocities in di�erent directions or

there is no elasticity in the hinge, then the characteristic equation has a multiple root. In this case,

the issue of sustainability requires additional research. The conditions for stability in terms of kinetic

moments are written out and it is shown that the leading inequality coe�cients are positive, from

which it follows that stability will always be possible for su�ciently large values of one or two kinetic

moments. Similar conclusions were obtained with the Hooke's hinge, and it was also shown that with

identical gyroscopes the characteristic equation splits into two equations. In the absence of elasticity,

a multiple zero root appears in the hinge and stability requires additional study.

Keywords: rotation of a free system of two elastically connected rigid bodies, elastic spherical joint,

Hooke's joint, medium with resistance, constant moment, Lagrangian gyroscopes, uniform rotation,

asymptotic stability.
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