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ASYMPTOTIC ESTIMATES FOR DEVIATIONS OF FEJER MEANS ON

CLASSES OF POISSON INTEGRALS

The work is devoted to the investigation of problem of approximation of continuous periodic functions
of a real variable by trigonometric polynomials generated by linear methods of summation of Fourier
series. The simplest example of the process of linear approximation of periodic functions is approximation
of functions by partial sums of their Fourier series. However, sequences of partial Fourier sums are
not uniformly convergent on the whole class of continuous periodic functions. Therefore, numerous
studies are devoted to the study of approximation properties of approximating methods, which are
generated by di�erent transformations of sequences of partial sums of the Fourier series and allow
obtaining sequences of trigonometric polynomials that are uniformly convergent for the entire class of
continuous functions. In particular, Fejer means have been intensively studied in recent decades. One
of the important tasks in this direction is study of the asymptotic behavior of the upper bounds of the
deviations of trigonometric polynomials for a �xed class of periodic functions. The aim of the work
is to systematize the known results concerning the approximation of classes of periodic functions of
high smoothness by arithmetic means of Fourier sums, and to present new facts obtained for a more
general case. In paper we investigate the asymptotic behavior of upper bounds on classes of Poisson
integrals of periodic functions of real variable of deviations of linear means of Fourier series, which are
constructed using the Fejer summation method. We study the classes consist of analytic functions of
a real variable, which can be regularly extended into the corresponding strip of the complex plane. In
the work, asymptotic inequalities for the upper bounds of the deviations of the Fejer means on the
class of Poisson integrals were found. In certain case of parameters de�ning the class, the obtained
formulas coincide with previously known asymptotic equalities.

MSC: 42A10.
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1. Introduction.

Let L(T), T = [−π;π] be the space of summable 2π-periodic functions f with the
norm

∥f∥L =

�

T

| f(x) | dx.

Let f ∈ L(T), let

s[f ] =
a0[f ]

2
+

∞∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx) ,

be the Fourier series of the function f , where

a0[f ] =
1

π

�

T

f(x) dx, ak[f ] =
1

π

�

T

f(x) cos kx dx,
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bk[f ] =
1

π

�

T

f(x) sin kx dx, k ∈ N,

are the Fourier coe�cients of the function f and let

Sn[f ](x) =
a0[f ]

2
+

n∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx)

be the n-partial sum of the Fourier series of the function f .
Let C(T) be the space of continuous 2π-periodic functions f with the norm

∥f∥C = max
x∈T

| f(x) | .

We denote by G(q;β), q ∈ (0; 1), β ∈ R the class of functions f ∈ C(T), given by
the convolutions

f(x) = A0 +
1

π

�

T

φ(x+ t)P q
β (t) dt,

where A0 is a �xed constant,

P q
β (t) =

∞∑
k=1

qk cos

(
kt+

βπ

2

)
is the Poisson kernel, the summable 2π-periodic function φ satis�es the conditions

ess sup
t∈T

| φ(t) |≤ 1,

�

T

φ(t) dt = 0.

The set G(q;β) consist of 2π�periodic functions f(x) that admit analytic extension
to the functions F (z) = F (x+ iy) in the strip | ℑ z |< ln q−1. Denote G(q; 0) := G(q),
G(q; 1) := G̃(q).

In [13] was established the asymptotic equality

sup
f∈G(q;β)

∥f − Sn−1[f ]∥C =
8qn

π2
K(q) +O(1)

qn

n
, n → ∞,

where

K(q) =

π
2�

0

du

(1− q2 sin2 u)
1
2

is the complete elliptic integral of the �rst kind, O(1) is a quantity uniformly bounded
with respect to n.

Let f ∈ L(T). The polynomials that are given by relationship [7]

σn[f ](x) =
1

n

n−1∑
k=0

Sk[f ](x)
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are called Fejer means of s[f ]. Fejer means, as well as their generalizations, have been
intensively studied over the past decades [3�5, 8�10, 17, 18]. It is di�cult to mention
all the relevant published research papers in this area. Recently, we have seen the
appearance of several important works [1, 2, 19].

Asymptotically exact equality for the upper bounds of deviations of the Fejer
means over classes of Poisson integrals G(q), were obtained in [11, 12, 14]. In [15] were
considered the problems of approximation of more general classes of Poisson integrals by
Fejer summation method. Also asymptotic relations for the upper bounds of deviations
of the Fejer means over classes G(q) were obtained in [6].

The aim of this work is to investigate the asymptotic behavior of values

sup
f∈G(q;β)

∥f − σn[f ]∥C , q ∈ (0; 1), β ∈ R.

In this work we clarify the result of work [16].
2. Results.

Our main result is contained in the following theorem.

Theorem. Let q ∈ (0; 1), β ∈ R, q0 is the only root of the equation q4−2q3−2q2−
2q + 1 = 0, that belongs to the interval (0; 1), q0 = 0.346 . . . .

1. If q ∈ (0; q0] then

4q

πn(1 + q2)

∣∣∣∣cos3 βπ2
∣∣∣∣+ 4q

πn(1− q2)

∣∣∣∣sin3 βπ2
∣∣∣∣+O(1)

qn

n

≤ sup
f∈G(q;β)

∥f − σn[f ]∥C

≤ 4q

πn(1 + q2)

∣∣∣∣cos βπ2
∣∣∣∣+ 4q

πn(1− q2)

∣∣∣∣sin βπ

2

∣∣∣∣+O(1)
qn

n
, (1)

where O(1) is a quantity, uniformly bounded with respect to n.

2. If q ∈ [q0; 1) then

2

πn

(1 + q2)2

(1− q2)
(
1− q2 +

√
2(1 + q4)

) ∣∣∣∣cos3 βπ2
∣∣∣∣+ 4q

πn(1− q2)

∣∣∣∣sin3 βπ2
∣∣∣∣

+O(1)
qn

n(1− q)3
≤ sup

f∈G(q;β)
∥f − σn[f ]∥C

≤ 2

πn

(1 + q2)2

(1− q2)
(
1− q2 +

√
2(1 + q4)

) ∣∣∣∣cos βπ2
∣∣∣∣+ 4q

πn(1− q2)

∣∣∣∣sin βπ

2

∣∣∣∣
+O(1)

qn

n(1− q)3
, (2)

where O(1) is a quantity, uniformly bounded with respect to q, n.
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Proof. Denote
δn[f ](x) := f(x)− σn[f ](x).

We have

δn[f ](x) = f(x)− 1

n

n−1∑
k=0

Sk[f ](x) =
1

n

n−1∑
k=0

ρk[f ](x), (3)

where
ρk[f ](x) := f(x)− Sk[f ](x), k ∈ N.

For any f ∈ G(q;β), the quantity ρm[f ](x) can be represented in the following form

ρm[f ](x) =
1

π

�

T

φ(x+ t)
∞∑

k=m+1

qk cos

(
kt+

βπ

2

)
dt

=
1

π

�

T

φ(x+ t)

∞∑
k=0

qk+m+1 cos

(
(k +m+ 1)t+

βπ

2

)
dt

=
qm+1

π

�

T

φ(x+ t)

(
cos(m+ 1)t

∞∑
k=0

qk cos kt cos
βπ

2
− sin(m+ 1)t

∞∑
k=0

qk sin kt cos
βπ

2

− sin(m+ 1)t
∞∑
k=0

qk cos kt sin
βπ

2
− cos(m+ 1)t

∞∑
k=0

qk sin kt sin
βπ

2

)
dt.

Since

∞∑
k=0

qk cos kt =
1− q cos t

1− 2q cos t+ q2
,

∞∑
k=0

qk sin kt =
q sin t

1− 2q cos t+ q2
,

we have

ρm[f ](x) =
qm+1

π

�

T

φ(x+ t)

((
1− q cos t

1− 2q cos t+ q2
cos

βπ

2

− q sin t

1− 2q cos t+ q2
sin

βπ

2

)
cos(m+ 1)t−

(
q sin t

1− 2q cos t+ q2
cos

βπ

2

+
1− q cos t

1− 2q cos t+ q2
sin

βπ

2

)
sin(m+ 1)t

)
dt. (4)

Combining (3), (4), we obtain

δn[f ](x) =
1

πn

n∑
m=1

qm
�

T

φ(x+ t)

×
((

1− q cos t

1− 2q cos t+ q2
cosmt− q sin t

1− 2q cos t+ q2
sinmt

)
cos

βπ

2
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−
(

1− q cos t

1− 2q cos t+ q2
sinmt+

q sin t

1− 2q cos t+ q2
cosmt

)
sin

βπ

2

)
dt

=
1

πn

�

T

φ(x+ t)

1− 2q cos t+ q2

n∑
m=1

qm
(
(cosmt− q cos(m− 1)t) cos

βπ

2

−(sinmt− q sin(m− 1)t) sin
βπ

2

)
dt

=
1

πn

�

T

φ(x+ t)

1− 2q cos t+ q2

(
Σ1(q; t) cos

βπ

2
+ Σ2(q; t) sin

βπ

2

)
dt, (5)

where

Σ1(q; t) :=
n∑

k=1

qk(cos kt− q cos(k − 1)t), Σ2(q; t) :=
n∑

k=1

qk(q sin(k − 1)t− sin kt).

Further we �nd

Σ1(q; t) =

n∑
k=1

qk
(
eikt + e−ikt

2
− q

ei(k−1)t + e−i(k−1)t

2

)

=
1

2

n∑
k=1

{[(
qeit
)k

+
(
qe−it

)k]− q2
[(
qeit
)k−1

+
(
qe−it

)k−1
]}

=
q((1 + q2) cos t− 2q) +O(1)qn+1

1− 2q cos t+ q2
, (6)

Σ2(q; t) =
n∑

k=1

qk
(
eikt − e−ikt

2i
− q

ei(k−1)t − e−i(k−1)t

2i

)

=
1

2i

n∑
k=1

([ (
qeit
)k − (qe−it

)k ]− q2
[ (

qeit
)k−1 −

(
qe−it

)k−1
])

=
q(1− q2) sin t+O(1)qn+1

1− 2q cos t+ q2
, (7)

where O(1) is a quantity uniformly bounded with respect to n, q.
Since �

T

1

(1− 2q cos t+ q2)2
dt = O(1)

1

(1− q)3
, (8)

based on (5)�(8), we have

δn[f ](x) =
q

πn

�

T

φ(x+ t)

(1− 2q cos t+ q2)2

(
((1 + q2) cos t− 2q) cos

βπ

2
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−(1− q2) sin t sin
βπ

2

)
dt+O(1)

qn

n(1− q)3
. (9)

Denote

J1
q (t) :=

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
, J2

q (t) :=
(1− q2) sin t

(1− 2q cos t+ q2)2
,

ξ(t) := sign (J1
q (t) + I(q)), ζ(t) := sign J2

q (t),

where the value I(q) such that

mes
(
J1
q (t) + I(q) ≤ 0

)
=mes

(
J1
q (t) + I(q) ≥ 0

)
, t ∈ T.

We investigate the function J1
q (t), t ∈ [0;π]. We have

d

dt
J1
q (t) =

(6q2 − q4 − 1− 2q(1 + q2) cos t) sin t

(1− 2q cos t+ q2)3
.

Performing elementary transformations, we get d
dtJ

1
q (t) ̸= 0, t ∈ (0;π) for q ∈(

0; 2−
√
3
]
. For q ∈

(
2−

√
3; 1
)
the equation d

dtJ
1
q (t) = 0 has unique solution on

interval t ∈ (0;π). Therefore, for q ∈ (0; 2 −
√
3] the function J1

q (t) is monotone

decreasing on (0;π). For q ∈ (2 −
√
3; 1) the function J1

q (t) has one extremum on
(0;π). It was also shown in [11,12].

Next we �nd q for which the condition J1
q (π)− J1

q

(
π
2

)
< 0 is ful�lled. Considering

the inequality

q4 − 2q3 − 2q2 − 2q + 1 ≥ 0, q ∈ (0; 1),

we get q ∈ (0; q0], where

q0 =

(
2 +

√
5− 2

√
2 +

√
5

)1/2

= 0.346 . . . .

Making calculations, we obtain [11,14]

�

T

| J1
q (t) + I(q) | dt =


4

1+q2
, q ∈ (0; q0],

2(1+q2)2

q(1−q2)
(
1−q2+

√
2(1+q4)

) , q ∈ [q0; 1).
(10)

Also �

T

| J2
q (t) | dt =

4

1− q2
. (11)

Taking into account the condition ess sup
t∈T

| φ(t) |≤ 1 and formulas (10), (11), we

obtain the upper estimates in formulas (1), (2).
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Further let φ∗(t) be the 2π�periodic expansion of the function

φ̃(t) := ξ(t) cos2
βπ

2
− ζ(t) sin2

βπ

2
=


− cos2 βπ

2 + sin2 βπ
2 , t ∈

[
−π;−π

2

]
,

cos2 βπ
2 + sin2 βπ

2 , t ∈
[
−π

2 ; 0
]
,

cos2 βπ
2 − sin2 βπ

2 , t ∈
[
0; π2

]
,

− cos2 βπ
2 − sin2 βπ

2 , t ∈
[
π
2 ;π

]
,

and

f∗(x) := A0 +
1

π

�

T

φ∗(x+ t)
∞∑
k=1

qk cos

(
kt+

βπ

2

)
dt.

Note that f∗(x) ∈ G(q;β).
Then

δn[f
∗](0) =

q

πn

 −π/2�

−π

(− cos2
βπ

2
+ sin2

βπ

2
)

(
J1
q (t) cos

βπ

2
+ J2

q (t) sin
βπ

2

)
dt

+

0�

−π/2

(cos2
βπ

2
+ sin2

βπ

2
)

(
J1
q (t) cos

βπ

2
+ J2

q (t) sin
βπ

2

)
dt

+

π/2�

0

(cos2
βπ

2
− sin2

βπ

2
)

(
J1
q (t) cos

βπ

2
+ J2

q (t) sin
βπ

2

)
dt

+

π�

π/2

(− cos2
βπ

2
− sin2

βπ

2
)

(
J1
q (t) cos

βπ

2
+ J2

q (t) sin
βπ

2

)
dt

+O(1)
qn

n(1− q)3

=

cos3
βπ

2

 −π/2�

−π

(−1)J1
q (t) dt+

0�

−π/2

J1
q (t) dt+

π/2�

0

J1
q (t) dt+

π�

π/2

(−1)J1
q (t) dt



+sin3
βπ

2

 −π/2�

−π

J2
q (t) dt+

0�

−π/2

J2
q (t) dt+

π/2�

0

(−1)J2
q (t) dt+

π�

π/2

(−1)J2
q (t) dt



+sin2
βπ

2
cos

βπ

2

 −π/2�

−π

J1
q (t) dt+

0�

−π/2

J1
q (t) dt+

π/2�

0

(−1)J1
q (t) dt+

π�

π/2

(−1)J1
q (t) dt



+cos2
βπ

2
sin

βπ

2

 −π/2�

−π

(−1)J2
q (t) dt+

0�

−π/2

J2
q (t) dt+

π/2�

0

J2
q (t) dt
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+

π�

π/2

(−1)J2
q (t) dt


+O(1)

qn

n(1− q)3
. (12)

Since J1
q (t) is even function and J2

q (t) is odd function, we may drop the third and
fourth line in (12).

Combining (10), (11), (12), we have the following equalities

δn[f
∗](0) =

4q

πn(1 + q2)
cos3

βπ

2
+

4q

πn(1− q2)
sin3

βπ

2
+O(1)

qn

n
, q ∈ (0; q0], (13)

δn[f
∗](0) =

2

πn

(1 + q2)2

(1− q2)
(
1− q2 +

√
2(1 + q4)

) cos3
βπ

2

+
4q

πn(1− q2)
sin3

βπ

2
+O(1)

qn

n(1− q)3
, q ∈ [q0; 1). (14)

From (13), (14) we obtain the lower estimates in (1), (2). The theorem is proved. □

Corollary 1. Let q ∈ (0; 1).

1. If q ∈ (0; q0] then

sup
f∈G(q)

∥f − σn[f ]∥C =
4q

πn(1 + q2)
+O(1)

qn

n
,

where O(1) is a quantity, uniformly bounded with respect to n.

2. If q ∈ [q0; 1) then

sup
f∈G(q)

∥f − σn[f ]∥C =
2

πn

(1 + q2)2

(1− q2)
(
1− q2 +

√
2(1 + q4)

) +O(1)
qn

n(1− q)3
,

where O(1) is a quantity, uniformly bounded with respect to q, n.

Corollary 2. Let q ∈ (0; 1). Then

sup
f∈G̃(q)

∥f − σn[f ]∥C =
4q

πn(1− q2)
+O(1)

qn

n(1− q)3
,

where O(1) is a quantity, uniformly bounded with respect to q, n.
Corollaries 1 and 2 coincide with the results of works [11, 14].

Remark 1. Inequalities (1) and (2) are asymptotically exact without additional
conditions. For q = q0 formulas (1) and (2) are the same.

Remark 2. The upper and lower estimates in formulas (1) and (2) di�er in degrees
of cos βπ

2 and sin βπ
2 . The di�erence is essential, but in case β ∈ Z, are exact equalities.
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Î. Ðîâåíñüêà

Àñèìïòîòè÷íi îöiíêè âiäõèëåíü ñåðåäíiõ Ôåé¹ðà íà êëàñàõ iíòåãðàëiâ Ïóàññîíà.

Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ ïèòàííü íàáëèæåííÿ íåïåðåðâíèõ ïåðiîäè÷íèõ ôóíêöié äiéñíî¨

çìiííî¨ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, ùî ïîðäæóþòüñÿ ëiíiéíèìè ìåòîäàìè ïiäñóìîâóâàííÿ

ðÿäiâ Ôóð'¹. Íàéïðîñòiøèì ïðèêëàäîì ïðîöåñó ëiíiéíî¨ àïðîêñèìàöi¨ ïåðiîäè÷íèõ ôóíêöié ¹ íà-

áëèæåííÿ ôóíêöié ÷àñòèííèìè ñóìàìè ¨õ ðÿäiâ Ôóð'¹. Îäíàê ïîñëiäîâíîñòi ÷àñòèííèõ ñóì Ôóð'¹

íå ¹ ðiâíîìiðíî çáiæíèìè íà öiëîìó êëàñi íåïåðåðâíèõ ïåðiîäè÷íèõ ôóíêöié. Òîìó ÷èñëåííi äî-
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ñëiäæåííÿ ïðèñâÿ÷óþòüñÿ âèâ÷åííþ àïðîêñèìàöiéíèõ âëàñòèâîñòåé íàáëèæóþ÷èõ ìåòîäiâ, ÿêi

ïîðîäæóþòüñÿ ïåðåòâîðåííÿìè ÷àñòèííèõ ñóì ðÿäó Ôóð'¹ i äîçâîëÿþòü îòðèìàòè ïîñëiäîâíîñòi

òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ÿêi ¹ ðiâíîìiðíî çáiæíèìè äëÿ âñüîãî êëàñó íåïåðåðâíèõ ôóíêöié.

Çîêðåìà, ñåðåäíi Ôåé¹ðà iíòåíñèâíî âèâ÷àþòüñÿ ïðîòÿãîì îñòàííiõ äåñÿòèëiòü. Îäíi¹þ ç âàæëè-

âèõ çàäà÷ â öüîìó íàïðÿìêó ¹ âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè òî÷íèõ âåðõíiõ ìåæ âiäõèëåíü

òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïî ôiêñîâàíîìó êëàñó ïåðiîäè÷íèõ ôóíêöié. Ìåòîþ ðîáîòè ¹ ñèñòå-

ìàòèçàöiÿ âiäîìèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ íàáëèæåííÿ êëàñiâ ïåðiîäè÷íèõ ôóíêöié âèñîêî¨

ãëàäêîñòi ñåðåäíiìè àðèôìåòè÷íèìè ñóì Ôóð'¹, òà ïðåäñòàâëåííÿ íîâèõ ôàêòiâ, îòðèìàíèõ äëÿ

áiëüø çàãàëüíîãî âèïàäêó. Ó ðîáîòi äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó òî÷íèõ âåðõíiõ ìåæ

ïî êëàñàì iíòåãðàëiâ Ïóàññîíà ïåðiîäè÷íèõ ôóíêöié äiéñíî¨ çìiííî¨ âiäõèëåíü ëiíiéíèõ ñåðåä-

íiõ ðÿäiâ Ôóð'¹, ÿêi áóäóþòüñÿ çà äîïîìîãîþ ìåòîäó ïiäñóìîâóâàííÿ Ôåé¹ðà. Çàçíà÷åíi êëàñè

ñêëàäàþòüñÿ ç àíàëiòè÷íèõ ôóíêöié äiéñíî¨ çìiííî¨, ÿêi ìîæóòü áóòè ðåãóëÿðíî ïîäîâæåíi ó

âiäïîâiäíó ñìóãó êîìïëåêñíî¨ ïëîùèíè. Â ðîáîòi çíàéäåíî àñèìïòîòè÷íi íåðiâíîñòi äëÿ òî÷íèõ

âåðõíiõ ìåæ âiäõèëåíü ñåðåäíiõ Ôåé¹ðà ïî êëàñó iíòåãðàëiâ Ïóàññîíà. Ïðè ïåâíîìó âèáîði ïàðà-

ìåòðiâ, ùî âèçíà÷àþòü êëàñ, îäåðæàíi ôîðìóëè çáiãàþòüñÿ ç ðàíiøå âiäîìèìè àñèìïòîòè÷íèìè

ðiâíîñòÿìè.
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