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ASYMPTOTIC ESTIMATES FOR DEVIATIONS OF FEJER MEANS ON
CLASSES OF POISSON INTEGRALS

The work is devoted to the investigation of problem of approximation of continuous periodic functions
of a real variable by trigonometric polynomials generated by linear methods of summation of Fourier
series. The simplest example of the process of linear approximation of periodic functions is approximation
of functions by partial sums of their Fourier series. However, sequences of partial Fourier sums are
not uniformly convergent on the whole class of continuous periodic functions. Therefore, numerous
studies are devoted to the study of approximation properties of approximating methods, which are
generated by different transformations of sequences of partial sums of the Fourier series and allow
obtaining sequences of trigonometric polynomials that are uniformly convergent for the entire class of
continuous functions. In particular, Fejer means have been intensively studied in recent decades. One
of the important tasks in this direction is study of the asymptotic behavior of the upper bounds of the
deviations of trigonometric polynomials for a fixed class of periodic functions. The aim of the work
is to systematize the known results concerning the approximation of classes of periodic functions of
high smoothness by arithmetic means of Fourier sums, and to present new facts obtained for a more
general case. In paper we investigate the asymptotic behavior of upper bounds on classes of Poisson
integrals of periodic functions of real variable of deviations of linear means of Fourier series, which are
constructed using the Fejer summation method. We study the classes consist of analytic functions of
a real variable, which can be regularly extended into the corresponding strip of the complex plane. In
the work, asymptotic inequalities for the upper bounds of the deviations of the Fejer means on the
class of Poisson integrals were found. In certain case of parameters defining the class, the obtained
formulas coincide with previously known asymptotic equalities.

MSC: 42A10.
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1. Introduction.
Let L(T), T = [—m; 7] be the space of summable 27-periodic functions f with the
norm

Hﬂh:/Wﬂm\m.
T

Let f € L(T), let

slf] = aol/] +Z(ak[f] cos kx + by[f] sin kz) ,

2
k=1

be the Fourier series of the function f, where

™
T

aplf] = ;/f(m)dx, ag[f] = 1/f(a;)coskxda:,
T
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1 :

bilf] = /f(x) sinkxdr, keEN,
77
T
are the Fourier coefficients of the function f and let
_alf] < .
Snlf](@) = 5 + Z (ak[f] cos kx + b[f] sin kx)

k=1

be the n-partial sum of the Fourier series of the function f.
Let C(T) be the space of continuous 27-periodic functions f with the norm

IFlle = max | f(2) |

We denote by G(q;3), ¢ € (0;1), 8 € R the class of functions f € C(T), given by
the convolutions

1
f@) = o+ 1 [ ola+OPYO
T
where Ag is a fixed constant,

Pi(t) = qu cos (kt + ﬁ;)
k=1

is the Poisson kernel, the summable 2m-periodic function ¢ satisfies the conditions

esssup | ¢(t) |< 1, /@(t) dt = 0.
teT .

The set G(gq; 8) consist of 2r—periodic functions f(z) that admit analytic extension
to the functions F(z) = F(x + iy) in the strip | Sz |< Ing~!. Denote G(g;0) := G(q),

G(g:1) = G(a).
In [13] was established the asymptotic equality
8¢" q"
sup |[f = Sp-1lf]llc = —5 K@) + O(1) =, n — oo,
feG(a:8) g n
where

%
du
K@= [ :
/ (1 —¢?sin®u)2

is the complete elliptic integral of the first kind, O(1) is a quantity uniformly bounded
with respect to n.
Let f € L(T). The polynomials that are given by relationship [7]

n—1
ol fle) =~ 3 Silfl()
k=0
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are called Fejer means of s[f]. Fejer means, as well as their generalizations, have been
intensively studied over the past decades [3-5,8-10,17,18|. It is difficult to mention
all the relevant published research papers in this area. Recently, we have seen the
appearance of several important works [1,2,19].

Asymptotically exact equality for the upper bounds of deviations of the Fejer
means over classes of Poisson integrals G(g), were obtained in [11,12,14]. In [15] were
considered the problems of approximation of more general classes of Poisson integrals by
Fejer summation method. Also asymptotic relations for the upper bounds of deviations
of the Fejer means over classes G(g) were obtained in [6].

The aim of this work is to investigate the asymptotic behavior of values

sup ||f — Un[fm(]a qe(0;1), BeR.
feG(a:8)

In this work we clarify the result of work [16].

2. Results.

Our main result is contained in the following theorem.

Theorem. Let ¢ € (0;1), B € R, qq is the only root of the equation ¢* —2¢> —2¢° —
2q + 1 =0, that belongs to the interval (0;1), go = 0.346. ...

1. If g € (0; o] then

n

4q .3 O q
sin” = '—i—O(l)n

(1 + ¢2)

4q
(1 — ¢?)

< sup |f —onlflllc
1eG(g;8)

s BT
CcoS 5 +

pr "

4q 4q . q
sin. = +0(1) — (1)

< Tt R
~ mn(l+¢?) (1 —g¢?)

where O(1) is a quantity, uniformly bounded with respect to n.

B
Ccos 5 +

2. If q € [qo; 1) then

2 (1+4%)" cos® pr + _fa sin® pr
(1 _ ¢2) (1 2+ m) 2| mn(l-g¢?) 2
o —T" o
+0( )n(l — g S feSGU(E;/B)Hf onlflllc
<2 (+ %)’ COSBW‘ TR sinﬁﬂ'
T (]~ g2) (1 - \/m) 2 (1 — ¢?) 2
qn
T @

where O(1) is a quantity, uniformly bounded with respect to q, n.
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Proof. Denote

We have
n—1 n—1
Sulfle) = F@) ~ 3 Sklf)) = - S pilfl(@) 3)
k=0 k=0

where
pilfl(@) := f(z) = Self](z), keN.
For any f € G(gq; ), the quantity p,,[f](x) can be represented in the following form

plf](2) = 71r/¢(x+t) i ¢" cos (ktJrB?T) dt

T k=m+1

1 oo
- / (@+1))  ¢"Heo <k:+m+ )t+627r> dt
T k=0

/ (x+1t) (cos (m+ 1)t kzoq cosktcos%—sm (m+1 Zq Slnktcosﬁ—
T

e o0
—sin(m + 1)t Z qk cos kt sin 621 —cos(m + 1)t Z q" sin kt sin i) dt.

k=0 k=0
Since
o0 o0
1 —gqgcost sint
g ¢~ coskt = 4 , E ¢ sinkt = a ,
1 —2qgcost + ¢2 1 —2qcost + g2
k=0 k=0
we have

gntt / 1 —qgcost B

m = t -
pmlfl(@) s plz+t) 1 —2qcost + ¢2 o8 2

T

gsint . B (m + 1)t gsint B
— sin — | cos(m - cos —
1 —2qcost + g2 2 1 —2qcost + g2 2

1 —gqgcost
1 —2gcost + g2
Combining (3), (4), we obtain

sin 5;) sin(m + 1)t) dt. (4)

1
alflie) = = Yo a" [otat o
m=1 T
1—gcost gsint . B
X cosmt — sinmt | cos —
1 —2gcost + ¢? 1 —2qcost + ¢2 2
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1—gcost . gsint B
— sinmt + cosmt | sin — | dt
1 —2gcost + ¢2 1 —2qcost + g2 2

1 o(z +1) B
= /1 —2qcost+q2 Z q" (cosmt—qcos(m— 1)t)cos7
T

—(sinmt — gsin(m — 1)t) sin 62) dt

1 o(x +1t) B . Br
== $1(qt) cos o + Dy(g; t) sin
L[t (st S 4 s ) a0
T
where
Yi(g;t) == Z ¢"(coskt — gcos(k — 1)t), Ta(q;t) := Z ¢"(gsin(k — 1)t — sin kt).
k=1 k=1

Further we find

n ikt ikt i(k—1)t 4 —i(k—1)t

Si(gt) = q'“<e R e >
2 2 2

1 & ik ik i k-1 it k=1

=5 {0t ] - e e
k=1
_ a((1+¢*)cost —2¢) + O(1)g"*! (©)
1 —2qgcost + ¢2 ’

_ i R — ekt ikt il
- k=1 ! 2 e 21
— l <|: (qeit)k _ (qezt)k:| _ q2 |: (qeit)kfl _ (qeiit)kil :|>
1

~q(1— ¢?)sint + O(1)g" !

7
1 —2gcost+ q¢? ’ @
where O(1) is a quantity uniformly bounded with respect to n, g.
Since
/ L dt = 0(1)—— (8)
(1 —2qcost+q2)2 (1—q)%’
T
based on (5)—(8), we have
q oz +1t) 9 B
=7 1 t — 2¢) cos —
7m/ 1—2qcost+q) <(( ) cos a) cos 2
T
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—(1 — ¢*)sintsin B;) dt—i—O(l)n(lqjq)g. (9)

Denote

(14 ¢?) cost — 2q 9 (1 —¢?)sint

Jl t = t =
a(?) (1 —2qcost + ¢2)?’ 0 (1 —2qcost +¢2)?’

§(t) = sign (J (t) + 1(q),  C(t) := sign J7(#),
where the value I(g) such that
mes (J, (t) + I(q) < 0)=mes (J;(t) + I(q) >0), teT.

We investigate the function JJ(t), t € [0;7]. We have

iJl(t) (6¢> — q* — 1 —2q(1 + ¢?) cost) sint.

dt 4 (1 —2qgcost+ ¢?)3
Performing elementary transformations, we get %Jql(t) #0,t € (0;m) for ¢ €
(0;2 — \/ﬂ For q € (2 — V3 1) the equation %Jql(t) = 0 has unique solution on

interval ¢ € (0;7). Therefore, for ¢ € (0;2 — /3] the function J}(t) is monotone

decreasing on (0;7). For ¢ € (2 — +/3;1) the function J;(t) has one extremum on
(0; 7). It was also shown in [11,12].

Next we find ¢ for which the condition J} (7) — Jg (5) < 0 is fulfilled. Considering
the inequality
' —2¢° —2¢* —2¢+1>0, qe(0;1),

we get g € (0; qo], where

1/2
q = (2+\f—2\/2+\/5> = 0.346. ...

Making calculations, we obtain [11,14]

el q € (0; qo],
/ TN + I(g) | dt = 2(14q2)? i), (10)
7 a(1-2)(1-g2++/2(1+q")) ’
Also A
2 _
/]Jq(t)]dt—l_QQ. (11)
T
Taking into account the condition esssup | ¢(t) |< 1 and formulas (10), (11), we

teT
obtain the upper estimates in formulas (1), (2).
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Further let ¢*(¢) be the 2m—periodic expansion of the function

— cos? 5”—|—sm2 52“, te[-m-%],
. B . o Bm OQBTF—Hstﬁ7r te[—3~]
t) := &(t) cos® = — ((t — = 2 207
() = £(t) cos 2 ¢(t)sin 2 COSQ’%7T — sin? ’8277, te[0;%],
—COSQ/B—”—ssz7r te[5;m,
and
[(z)=A —i—l *(:c—i—t)i k cos kt—i—ﬁiT
= A0 - ¥ q 9
Note that f*(z) € G(g; 5).
Then
—m/2
* _ 9 2 B 2 B 1 pm 200y i O
5n[f](0)_7rn /( cos” 3 + sin 2)(Jq(t)cos 5 + J;(t) sin 5 dt
Y- 8 8
T . Bw
+ / (cos® = 5 + sin? —) (Jql(t)COS2+Jq2(t)Sln2> dt
—7/2
w/2
—l—/(cosZﬁ — sin? 6—) (Jql(t) cosé—ﬂ—i—Jg(t) sin 5;) dt
0
[ oo 5 s B (10 cos 7 4 20y T
—|—/( cos — sin )(Jq(t)cos 5 + Jg (t) sin 5 > dt +O(1)n(l—q)3
/2
—7/2 0 w/2 T
- cos?’%7T /(—1)J;(t)dt+ / Jy(t) dt+/J1 dt+/( 1)J,(t)dt
-7 —7/2 w/2
—7/2 0 w/2 T
+sin3%” / 2ty dt + / Jg(t)dt+/(—1)J§(t)dt+/(—1)Jq2(t)dt
-7 —7/2 0 w/2
—m/2 0 /2 ™
+sm2%”cos52i / Jy(t)dt + / Jql(t)dt+/(—1)J;(t)dt+/(—1)J;(t)dt
-7 —m/2 0 w/2
—7/2 0 w/2
—i—cos.252—7rsmﬁ77T /(—I)qu(t)dt—i— / qu(t)dt—i—/JqQ(t)dt
-7 —7/2 0
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™

_ 2 q
+£(U%@ﬁ +m”ﬂiiﬁ

n

(12)

Since J, (t) is even function and Jg(t) is odd function, we may drop the third and
fourth line in (12).
Combining (10), (11), (12), we have the following equalities

* 4 ﬁﬂ- 4 . ,877 n
5n[f ](0) = W?MCOS?)?‘FWQ_@SIH?)?—FO(I)%, qc (07QO]7 (13)
* 2 (1+ q2)2 3 BT
L ey vy Rl
4q . s A7 q" '
+m Sm37 +O(1)m7 q € [qo;1). (14)

From (13), (14) we obtain the lower estimates in (1), (2). The theorem is proved. [J
Corollary 1. Let g € (0;1).

1. If g € (0; qo] then

sup [/~ oulfllo = =
2 17 =anlflle = o + 0w

where O(1) is a quantity, uniformly bounded with respect to n.

2. If g € [qo; 1) then

n

_
n(l—q)%’

9 1 2\2
sup [f = oulflllc = d+a)

feG(g) (1 - ¢2) (1 R 201

where O(1) is a quantity, uniformly bounded with respect to q, n.

+0(1)
)

Corollary 2. Let g € (0;1). Then

n

4q

q
(1l — ¢?) * O(l)n

swp |1 = onlfllle = n(l—q)*

1eG(q)

where O(1) is a quantity, uniformly bounded with respect to q, n.
Corollaries 1 and 2 coincide with the results of works [11,14].

REMARK 1. Inequalities (1) and (2) are asymptotically exact without additional
conditions. For ¢ = qp formulas (1) and (2) are the same.
REMARK 2. The upper and lower estimates in formulas (1) and (2) differ in degrees

of cos 57” and sin 57” The difference is essential, but in case 8 € Z, are exact equalities.
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PoBeHcbka

AcumnToTr4yHi OLIHKY BiaxuieHb cepeaHix Peiiepa Ha Kiacax iHterpasiB Ilyaccona.

Pobotry npucBstieH0 10CIIiIKEHHIO [TUTAHHD HAOJIMKeHHS HellepePBHUX IepioanyaHux (GyHKIi gificHol

3MIHHOI TPUIOHOMETPUIHUMH [OJIIHOMAMU, IO IOPPKYIOTHCH JIHIMHUMYA METOJAMU IIi/ICYMOBYBAHH

paznis @yp’e. Haiinpocrimum mpukIagoM nporecy JiHiiHOT armpokcuMarii nepioguannx GyHKIHH € Ha-

6vkeHHst DYHKINI 9acTHHHNMY cymMamu ix psaaiB @yp’e. Ograk mocsaigosraocTi gacturunx cym Pyp’e

He € PiBHOMIpHO 301KHNME Ha IIJI0MY KJIacl HermepepBHUX nepiomumaaux dyHkIin. Tomy unciensi mo-
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CJIIPKEHHST IPUCBSIIYIOTHCS BUBUEHHIO AIMPOKCHMAIIHAX BJIACTUBOCTEH HAOIMKYIOUNX METOMIB, sIKi
TIOPO/IXKYIOThCS TIEPETBOPEHHIMA JYaCTUHHUX CyM psxy Pyp’e i 03BOAAIOTH OTPUMATH HOC/ILTIOBHOCTL
TPUTOHOMETPUYHUX IIOJIHOMIB, sIKi € PIBHOMIPHO 301»KHMMU JJIs BCHOTO KJIaCy HEeIepepBHUX (DYHKILIA.
Bokpema, cepemni Deiiepa IHTEHCUBHO BUBYAIOTHLCS IIPOTIArOM OCTAaHHIX JecaTmwiith. OmHIE 3 BaXK/IU-
BHUX 33/a4 B I[bOMY HAIIPSIMKY € BUBYUEHHSI aCHMIITOTHIHOI MOBEJIHKY TOYHMX BEPXHIX MeXK BIIXUJICHb
TPUTOHOMETPUIHUX ITOIIHOMIB 110 dikcoBanoMy Kiaacy nepiomumaaux ¢yukmiit. Meroio pobortu € cucre-
MaTH3alia BiIOMHUX Pe3y/bTaTiB, IO CTOCYIOTHCS HAO/IMKEHHs KJIAciB mepioguaHux (GyHKIHH BUCOKOT
rimaakocTi cepeqaivu apudmermannvu cym Pyp’e, Ta npepcraBieHHs HOBUX (PAKTIB, OTPUMAHUX LI
OLTbIT 3arajIbHOTO BHUMAJAKY. ¥ POOOTL JIOCTIMKEHO ACHMITOTHYHY MOBEIIHKY TOYHHUX BEPXHIX MK
mo kjyacaMm interpasis Ilyaccoma mepiogwannx (dbyHKIiH AificHOT 3MIHHOI BiIXWM/IEHb JIHIHHUX Cepes-
Hix pagis @yp’e, ski OyayroThCs 3a KOMOMOTOI0 MeToAy migcymoByBanHs Peiiepa. 3a3HadeHi Kjacu
CKJIQIAIOTHCA 3 AHATUIHUX (DYHKINI mificHol 3MIHHOI, sIKi MOXKYTb OyTH DEryJIsipHO ITIOJOBXKEHI y
BIATIOBIIHY CMyTy KOMILIEKCHOI Ttomuan. B poboTi 3HAN/IeHO aCHMITOTHYHI HEPIBHOCTI /I/Isi TOYHHUX
BepXHiX Mex Biaxuiens cepenmix Deitepa o kiacy interpasis Ilyaccona. Ilpu mesmomy Bubopi mapa-
MeTpiB, IO BU3HAYAIOTH KJIAC, OfepzKaHi Gpopmysnu 306iraroThCs 3 paHilie BIIOMUMA ACHMITTOTHIHUMUA

PIBHOCTAMU.

Karouoei cnosa: cepedne Petiepa, inmeepan Ilyaccona, acumnmomuuna Gopmyaa.
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