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ÏÎËÎÆÅÍÍß ÐIÂÍÎÂÀÃÈ ÍÅËIÍIÉÍÈÕ IÍÒÅÃÐÀËÜÍÎ-ÄÈÔÅ-
ÐÅÍÖIÀËÜÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ×, ÍÅ ÐÎÇÂ'ßÇÀÍÈÕ
ÂIÄÍÎÑÍÎ ÏÎÕIÄÍÎ�

Äîñëiäæåííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü çàïî÷àòêîâàíå ó ðîáîòàõ Ê. Âåé¹ðøòðàñ-
ñà, Ì.Ì. Ëóçiíà òà Ô.Ð. Ãàíòìàõåðà. Ðîáîòè S. Campbell, Þ.�. Áîÿðèíöåâà, Â.Ô. ×èñòÿêîâà,
À.Ì. Ñàìîéëåíêà, Ì.Î. Ïåðåñòþêà, Â.Ï. ßêîâöÿ, Î.À. Áîé÷óêà, A. Ilchmann òà T. Reis ïðèñâÿ-
÷åíi ñèñòåìàòè÷íîìó äîñëiäæåííþ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷. Ó òîé æå ÷àñ,
äîñëiäæåííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ òiñíî ïî'ÿçàíi ç âèâ÷åííÿì ëiíiéíèõ
êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, çàïî÷àòêîâàíèõ ó ðîáîòàõ À. Ïóàíêàðå,
Î.Ì. Ëÿïóíîâà, Ì.Ì. Êðèëîâà, Ì.Ì. Áîãîëþáîâà, I.Ã. Ìàëêiíà, À.Ä. Ìèøêiñà, Å.Î. Ãðåáåíiêî-
âà, Þ.Î. Ðÿáîâà, Þ.Î. Ìèòðîïîëüñüêîãî, I.Ò. Êiãóðàäçå, À.Ì. Ñàìîéëåíêà, Ì.Î. Ïåðåñòþêà,
òà Î.À. Áîé÷óêà. Äîñëiäæåííÿ ëiíiéíèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü òiñíî ïîâ'ÿçàíå
ç ÷èñëåííèìè çàñòîñóâàííÿìè âiäïîâiäíèõ ìàòåìàòè÷íèõ ìîäåëåé ó òåîði¨ íåëiíiéíèõ êîëèâàíü,
ìåõàíiöi, áiîëîãi¨, ðàäiîòåõíiöi òà òåîði¨ ñòiéêîñòi ðóõó. Òàêèì ÷èíîì, àêòóàëüíà ïðîáëåìà ïå-
ðåíåñåííÿ ðåçóëüòàòiâ, îòðèìàíèõ ó ñòàòòÿõ òà ìîíîãðàôiÿõ S. Campbell, À.Ì. Ñàìîéëåíêà òà
Î.À. Áîé÷óêà íà íåëiíiéíi iíòåãðàëüíî-äèôåðåíöiàëüíi êðàéîâi çàäà÷i, íå ðîçâ'ÿçàíi âiäíîñíî
ïîõiäíî¨, çîêðåìà, çíàõîäæåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ
iíòåãðî-äèôåðåíöiàëüíèõ êðàéîâèõ çàäà÷, íå ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨. Íàìè äîñëiäæåíà
çàäà÷à ïðî çíàõîäæåííÿ êîíñòðóêòèâíèõ óìîâ iñíóâàííÿ òà ñõåìó ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨
iíòåãðî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i, íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨. Çîêðåìà, äîñëiäæåíà
çàäà÷à ïðî çíàõîäæåííÿ ïîëîæåíü ðiâíîâàãè íåëiíiéíèõ iíòåãðàëüíî-äèôåðåíöiàëüíèõ êðàéîâèõ
çàäà÷, íå ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨. Îñîáëèâiñòþ òàêèõ çàäà÷ ¹ íåìîæëèâiñòü âèêîðèñòàííÿ
êëàñè÷íîãî ìåòîäó Íüþòîíà. Çàäëÿ çíàõîäæåííÿ ïîëîæåíü ðiâíîâàãè íåëiíiéíèõ iíòåãðàëüíî-
äèôåðåíöiàëüíèõ êðàéîâèõ çàäà÷, íå ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨ ó ñòàòòi âèêîðèñòîâó¹òüñÿ
óçàãàëüíåíèé ìåòîä Íüþòîíà � Êàíòîðîâè÷à.

MSC: 34N05.

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíî-àëãåáðà¨÷íi ðiâíÿííÿ, iíòåãðàëüíî-äèôåðåíöiàëüíi êðàéîâi çà-

äà÷i, ìåòîä Íüþòîíà�Êàíòîðîâè÷à.

Íàìè äîñëiäæåíà çàäà÷à ïðî çíàõîäæåííÿ ïîëîæåíü ðiâíîâàãè íåëiíiéíèõ iíòå-
ãðàëüíî-äèôåðåíöiàëüíèõ êðàéîâèõ çàäà÷, íå ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨ [1�3].
Îñîáëèâiñòþ òàêèõ çàäà÷ ¹ íåìîæëèâiñòü âèêîðèñòàííÿ êëàñè÷íîãî ìåòîäó Íüþ-
òîíà [4].

1. Ïîñòàíîâêà çàäà÷i.
Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó T � ïåðiîäè÷íîãî ðîçâ'ÿçêó [1�3]

z(t) ∈ D2[a; b], z′(t) ∈ L2[a; b]

íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i

A(t)z′(t) = B(t)z(t) + Φ(t)

� b

a
F (z(s), z′(s), s) ds+ f(t), ℓz(·) = α+ Jz(·), (1)
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íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨. Ðîçâ'ÿçîê ïåðiîäè÷íî¨ çàäà÷i äëÿ ðiâíÿííÿ (1)
øóêà¹ìî â îêîëi T � ïåðiîäè÷íîãî ðîçâ'ÿçêó

z0(t) ∈ D2[a; b], z′0(t) ∈ L2[a; b]

ïîðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i

z′0(t) = A(t)z0(t) + f(t), ℓz0(·) = α.

Òóò

A(t), B(t) ∈ L2
m×n[a; b] := L2[a; b]⊗ Rm×n, Φ(t) ∈ L2

m×q[a; b], f(t) ∈ L2[a; b].

Ìàòðèöþ A(t) ïðèïóñêà¹ìî ïðÿìîêóòíîþ, àáî æ êâàäðàòíîþ, àëå âèðîäæåíîþ.
Êðiì òîãî

ℓz(·) : D2[a; b] → Rp

� ëiíiéíèé îáìåæåíèé âåêòîðíèé ôóíêöiîíàë, âèçíà÷åíèé íà ïðîñòîði D2[a; b] n-
âèìiðíèõ àáñîëþòíî íåïåðåðâíèõ íà âiäðiçêó [a, b] ôóíêöié; Jz(·) � íåëiíiéíèé
îáìåæåíèé âåêòîðíèé ôóíêöiîíàë, âèçíà÷åíèé íà öüîìó æ ïðîñòîði. Íåëiíiéíó
ôóíêöiþ F (z, z′, t) òà íåëiíiéíèé ôóíêöiîíàë Jz(·) ââàæà¹ìî äâi÷i íåïåðåðâíî-äè-
ôåðåíöiéîâíèìè ïî z òà z′ ó äåÿêié îáëàñòi Ω ⊆ Rn Êðiì òîãî, ôóíêöiÿ F (z, z′, t)
íåïåðåðâíà ïî t íà âiäðiçêó [a; b].

Ïîñòàâëåíà çàäà÷à ç îäíîãî áîêó ïðîäîâæó¹ äîñëiäæåííÿ íåëiíiéíèõ iíòåãðàëü-
íî-äèôåðåíöiàëüíèõ êðàéîâèõ çàäà÷ [1�3,5], ç iíøîãî áîêó, ïîñòàâëåíà çàäà÷à ïðî-
äîâæó¹ äîñëiäæåííÿ ïîëîæåíü ðiâíîâàãè íåëiíiéíèõ äèôåðåíöiàëüíèõ òà äèôåðåí-
öiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ [6, 7].

2. Ïîëîæåííÿ ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñè-
ñòåìè.

Ïîëîæåííÿì ðiâíîâàãè íåëiíiéíî¨ iíòåãðî-äèôåðåíöiàëüíî¨ ñèñòåìè íàçèâàòè-
ìåìî âåêòîð-ôóíêöiþ

z(t) ∈ D2[a; b], z′(t) ∈ L2[a; b]

ÿêà çàäîâîëüíÿ¹ äâîì óìîâàì [6,7]:

A(t)z′(t) = 0, B(t)z(t) + f(t) + Φ(t)

� b

a
F (z(s), z′(s), s) ds = 0. (2)

Ó íàéïðîñòiøîìó âèïàäêó, çà óìîâè

B(t) ≡ B, f(t) ≡ f, Φ(t) ≡ Φ− const, F (z, z′, t) ≡ F (z, z′)

ïîëîæåííÿ ðiâíîâàãè z(t) ≡ z − const íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñè-
ñòåìè (1) áóäåìî íàçèâàòè ñòàöiîíàðíèìè. Ñòàöiîíàðíi ïîëîæåííÿ ðiâíîâàãè íåëi-
íiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1) âèçíà÷à¹ ðiâíÿííÿ

φ(z) := B z + f + (b− a) ΦF (z, z′) = 0. (3)
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Ôóíêöiÿ
φ(z) : Rn → Rm, m ̸= n

äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ïî z â îáëàñòi Ω. Äëÿ ïîáóäîâè iòåðàöiéíî¨ ñõåìè,
çáiæíî¨ äî ðîçâ'ÿçêó ðiâíÿííÿ (3) âèêîðèñòà¹ìî óçàãàëüíåíèé ìåòîä Íüþòîíà [8,9].

Ëåìà. Ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ (3) âèêîíàíi íàñòóïíi óìîâè

1. Íåëiíiéíà âåêòîð-ôóíêöiÿ φ(z) : Rn → Rm, äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà
â îêîëi òî÷êè z0, ìà¹ êîðiíü z∗ ∈ Rn.

2. Ó çàäàíîìó îêîëi íóëüîâîãî íàáëèæåííÿ z0 ìàþòü ìiñöå íåðiâíîñòi∣∣∣∣∣∣∣∣J+
k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2φ(ξk ; z∗ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z∗ − zk||. (4)

3. Iñíó¹ êîíñòàíòà

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

Òîäi çà óìîâ

PJ∗
k
= 0, Jk := φ′(zk) ∈ Rm×n (5)

òà

θ · |z∗ − z0| < 1 (6)

äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó z∗ ðiâíÿííÿ (3) ìîæå áóòè âèêîðèñòàíà iòåðàöiéíà

ñõåìà

zk+1 = zk − J+
k φ(zk), (7)

ïðè öüîìó øâèäêiñòü çáiæíîñòi ïîñëiäîâíîñòi {zk} äî ðîçâ'ÿçêó z∗ ðiâíÿííÿ (3)

êâàäðàòè÷íà. Âåêòîð-ôóíêöiÿ z∗ çà óìîâè

B(t) ≡ B, f(t) ≡ f, Φ(t) ≡ Φ− const, F (z, z′, t) ≡ F (z, z′)

¹ ïîëîæåííÿì ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1). Òóò

PJ∗
k
: Rm → N(J∗

k )

� îðòîïðîåêòîð ìàòðèöi J∗
k ∈ Rn×m.

Çàóâàæèìî, ùî óìîâà (5) ðiâíîçíà÷íà äî âèìîãè ïîâíîòè ìàòðèöi Jk i ìîæëèâà
ëèøå ó âèïàäêó m ≤ n.

Ïðèêëàä. Âèìîãè ëåìè çàäîâîëüíÿ¹ íåëiíiéíà iíòåãðàëüíî-äèôåðåíöiàëüíà ñè-
ñòåìà

A(t) z′(t) = B(t)z(t) + Φ(t)

� 1

0
F (z(s), z′(s), s) ds, Φ :=

(
1 0 0
0 1 0

)
, (8)
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äå

A(t) :=

(
cos t sin t cos t
sin t cos t sin t

)
, B(t) :=

(
0 1 0
1 0 0

)
,

F (z(t), z′(t)) := −

 cosu(t)
cos v(t)
cosw(t)

 , z(t) :=

 u(t)
v(t)
w(t)

 .

Âåêòîð-ôóíêöiÿ φ(z) : R3 → R2 âèçíà÷åíà â äîâiëüíié âiäêðèòié îáëàñòiD ⊂ R3

i äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ïî z â îêîëi Ω ⊆ D. Ïîêëàäåìî

z0 :=
(
0, 7 0, 7 0, 7

)
,

ïðè öüîìó

rank
[
φ′(z0)

]
= 2, ||φ(z0)||∞ ≈ 0, 0648 422,

êðiì òîãî

z1 ≈

 0, 720 285
0, 751 774
0, 731 488

 , ||φ(z1)||∞ ≈ 0, 00 100 997.

Äàëi

rank
[
φ′(z1)

]
= 2,

êðiì òîãî ∣∣∣∣∣
∣∣∣∣∣ [φ′(z1)

]+ ∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(1) ≈ 1, 29 305,

∣∣∣∣∣
∣∣∣∣∣d2φ(z1)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(1) ≈ 0, 751 617.

ïðè öüîìó âèêîíàíî óìîâó (6)

θ1 · ||z1 − z0||∞ ≈ 0, 0251 591 ≪ 1,

äå

θ1 :=
σ1(1)σ2(1)

2
≈ 0, 485 941,

òîìó çíàõîäèìî

z2 ≈

 0, 720 471
0, 751 495
0, 730 669

 , ||φ(z21)||∞ ≈ ×10−16

Äàëi

rank
[
φ′(z2)

]
= 2,
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êðiì òîãî ∣∣∣∣∣
∣∣∣∣∣ [φ′(z2)

]+ ∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(2) ≈ 1, 29 305,

∣∣∣∣∣
∣∣∣∣∣d2φ(z2)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(2) ≈ 0, 751 617.

ïðè öüîìó âèêîíàíî óìîâó (6)

θ2 · ||z2 − z0||∞ ≈ 0, 0251 591 ≪ 1,

äå

θ1 :=
σ1(1)σ2(1)

2
≈ 0, 485 941,

òîìó çíàõîäèìî

z3 ≈

 0, 720 471
0, 751 495
0, 730 669

 , rank
[
φ′(z3)

]
= 2,

ïðè öüîìó

||φ(z3)||∞ ≈ 1, 11 022× 10−16.

Ïðèïóñòèìî äàëi, ùî äëÿ ðiâíÿííÿ (3) íå âèêîíàíi óìîâè äîâåäåíî¨ ëåìè, à
ñàìå: ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ (3) íå âèêîíàíî óìîâó (5): PJ∗

k
̸= 0, àáî íå

âèêîíàíî óìîâó

B(t) ≡ B, f(t) ≡ f, Φ(t) ≡ Φ− const, F (z, z′, t) ≡ F (z, z′).

Ïîçíà÷èìî

Ψ(t) ∈ L2[a, b]

� (ρ× ρ) � âèìiðíó íåâèðîäæåíó ìàòðèöþ. Ó âèïàäêó

PAρ(t)Φ(t) ∈ L2[a, b]

ïåðøó iç óìîâ (15) çàäîâîëüíÿ¹ âåêòîð

z(t) = PAρ(t)x(t), x(t) ∈ C1[a, b],

äå

x(t) = Ψ(t)y, y ∈ Rρ.

Çà óìîâè

Bρ(t) := B(t)PAρ(t)Ψ(t) ≡ Bρ,

à òàêîæ

f(t) ≡ f, Φ(t) ≡ Φ, F (z, z′, t) ≡ F (z, z′)− const
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ïîëîæåííÿ ðiâíîâàãè
z(t) := PAρ(t)Ψ(t)y

áóäåìî íàçèâàòè íåñòàöiîíàðíèì ïîëîæåííÿì ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-
äèôåðåíöiàëüíî¨ ñèñòåìè (1). Íåñòàöiîíàðíi ïîëîæåííÿ ðiâíîâàãè íåëiíiéíî¨ iíòå-
ãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1) âèçíà÷à¹ ðiâíÿííÿ

φρ(y) := Bρ y + (b− a) ΦF (PAρ(t)Ψ(t)y, (PAρ(t)Ψ(t))′y) = 0. (9)

Ôóíêöiÿ
φρ(y) : Rρ → Rm, ρ ̸= m

äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ïî y. Äëÿ ïîáóäîâè iòåðàöiéíî¨ ñõåìè, çáiæíî¨ äî
ðîçâ'ÿçêó ðiâíÿííÿ (9), âèêîðèñòà¹ìî ìåòîä Íüþòîíà�Êàíòîðîâè÷à [8, 9].

Ëåìà. Ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ (9) âèêîíàíi íàñòóïíi óìîâè

1. Íåëiíiéíà âåêòîð-ôóíêöiÿ φρ(y) : Rρ → Rm, äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà
â îêîëi òî÷êè y0 ìà¹ êîðiíü y∗ ∈ Rρ.

2. Ó çàäàíîìó îêîëi íóëüîâîãî íàáëèæåííÿ y0 ìàþòü ìiñöå íåðiâíîñòi∣∣∣∣∣∣∣∣J +
k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2φρ(ξk ; ỹ − yk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||ỹ − yk||. (10)

3. Iñíó¹ êîíñòàíòà

θ̌ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

Òîäi çà óìîâ

PJ ∗
k
= 0, Jk := φ′

ρ(yk) ∈ Rm×ρ (11)

òà

θ̌ · |ỹ − y0| < 1 (12)

äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó y∗ ðiâíÿííÿ (9) ìîæå áóòè âèêîðèñòàíà iòåðàöiéíà

ñõåìà

yk+1 = yk − J +
k φρ(yk), (13)

ïðè öüîìó øâèäêiñòü çáiæíîñòi ïîñëiäîâíîñòi {yk} äî ðîçâ'ÿçêó y∗ ðiâíÿííÿ (9)

êâàäðàòè÷íà. Çà óìîâè

Bρ(t) := B(t)PAρ(t)Ψ(t) ≡ Bρ,

à òàêîæ

f(t) ≡ f, Φ(t) ≡ Φ, F (z, z′, t) ≡ F (z, z′)− const

âåêòîð y∗ âèçíà÷à¹ ïîëîæåííÿ ðiâíîâàãè

z(t) = PAρ(t)Ψ(t)y∗
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íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1). Òóò

PJ ∗
k
: Rm → N(J ∗

k )

� îðòîïðîåêòîð ìàòðèöi J ∗
k ∈ Rm×ρ.

Âiäçíà÷èìî, ùî óìîâà (11) ðiâíîçíà÷íà äî âèìîãè ïîâíîòè ìàòðèöi Jk i ìîæ-
ëèâà ëèøå ó âèïàäêó m ≤ ρ.

Ïðèêëàä. Âèìîãè ëåìè çàäîâîëüíÿ¹ íåëiíiéíà iíòåãðàëüíî-äèôåðåíöiàëüíà ñè-
ñòåìà

A(t) z′(t) = B(t)z(t) + f(t) + Φ(t)

� 1

0
F (z(s), z′(s), s) ds, Φ :=

(
1 0 0
0 1 0

)
, (14)

äå

A(t) :=

(
1 0 0
0 0 0

)
, B(t) :=

(
sin t cos t sin t
cos t − sin t cos t

)
, f(t) := −

(
3
3

)
,

F (z(t), z′(t)) := V (t) z(t) z∗(t) z(t), V (t) :=

 sin t cos t sin t
cos t − sin t cos t
sin t cos t sin t

 .

Äëÿ ðiâíÿííÿ (14) íå âèêîíó¹òüñÿ óìîâà

B(t) ≡ B − const, Z(z, z′, t) ≡ Z(z, z′).

Äëÿ ìàòðèöi

Φ(t) :=

(
cos t − sin t
sin t cos t

)
âåêòîð-ôóíêöiÿ

φρ(y) =

(
u (1 + u2 + v2)− 3
v (1 + u2 + v2)− 3

)
: R2 → R2

âèçíà÷åíà â äîâiëüíié âiäêðèòié îáëàñòi D ⊂ R2 i äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà
ïî

y :=

(
u
v

)
â îêîëi Ω ⊆ D. Ïîêëàäåìî

y0 :=
(
0, 98 1, 01

)∗
,

ïðè öüîìó
rank

[
φ′
ρ(y0)

]
= 2, ||φρ(z1)||∞ ≈ 0, 000 898 028,

êðiì òîãî

y1 ≈
(

1, 00 018
0, 999 989

)
.
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Äàëi
rank

[
φ′
ρ(y1)

]
= 2,

êðiì òîãî ∣∣∣∣∣
∣∣∣∣∣ [φ′

ρ(y1)
]+ ∣∣∣∣∣

∣∣∣∣∣
∞

:= σ1(1) ≈ 0, 333 313,

∣∣∣∣∣
∣∣∣∣∣d2φρ(y1)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(1) ≈ 12, 0014.

ïðè öüîìó âèêîíàíî óìîâó (12)

θ̌1 · ||y1 − y0||∞ ≈ 0, 0403702 ≪ 1,

äå

θ̌1 :=
σ1(1)σ2(1)

2
≈ 2, 00 012.

Îñêiëüêè óìîâà (12) äëÿ ïåðøîãî êðîêó iòåðàöiéíî¨ ñõåìè (13) âèêîíàíà, çíàõîäè-
ìî

y2 ≈
(

1, 000 000 020 361 2347
0.999 999 997 895 1472

)
.

Äàëi
rank

[
φ′
ρ(y2)

]
= 2,

êðiì òîãî ∣∣∣∣∣
∣∣∣∣∣ [φ′

ρ(y2)
]+ ∣∣∣∣∣

∣∣∣∣∣
∞

:= σ1(2) ≈ 0, 333 333,

∣∣∣∣∣
∣∣∣∣∣d2φρ(y2)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(2) ≈ 12, 0000.

ïðè öüîìó âèêîíàíà óìîâà (12)

θ̌2 · ||z2 − z0||∞ ≈ 0, 04 ≪ 1,

äå

θ̌2 :=
σ1(2)σ2(2)

2
≈ 2, 00 000.

Äëÿ äðóãîãî êðîêó iòåðàöiéíî¨ ñõåìè (13) íåâ'ÿçêà îòðèìàíîãî íàáëèæåííÿ

||φρ(z2)||∞ ≈ 9, 75 965× 10−8

äîñòàòíüî âåëèêà, òîìó çíàõîäèìî

y3 ≈
(

1, 0000 000 000 000 002
0, 999 999 999 999 9999

)
.
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Äàëi

rank
[
φ′
ρ(y3)

]
= 2,

êðiì òîãî ∣∣∣∣∣
∣∣∣∣∣ [φ′

ρ(y3)
]+ ∣∣∣∣∣

∣∣∣∣∣
∞

:= σ1(3) ≈ 0, 333 333,

∣∣∣∣∣
∣∣∣∣∣d2φρ(y3)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(3) ≈ 12, 0000.

ïðè öüîìó âèêîíàíà óìîâà (12)

θ̌3 · ||z3 − z0||∞ ≈ 0, 04 ≪ 1,

äå

θ̌3 :=
σ1(3)σ2(2)

2
≈ 2, 00 000.

Äëÿ òðåòüîãî êðîêó iòåðàöiéíî¨ ñõåìè (13) íåâ'ÿçêà îòðèìàíîãî íàáëèæåííÿ

||φρ(y3)||∞ ≈ 1, 11 022× 10−15,

òîìó ïðèðîäíî îáìåæèòèñÿ öèì íàáëèæåííÿì. Çíàéäåíèé âåêòîð y3 âèçíà÷à¹ íàá-
ëèæåííÿ äî ïîëîæåííÿ ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè
(14). Ïðè öüîìó íåëiíiéíà iíòåãðàëüíî-äèôåðåíöiàëüíà ñèñòåìà (14) ìà¹ òî÷íå ïî-
ëîæåííÿ ðiâíîâàãè

z(t) = PAρ(t)Φ(t)y3 ≈

 0
sin t− cos t
− sin t− cos t

 .

ÿêå âèçíà÷à¹ âåêòîð

y =

(
1
1

)
.

ïðè öüîìó

||y1 − y||∞ ≈ 0, 000 183 891, ||y2 − y||∞ ≈ 2, 03 612× 10−8,

||y3 − y||∞ ≈ 2, 22 045× 10−16,

3. Ïîëîæåííÿ ðiâíîâàãè íåëiíiéíèõ iíòåãðàëüíî-äèôåðåíöiàëüíèõ êðàé-
îâèõ çàäà÷.

Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ

z(t) ∈ D2[a; b], z′(t) ∈ L2[a; b]
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íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), íå ðîçâ'ÿçàíî¨ âiä-
íîñíî ïîõiäíî¨. Áóäåìî íàçèâàòè ïîëîæåííÿì ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-
äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨ âåêòîð-ôóíê-
öiþ

z(t) ∈ D2[a; b], z′(t) ∈ L2[a; b]

ÿêà çàäîâîëüíÿ¹ òðüîì óìîâàì:

A(t)z′ = 0, B(t)z(t) + f(t) + Φ(t)

� b

a
F (z(s), z′(s), s) ds = 0, ℓz(·) = α+ Jz(·). (15)

Ó íàéïðîñòiøîìó âèïàäêó, çà óìîâè

B(t) ≡ B, f(t) ≡ f, Φ(t) ≡ Φ, F (z, z′, t) ≡ F (z, z′)− const

ïîëîæåííÿ ðiâíîâàãè z(t) ≡ z−const íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàé-
îâî¨ çàäà÷i (1) áóäåìî íàçèâàòè ñòàöiîíàðíèìè. Ïîçíà÷èìî âåêòîð-ôóíêöiþ

φ(z) :=

(
B z + f + (b− a) ΦF (z, z′)

ℓz(·)− α− Jz(·)

)
: Rn → Rm+p.

Çàäà÷à ïðî ïîáóäîâó ïîëîæåííÿ ðiâíîâàãè

z(t) ∈ D2[a; b], z′(t) ∈ L2[a; b]

íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), íå ðîçâ'ÿçàíî¨ âiä-
íîñíî ïîõiäíî¨ ïðèâîäèòü äî çàäà÷i ïðî çíàõîäæåííÿ êîíñòàíò z(t) ≡ z∗, ÿêi ¹
êîðåíÿìè ðiâíÿííÿ

φ(z) = 0. (16)

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (16) ìîæå áóòè âèêîðèñòàíèé óçàãàëüíåíèé
ìåòîä Íüþòîíà [8, 9].

Òåîðåìà. Ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ (16) âèêîíàíi íàñòóïíi óìîâè

1. Íåëiíiéíà âåêòîð-ôóíêöiÿ φ(z) : Rn → Rm+p, äâi÷i íåïåðåðâíî-äèôåðåíöiéîâ-
íà â îêîëi òî÷êè z0, ìà¹ êîðiíü z∗ ∈ Rn.

2. Ó çàäàíîìó îêîëi íóëüîâîãî íàáëèæåííÿ z0 ìàþòü ìiñöå íåðiâíîñòi∣∣∣∣∣∣∣∣J+
k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2φ(ξk ; z∗ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z∗ − zk||. (17)

3. Iñíó¹ êîíñòàíòà

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.
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Òîäi çà óìîâ

PJ∗
k
= 0, Jk := φ′(zk) ∈ R(m+p)×n (18)

òà

θ · |z∗ − z0| < 1 (19)

äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó z∗ ðiâíÿííÿ (16) ìîæå áóòè âèêîðèñòàíà iòåðàöiéíà

ñõåìà

zk+1 = zk − J+
k φ(zk), (20)

ïðè öüîìó øâèäêiñòü çáiæíîñòi ïîñëiäîâíîñòi {zk} äî ðîçâ'ÿçêó z∗ ðiâíÿííÿ (16)

êâàäðàòè÷íà. Âåêòîð-ôóíêöiÿ z∗ çà óìîâè

B(t) ≡ B, f(t) ≡ f, Φ(t) ≡ Φ− const, F (z, z′, t) ≡ F (z, z′)

¹ ïîëîæåííÿì ðiâíîâàãè íåëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i

(1), íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨ . Òóò

PJ∗
k
: Rm → N(J∗

k )

� îðòîïðîåêòîð ìàòðèöi J∗
k ∈ Rn×(m+p).

Ó ÷àñòêîâîìó âèïàäêó n = m + p äëÿ ðîçâ'ÿçàííÿ ðiâíÿííÿ (16) ìîæå áóòè
âèêîðèñòàíèé òðàäèöiéíèé ìåòîä Íüþòîíà-Êàíòîðîâè÷à [4, c. 680, 682]. Ïîçíà÷èìî
âåêòîð-ôóíêöiþ φ(z) : Rn → Rn, âèçíà÷åíó ó âiäêðèòié îáëàñòi D. Äîñëiäæó¹ìî
çàäà÷ó ïðî çíàõîæäåííÿ ðîçâ'ÿçêó z ∈ D ⊂ Rn íåëiíiéíîãî ðiâíÿííÿ

φ(z) = 0. (21)

Ôóíêöiþ f(z) ââàæà¹ìî äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíîþ ïî z â îáëàñòi D. Äëÿ
ïîáóäîâè ïîñëiäîâíîñòi {zk}, çáiæíî¨ äî ðîçâ'ÿçêó z̃ ∈ Rn ñêîðèñòà¹ìîñü ìåòî-
äîì Íüþòîíà [4]. Íåõàé çíàéäåíî íàáëèæåííÿ zk(ε), äîñòàòíüî áëèçüêå äî òî÷íîãî
ðîçâ'ÿçêó z̃ ðiâíÿííÿ (21). Äëÿ çíàõîäæåííÿ íàñòóïíîãî íàáëèæåííÿ zk+1 äî òî÷-
íîãî ðîçâ'ÿçêó ïîêëàäåìî

zk+1 = zk −
[
φ′(zk)

]−1
φ(zk). (22)

Ïðèïóñòèìî, ùî â îêîëi Ω ⊆ D ⊂ Rn òî÷íîãî ðîçâ'ÿçêó z̃ ∈ Ω ìàþòü ìiñöå íåðiâ-
íîñòi ∣∣∣∣∣

∣∣∣∣∣ [φ′(z0)
]−1

∣∣∣∣∣
∣∣∣∣∣ ≤ γ1,

∣∣∣∣∣
∣∣∣∣∣φ(z0)

∣∣∣∣∣
∣∣∣∣∣ ≤ γ2,

∣∣∣∣∣
∣∣∣∣∣φ′′(zk)

∣∣∣∣∣
∣∣∣∣∣ ≤ γ3(k), k ∈ N.

Óìîâè çáiæíîñòi iòåðàöiéíî¨ ñõåìè (22) âèçíà÷à¹ íàñòóïíå òâåðäæåííÿ.

Ëåìà. Ïðèïóñòèìî, ùî âåêòîð-ôóíêöiÿ φ(z) : Rn → Rn âèçíà÷åíà ó âiäêðè-

òié îáëàñòi D ⊂ Rn i äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ïî z â îêîëi Ω ⊆ D ⊂ Rn.
Ïðèïóñòèìî òàêîæ, ùî det [φ′(z0)] ̸= 0 òà iñíó¹ êîíñòàíòà

θ = sup
k∈N

{
2 γ1 · γ2 · γ3(k)

}
< 1.
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Òîäi ðiâíÿííÿ (21) ìà¹ ¹äèíèé ðîçâ'ÿçîê z∗ ∈ Ω, äî ÿêîãî çáiãà¹òüñÿ iòåðàöiéíà

ñõåìà (22). Ïðèïóñòèìî, ùî âåêòîð-ôóíêöiÿ φ(z), äâi÷i íåïåðåðâíî-äèôåðåíöiéîâ-
íà â îêîëi òî÷êè z0, ìà¹ êîðiíü z∗ ∈ Rn. Ïðèïóñòèìî, òàêîæ ùî â ìàëîìó îêîëi

òî÷êè z0 ìàþòü ìiñöå íåðiâíîñòi∣∣∣∣∣
∣∣∣∣∣ [φ′(z0)

]−1

∣∣∣∣∣
∣∣∣∣∣ ≤ γ1,

∣∣∣∣∣
∣∣∣∣∣φ(z0)

∣∣∣∣∣
∣∣∣∣∣ ≤ γ2,

∣∣∣∣∣
∣∣∣∣∣φ′′(zk)

∣∣∣∣∣
∣∣∣∣∣ ≤ γ3(k), k ∈ N.

òà iñíó¹ êîíñòàíòà

θ = sup
k∈N

{
2 γ1 · γ2 · γ3(k)

}
< 1.

Òîäi ðiâíÿííÿ (16) ó ìàëîìó îêîëi òî÷êè z0 ìà¹ ¹äèíèé ðîçâ'ÿçîê, äî ÿêîãî çái-

ãà¹òüñÿ iòåðàöiéíà ñõåìà

zk+1 = zk − J−1
k φ(zk). (23)

Ïðèêëàä. Âèìîãè ëåìè çàäîâîëüíÿ¹ íåëiíiéíà iíòåãðàëüíî-äèôåðåíöiàëüíà êðàé-
îâà çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t) + Φ(t)

� 1

0
F (z(s), z′(s), s) ds, ℓz(·) = Jz(·), (24)

äå

A(t) :=

(
1 0 1
0 1 0

)
, B(t) :=

(
1 0 0
0 1 0

)
, Φ :=

(
0 1 0
1 0 0

)
, z(t) :=

 u(t)
v(t)
w(t)

 ,

êðiì òîãî

F (z) :=

(
sin v(t) + cosw(t)
sinw(t) + cosu(t)

)
, ℓz(·) := w(0), Jz(·) := − sinu(0)− cos v(1).

Âåêòîð-ôóíêöiÿ

φ(z) =

 v + sinw + cosu
u+ sin v + cosw
w + sinu+ cos v

 : R3 → R3

âèçíà÷à¹ ñòàöiîíàðíi ïîëîæåííÿ ðiâíîâàãè z(t) ≡ z− const íåëiíiéíî¨ iíòåãðàëüíî-
äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (24). Âåêòîð-ôóíêöiÿ φ(z) âèçíà÷åíà â äîâiëüíié
âiäêðèòié îáëàñòi D ⊂ R3 i äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ïî y â îêîëi Ω ⊆ D.
Ïîêëàäåìî

z0 := −
(
0, 456 0, 456 0, 456

)
,
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ïðè öüîìó

det
[
φ′(z0)

]
≈ −0, 623 017 ̸= 0,

êðiì òîãî∣∣∣∣∣
∣∣∣∣∣ [φ′(z0)

]−1

∣∣∣∣∣
∣∣∣∣∣
∞

≤ γ1 ≈ 2, 68 734,

∣∣∣∣∣
∣∣∣∣∣φ(z0)

∣∣∣∣∣
∣∣∣∣∣
∞

≤ γ2 ≈ 0, 00146 076.

Ïåðøèé äèôåðåíöiàë Ôðåøå äàíî¨ âåêòîð-ôóíêöi¨

dφ(z, dz) := φ′(z) dz =

 dv − sinu du+ cosw dw
du+ cos v dv − sinw dw
cosu du− sin v dv + dw


âèçíà÷à¹ ìàòðèöÿ ßêîái

J(z) =

 − sinu 1 cosw
1 cos v − sinw

cosu − sin v 1

 .

Äèôåðåíöiàë Ôðåøå äðóãîãî ïîðÿäêó äàíî¨ âåêòîð-ôóíêöi¨

d2φ(z, dz) = −

 sinw dw2 + cosu du2

sin v dv2 + cosw dw2

sinu du2 + cos v dv2


ìà¹ íîðìó

||d2φ(z, dz)||∞ ≤ γ3 := 2,

òîìó

θ ≈ 0, 0157 023 < 1.

Îòæå, íåëiíiéíà iíòåãðàëüíî-äèôåðåíöiàëüíà êðàéîâà çàäà÷à (24) ó ìàëîìó îêîëi
òî÷êè z0 ìà¹ ¹äèíå ñòàöiîíàðíå ïîëîæåííÿ ðiâíîâàãè, äî ÿêîãî çáiãà¹òüñÿ iòåðàöié-
íà ñõåìà (23), ïðè öüîìó

z1 ≈

 −0, 456 624 742 720 777
−0, 456 624 742 720 777
−0, 456 624 742 720 777

 ,

z2 ≈

 −0, 456 624 704 569
−0, 456 624 704 569
−0, 456 624 704 569

 ,

z3 ≈

 −0, 456 624 704 567 6308
−0, 456 624 704 567 6308
−0, 456 624 704 567 6308

 .
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Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü zk äî ðîçâ'ÿçêó íåëiíiéíî¨ iíòåãðàëüíî-
äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (24) âèçíà÷èìî íåâ'ÿçêè

∆k :=

∣∣∣∣∣∣∣∣φ(zk)∣∣∣∣∣∣∣∣
∞
, k = 1, 2, 3.

Çîêðåìà

∆1 ≈ 8, 921 990× 10−8, ∆2 ≈ 3, 33 067× 10−16, ∆3 ≈ 1, 11 022× 10−16.
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S.M. Chuiko, O.S. Chuiko, V.O. Kuzmina

Equilibrium positions of nonlinear integral-di�erential boundary value problems unsolved

with respect to the derivative.

The study of the di�erential-algebraic boundary value problems was established in the papers of K.

Weierstrass, M.M. Lusin and F.R. Gantmacher. Works of S. Campbell, Yu.E. Boyarintsev, V.F. Chis-

tyakov, A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boichuk, A. Ilchmann and T. Reis are

devoted to the systematic study of di�erential-algebraic boundary value problems. At the same time,

the study of di�erential-algebraic boundary-value problems is closely related to the study of linear

boundary-value problems for ordinary di�erential equations, initiated in the works of A. Poincare,

A.M. Lyapunov, M.M. Krylov, M.M. Bogolyubov, I.G. Malkin, A.D. Myshkis, E.A. Grebenikov,

Yu.A. Ryabov, Yu.A. Mitropolsky, I.T. Kiguradze, A.M. Samoilenko, M.O. Perestyuk and O.A. Boichuk.

The study of the linear di�erential-algebraic boundary value problems is connected with numerous

applications of corresponding mathematical models in the theory of nonlinear oscillations, mechanics,

biology, radio engineering, the theory of the motion stability. Thus, the actual problem is the transfer of

the results obtained in the articles and monographs of S. Campbell, A.M. Samoilenko and O.A. Boichuk

on the nonlinear boundary value problems for the integral-di�erential boundary value problem unsolved

with respect to the derivative, in particular, �nding the necessary and su�cient conditions of the

existence of the desired solutions of the nonlinear integral-di�erential boundary value problem not

unsolved with respect to the derivative. In this article we found the conditions of the existence and
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constructive scheme for �nding the solutions of the nonlinear integral-di�erential boundary value

problem unsolved with respect to the derivative in the form of equilibrium positions. The case of

a nonlinear equation whose dimension does not coincide with the dimension of the unknown has been

researched.

Keywords: di�erential-algebraic equations, nonlinear integral-di�erential boundary value problem,

Newton�Kantorovich method..
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