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EVOLUTION OF ROTATIONAL MOTIONS IN A RESISTIVE
MEDIUM OF A NEARLY DYNAMICALLY SPHERICAL RIGID BODY
WITH A MOVABLE MASS

The problem of a rigid body motion about a fixed point is one of the classical problems of mechanics.
The interest in the problem of the rigid body dynamics has increased in the second half of the XX
century in connection with the development or rocket and space technologies. The study of the motion
of a satellite about center of mass is important for creating systems of orientation control, stabilization
of motion and for solving the practical problems of astronautics. The paper develops an approximate
solution by means of an averaging method for the motion in a resistive medium of a nearly dynamically
spherical rigid body containing a viscoelastic element. The numerical integration of the averaged
system of equations is conducted for the body motion. The graphical presentations of the solutions
are represented and discussed. We received the system of motion equations in standard form, which
refined in square approximation by small parameter. The asymptotic approach permits to obtain some
qualitative results and to describe evolution of rigid body motion using simplified averaged equations
and numerical solution. The paper can be considered as mainstreaming of previous works for the
problem of rigid body motion under the action of small torques (cavity filled with a fluid of high
viscosity, moving mass, constant body-fixed torques). The advantage of this work is in receiving the
original asymptotic and numerical calculations, as well as solutions that describe the evolution of
rigid body motion with a moving mass in a resistive medium over an infinite time interval with an
asymptotically small error. The paper presents a contribution in the problems of spacecraft motion,
and the activities of crew members about the vehicles. The importance of the results is in the moving
mass control, and the motions of spinning projectiles.

MSC: 70E15,70E20, 70E40.
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1. Introduction.

A spacecraft or satellite, while orbiting about its center of mass, experiences torques
from forces of diverse physical origins. This includes torques generated by the motion of
internal masses, which can arise from factors such as presence of rotating components
(like rotors or gyroscopes) within the spacecraft or satellite, and the activities of crew
members aboard the crew vehicle.

The dynamics of a rigid body incorporating moving masses is a significant focal
point in classical mechanics. Extensive research is dedicated to investigating the rotation
of a rigid body featuring motion of internal masses. A number of problems in the
indicated field and the works in this direction are described in [1-8§].

In [1, 9], scenarios involving the motion of a rigid body containing movement of
internal masses are explored. Several problems concerning the motion of a rigid body
incorporating elastic and dissipative components are investigated in [10-13]. [14] tackled
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the issue of minimum-time deceleration in a resistant medium for the rotation of a
dynamically symmetric rigid body containing a viscous-elastic element. [15] focused on
the challenge of achieving quasi-optimal time-based deceleration for a gyrostat featuring
a moving mass in a medium with resistance.

In the paper [16], the influence is estimated of the moving point masses (linear
oscillators) on the stability of uniform rotation of the Lagrange top. The possibility of
stabilizing unstable uniform spinning of a “sleeping” Lagrange gyroscope, in a resisting
medium, is considered in [17].

Paper [18| delved into the motion of a rigid body that is close to dynamically
spherical, and houses a cavity filled with a highly viscous fluid. In [19], researchers
explored the motion of a nearly dynamically spherical rigid body, also with a cavity
containing viscous fluid but at a low Reynolds member. They provided insights both the
qualitative and quantitative aspects of its motion in a resistive medium. [20] focused on
the motion about the center of mass of a nearly dynamically spherical rigid body with
a cavity filled with highly viscous fluid, which was subjected to constant body-fixed
torque. In [21] qualitative and quantitative results of motion of a nearly dynamically
spherical rigid body with a moving mass attached to the body by means of elastic
coupling were presented. Paper [22| extended the investigation of rigid body motion
presented in [18] by adding another (third) component of the gyrostatic moment. In
paper [23] the results of [18] was generalized to charged rigid body.

2. Formulation of the problem.

Let us examine the motion of a dynamically asymmetric rigid body about its center
of inertia, featuring a movable point mass m connected via an elastic linkage to a point
01, located on one of its principal axes of inertia.

We assume that the torque of the resistance forces is proportional to the angular
momentum of the body [1, 15, 24|

M’ = -2\ Jw (1)

where A is a positive coefficient of proportionality that depends on the properties of
the medium and on the shape of the body 0 < ¢ < 1 is a small parameter.

The origin of Cartesian coordinate system, connected with the rigid body, is placed
at the center of inertia of the body with point mass, whereas the basic vectors e, ez,
es of the system are directed so that basic vector eg coincides with axes on which point
O is located. Then radius-vector of point O;, p = pes where without loss of generality,
we assume p > 0.

In references |1, 9], a vector equation was derived to describe the alteration of the
vector m within the coordinate system linked to the body.

Jbwt (wx I -w) = ®w) + 001 \2Q%) (2)

Here Jj denotes the inertia tensor of a rigid body containing a moving mass when
referenced with respect to point O, w is the absolute angular velocity of the body,
vector function @ includes the terms of the orders 272 of and A2Q~%4. The quantities
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02 = ¢/m, A = §/m, having the dimensions ¢!, characterize the frequency and decay
time of free oscillations, ¢ is a stiffness coefficient, and § is a viscous friction coefficient.
Perturbation torques in (2) are small, provided

02> dw > w? (3)

Free oscillations of the system decaying long time before the body performs one
revolution |1, 9.

To obtain equations (2) and assess their level of error, please refer to [1, 9]. Function
®(w) is a polynomial containing the fourth and fifth order of w [1, 9.

Having evaluated the vector function ® as per [1, 9], the equation (2) for our specific
problem, when expressed in terms of projections on axes ey, es, eg, takes the following
shape

d
A (C = B)qr = —p*m{Q2qr(Q1p* + K1¢* + L1r?)+

: +AQ7 %[ (M1p® + Nig® + Rar?) + r?(S1p” + T1r?)]} — 2 A Ap
B% + (A= C)pr = —p*m{Q "pr(Qaq® + Kop® + Lor®)+
+ A g[r? (Mag® + Nor? + Rop?) + p*(S20® + Top?)]} — 2ABq
c% + (B — A)pg = —p*mA\Y3(A4+C — B)(B+C — A)x
x AT'BTI(A - C)B™'p? + (B - C)A™'¢*] — 2X\Cr "
4

The tensor of inertia J§ of the rigid body, whose point mass m is superposed with
01, obtains the following form

A0 0
J;=10 B 0], (5)
0 0 C

where A, B and C are the principal moment of inertia of the rigid body, p, ¢, r are the
components of the absolute angular velocity w.

The right-hand side of the initial two equations (2) comprises coefficients Q1, K7,
L1, N1, Ry, S1, 11, Q2, Ko, Lo, No, Ro, So, T5 that are specific expressions containing
A, B, C. For instance,

A—C C-B B-A _(A=C)B-A4) (B—=A)(C—B)A-C)
St b e T BC 4 ABC o

We have chosen not to reference in our paper other expressions from (4) such as
Ki,...,Ts due to their drawbacks.

If A= B and £ = 0 the system (4) reduces to the corresponding system in [1, 9].

Q1 =—-1-
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Take into consideration a nearly dynamically spherical rigid body, where the principal
central moments of inertia of the unperturbed body are closely aligned and can be
expressed in the following manner

A= Jy+eA,B=Jy+eB,C=J, (7)

where 0 < € < 1 is a small parameter of the same order just in (1).

According to (3) 72, Q™% are small parameters in equations of motion (4). We
assume that, i.e. Q72 ~ 2 M2 ~ 2 A2 ~ 1.

For ¢ = 0 equations of motion (4) depict the motion of a body exhibiting spherical
symmetry.

We also make an assumption that there are estimates

|A— B| = 0(*J,),|A — B'| = O(eJ,, J. ~ Jo. (8)

Then, after (7), (8) the following equations are provided

A-B=¢A -B)=¢*J,A-C=cA,B-C=¢B. (9)

After applying transformations to the system (4), we derive the perturbed Euler
system. Relations (7)-(9), and transfer to show time 7 = et are considered (terms of
order €% and higher are rejected):

dp B’ A

dr JO < EJ()) qr + Eflp(p7Q>T)a p( ) bo,

dgq A’ B’

dr JO ( 5,]0 pr+€flq(pa q, 'I"), Q( ) q0, ( )
dg A - B

i A efir(psq;7), r(0) = ro.

In the given equation, r is a slow variable. The set of differential equations in (10)
constitutes an inherently nonlinear system, wherein the frequency is contingent upon
the slow variable. The perturbations were incorporated within (10).
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2m 02 Q4
efip(p,q,7r) = —pTO {qurhn + Toqr(hu — A'h1y) + 7 p(¢*ha1 + 7’2h31)} -

— e\p,
2 -2 -4

m . Q
efig(psq,r) = _pTo {Q Yorgin + Topr(glz + B'gi1) +

— e)\q,

q(r*gor + p2931)} -

o p2m —4 3/ 412 ;2
efir(p,q,7) = —?)\Q r?(A'p” + B'q”) — e,
0

g = +p*+r° 912 = A(p° +3r°) + (34" —2B') ¢,

g12 = 2(14, - B,)pQ - B,T2vg31 = (A, - B,)(q2 +p2)7

hi1 = —gi1, hia = B'(¢* + 3r%) — (24’ — 3B")p?,

hoy = (B/ — A/)(q2 + p2 + 7’2), h31 = —A'r?.

(11)

The perturbation torque of the influence of a movable mass in the rigid body is small
[1, 9.

3. Methods of investigation.

The solution of the unperturbed system (10) for ¢ = 0 is as follows

Joawsing

B "= 7o (12)

p = acosy,q = —

In the given equation, a = +/p§ + (po/w)? is the amplitude (slow variable), ¢ =
wT + g is the phase, w = rv A’B’/Jy, A'B’ > 0, ¢ is the initial phase, cospg = pp/a,

singo = —qo+/ B’ /A’ /a supposedly.
We transition from the slow variables p, g, r to the updated standard slow variables
a, r and the phase ¢ by implementing a change in variables:

Joawsing

B = (13)

p = acosy,q = —

We differentiate equations (13) considering a perturbed system. Through a series of
transformations, we arrive at the system in its standard form, where the point represents
the time derivative of 7
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acosp — apsing = —aw(r)sing + € fap,
B/
asing + apcosp = aw(r)cosy — Eafgq,
B — A A’
7= a?\| = sinpcosp + € for, w(r) = L\/A’B’,
J(] B’ JO
A (14)
efop = saTw(r)smgp — elacosp + € fip,
0
B’ aB’ . B’
E[_:féq = 6J—w(7‘)cos<p + elasing + Esflp’
0

p*m
efor = ef1r = — - )\Q_4r3(A’p2 + B’qz) —elr.
0

We will address the equations (14) with a focus on solving for @ and ¢, resulting in
the derivation of a system

/!

a4 = € fopcosp — € foq Esimp,
1 1 B’
® =w(r) — Eefgpsingp - asfgq\/ 7 05, (15)
. B, - A/ 2 AI . + f
T = a“\| = sinpcosp + € fo.
Jo pr oS e o

We insert (13) into the third equation (11) for the variable r. With the standard
transformations considered, we arrive at the system of equations:

A —-B B’
a=c¢ awsingcosp + € fipcosp — € fig\| — sinp,
Jo A
B —A , [A i J
;= T a? o Sinpcose - pjgl/\Q‘lrg(A’anofcp + B'(— ;?;0)232'712 ),
2 Ji ) 02 Ji
e fipcosp = —pJ:)ncosgo {—Oal;fmso[(ﬁ_l — TOA/)(—T2 —a?cos’p — ( g}f)Qsin2cp)]+
02 Ji
+ ——[B'(3r% + ( Oaw)Zsianp) — (24" — 3B")a2cos* )|+
Jo B'r
AQ4 Ji Ji
+ - Ocosgp[( ;C/L;U)Qsinch(—%z — a?cos’p — ( gf;u)%inch) + A'r4]} —ela,

(16)
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2m —2

Q
e figsing = _pJO sing {racosga [(Q_l — J—OB')(T2 + a®cos’p + (J%?;U)ZsinQ )—
Q_2
— ——(A'(3r* 4 a2cos’p) + (3A" — 2B')a2(J0aw)23in2go) +
Jo B'r
Q_4
)\J (— Jg/zw siny) [r2(2a20052g0(A’ — B') — B'r?) + a*cos’p(A' — B)x
0 r
Joaw
2.2 00W 9 . 9
—eAr.
X (a“cos”p + ( By )sin go)]} EAT

(17)

In the given system of equations, the value w(r) = rVA’B’/Jy represents the

perturbed frequency of the converted system. If we average system (16) over the phase
¢ [25], we obtain:

a = ﬁy(aa‘r’ + nar? — CLT‘4) + ca,

18
r = BA a*r® + cr. (18)
The notations are introduced at this point.
2 !
—p'm . 4 1 A
= Q S
/8 Jg )\ ) 77 2 ( B/ )’
1 AP 1
=—-(1-—=5 = (A —-B,c=—e
o 8 ( B/2 )7 7 2 ( ),C 8)\
We transform system (17) to:
dx 9 9
5 = 2alBy(aa” +nzy —y" + ],
dr (19)
—di = 2y(BA' ry + ¢).

Here we include the slow variables x = a2, y = r? > 0 in system (18).

4. Numerical integration.

System (18) was numerically resolved using the initial conditions z(0) = 1, y(0) =1
and task factors m =1, p=1,e=0.1, A = 1.25rad/s.

The graphical representations of the varying values * = a? and y = 72 (the
squared equatorial and axial components of the rigid body angular velocity vector)
are represented when parameters are A = 98, 2 = 10 in the first case and A =9, Q2 =3
in the second case.

In the first case Jy = 1, A’ = 5.1, B’ = 5, in the second case Jy = 3, A’ = 8.3,
B =8.

The increase of = a? in the first and second cases (parameter Jy, A’, B') is faster
with values of A =9, ) = 3.
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40 50 60 T

In the second case the variable y = 72 asymptotically approaches zero faster with

values A =9, 2 = 3.

5. Conclusion.
We investigate the motion in a resistive medium of a nearly dynamically spherical

rigid body with a moving mass, connected to it with elastic linkage.

The use of an asymptotic approach allows us to acquire qualitative insights, depict

the motion’s evolution through streamlined averaging equations, and derive analytical
and numerical solutions over the infinite time interval. These outcomes enable us to
assess the dynamic consequences of having a moving mass attached to the body.
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.. Jlemmenko, A.JI. Paunncbka
EBosionisi pyxiB B cepemoBuiii 3 onmopoM 6J/M3bKOro no AuHamMiyHo cdepudHoOro rtina 3

PYXOMOIO Macolo.

IIpobaema pyxy TBEpAOro Tija BiIHOCHO HEPYXOMOI TOUKH € O/IHI€I0 3 KJIACHIHUX 3a71a9 MexaHiku. [HTe-
pec 110 33/1a9 TUHAMIKH TBEPJIOrO Tijla IOCUINBCA B APYTiil nosioBuHI XX cTOpiv4s B 3B’SI3KYy 3 PO3BUT-
KOM pakKeTHO-KocMiunol Texuiku. lociizkenns: pyxXy CyIyTHHKIB HABKOJIO I[EHTPA MaC BarKJIHBO LISt
CTBOPEHHSI CICTEM yIIPaBJIHHS Opi€HTAIEI0, cTablIi3alil pyXy 1 /11s1 pO3B’s3yBaHHSI IPAKTUIHUX 33,02
KOCMOHABTHKH. B cTaTTi 3 10IOMOr0I10 ycepeIHeHHS O/IePKYEThCsT HaOIMKeHe PO3B’sI3aHHs 3a/1a4i PO
PYX B CEpPEJIOBUIN 3 OIOPOM OJIM3BKOTO J0 JUHAMIYHO C(EPUIHOrO TBEPAOrO Tijla 3 B’SI3KONPYKHUM
eJIeMeHTOM. ACUMIITOTUYHUHN MMAXiM T03BOJISE ONEPKATH MKl SKICHI Pe3yIbTaTh 1 ONUCYyBaTH €BO-
JTIOIIIO PYXY TBEPJIOTO Tijia 3 JOMOMOTOI0 CIIPOIIEHUX yCEPETHEHNX PIBHSHB Ta YHCETHLHOTO PO3B’S3KY.
B pobori mposenena mnporieaypa ycepeIHeHHsT Ta OJiepXKaHi ycepeJHeH] PiBHAHHS, sKi IPOCTIIIe Io-
YaTKOBUX, Ta OMUCYIOTh PyX Ha BeJUKOMYy iHTepBaJsi dacy. OmepxKani KigbKicHI Ta skicHI pesyabraTu
JIOCTIi/IZKEHb PYXY B CEPEJIOBUII 3 OIOPOM OJIM3BKOIO JI0 JUHAMIYHO cPepUYIHOro TBEPIOrO Tija 3 py-
XOMOIO Macoio Ta OyB IpejacTaBieHuil onuc esosonil pyxy Tina. IIpoBeneno umcenbre inTerpyBaHHs
yCepeHEHOT CUCTEMU PIBHSIHB PYyXy TBeporo tija. ['padidni 306paskeHHsI pO3B’sI3KiB IIpeICTaB/IeH] Ta

obrosopeni. Oep:kaHo cucTeMy piBHAHb PYXY B CTaHAAPTHINA GOpMI, sika yTOYHEHA B KBAJIPATUIHOMY
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HabimkeHHI 3a MajinM napamerpoM. Jlocmimkeno esosmonito pyxy Eitnepa-Ilyanco min miero mammx
BHYTPINIHIX Ta 30BHINTHIX MOMeHTIB. CTaTTsi MOXKe PO3IJISJATUC K PO3BUTOK IIOIEPEIHIX 3a1a4 PO
PYX TBEpZOTO TiJa i €0 MAJIUX MOMEHTIB ([TOPOXKHUHU, sIKa 3AIIOBHEHA, PIIMHOIO BEJIUKO! B’ A3KOCTI,
DPYXOMOI MacCH, CTaJIUX MOMEHTIB B 3B’s3aHUX 3 TLI0M 0cax). CTaTTs BHOCUTH BKJIAJ[ B BUBYEHH: 3a1a4
PyXy KOCMIYHUX KOpaOJIiB i pyXiB WieHiB eKimazkiB BigHOoCHO mux Tij. OfepKaHi pe3y/IbTaTh BaXKIUBI

718 YIIPABJIHHS 3 JOIIOMOI'OI0 PYXOMUX MAC, /I PyXiB 00epTOBUX CHAPSIIB.

Karowoei caosa: 6audvke 00 Junamivho chepunurnozo meepdozo miaa, PYroma maca, NpyxiHchi ma

ducunamusHi eaemenmu, cepedosuuLe 3 OTLOPOM.
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