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EVOLUTION OF ROTATIONAL MOTIONS IN A RESISTIVE
MEDIUM OF A NEARLY DYNAMICALLY SPHERICAL RIGID BODY
WITH A MOVABLE MASS

The problem of a rigid body motion about a fixed point is one of the classical problems of mechanics.
The interest in the problem of the rigid body dynamics has increased in the second half of the XX
century in connection with the development or rocket and space technologies. The study of the motion
of a satellite about center of mass is important for creating systems of orientation control, stabilization
of motion and for solving the practical problems of astronautics. The paper develops an approximate
solution by means of an averaging method for the motion in a resistive medium of a nearly dynamically
spherical rigid body containing a viscoelastic element. The numerical integration of the averaged
system of equations is conducted for the body motion. The graphical presentations of the solutions
are represented and discussed. We received the system of motion equations in standard form, which
refined in square approximation by small parameter. The asymptotic approach permits to obtain some
qualitative results and to describe evolution of rigid body motion using simplified averaged equations
and numerical solution. The paper can be considered as mainstreaming of previous works for the
problem of rigid body motion under the action of small torques (cavity filled with a fluid of high
viscosity, moving mass, constant body-fixed torques). The advantage of this work is in receiving the
original asymptotic and numerical calculations, as well as solutions that describe the evolution of
rigid body motion with a moving mass in a resistive medium over an infinite time interval with an
asymptotically small error. The paper presents a contribution in the problems of spacecraft motion,
and the activities of crew members about the vehicles. The importance of the results is in the moving
mass control, and the motions of spinning projectiles.
MSC: 70Е15,70Е20, 70Е40.
Key words: nearly dynamically spherical rigid body, movable mass, elastic and dissipative elements,
resistive medium.

1. Introduction.
A spacecraft or satellite, while orbiting about its center of mass, experiences torques

from forces of diverse physical origins. This includes torques generated by the motion of
internal masses, which can arise from factors such as presence of rotating components
(like rotors or gyroscopes) within the spacecraft or satellite, and the activities of crew
members aboard the crew vehicle.

The dynamics of a rigid body incorporating moving masses is a significant focal
point in classical mechanics. Extensive research is dedicated to investigating the rotation
of a rigid body featuring motion of internal masses. A number of problems in the
indicated field and the works in this direction are described in [1–8].

In [1, 9], scenarios involving the motion of a rigid body containing movement of
internal masses are explored. Several problems concerning the motion of a rigid body
incorporating elastic and dissipative components are investigated in [10–13]. [14] tackled
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the issue of minimum-time deceleration in a resistant medium for the rotation of a
dynamically symmetric rigid body containing a viscous-elastic element. [15] focused on
the challenge of achieving quasi-optimal time-based deceleration for a gyrostat featuring
a moving mass in a medium with resistance.

In the paper [16], the influence is estimated of the moving point masses (linear
oscillators) on the stability of uniform rotation of the Lagrange top. The possibility of
stabilizing unstable uniform spinning of a “sleeping” Lagrange gyroscope, in a resisting
medium, is considered in [17].

Paper [18] delved into the motion of a rigid body that is close to dynamically
spherical, and houses a cavity filled with a highly viscous fluid. In [19], researchers
explored the motion of a nearly dynamically spherical rigid body, also with a cavity
containing viscous fluid but at a low Reynolds member. They provided insights both the
qualitative and quantitative aspects of its motion in a resistive medium. [20] focused on
the motion about the center of mass of a nearly dynamically spherical rigid body with
a cavity filled with highly viscous fluid, which was subjected to constant body-fixed
torque. In [21] qualitative and quantitative results of motion of a nearly dynamically
spherical rigid body with a moving mass attached to the body by means of elastic
coupling were presented. Paper [22] extended the investigation of rigid body motion
presented in [18] by adding another (third) component of the gyrostatic moment. In
paper [23] the results of [18] was generalized to charged rigid body.

2. Formulation of the problem.
Let us examine the motion of a dynamically asymmetric rigid body about its center

of inertia, featuring a movable point mass m connected via an elastic linkage to a point
O1, located on one of its principal axes of inertia.

We assume that the torque of the resistance forces is proportional to the angular
momentum of the body [1, 15, 24]

Mr = −ε2λJω (1)

where λ is a positive coefficient of proportionality that depends on the properties of
the medium and on the shape of the body 0 < ε ≪ 1 is a small parameter.

The origin of Cartesian coordinate system, connected with the rigid body, is placed
at the center of inertia of the body with point mass, whereas the basic vectors e1, e2,
e3 of the system are directed so that basic vector e3 coincides with axes on which point
O1 is located. Then radius-vector of point O1, ρ = ρe3 where without loss of generality,
we assume ρ > 0.

In references [1, 9], a vector equation was derived to describe the alteration of the
vector m within the coordinate system linked to the body.

J∗
0 · ω + (ω × J∗

0 · ω) = Φ(ω) +O(Ω−4, λ2Ω−8) (2)

Here J∗
0 denotes the inertia tensor of a rigid body containing a moving mass when

referenced with respect to point O, ω is the absolute angular velocity of the body,
vector function Φ includes the terms of the orders Ω−2 of and λ2Ω−4. The quantities
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Ω2 = c/m, λ = δ/m, having the dimensions t−1, characterize the frequency and decay
time of free oscillations, c is a stiffness coefficient, and δ is a viscous friction coefficient.

Perturbation torques in (2) are small, provided

Ω2 ≫ λω ≫ ω2 (3)

Free oscillations of the system decaying long time before the body performs one
revolution [1, 9].

To obtain equations (2) and assess their level of error, please refer to [1, 9]. Function
Φ(ω) is a polynomial containing the fourth and fifth order of ω [1, 9].

Having evaluated the vector function Φ as per [1, 9], the equation (2) for our specific
problem, when expressed in terms of projections on axes e1, e2, e3, takes the following
shape

A
dp

dt
+ (C −B)qr = −ρ2m{Ω−2qr(Q1p

2 +K1q
2 + L1r

2)+

+ λΩ−2p[q2(M1p
2 +N1q

2 +R1r
2) + r2(S1p

2 + T1r
2)]} − ε2λAp

B
dq

dt
+ (A− C)pr = −ρ2m{Ω−4pr(Q2q

2 +K2p
2 + L2r

2)+

+ λΩ−4q[r2(M2q
2 +N2r

2 +R2p
2) + p2(S2q

2 + T2p
2)]} − ε2λBq

C
dr

dt
+ (B −A)pq = −ρ2mλΩ−4r3(A+ C −B)(B + C −A)×

×A−1B−1[(A− C)B−1p2 + (B − C)A−1q2]− ε2λCr
(4)

The tensor of inertia J∗
0 of the rigid body, whose point mass m is superposed with

O1, obtains the following form

J∗
0 =

∣∣∣∣∣∣
A 0 0
0 B 0
0 0 C

∣∣∣∣∣∣ , (5)

where A, B and C are the principal moment of inertia of the rigid body, p, q, r are the
components of the absolute angular velocity ω.

The right-hand side of the initial two equations (2) comprises coefficients Q1, K1,
L1, N1, R1, S1, T1, Q2, K2, L2, N2, R2, S2, T2 that are specific expressions containing
A, B, C. For instance,

Q1 = −1−5
A− C

B
−6

C −B

A
−3

B −A

C
+7

(A− C)(B −A)

BC
+4

(B −A)(C −B)(A− C)

ABC
(6)

We have chosen not to reference in our paper other expressions from (4) such as
K1, . . . , T2 due to their drawbacks.

If A = B and ε = 0 the system (4) reduces to the corresponding system in [1, 9].
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Take into consideration a nearly dynamically spherical rigid body, where the principal
central moments of inertia of the unperturbed body are closely aligned and can be
expressed in the following manner

A = J0 + εA′, B = J0 + εB′, C = J0, (7)

where 0 < ε ≪ 1 is a small parameter of the same order just in (1).

According to (3) Ω−2, λΩ−4 are small parameters in equations of motion (4). We
assume that, i.e. Ω−2 ∼ ε2, λΩ−4 ∼ ε2, λΩ−2 ∼ 1.

For ε = 0 equations of motion (4) depict the motion of a body exhibiting spherical
symmetry.

We also make an assumption that there are estimates

|A−B| = O(ε2J∗), |A′ −B′| = O(εJ∗, J∗ ∼ J0. (8)

Then, after (7), (8) the following equations are provided

A−B = ε(A′ −B′) = ε2J∗, A− C = εA′, B − C = εB′. (9)

After applying transformations to the system (4), we derive the perturbed Euler
system. Relations (7)-(9), and transfer to show time τ = εt are considered (terms of
order ε3 and higher are rejected):

dp

dτ
=

B′

J0

(
1− ε

A′

J0

)
qr + εf1p(p, q, r), p(0) = p0,

dq

dτ
= −A′

J0

(
1− ε

B′

J0

)
pr + εf1q(p, q, r), q(0) = q0,

dq

dτ
=

A′ −B′

J0
pq + εf1r(p, q, r), r(0) = r0.

(10)

In the given equation, r is a slow variable. The set of differential equations in (10)
constitutes an inherently nonlinear system, wherein the frequency is contingent upon
the slow variable. The perturbations were incorporated within (10).
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εf1p(p, q, r) = −ρ2m

J0

{
Ω−1qrh11 +

Ω−2

J0
qr(h12 −A′h11) +

λΩ−4

J0
p(q2h21 + r2h31)

}
−

− ελp,

εf1q(p, q, r) = −ρ2m

J0

{
Ω−1prg11 +

Ω−2

J0
pr(g12 +B′g11) +

λΩ−4

J0
q(r2g21 + p2g31)

}
−

− ελq,

εf1r(p, q, r) = −ρ2m

J2
0

λΩ−4r3(A′p2 +B′q2)− ελr,

g11 = q2 + p2 + r2, g12 = A′(p2 + 3r2) + (3A′ − 2B′)q2,

g12 = 2(A′ −B′)p2 −B′r2, g31 = (A′ −B′)(q2 + p2),

h11 = −g11, h12 = B′(q2 + 3r2)− (2A′ − 3B′)p2,

h21 = (B′ −A′)(q2 + p2 + r2), h31 = −A′r2.
(11)

The perturbation torque of the influence of a movable mass in the rigid body is small
[1, 9].

3. Methods of investigation.

The solution of the unperturbed system (10) for ε = 0 is as follows

p = acosφ, q = −J0awsinφ

B′r
, r = r0. (12)

In the given equation, a =
√

p20 + (ṗ0/w)2 is the amplitude (slow variable), φ =
wτ +φ0 is the phase, w = r

√
A′B′/J0, A′B′ > 0, φ0 is the initial phase, cosφ0 = p0/a,

sinφ0 = −q0
√
B′/A′/a supposedly.

We transition from the slow variables p, q, r to the updated standard slow variables
a, r and the phase φ by implementing a change in variables:

p = acosφ, q = −J0awsinφ

B′r
, r = r. (13)

We differentiate equations (13) considering a perturbed system. Through a series of
transformations, we arrive at the system in its standard form, where the point represents
the time derivative of τ
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ȧcosφ− aφ̇sinφ = −aw(r)sinφ+ εf2p,

ȧsinφ+ aφ̇cosφ = aw(r)cosφ−
√

B′

A′ εf2q,

ṙ =
B′ −A′

J0
a2
√

A′

B′ sinφcosφ+ εf2r, w(r) =
r

J0

√
A′B′,

εf2p = ε
aA′

J0
w(r)sinφ− ελacosφ+ εf1p,√

B′

A′ εf2q = ε
aB′

J0
w(r)cosφ+ ελasinφ+

√
B′

A′ εf1p,

εf2r = εf1r = −ρ2m

J0
λΩ−4r3(A′p2 +B′q2)− ελr.

(14)

We will address the equations (14) with a focus on solving for ȧ and φ̇, resulting in
the derivation of a system

ȧ = εf2pcosφ− εf2q

√
B′

A′ sinφ,

φ̇ = w(r)− 1

a
εf2psinφ− 1

a
εf2q

√
B′

A′ cosφ,

ṙ =
B′ −A′

J0
a2
√

A′

B′ sinφcosφ+ εf2r.

(15)

We insert (13) into the third equation (11) for the variable r. With the standard
transformations considered, we arrive at the system of equations:

ȧ = ε
A′ −B′

J0
awsinφcosφ+ εf1pcosφ− εf1q

√
B′

A′ sinφ,

ṙ =
B′ −A′

J0
a2
√

A′

B′ sinφcosφ− ρ2m

J2
0

λΩ−4r3(A′a2cos2φ+B′(−J0aw

B′r
)2sin2φ),

εf1pcosφ = −ρ2m

J0
cosφ

{
−J0awsinφ

B′ [(Ω−1 − Ω−2

J0
A′)(−r2 − a2cos2φ− (

J0aw

B′r
)2sin2φ)]+

+
Ω−2

J0
[B′(3r2 + (

J0aw

B′r
)2sin2φ)− (2A′ − 3B′)a2cos2φ]+

+
λΩ−4J0

a
cosφ[(

J0aw

B′r
)2sin2φ(−2r2 − a2cos2φ− (

J0aw

B′r
)2sin2φ) +A′r4]

}
− ελa,

(16)
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εf1qsinφ = −ρ2m

J0
sinφ

{
racosφ

[
(Ω−1 − Ω−2

J0
B′)(r2 + a2cos2φ+ (

J0aw

B′r
)2sin2φ)−

− Ω−2

J0
(A′(3r2 + a2cos2φ) + (3A′ − 2B′)a2(

J0aw

B′r
)2sin2φ)

]
+

+
λΩ−4

J0
(−J0aw

B′r
sinφ)

[
r2(2a2cos2φ(A′ −B′)−B′r2) + a2cos2φ(A′ −B′)×

× (a2cos2φ+ (
J0aw

B′r
)2sin2φ)

]}
− ελr.

(17)
In the given system of equations, the value w(r) = r

√
A′B′/J0 represents the

perturbed frequency of the converted system. If we average system (16) over the phase
φ [25], we obtain:

ȧ = βγ(αa5 + ηa3r2 − ar4) + ca,

ṙ = βA′a2r3 + cr.
(18)

The notations are introduced at this point.

β =
−ρ2m

J2
0

λΩ−4, η =
1

2
(1− A′

B′ ),

α =
1

8
(1− A′2

B′2 ), γ =
1

2
(A′ −B′),c = −ελ.

We transform system (17) to:

dx

dτ
= 2x[βγ(αx2 + ηxy − y2 + c)],

dy

dτ
= 2y(βA′xy + c).

(19)

Here we include the slow variables x = a2, y = r2 > 0 in system (18).

4. Numerical integration.
System (18) was numerically resolved using the initial conditions x(0) = 1, y(0) = 1

and task factors m = 1, p = 1, ε = 0.1, λ = 1.25rad/s.
The graphical representations of the varying values x = a2 and y = r2 (the

squared equatorial and axial components of the rigid body angular velocity vector)
are represented when parameters are λ = 98, Ω = 10 in the first case and λ = 9, Ω = 3
in the second case.

In the first case J0 = 1, A′ = 5.1, B′ = 5, in the second case J0 = 3, A′ = 8.3,
B′ = 8.

The increase of x = a2 in the first and second cases (parameter J0, A′, B′) is faster
with values of λ = 9, Ω = 3.
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Fig. 1. Fig. 2.

In the second case the variable y = r2 asymptotically approaches zero faster with
values λ = 9, Ω = 3.

5. Conclusion.
We investigate the motion in a resistive medium of a nearly dynamically spherical

rigid body with a moving mass, connected to it with elastic linkage.
The use of an asymptotic approach allows us to acquire qualitative insights, depict

the motion’s evolution through streamlined averaging equations, and derive analytical
and numerical solutions over the infinite time interval. These outcomes enable us to
assess the dynamic consequences of having a moving mass attached to the body.
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Д.Д. Лещенко, А.Л. Рачинська
Еволюцiя рухiв в середовищi з опором близького до динамiчно сферичного тiла з
рухомою масою.

Проблема руху твердого тiла вiдносно нерухомої точки є однiєю з класичних задач механiки. Iнте-
рес до задач динамiки твердого тiла посилився в другiй половинi ХХ сторiччя в зв’язку з розвит-
ком ракетно-космiчної технiки. Дослiдження руху супутникiв навколо центра мас важливо для
створення систем управлiння орiєнтацiєю, стабiлiзацiї руху i для розв’язування практичних задач
космонавтики. В статтi з допомогою усереднення одержується наближене розв’язання задачi про
рух в середовищi з опором близького до динамiчно сферичного твердого тiла з в’язкопружним
елементом. Асимптотичний пiдхiд дозволяє одержати деякi якiснi результати i описувати ево-
люцiю руху твердого тiла з допомогою спрощених усереднених рiвнянь та чисельного розв’язку.
В роботi проведена процедура усереднення та одержанi усередненi рiвняння, якi простiше по-
чаткових, та описують рух на великому iнтервалi часу. Одержанi кiлькiснi та якiснi результати
дослiджень руху в середовищi з опором близького до динамiчно сферичного твердого тiла з ру-
хомою масою та був представлений опис еволюцiї руху тiла. Проведено чисельне iнтегрування
усередненої системи рiвнянь руху твердого тiла. Графiчнi зображення розв’язкiв представленi та
обговоренi. Одержано систему рiвнянь руху в стандартнiй формi, яка уточнена в квадратичному
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наближеннi за малим параметром. Дослiджено еволюцiю руху Ейлера-Пуансо пiд дiєю малих
внутрiшнiх та зовнiшнiх моментiв. Стаття може розглядатися як розвиток попереднiх задач про
рух твердого тiла пiд дiєю малих моментiв (порожнини, яка заповнена рiдиною великої в’язкостi,
рухомої маси, сталих моментiв в зв’язаних з тiлом осях). Стаття вносить вклад в вивчення задач
руху космiчних кораблiв i рухiв членiв екiпажiв вiдносно цих тiл. Одержанi результати важливi
для управлiння з допомогою рухомих мас, для рухiв обертових снарядiв.

Ключовi слова: близьке до динамiчно сферичного твердого тiла, рухома маса, пружнi та
дисипативнi елементи, середовище з опором.
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