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This paper presents sufficient conditions for small-time local controllability of a control-affine system
that describes the rotational motion of a satellite in a circular orbit. The satellite is modeled as a rigid
body subject to electromagnetic actuation. We focus on the underactuated scenario where the control
torque is generated solely by magnetorquers. The main contributions of this work include proving small-
time local controllability around the relative equilibrium under some natural assumptions on the mass
distribution of the rigid body. This result is based on the Lie algebra rank condition and Sussmann’s
controllability condition. Furthermore, it is shown that the linearized system is not controllable in a
neighborhood of the considered equilibrium.
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1. Introduction.
One of the fundamental problems in control theory is controllability: determining

whether it is possible to drive the system from one state to another using a specified
class of controls. Despite significant advances in this area, the study of controllability for
general nonlinear systems remains a challenging problem [1, 10, 15]. Powerful methods
for the controllability analysis of essentially nonlinear systems are extensively covered
in [8]. A classical approach relies on the Lie algebraic methods [3]. For driftless control-
affine systems, the controllabity conditions are completely characterized by the Chow–
Rashevskii theorem [7, 21]. For wide classes of nonlinear systems with drift, some
important sufficient controllability conditions have been developed in [4, 12–14,17, 22–
26].

This paper is devoted to the mathematical model of a rotating satellite with electro-
magnetic actuation. To our knowledge, there are no explicit controllability conditions
available for this model as of now. It is mentioned in [28] that for a satellite controlled
by a set of magnetorquers, magnetic torquing lacks controllability in the direction of the
local geomagnetic field. The controllability problem for a linear model of a spacecraft
actuated by magnetic torques is addressed in [29].

In [3, 9], the Lie algebraic methods have been applied to describe reachability sets
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and controllability conditions for rotating rigid bodies. It is known that these kinds of
systems also present significant challenges to the stabilization problem. Notably, it was
shown in [5] that a mathematical model of an underactuated rigid spacecraft does not
satisfy Brockett’s necessary stabilizability condition.

The present work is motivated by the study [20] on a satellite model with electro-
magnetic-only actuation in a time-varying geomagnetic field and by our previous pa-
per [16] on a satellite with an attached flexible boom. In this paper, we adapt the
model considered in [16] to the case of rigid-only satellite and consider an underactuated
situation where the control torque is generated by magnetorquers. For this mathematical
model, we will show that the linear approximation is not controllable and prove nonlinear
local controllability around a relative equilibrium under certain assumptions on the
mass distribution.

2. Mathematical model.
Consider a satellite which moves as a rigid body in a circular orbit around the

Earth. We fix a right Cartesian frame Oxyz (body coordinate system – BCS) with unit
vectors (e1, e2, e3) assuming that O is the center of mass of the satellite. To describe
the attitude of the satellite, we also consider the orbit coordinate system (OCS) as the
right Cartesian frame Ox′y′z′ with unit vectors (η1, η2, η3) such that η1 is orthogonal
to the orbital plane, η2 is tangent to the orbit, and η3 points at the zenith (i.e. away
from the Earth’s center).

We denote by ω = ω1e1 + ω2e2 + ω3e3 the absolute angular velocity vector of the
satellite and by ω0 = const ̸= 0 the orbital rate. Then, the absolute angular velocity of
the OCS is −ω0η1, and the relative angular velocity of the satellite with respect to the
OCS is ωr = ω + ω0η1. We represent the rotation of the BCS with respect to the OCS
by the attutude quaternion with the vector part q = (q1, q2, q3) and the scalar part q4.
The equations of motion of the considered model are described by Euler’s equations
with respect to the angular velocity components and by the kinematic equations in
quaternion form [16,19]:

Iω̇ + ω × Iω = τc + 3ω2
0(η3 × Iη3), (1)

q̇ =
1

2
q4ωr +

1

2
q × ωr,

q̇4 = −1

2
⟨q, ωr⟩ .

(2)

We assume that Oxyz are the principal axes of inertia of the satellite, so that the inertia
tensor is diagonal: I = diag(I1, I2, I3). The term τc in (1) is the torque generated by
magnetorquers according to the following law:

τc = βu× η1, β = const ̸= 0, (3)

where u ∈ R3 is the control input (magnetic moment generated by the satellite), and
βη1 is the Earth magnetic field vector. Formula (3) corresponds to the case of an
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equatorial orbit under the assumption of a constant geomagnetic field. The last term
in the right-hand side of (1) describes the gravity gradient torque [27].

For a component-wise representation of the above equations, we express the unit
vectors of the OCS by their coordinates in the BCS [20]:

η1 =

q21 − q22 − q23 + q24
2(q1q2 − q3q4)
2(q1q3 + q2q4)

 , η2 =

 2(q1q2 + q3q4)
q24 − q21 + q22 − q23
2(q2q3 − q1q4)

 , η3 =

 2(q1q3 − q2q4)
2(q2q3 + q1q4)

q23 + q24 − q21 − q22

 .

(4)
Formulas (3) and (4) allow presenting differential equations (1) and (2) with respect to
ω(t) and q(t) as the following control system:

ẋ = f(x, u), x = (ω1, ω2, ω3, q1, q2, q3)
⊤ ∈ D ⊂ R6, u = (u1, u2, u3)

⊤ ∈ R3, (5)

where D = {(ω1, ω2, ω3, q1, q2, q3)
⊤ ∈ R6 : q21 + q22 + q23 < 1} and

f(x, u) =



I2−I3
I1

ω2ω3 +
6ω2

0(I2−I3)
I1

(q1q4 + q2q3)(2q
2
1 + 2q22 − 1) + 1

I1
(u2b3 − u3b2)

I3−I1
I2

ω1ω3 +
6ω2

0(I3−I1)
I2

(q1q3 − q2q4)(2q
2
1 + 2q22 − 1) + 1

I2
(u3b1 − u1b3)

I1−I2
I3

ω1ω2 +
12ω2

0(I1−I2)
I3

(q1q4 + q2q3)(q2q4 − q1q3) +
1
I3
(u1b2 − u2b1)

1
2((ω1 + ω0)q4 − ω2q3 + ω3q2)
1
2((ω1 − ω0)q3 + ω2q4 − ω3q1)

1
2(−(ω1 − ω0)q2 + ω2q1 + ω3q4)


,

q4 =
√

1− q21 − q22 − q23, (6)

b1 = β(1− 2q22 − 2q23), b2 = 2β(q1q2 − q3q4), b3 = 2β(q1q3 + q2q4).

We do not consider the differential equation for q̇4 in (5) because the attitude quaternion
is normalized (q21 + q22 + q23 + q24 = 1), so in our case, the component q4 is defined by (6)
for all x ∈ D.

Thus, we have derived the nonlinear control system (5) as a mathematical model
of the considered orbiting satellite. This control system can be obtained from the
mathematical model of [16] by neglecting the deformation of the flexible part of the
satellite.

3. Main results.
The considered system (5) admits an equilibrium (xe, ue) ∈ D × R3 of the form

(xe, ue) : ω1 = −ω0, ω2 = ω3 = 0, q1 = q2 = q3 = 0, u1 = u2 = u3 = 0,

i.e. f(xe, ue) = 0. This equilibrium corresponds to the circular motion of the satellite
with the constant orbital rate ω0 when the BCS aligns with the OCS.

To study the controllability property of system (5) near this equilibrium, we recall
the notion of small-time local controllability. For a point ξ ∈ Rn and ε > 0, we denote
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the ε-neighborhood of ξ by Bε(ξ) = {ξ̃ ∈ Rn : ∥ξ̃−ξ∥ < ε}. All the norms in this paper
are Euclidean.

Definition 1. System (5) is called small-time locally controllable at the equilibrium
(xe, ue) if, for every ε > 0, there exists δ > 0 such that, for every x(0), x(1) ∈ Bδ(xe),
there exists a function u ∈ L∞([0, ε];R3) such that

∥u(t)− ue∥ ⩽ ε for all t ∈ [0, ε],

and the solution x(t) of the corresponding Cauchy problem

ẋ(t) = f(x(t), u(t)), x(0) = x(0)

is such that
x(ε) = x(1).

Our main result reads as follows.
Theorem 1. System (5) is small-time locally controllable at the equilibrium (xe, ue),

provided that I1 ̸= I2 + I3 and I2 ̸= I3.
Remark. From the physical viewpoint, the restrictions of Theorem 1 mean that the

mass distribution is not degenerate to a flat body case (I1 ̸= I2 + I3), and the body is
not symmetric with respect to its first principal axis of inertia (I2 ̸= I3).

The proof of Theorem 1 will be given in Section 4 using Lie algebraic sufficient
controllability conditions due to H.J. Sussmann [24]. It should be emphasized that the
linear approximation of system (5) at (xe, ue) is not controllable. To show this, we first
identify the components of x as

x1 = ω1, x2 = ω2, x3 = ω3, x4 = q1, x5 = q2, x6 = q3,

and compute the Jacobian matrices ∂f(x,u)
∂x =

(
∂fi(x,u)

∂xj

)
, ∂f(x,u)

∂u =
(
∂fi(x,u)

∂uj

)
at (xe, ue):

A =
∂f(x, u)

∂x

∣∣∣∣
(x,u)=(xe,ue)

=



0 0 0
6ω2

0(I3−I2)
I1

0 0

0 0 I1−I3
I2

ω0 0
6ω2

0(I3−I1)
I2

0

0 I2−I1
I3

ω0 0 0 0 0
1
2 0 0 0 0 0
0 1

2 0 0 0 −ω0

0 0 1
2 0 ω0 0


,

B =
∂f(x, u)

∂u

∣∣∣∣
(x,u)=(xe,ue)

=



0 0 0

0 0 β
I2

0 − β
I3

0

0 0 0
0 0 0
0 0 0


.
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Then the linearization of (5) at the considered equilibrium reads as

ξ̇ = Aξ +Bv, ξ ∈ R6, v ∈ R3. (7)

The rank of the block matrix [B,AB,A2B,A3B,A4B,A5B] is at most 4; therefore,
Kalman’s controllability condition for system (7) fails. This means that the linear test
cannot be applied to the local controllability analysis of system (5) near the equilibrium
(xe, ue).

4. Small-time local controllability: Proof of Theorem 1.
For further analysis, we rewrite system (5) in the following control-affine form:

ẋ = f0(x) +
3∑

i=1

uifi(x), (8)

where the smooth vector fields fi : D → R6 are

f0(x) =



I2−I3
I1

ω2ω3 +
6ω2

0(I2−I3)
I1

(q1q4 + q2q3)(2q
2
1 + 2q22 − 1)

I3−I1
I2

ω1ω3 +
6ω2

0(I3−I1)
I2

(q1q3 − q2q4)(2q
2
1 + 2q22 − 1)

I1−I2
I3

ω1ω2 +
12ω2

0(I1−I2)
I3

(q1q4 + q2q3)(q2q4 − q1q3)
1
2((ω1 + ω0)q4 − ω2q3 + ω3q2)
1
2((ω1 − ω0)q3 + ω2q4 − ω3q1)

1
2(−(ω1 − ω0)q2 + ω2q1 + ω3q4)


,

f1(x) =



0

−2β(q1q3+q2q4)
I2

2β(q1q2−q3q4)
I3
0
0
0


, f2(x) =



2β(q1q3+q2q4)
I1
0

β(2q22+2q23−1)
I3
0
0
0


, f3(x) =



2β(q3q4−q1q2)
I1

β(1−2q22−2q23)
I2
0
0
0
0


,

and the component q4 is defined by (6).
We denote the above family of vector fields by F = {f0, f1, ..., fm}, m = 3. For

fi, fj ∈ F , the Lie bracket of fi and fj is

[fi, fj ](x) =
∂fj(x)

∂x
fi(x)−

∂fi(x)

∂x
fj(x),

where ∂fi(x)
∂x is the Jacobian matrix of fi(x). The Lie algebra of vector fields generated

by F will be denoted by L(F) (for more clarifications, see [8, Section 3.2]). To prove
Theorem 1, we will use Sussmann’s controllability condition [24].

Definition 2. The control affine-system (8) satisfies the Lie algebra rank condition
at (xe, ue) if

{g(xe) : g ∈ L(F)} = R6. (9)
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Now we denote by Br(F) the set of iterated Lie brackets of F and, for an h ∈ Br(F),
we denote by δi(h) the number of times that fi appears in h.

Definition 3. A control-affine system ẋ = f0(x) +
∑m

i=1 uifi(x) satisfies the Suss-
mann condition S(θ) for some θ ∈ [0,+∞) if, for any h ∈ Br(F) with δ0(h) odd and
δi(h) even for all i = 1,m, the following condition holds:

h(xe) ∈ Dθ(h) := span{g(xe) : g ∈ Br(F) and δ(g) < δ(h)}, (10)

where

δ(g) := θδ0(g) +
m∑
i=1

δi(g).

We refer to the following sufficient conditions for small-time local controllability
due to H.J. Sussmann [24].

Theorem 2. If system (8) satisfies the Lie algebra rank condition at an equilibrium
(xe, ue) and the Sussmann condition S(θ) with some θ ∈ [0, 1], then system (8) is
small-time locally controllable.

Proof of Theorem 1. We check the conditions of Theorem 2 by straightforward
computation, in a similar way as it was done in [18, Theorem 2]. It is common to call
h ∈ Br(f) a “bad” bracket if it satisfies δ0(h) odd and δi(h) is even for every i = 1, 3,
and a “good” bracket if this verification fails (cf. [2, 8]). The main task is to find six
“good” brackets gi which span R6 at x = xe, and then analyze all possible cases for h
in terms of condition (10).

As a set of “good” brackets, we take

g1 = [f0, [f3, [f0, [f0, f2]]]], g2 = f3, g3 = f2,

g4 = [f2, [f0, [f0, f3]]], g5 = [f0, f3], g6 = [f0, f2].
(11)

The evaluation of these vector fields at the equilibrium yields

g1(xe) =
3ω2

0β
2(I1−I2−I3)(I2−I3)

I21 I2I3
(1, 0, 0, 0, 0, 0)⊤,

g2(xe) =
β
I2
(0, 1, 0, 0, 0, 0)⊤,

g3(xe) = − β
I3
(0, 0, 1, 0, 0, 0)⊤,

g4(xe) =
β2(I2+I3−I1)

2I1I2I3
(0, 0, 0, 1, 0, 0)⊤,

g5(xe) =
(
0, 0, ω0β(I1−I2)

I2I3
, 0,− β

2I2
, 0
)⊤

,

g6(xe) =
(
0, ω0β(I1−I3)

I2I3
, 0, 0, 0, β

2I3

)⊤
.

Under the conditions of Theorem 1, it is easy to see that

span{g1(xe), g2(xe), g3(xe), g4(xe), g5(xe), g6(xe)} = R6,

which proves that the Lie algebra rank condition (9) holds.
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Taking θ = 1
2 , we have

δ(gi) ⩽
7

2
for all i = 1, 6.

Now for “bad” brackets h ∈ Br(f) with δ(h) > 7
2 , Sussmann’s condition is obviously

satisfied. If δ(h) ⩽ 7
2 , then we have three possibilities:

1) δ0(h) ⩽ 7, δi(h) = 0 for all i = 1, 3. In this case, the corresponding iterated Lie
brackets vanish at xe.

2) In the case where δ0(h) = 1 and δi(h) = 2 for one of i ∈ {1, 2, 3}, we have

[fi, [fi, f0]] ≡ [f0, [fi, fi]] ≡ 0 for all i = 1, 3.

3) In the case where δ0(h) = 3 and δi(h) = 2 for one of i ∈ {1, 2, 3}, the only nonzero
brackets at xe are:

h1 = [f2, [f0, [f0, [f0, f2]]]] = −ω0β2(I21−(I2+2I3)I1+2I2I3+I23 )

I1I2I23
(0, 0, 0, 1, 0, 0)⊤,

h2 = [f3, [f0, [f0, [f0, f3]]]] = −ω0β2(I21−(2I2+I3)I1+I2(I2+2I3))

I1I22 I3
(0, 0, 0, 1, 0, 0)⊤.

As δ(g4) = 3 < δ(hi) for i = 1, 2, we state that hi ∈ D 1
2
(hi) for i = 1, 2.

Hence, Sussmann’s condition holds which concludes the proof of Theorem 1. □

5. Conclusion.
A particular outcome of the proof of Theorem 1 provides the set of “good” Lie

brackets (11) for control system (8). According to the available stabilizability results
for essentially nonlinear control systems [11, 30], the structure of iterated brackets in
the controllability condition is crucial for defining the stabilizing controllers. Control
design issues for system (8) under the bracket-generating condition, with the brackets
of the form (11), are left as prospective directions for future research.
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Є.О. Євгеньєва1,2, О.Л. Зуєв1,2, Ю.I. Калоша1

Про керованiсть моделi орбiтального супутника iз суто електромагнiтним керуван-
ням.

У статтi представлено достатнi умови локальної керованостi за малий час для афiнної систе-
ми керування, що описує обертальний рух супутника на круговiй орбiтi. Супутник моделюється
як абсолютно тверде тiло у випадку дефiциту керуючих впливiв, якщо момент сил керування
реалiзовано виключно електромагнiтними актуаторами. Основний результат роботи полягає у
доведеннi локальної керованостi за малий час в околi стану вiдносної рiвноваги за деяких при-
родних припущень щодо розподiлу маси твердого тiла. Доведення цього результату ґрунтується
на ранговiй умовi щодо алгебри Лi та умовi керованостi Суссмана. Крiм того, встановлено, що
лiнеаризована система не є керованою в околi розглянутого стану рiвноваги.

Ключовi слова: нелiнiйна система керування, супутник з електромагнiтним керуванням,
керованiсть, дужки Лi.
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