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ITPO EKCITIOHEHITIAJIBHY ACUMIITOTUKY HA HECKIHYEHHO-
CTI HI?2KHIX Q-TOMEOMOP®I3MIB HA KOMIIJIEKCHIN ITJIOILIHI

YV poboTi OCIiIKY€EThCsT aCUMITOTHYHA IOBEAIHKA Ha HECKIHYEHHOCTI HIDKHIX (Q-romeomopdizmin
BigiHOCHO p-MoyJist ipu 1 < p < 2 Ha KOMIUIEKCHIN IJIOMUHI. 3HARIEHO JOCTATHIO yMOBY Ha HOPMY
byHKIIT @, 3a K0T BioOparKeHHsI Ma€ eKCIIOHEHIAJILHUN picT Ha HecKiHyeHHoCTi. [To6ymoBano npu-
KJIaJ1, 10 MTOKA3y€ TOYHICTb OTPUMAHUX PE3YJIbTATIB.

MSC: 30C65.

Karwowost cao8a: p-modyav cim’i Kpusur, kisvyesi (Q-20MeomMopdhiamu 6i0HOCHO P-MOOYAA, HUNHCHT
Q-2omeomopdizmu 610HOCHO P-MOOYAA, ACUMNMOMUYHA NOBEJIHKA HA HECKIHYEHHOCTN.

1. Berym.

Haramaemo neski ozuatenns. /Iyt mpocToTH BUKIALY 00MEKUMOCH TLIHKU ILTOCKUM
BunajikoMm. Hexait 3ajano cim’io ' kpuBux v y xomiutekcHiit mwromuni C. Bopesesy
dyuxiio p : C — [0, 00] HazuBaoTh donycmumoro st I' (mumyTs p € admI), sikio

/ p(2)|dz] > 1 (1)
J

JIJIsT KOYKHOI (JIOKAJIBHO CIIPsIMJIIOBaHO1) KpuBol 7y € T
Hexait p € (1,00). Tomi p-modyaem cim’i I' naszuBaeTbes Bemanaa

M) = nt [ () dody.
C
qus. [1].

Jnst mosinmbanx mMHOXKuUH F, F 1 G koMmiutekcHol mionman C mosHauuMo vepes
A(E, F,G) ciM'to BCiX HemepepBHUX KpuBUX 7 : [a,b] — C, sxi 3’ennytors E1 F'y G,
To6To Y(a) € E, y(b) € Fiv(t) € Gupua <t <b.

Hnst zg € C nokjagemo

Azo,7m1,7m2) ={2 € C: 11 < |2 — 20| < 12},

SZ':S(ZQ,’I“Z‘):{ZG(CI|Z—ZQ|:’I“Z‘}, 1=1, 2,

s pobora Gyma mnigrpmmana rpamrom Bix Simons Foundation (SFI-PD-Ukraine-00014586,
M.B.C.).
Pobora Gysma migrpumana GroakeTHOO TporpaMorn «llinTpuMka poO3BUTKY MPIOPUTETHUX HAIPSIMIB
HaykoBux jociimkenby (KITKBK 6541230).
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B (z0,7) ={2€C:|z—2| <1}

Hexait D — obsacth y xommiekcHiit mwiomunai C ta @ : D — [0,00] — BumMipHa
3a Jleberom ¢ynkiis. ['omeomopdizm f : D — C mazuBaeTbes Kinvuesum Q-2omeo-
MOPPIBMOM BIOHOCHO P-MOOYAA Y MOuYi 29 € D, AKIIO CIIIBBIIHOIIEHHS

M,(A(fS1, 152, fD)) < / Q=) 1P(% — 2ol dady (2)
A

BUKOHYETBCsI JIIsl Oyjib-sikoro Kbl A = A(zg,r1,72), 0 < 11 < 12 < do, dyp =
dist(z0,9D), i mast koxxHOI BuMipHOT DyHKIUI 7 : (71, 72) — [0, 00] Takoi, mo

T2

/n(r)drzl.

T1

TF'omeomopdizm f : D — C HasuBaioTh kiavuesum Q-20Meomopdizamom 6i0HOCHO
p-modyasn 6 obaacmi D, Ko ymoBa (2) BUKOHYETbCs Jjisi Oy/Ib-KOI TOUKM zg € D .
Kinbresi Q-romeoMopdizMu BiIHOCHO p-MOJIYJISI NIpU p = 2 HA3WBAIOTH KiJIBIEBUMU
Q-romeomopdizmamu (y Touni zg € D qu B obsacri D).

Hazani 6ymemo BBaxkatu, 1o

w) =5 [ QI

S(zo0,r)

€ cepe/iHIM iHTerpasbHUM 3HavYeHHsIM DYHKIIT Q) 110 Kouty S(20,T).

Huxve HaBeseHO TBep/KEHHSI PO CINBBIIHOIIEHHS MiXK ILIOMAME 00pa3iB JBOX
KOHIIEHTPUIHUX KPYTIB IIPU KijbleBUX ()-roMeomMopdi3Max BiIHOCHO p-MOILYJIs, p > 2,
TuB. [2, sema 2.1].

Jlema 1.1. IIpunycmumo, wo f : C — C — xiavuyesuts Q-2omeomopdiam 6i0HOCHO
p-modyan y mowyi zg € C, p > 2, ma das deaxux wucea rg >0, k= k(29) >0 i >0
BUKOHYEMBCA YMOBG

0o (t) < kit e

oas m.6. t € [rg,00). Todi das 6ydv-axux ri, ro, makuz, wo 0 < rog < 1rp < 19 < 00
CNPasedAUsa OUIHKA

;2 R EE—— ;2 _ 1 ar ar
F(B(z0,72)) 50 > |f(Bao, )| 570 + Ay 71! (erh —erh),

de Ay = 71'2&7*2”(1) —2).

Teopist KijbneBux (Q-romeoMopdisMiB BiIIHOCHO p-Mojysst y mpocTopi R”, n > 2,
npu p = n JocaipKyBasach y poborax [3-5|, upu 1 < p < n gus. [6-10] ta npun
p > n aus. [11-15], a TakoX Ha KOMIUIEKCHIiH twromuui npu p > 2 aus. [2, 16-20].
Bisnbmn 3aranbhi kiiacu Bigobpazkenb gocsipKysauch y [21-30]. Ha koMmurekcHiii mio-
IUHI Teopist KiabieBux (Q-roMeoMopdi3MiB BITHOCHO p-MOJIyJist BUKOPUCTOBYETHCS [IPU
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IIpo ekcrioneHMiaIbHy ACHMIITOTHKY Ha HECKIHYEHHOCTI ...

BUBYCHHI ACUMITOTUYIHUX BJACTUBOCTEH PEryaspHUX PO3B’s3KiB HEJTIHIHHUX PiBHSIHD
Benprpami, aus. [31-33].

Benbmu kopucHUM iHCTPpYMEHTOM IIPU JOC/IiIKEHH] BioOparkeHb BUSIBUINCS TAKOXK
TaK 3BaHi HUXKHI (Q-romeomopddizmu, 1m0 Oysin Bliepiiie BBEJEHI pu p = Ny poboTi
. Kosroutoka i B. Psazanosa, jus. [34] a6o po3z. 9 y monorpadii 3], Ta upu p # n 'y
poborti [35].

KaxyTp, 1110 1esika BJIACTUBICTb BUKOHYETLCH JJIs P-Matloice GCIT KPUBUX 7y CiM'T
I', akmmo migcim’st kpuBux ciMm’i I') 1y1s IKUX 115 BJIACTUBICTD IMOPYIIYETHCS, MAE P-MO-
Jtynb Hysb. Bumipny 3a Jleberom dyukiio p : C — [0, 00] Ha3uBaoTh Y3a2a4bHEHO
p-donycmumoro mist cim'T kpuBux I' 1 numryts p € extpadml’, sxmo HepiBaicTs (1)
BUKOHYEThC I p-Maiike Bcix v € I

Hexait @ : D — (0, 00) — Bumipna 3a Jleberom dyukiis. [omeomopdism f: D — C
Ha3UBAIOTH HUNCHIM (Q-20MEOMOPPIBMOM BIOHOCHO P-MOJYyaa Y Mowyi zg € D, Ko
HEPiBHICTH

z
Mp (fZA) 2 pEextinafdeA/ pr((Z)) dxdy (3)
A
BUKOHYETBCS JIJIs KOKHOTO Kbl A = A(2p,€1,€2), 0 < €1 < €2 < dp, Ae Xp — cim'st
Beix kin S(zo,7), 7 € (€1,€2) .

Tomeomopdizm f : D — C nazuBaioTb HustcHim (Q-20Meomop@idamom 6i10HOCHO P-
MOo0yas 6 obaacmi D, skiio ymoBa (3) BUKOHYEThCsI st Oyib-sIKOT TOUKU zg € D.
Huxai QQ-romeomopdi3Mu BiIHOCHO p-MOYJISI IPU P = 2 HA3WBAIOTH HIKHIMEU ()-T0-
meomopdizmamu (y Touri zg € D qu B obsacti D).

Teopisa HukHIX (Q-rOMeoMOpPdi3MiB BigHOCHO p-MOayaa v mpocTopi R™, n > 2, upu
p = n gocaipKyBasack y poborax [3,34], upu p > n—1 nus. [35], upu p > n nus. [36,37],
a TAKOXK Ha KOMIUIEKCHI mromuai npu 1 < p < 2 nus. [38].

YV HacTyIHI TeopeMi BCTAHOBJIEHO 3B’ SI30K MizK HUYKHIMU 1 KiJIbIIeBUMU ()-TOMEOMOD-
dizmamu BiHOCHO p-MOyIIs, quB. [35, Teopema 7.1].

Teopema 1.2. Hexati D — obaacms y xomnaercritd naowuni C, zg € D. Ipuny-
cmumo, wo Q : D — (0,00) — sumipra 3a Jlebezom pymnruyis maxa, uo

—1

p
Q) Gon= | [ Q| 2o
)

(20,7

ons m.6. v € (0,dg), dg = dist (z09,0D), i f : D — C — nuotcnit Q-2omeomopgiam
610HOCHO P-M0odYyaa Yy movui zg npu p > 1. Todi [ e xirvuesum Q,-2omeomopdizmom
P

1
610HOCHO D-MOOYAA Y MOUYT Zg NPU P = 751 ma Q«(z) = Qr1(2).

2. EkcrioHeHIiajibHa OIiHKA IJIOI 00pa3y Kpyra.

VY 11boMy pO3iTi OTPUMAHO HUYKHIO OIHKY €KCIIOHEHIIaJIbHOTO THUITY ILJIOII 00pa3y
Kpyra Jijis HUXKHIX (Q-romeomopdizmiB BijtHOCHO p-mopryitst mipu 1 < p < 2.
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Jlema 2.1. Ilpunycmumo, wo f : C — C — nuocnit Q-2omeomopdiam 6i0nocHo
p-modyan y mouui zg € C, 1 < p < 2, ma daa deaxux wucea rg > 0, Co = Cpy(z0) > 0
1 B > 0 sukoHyemvea ymosa

HQHﬁ(ZoJ) < Cpe Pt

ons m.6. t € [ro,00). Todi dasa 6ydv-axux 11, T2, marux, wo 0 < rg < 11 < T2 < 00
CNPasedusa ouiHKG

2—p = W ) 1 ,—
F(Bo,ra)) 2 = |F(Blao, )| 2" 4+ iy G5 157 (e572 — 1),
de p, = 2175 (p—2).
Zlosedenns. Jliificno, 3a Teopemoro 1.2 HmXKHIT (Q-romeoMopdisM BiIIHOCHO pP-MO-
JyJist y TouIi zg npu 1 < p < 2 € KiIbIEBUM (Q,-roMeoMOpPdiZMOM BITHOCHO P-MOLYJIs
1
y TOYI 2o 3 IMapaMeTPOM P = ]% > 2 npu Q.(z) = Q»—1(z). 3acrocoByioun jemy 1.1

1
p=T
3 mapaMeTpaMu Kk = CO% Ta @@ = ]%, MIPUXOINMO 10 BUCHOBKIB jemu. []
Teopema 2.2. Ilpunycmumo, wo f: C — C — nuorchiti Q-2omeomopdiam 6i0HocHo
p-modyan y mouui zo € C, 1 < p < 2, ma daa deaxux wucen rg > 0, Co = Coy(z0) > 0

1 B > 0 sukoHyemvea ymosa

1RIl_1, (z0,t) < Co e Pt

ons m.6. t € [rg,00). Todi das 6ydv-axoeo R > 1o cnpasedausa oyirka

2 __2
F(Bl0. B)| > 53 7Cy 7P (PR P07 ()

— op—1_1%
de pp =2P""m2(p — 2).
Losedenna. Miiicno, mokmasmu y jemi 2.1 vy = rg Ta ro = R, IpUXOAUMO JI0
HEPiBHOCTI

2—p

- 2_ _ -
(B0, ) > | £(Bleo, ro))| 2"+ C 1571 (27 = e10)
>y G B (77 = e
ae fp = 27’_177%(]) — 2). Jasii, BUKOHABIIHN eJIeMEHTapHI II€PETBOPEHHSI, IPUXO/IIMO 10
omiuku (4). O

3. ExcrioHeHIIiaJsbHA aCUMOTOTUKA HA HECKIHYEHHOCTI.
YV manomMy po3iijai 3HANIEHO JOCTATHIO YMOBY JIjIs €KCIIOHEHIAJLHOTO POCTY Ha
HECKIHYEHHOCTI HIXKHIX (J-roMeoMopdisMiB BiJHOCHO p-MOmyJ/ist npu 1 < p < 2.
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Teopema 3.1. IIpunycmumo, wo f: C — C — nuocrit Q-2omeomopdiam i0nocHo
p-modyan y mowuyi zo € C, 1 < p < 2, ma das deaxux wucea rg > 0, Co = Cp(z0) > 0
i B> 0 suxonyemvea ymosa

IQI 1 (20,t) < Coe™ ()
ona m.6. t € [rg,00). Todi
1
_BR p=1 (D — 2-p
nint 2o, e 5 > (265 (5277 (6)

de M¢(z0,R) = max |f(2)— f(z0)]-

|z—z0|=R

Zosedenna. 3rinao Teopemu 2.2 11 Beix R > rg > 0 MaeMo OImiHKY

2 2

2
(Bl B))| > 37 Cy 77375 (o9 - 770) 7 G

~—

Je fp = 2p_17rg(p — 2). Ockinbku Bijobpazkentsi f € romeoMopdizaMom, To

2
IfB<20,R)!<7r< max If(z)—f(zo>\> |

|z—z0|=R

Bsijcu ta 3 orinku (7) BUILIMBAE, 110

p=1 (2 — 2-p 5=
My ) > (2055 (5 0) 77 (e eom)

ne My(z0, R) = max |f(z) — f(z0)l.

|z—z0|=R
Hakinenpb, TOMHOXKUBIIK OCTAHHIO HEPIBHICTH HA € 2-P Ta MEePEHIIOBIIN JI0 HUXKHBOI
rpanuii upu R — oo, npuxoaumo 1o oniaku (6). O

IMpukjaAd 1. Ipumycrumo, mo 1 < p < 2, B > 0, Cy > 0 1a z9 € C. Hexait
f:C—C,

p—1 92— ﬁ Blz—z0| _
'S (38)5 B i el
fE = (8)
(2m)2=» (Tg) e2=r(z —2p), |z — 20| < 1.

Ouesnzno, mo f € KBasikondOpMHUM BifobpazkeHHsiM Ta 3a Jjemoro 2.1 y [32] f e
HIDKHIM (Q-TOMeOMOPdI3MOM BiJIHOCHO p-MOjyJist Tipu p > 1y Touni zg 3 PYHKIIIEO
Q(z) = K}jp(z, 20). Tyr Kjf,p(z, 20) — JOTHYHA p-JuaaTalis Binobparkenns f y Todri z
BiJTHOCHO TOYKU Zg, IO OOUNCITIOETHCST 38 (POPMYJIO0

07 f(2)P

KT —
solz20) = T 7]
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ne 07 f(z) — noxigna f y To4Ii z 3a JOTHYHIM HAIPIMKOM T = { oy AMB. [32, (11)].

Hane BinobpaxkeHHst y TOJsIpHiil cuctemi koopauHat (1, ) Mae BULIISII:

1
p— 5—o Br .
) (38)77 et v,

flzo +re) = . .
= (2-»p 55 il
(2m)2=r (C B) ez—rre’, 0<r<1.

Jauti 3HaiteMo JacTuHHI OXiTHI Bigobparkensus f mo r i 0:

-1 p=1 T
s (2m) CO (%) 2- z—pew’ r>,
r = 1 1
(2w)g”(2§§)27p62‘”6w7()<7~< 1,
—1 L Br

f (m)% (&) erre vz 1,
h = o 1 ‘

(2m)2z=r 25%) Perrre? 0<r <1

Ta AKoblan

J¢ (20 +rei?) = %Im (ﬁfg) =

muB. [39, (21.52)]. 3a dopmyioro (10) y [32]

o) =i (F22 - 22 )

|2 = 2o |z — 20

ta, popmysioro (21.51) y [39]
fo = i((z = 20)f: — (2 = 20) f2)

3HAXOIUMO

1— _y
K}T (ZO + Teie Zo) = ‘f&’p _ {(27r) pCO ri=Pe ﬂT: r=1,
7p ) -

P Jp(re®) | 2m) PGB —p) e P 0<r < L.

3Bigku BuUIIMBaE, IO BigobOpakeHHsT [ € HUXKHIM (Q-romMeoMop@di3zMOM  BiJIHOCHO
P-MOIYJIsT Y TOUIN 2o 3 PYHKINEIO

Oy = [ @0 Colz =zl e e =g > 1
zZ) = _ . _
@2m)" P CoB(2-p) e f, |z -2l < 1
Ta
p—1
Coe Pt t > 1,
QI+ (z0,1) = / QEi (el | =19
CoB(2—p)lePtrl 0<t<1.

(207
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Orxe, ymoBa (5) Teopemu 3.1 BUKOHYETHCSI.
3 immoro 60Ky, jerko 6auwnru, mo romeomopdism f Bimobpaxkae kpyr B(0, R) Ha
xkpyr B(0, R), e

Ta

1

] 7~ f)le 5 = lim Re ¥ = (2mF (L)
—_ e i -p .
N R

3avBAXKEHHSA 1. [Ipukiaz 1 nokasye, mo orinka (6) y Teopemi 3.1 € Tounor0, TO6TO
JIOCSITaeThCsl Ha BijoOparkenHi (8).

TBepaxkennst 3.2. Hexati 2y — deaxa gircosana mouka y xomnaexcrits naouyuni C,
B>0141<p<2. Ienye nuorcnit Q-2omeomoppiam f: C — C sidnocho p-modyas y
movys zg, maxud, uo
B8R

lim inf M (20, R)e 27 =0
iminf My (20, R)e >7 =0,

de M¢(z0,R) = max |f(2)— f(20)]- Lo mozo orc

|z—z0|=R
Jim Q| 1 (z0.1) = oc. )

Losedenms.
Hexait 8 >0,1<p<2, k>0ta0<I[<1. Posrasguemo BimobpakeHHsT

1B8|z—z2g| P
ke 2z-» 0

f(z) = ! lz=ol?

18
kerr(z — zp), |z — 20| < 1.

|z — 20| > 1,

Tomeomopdism f Bimobpazkae kpyr B(zg, R) wa kpyr B(0, é), ze

IBR

~ ke2—r, R > 1,
R — 8
ke2—rR, R < 1.
Jlerko 6auuTn, 10
_BR ~ _ BR (-1)BR
lim My (20, R)e 2-p = lim Re 27 =k- lim e 2» =0,
R—oc0 R— R—o0
ae My(zo, R) = max |[f(2) — f(z0)]-

|z—z0|=R
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AmHaJjioriuHo, sIK y TpUKJIal 1, MOXKHa MMOKa3aTH, MO BijoOparkeHHsT f € HUXKHIM
Q-romeomopdizMoM BigHOCHO p-Momyst y Touli zg € C 3 dpyHKIie

0(z) = {7 @ =)l — =o' P, s — ] 2 1,
Z =
kP2 e |z — 20 < 1.
SBincu
p—1

jall oty = | [ @)1 :{

(Z07t)

2m)P L kP2 187 2 — ple Pt > 1,
2m)P L pp=2e Bl 0 <t < 1.

Ouesuzpo, Mo ymMoBa (9) BUKOHYETHCSI:
Bt _ p—11p-21-1p-179 _ \ i (1-0)Bt _
Jim ¢ QI_u (z0,1) = (2m)P " B 57 (2~ p) Jim e .

Takum unHOM, TBEpIXKEeHHS 3.2 10BeaeHO. [
Hux1e naBesieHo TeopeMy 1po HeicHyBaHHs HUKHIX ()-romeomopdizmis f: C — C
BiJIHOCHO p-mojtyis nipu 1 < p < 2.

Teopema 3.3. IIpunycmumo, wo zg — deaxa Pixcosarna mouka 6 C, 1 < p < 2.
Hezati dan desxuzx wucen rog > 0, Co = Co(z9) > 0 i B > 0 suxonyemovca ymosa

QI 1, (z0,8) < Coe™"

oas m.6. t € [rg,00). Todi ne icnye nuotcnvozo Q-zomeomoppismy f : C — C sidnocno
D-MOOYAA 8 MOYYUL 2o 3 ACUMNMOMUYHON YMOBON

_BR
liminf My (2, R)e 27 =0, (10)

R—o0
de My(z0, R) = max |f(z)— f(z0)l-
|z—z0|=R
Hosedenns. Ilpunycrumo, 1o icaye HukHil Q-romeomopdizm f: C — C BignocHO
P-MOJLYJIST B TOUIN Z(, JJIsT TKOTO

QI 1 (20,t) < Coe P!

1
p—1

JUIst M.B. t € [rp,00) Ta BUKOHY€eThCst acumirrorndta ymosa (10). Toxi 3a reopemoro 3.1
MAa€MO OITIHKY

liminf M, (z0, R)e 55 > (2m)55 (2=L) "7 >0
—PpP —-Pp
o AR A Co B !

ne My(z, R) = | malx |f(2) — f(z0)|, mo cynepeunTs acumurornyniit ymosi (10). O
z—zo|=R

60



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

IIpo ekcrioneHMiaIbHy ACHMIITOTHKY Ha HECKIHYEHHOCTI ...

ITnroBana Jsireparypa

Viisdld J. Lectures on n-dimensional quasiconformal mappings. — Lecture Notes in Math. —
Vol. 229. — Berlin: Springer-Verlag, 1971.

Stefanchuk M.V. On exponential asymptotics of ring @-homeomorphisms at infinity // Journal of
Mathematical Sciences. — 2024. — Vol. 282, no. 1. — P. 83-92.

Martio O., Ryazanov V., Srebro U., Yakubov E. Moduli in Modern Mapping Theory. — New York:
Springer Science + Business Media, LLC, 2009.

Ryazanov V., Srebro U., Yakubov E. On ring solutions of Beltrami equation // J. Anal. Math. —
2005. — Vol. 96. — P. 117-150.

Salimov R.R., Smolovaya E.S. On the order of growth of ring Q-homeomorphisms at infinity //
Ukrainian Mathematical Journal. — 2010. — Vol. 62, no. 6. — P. 961-969.

Golberg A. Differential properties of («, Q)-homeomorphisms // Further Progress in Analysis, Proc.
6th ISAAC Congr. — 2009. — P. 218-228.

Golberg A., Salimov R. Logarithmic Holder continuity of ring homeomorphisms with controlled
p-module // Complex Variables and Elliptic Equations. — 2014. — Vol. 59, no. 1. — P. 91-98.
Golberg A., Salimov R., Sevost’yanov E. Distortion estimates under mappings with controlled
p-module // Ann. Univ. Bucharest, Ser. Math. — 2014. — Vol. 5 (LXIII). — P. 95-114.

Salimov R.R. One property of ring Q-homeomorphisms with respect to a p-module // Ukrainian
Mathematical Journal. — 2013. — Vol. 65, no. 5. — P. 806-813.

Salimov R.R. To a theory of ring @-homeomorphisms with respect to a p-modulus // Journal of
Mathematical Sciences. — 2014. — Vol. 196. — P. 679-692.

Salimov R., Klishchuk B. An extremal problem for the volume functional // Matematychni Studii. —
2018. — Vol. 50, no. 1. — P. 36-43.

Salimov R., Klishchuk B. Lower bounds for the volume of the image of a ball // Ukrainian
Mathematical Journal. — 2019. — Vol. 71. — P. 883-895.

Salimov R., Klishchuk B. On the asymptotic behavior at infinity of ring @-homeomorphisms with
respect to p-modulus // IIpani IIIMM HAH Vkpaiuu. — 2022. — T. 36, Ne 1. — C. 26-35.

Salimov R., Klishchuk B. On the Behavior at Infinity of One Class of Homeomorphisms // Current
Trends in Analysis, its Applications and Computation. Trends in Mathematics. — 2022. — P. 173~
180.

Salimov R., Klishchuk B., Stefanchuk M. On the asymptotic behavior at infinity of one mapping
class // Proceedings of the International Geometry Center. — 2023. — Vol. 16, no. 1. — P. 50-58.
Klishchuk B. On Power-Law Behavior of Some Mapping Class at Infinity // Journal of Mathematical
Sciences. — 2022. — Vol. 268, no. 2. — P. 192-198.

Salimov R., Klishchuk B. Extremal problem for the area of the image of a disk // Journal of
Mathematical Sciences. — 2018. — Vol. 234, no. 3. — P. 373-380.

Caaumos P.P., Kauwyx B.A. DxcrpemanbHas 3amada s miomaau obpasa kpyra // Jomosimi
HAH Vkpaiau. — 2016. — Ne 10. — C. 22-27.

Petkov I.V., Salimov R.R., Stefanchuk M.V. On the distortion of the disk image diameter //
Journal of Mathematical Sciences. — 2023. — Vol. 274, no. 3. — P. 352-369.

Stefanchuk M.V. On exponential asymptotics of one class of homeomorphisms at a point of the
complex plane // Proceedings of the International Geometry Center. — 2024. — Vol. 17, no. 2. —
P. 158-170.

Cristea M. Local homeomorphisms satisfying generalized modular inequalities // Complex Variables
and Elliptic Equations. — 2014. — Vol. 59, no. 2. — P. 232-246.

Cristea M. Some properties of open discrete generalized ring mappings // Complex Variables and
Elliptic Equations. — 2016. — Vol. 61, no. 5. — P. 623-643.

Cristea M. Eliminability results for mappings satisfying generalized modular inequalities // Comp-
lex Variables and Elliptic Equations. — 2019. — Vol. 64, no. 4. — P. 676-684.

Salimov R.R., Sevost’yanov E.A., Markish A.A. On the lower estimate of the distortion of distance
for one class of mappings // Ukrainian Mathematical Journal. — 2019. — Vol. 70. — P. 1791-1802.
Golberg A., Salimov R., Sevost’yanov E. Singularities of discrete open mappings with controlled

61



26.

27.

28.
29.
30.
31.
32.

33.

34.
35.
36.
37.

38.

39.

40.

41.

42.
43.

44.

45.
46.
47.

48.

62

M.B. Creganiyx

p-module // J. Anal. Math. —2015. — Vol. 127. — P. 303-328.

Golberg A., Salimov R., Sevost’yanov E. Poletskii type inequality for mappings from the Orlicz—
Sobolev classes // Complex Analysis and Operator Theory. — 2016. — Vol. 10. — P. 881-901.
Golberg A., Salimov R., Sevost’yanov E. Estimates for Jacobian and dilatation coefficients of open
discrete mappings with controlled p-module // Complex Analysis and Operator Theory. — 2017. —
Vol. 11, no. 7. — P. 1521-1542.

Golberg A., Salimov R., Sevost’yanov E. Normal families of discrete open mappings with controlled
p-module // Contemporary Mathematics. — 2016. — Vol. 667. — P. 83-103.

Sevost’yanov E., Skvortsov S., Dovhopiatyi P. On nonhomeomorphic mappings with the inverse
Poletsky inequality // Journal of Mathematical Sciences. — 2021. — Vol. 252, no. 4. — P. 541-557.
Sevost’yanov E., Ukhlov A. Sobolev mappings and moduli inequalities on Carnot groups // Journal
of Mathematical Sciences. — 2020. — Vol. 249, no. 5. — P. 754-768.

Golberg A., Salimov R. Nonlinear Beltrami equation // Complex Variables and Elliptic Equations. —
2019. — Vol. 65, no. 1. — P. 6-21.

Salimov R., Stefanchuk M. Finite Lipschitzness of regular solutions to nonlinear Beltrami equation //
Complex Variables and Elliptic Equations. — 2024. — Vol. 69, no. 6. — P. 913-923.

Petkov I., Salimov R., Stefanchuk M. On local Holder and Lipschitz continuities of solutions to
nonlinear Beltrami equation // New Tools in Mathematical Analysis and Applications. Trends in
Mathematics. — 2025. — P. 109-119.

Koemomniox /., Pazanos B. K Teopun amkunx Q-romeomopdusMos // YKpalHCbKUHA MaTeMaTHd-
Huit Bicauk. — 2008. — T. 5, Ne 2. — C. 157-181.

Golberg A., Salimov R. Topological mappings of integrally bounded p-moduli // Ann. Univ.
Bucharest, Ser. Math. — 2012. — Vol. 3 (LXI). — P. 49-66.

Salimov R.R. The lower Q-homeomorphisms relative to a p-modulus // Journal of Mathematical
Sciences. — 2016. — Vol. 218. — P. 47-68.

Canumos P.P. O6 onenke mepbl 06pasa mapa Jyist HiKeuX Q-romeomopdusmos // Honosini HAH
VYxpaiau. — 2016. — Ne 1. — C. 19-25.

Cmegaruyx M.B. IIpo acuMITOTHYHY TOBEIIHKY Ha HECKIHYEHHOCTI HUXKHIX (Q-romeoMopdismi
BiTHOCHO p-MOmyssl Ha KoMmIuteKcHilt momuni // Ipani IIIMM HAH VYkpaioun. — 2024. — T. 38,
Ne 2. — C. 103-118.

Astala K., Iwaniec T., Martin G. Elliptic partial differential equations and quasiconformal ma-
ppings in the plane. — Princeton Mathematical Series. — Princeton: Princeton University Press, NJ,
2009. — 48.

Ahlfors L.V. Lectures on quasiconformal mappings. — Van Nostrand Mathematical Studies. —
Toronto, Ont.-New York-London: D. Van Nostrand Co., 1966. — Vol. 10.

Gehring F.W. Lipschitz mappings and the p-capacity of ring in n-space // Advances in the theory
of Riemann surfaces (Proc. Conf. Stonybrook, N.Y., 1969). — Ann. of Math. Studies. — 1971. —
Vol. 66. — P. 175-193.

Martio O., Ryazanov V., Srebro U., Yakubov E. Mappings with finite length distortion // J. Anal.
Math. — 2004. — Vol. 93. — P. — 215-236.

Gehring F.W. Rings and quasiconformal mappings in space // Trans. Amer. Math. Soc. — 1962. —
Vol. 103. — P. 353—-393.

Ryazanov V., Srebro U., Yakubov E. Degenerate Beltrami equation and radial @Q-homeomorphisms. —
Helsinki: University of Helsinki, 2003. — Vol. 369. — (Preprint / Department of Mathematics,
University of Helsinki).

Golberg A., Salimov R., Sevost’yanov E. Poletskii Type Inequality for Mappings from the Orlicz-
Sobolev Classes // Complex Analysis and Operator Theory. — 2016. — Vol. 10. — P. 881-901.
Ryazanov V., Salimov R., Srebro U., Yakubov E. On Boundary Value Problems for the Beltrami
Equations // Contemporary Mathematics. — 2013. — Vol. 591. — P. 211-242.

Salimov R. On regular homeomorphisms in the plane // Ann. Acad. Sci. Fenn. Ser. A1. Math. —
2010. — Vol. 35. — P. 285-289.

Afanas’eva E.S., Ryazanov V.I., Salimov R.R. To the theory of mappings of the Sobolev class with
the critical index // Journal of Mathematical Sciences. — 2019. — Vol. 239. — P. 1-16.



49.

50.

51.

52.

53.

54.

55.

56.

57.

10.

11.

12.

13.

14.

15.

16.

IIpo ekcrioneHMiaIbHy ACHMIITOTHKY Ha HECKIHYEHHOCTI ...

Aganacvesa E.C., Pazanos B.U., Casumos P.P. K Teopun knaccoB CoboJieBa ¢ KPUTHIECKUAM
nokasareneM // Honosini HAH Vkpainu. — 2019. — Ne 8. — C. 3-8.

Aganacvesa E.C., Casrumos P.P. Acumurorndeckoe oBeAeHNE Ha OECKOHETHOCTH PEIEHU ypaB-
nenusa Benprpamum // 36ipamk mpans lncruryty maremarukm HAHY. — 2015. — T. 12, Ne 3. —
C. 9-16.

Ryazanov V.1., Salimov R.R., Sevost’yanov E.A. On the Orlicz-Sobolev Classes and Mappings with
Bounded Dirichlet Integral // Ukrainian Mathematical Journal. — 2014. — Vol. 65. — P. 1394-1405.
Ryazanov V.I., Salimov R.R., Sevost’yanov E.A. Normality of the Orlicz-Sobolev Classes //
Ukrainian Mathematical Journal. — 2016. — Vol. 68. — P. 115-126.

Caaumos P.P. Acuvnrormueckoe nosepenne kiaccoB Opummua-CoGoseBa Ha GeckoHewnoctu [/
36ipauk npanp [ncruryry maremaruku HAHY. — 2015. — T. 12, Ne 4. — C. 273-284.

Canaumos P.P. O HOBOM ycCjI0BUM KOHEHUHOH JsmmmmneBocT KiaaccoB Opismaa-Co6osesa // Mare-
marmaai Crymil. — 2015. — T. 44, Ne 1. — C. 27-35.

Salimov R.R. Metric Properties of Orlicz-Sobolev Classes // Journal of Mathematical Sciences. —
2017. — Vol. 220. — P. 633-642.

Golberg A. Integrally quasiconformal mappings in space // 36ipauk npanp IHCTHTYTY MaTeMaTHKH
HAHY. - 2010. - T. 7, Ne 2. — C. 53-64.

Kruglikov V.I. Capacity of condensers and spatial mappings quasiconformal in the mean // Mathe-
matics of the USSR-Sbornik. — 1987. — Vol. 58, no. 1. — P. 185-205.

References

. Vaisala, J. (1971). Lectures on n-dimensional quasiconformal mappings. Lecture Notes in Math.

Berlin: Springer-Verlag, 229.

Stefanchuk M. V. (2024). On exponential asymptotics of ring Q-homeomorphisms at infinity. Journal
of Mathematical Sciences, 282(1), 83-92.

Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2009). Moduli in Modern Mapping Theory.
New York: Springer Science + Business Media, LLC.

Ryazanov, V., Srebro, U., Yakubov, E. (2005). On ring solutions of Beltrami equation. J. Anal.
Math., 96, 117-150.

Salimov, R.R., Smolovaya, E.S. (2010). On the order of growth of ring @Q-homeomorphisms at
infinity. Ukrainian Mathematical Journal, 62(6), 961-969.

Golberg, A. (2009). Differential properties of (a, Q)-homeomorphisms. Further Progress in Analysis,
Proc. 6th ISAAC Congr., 218-228.

Golberg, A., Salimov, R. (2014). Logarithmic Holder continuity of ring homeomorphisms with
controlled p-module. Complex Variables and Elliptic Equations, 59(1), 91-98.

Golberg, A., Salimov, R., Sevost’yanov, E. (2014). Distortion estimates under mappings with
controlled p-module. Ann. Univ. Bucharest, Ser. Math., 5 (LXIII), 95-114.

Salimov, R.R. (2013). One property of ring Q-homeomorphisms with respect to a p-module.
Ukrainian Mathematical Journal, 65(5), 806-813.

Salimov, R.R. (2014). To a theory of ring Q-homeomorphisms with respect to a p-modulus. Journal
of Mathematical Sciences, 196, 679-692.

Salimov, R., Klishchuk, B. (2018). An extremal problem for the volume functional. Matematychni
Studii, 50(1), 36-43.

Salimov, R., Klishchuk, B. (2019). Lower bounds for the volume of the image of a ball. Ukrainian
Mathematical Journal, 71, 883-895.

Salimov, R., Klishchuk, B. (2022). On the asymptotic behavior at infinity of ring @-homeomor-
phisms with respect to p-modulus. Proceedings of IAMM of NASU, 36(1), 26-35.

Salimov, R., Klishchuk, B. (2022). On the Behavior at Infinity of One Class of Homeomorphisms.
Current Trends in Analysis, its Applications and Computation. Trends in Mathematics, 173—-180.

Salimov, R., Klishchuk, B., Stefanchuk, M. (2023). On the asymptotic behavior at infinity of one
mapping class. Proceedings of the International Geometry Center, 16(1), 50-58.

Klishchuk, B. (2022). On Power-Law Behavior of Some Mapping Class at Infinity. Journal of

63



17.
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.

28.
29.
30.
31.
32.

33.

34.
35.
36.
37.
38.

39.

40.

41.

64

M.B. Creganiyx

Mathematical Sciences, 268(2), 192-198.

Salimov, R., Klishchuk, B. (2018). Extremal problem for the area of the image of a disk. Journal
of Mathematical Sciences, 234(3), 373-380.

Salimov, R.R., Klishchuk, B.A. (2016). The extremal problem for the area of an image of a disc.
Reports of the National Academy of Sciences of Ukraine, (10), 22-27 (in Russian).

Petkov, I.V., Salimov, R.R., Stefanchuk, M.V. (2023). On the distortion of the disk image diameter.
Journal of Mathematical Sciences, 274(3), 352-369.

Stefanchuk, M.V. (2024). On exponential asymptotics of one class of homeomorphisms at a point
of the complex plane. Proceedings of the International Geometry Center, 17(2), 158-170.

Cristea, M. (2014). Local homeomorphisms satisfying generalized modular inequalities. Complez
Variables and Elliptic Equations, 59(2), 232-246.

Cristea, M. (2016). Some properties of open discrete generalized ring mappings. Complex Variables
and Elliptic Equations, 61(5), 623-643.

Cristea, M. (2019). Eliminability results for mappings satisfying generalized modular inequalities.
Complex Variables and Elliptic Equations, 64(4), 676—684.

Salimov, R.R., Sevost’yanov, E.A., Markish, A.A. (2019). On the lower estimate of the distortion
of distance for one class of mappings. Ukrainian Mathematical Journal, 70, 1791-1802.

Golberg, A., Salimov, R., Sevost’yanov, E. (2015). Singularities of discrete open mappings with
controlled p-module. J. Anal. Math., 127, 303-328.

Golberg, A., Salimov, R., Sevost’yanov, E. (2016). Poletskii type inequality for mappings from the
Orlicz-Sobolev classes. Complex Analysis and Operator Theory, 10, 881-901.

Golberg, A., Salimov, R., Sevost’yanov, E. (2017). Estimates for Jacobian and dilatation coefficients
of open discrete mappings with controlled p-module. Complex Analysis and Operator Theory, 11(7),
1521-1542.

Golberg, A., Salimov, R., Sevost’yanov, E. (2016). Normal families of discrete open mappings with
controlled p-module. Contemporary Mathematics, 667, 83-103.

Sevost’yanov, E., Skvortsov, S., Dovhopiatyi, P. (2021). On nonhomeomorphic mappings with the
inverse Poletsky inequality. Journal of Mathematical Sciences, 252(4), 541-557.

Sevost’yanov, E., Ukhlov, A. (2020). Sobolev mappings and moduli inequalities on Carnot groups.
Journal of Mathematical Sciences, 249(5), 754-768.

Golberg, A., Salimov, R. (2019). Nonlinear Beltrami equation. Complexr Variables and FElliptic
Equations, 65(1), 6-21.

Salimov, R., Stefanchuk, M. (2024). Finite Lipschitzness of regular solutions to nonlinear Beltrami
equation. Complez Variables and Elliptic Equations, 69(6), 913-923.

Petkov, 1., Salimov, R., Stefanchuk, M. (2025). On local Holder and Lipschitz continuities of
solutions to nonlinear Beltrami equation. New Tools in Mathematical Analysis and Applications.
Trends in Mathematics, 109-119.

Kovtonyuk, D., Ryazanov, V. (2008). To the theory of lower @Q-homeomorphisms. Ukrainian Mathe-
matical Bulletin, 5(2), 157-181 (in Russian).

Golberg, A., Salimov, R. (2012). Topological mappings of integrally bounded p-moduli. Ann. Univ.
Bucharest, Ser. Math.,3 (LXI), 49-66.

Salimov, R.R. (2016). The lower @-homeomorphisms relative to a p-modulus. Journal of Mathema-
tical Sciences, 218, 47-68.

Salimov, R.R. (2016). On estimation of the measure of the image of a ball under lower Q-
homeomorphisms. Reports of the National Academy of Sciences of Ukraine, (1), 19-25 (in Russian).
Stefanchuk, M.V. (2024). On asymptotic behavior at infinity of lower @-homeomorphisms with
respect to p-modulus on the complex plane. Proceedings of IAMM of NASU, 38(2), 103-118.
Astala, K., Iwaniec, T., Martin, G. (2009). Elliptic partial differential equations and quasiconformal
mappings in the plane. Princeton Mathematical Series. Princeton: Princeton University Press, NJ,
48.

Ahlfors, L.V. (1966). Lectures on quasiconformal mappings. Van Nostrand Mathematical Studies.
Toronto, Ont.-New York-London: D. Van Nostrand Co., 10.

Gehring, F.W. (1971). Lipschitz mappings and the p-capacity of ring in n-space. Advances in the



IIpo ekcrioneHMiaIbHy ACHMIITOTHKY Ha HECKIHYEHHOCTI ...

theory of Riemann surfaces (Proc. Conf. Stonybrook, N.Y., 1969). Ann. of Math. Studies, 66,
175-193.

42. Martio, O., Ryazanov, V., Srebro, U., Yakubov, E. (2004). Mappings with finite length distortion.
J. Anal. Math., 93, 215-236.

43. Gehring, F.W. (1962). Rings and quasiconformal mappings in space. Trans. Amer. Math. Soc.,
103, 353—-393.

44. Ryazanov, V., Srebro, U., Yakubov, E. (2003). Degenerate Beltrami equation and radial Q-homeo-
morphisms. Preprint, Department of Mathematics, University of Helsinki, 369.

45. Golberg, A., Salimov, R., Sevost’yanov, E. (2016). Poletskii Type Inequality for Mappings from
the Orlicz-Sobolev Classes. Complexr Analysis and Operator Theory, 10, 881-901.

46. Ryazanov, V., Salimov, R., Srebro, U., Yakubov, E. (2013). On Boundary Value Problems for the
Beltrami Equations. Contemporary Mathematics, 591, 211-242.

47. Salimov, R. (2010). On regular homeomorphisms in the plane. Ann. Acad. Sci. Fenn. Ser. Al.
Math., 35, 285-289.

48. Afanas’eva, E.S., Ryazanov, V.1, Salimov, R.R. (2019). To the theory of mappings of the Sobolev
class with the critical index. Journal of Mathematical Sciences, 239, 1-16.

49. Afanas’eva, O.S., Ryazanov, V.I., Salimov, R.R. (2019). Toward the theory of the Sobolev classes
with critical exponent. Reports of the National Academy of Sciences of Ukraine, (8), 3-8 (in
Russian).

50. Afanas’eva, O.S., Salimov, R.R. (2015). The asymptotic behaviour of solutions of the Beltrami
equation. Transactions of Institute of Mathematics, the NAS of Ukraine, 12(3), 9-16 (in Russian).

51. Ryazanov, V.I., Salimov, R.R., Sevost’yanov, E.A. (2014). On the Orlicz-Sobolev Classes and
Mappings with Bounded Dirichlet Integral. Ukrainian Mathematical Journal, 65, 1394-1405.

52. Ryazanov, V.I., Salimov, R.R., Sevost’yanov, E.A. (2016). Normality of the Orlicz-Sobolev Classes.
Ukrainian Mathematical Journal, 68, 115-126.

53. Salimov, R.R. (2015). Asymptotic behavior of the Orlicz-Sobolev classes at infinity. Transactions
of Institute of Mathematics, the NAS of Ukraine, 12(4), 273-284 (in Russian).

54. Salimov, R.R. (2015). On a new condition of finite Lipschitz of Orlicz-Sobolev class. Matematychni
Studii, 44(1), 27-35 (in Russian).

55. Salimov, R.R. (2017). Metric Properties of Orlicz-Sobolev Classes. Journal of Mathematical Sciences,
220, 633-642.

56. Golberg, A. (2010). Integrally quasiconformal mappings in space. Transactions of Institute of
Mathematics, the NAS of Ukraine, 7(2), 53-64.

57. Kruglikov, V.I. (1987). Capacity of condensers and spatial mappings quasiconformal in the mean.
Mathematics of the USSR-Sbornik, 58(1), 185-205.

M.V. Stefanchuk

On exponential asymptotics at infinity of lower Q-homeomorphisms on the complex plane.

The definition of a @-homeomorphism with respect to p-modulus is a natural generalization of the
geometric definition of a quasiconformal mapping: if Q(z) < K < oo a.e. (almost everywhere), then
f is quasiconformal as p = 2 on the complex plane C, see Definition A, p. 21-22 in [40], f has
local Lipschitz property as 1 < p < 2, and f~' is local Lipschitz continuous as p > 2, moreover
the bounds for p are sharp, see [41]. The class of @-homeomorphisms with respect to p-modulus as
p = 2 was first considered in the work [42]. The definition of a ring @-homeomorphism with respect to
p-modulus generalizes and localizes the definition of a @-homeomorphism with respect to p-modulus
and is motivated by the ring definition of quasiconformal mappings in the sense of Gehring, see [43],
introduced originally by V. Ryazanov, U. Srebro, and E. Yakubov on the complex plane as p = 2,

see [44]. The concept of lower @Q-homeomorphisms with respect to p-modulus has also proven to be a
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very useful tool for studying planar and spatial mappings. This definition has also geometric character
and is motivated by Gehring’s ring definition of quasiconformity. The theory of lower and ring Q-
homeomorphisms is applied in the study of boundary value problems for Beltrami equations on the
complex plane, as well as spatial homeomorphisms of Sobolev classes and more general Orlicz-Sobolev
classes, see [45-55]. The theory of lower and ring Q-homeomorphisms with respect to p-modulus can
also be applied to mappings that are quasiconformal in the mean, see [56,57]. Recently, lower and
ring Q-homeomorphisms with respect to nonconformal modulus have been applied to studying the
properties of regular solutions of nonlinear Beltrami equations, see [31-33|. Furthermore, the theory
of ring Q-homeomorphisms can be applied to the study of mappings with finite distortion that belong
to Orlicz-Sobolev classes W' under a Calderon-type condition, and, in particular, to Sobolev classes

loc

Wﬁ)’cp as p > n— 1, nus. [8]. In the paper, asymptotic behavior at infinity of lower Q-homeomorphisms
with respect to the p-module as 1 < p < 2 in the complex plane has been investigated. A sufficient
condition on the norm of the function ¢ under which the mapping exhibits exponential growth at
infinity has been found. An example to demonstrate the sharpness of the obtained results has been

constructed.

Keywords: p-modulus of a family of curves, ring Q-homeomorphisms with respect to p-modulus,

lower Q-homeomorphisms with respect to p-modulus, asymptotic behavior at infinity.
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