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CLOSED-FORM ROBUSTNESS BOUNDS FOR SECOND-ORDER
PRUNING OF NEURAL CONTROLLER POLICIES

Deep neural policies have unlocked agile flight for quadcopters, adaptive grasping for manipulators, and
reliable navigation for ground robots, yet their millions of weights conflict with the tight memory and
real-time constraints of embedded microcontrollers. Second-order pruning methods — Optimal Brain
Damage (OBD) and its variants, including Optimal Brain Surgeon (OBS) and the recent SPARSEGPT
— compress networks in a single pass by leveraging the local Hessian, achieving far higher sparsity than
magnitude thresholding. Despite their success in vision and language, the consequences of such weight
removal on closed-loop stability, tracking accuracy, and safety have remained unclear. We present the
first mathematically rigorous robustness analysis of second-order pruning in nonlinear discrete-time
control. The system evolves under a continuous transition map f : X x U — X, while the controller
is an L-layer multilayer perceptron with ReLLU-type activations that are globally 1-Lipschitz. Pruning
the weight matrix of layer k replaces Wy with Wy + §Wy, producing the perturbed parameter vector
© = © + 50 and the pruned policy 7(+; @) For every input state s € X we derive the closed-form
inequality ||7(s; ©) — m(s;©)||2 < Ck(s) |6Wi||2, where the constant Cj(s) depends only on unpruned
spectral norms and biases, and can be evaluated in closed form from a single forward pass. When several
layers S C {1,..., L} are pruned we show the deviations add linearly, 3, s Ck(s)||[0Wk]|2, yielding
an explicit state-dependent or worst-case robustness estimation. All constants are computed offline.
Therefore, environment roll-outs, back-propagation, or hyper-parameter tuning are not necessary, what
makes the framework directly usable inside compression pipelines. The derived bounds specify, prior
to field deployment, the maximal admissible pruning magnitude compatible with a prescribed control-
error threshold. By linking second-order network compression with closed-loop performance guarantees,
our work narrows a crucial gap between modern deep-learning tooling and the robustness demands of
safety-critical autonomous systems.

MSC: 34N05.

Keywords: second-order pruning, neural controller robustness, spectral-norm bounds, Lipschitz multi-
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1. Introduction.

Modern autonomous systems, from agile quadcopters to embodied household robots,
are increasingly controlled by neural policies that map high-dimensional sensor data
directly to control actions. Rich function classes such as multilayer perceptrons (MLPs),
convolutional networks, or Vision—Language—Action (VLA) models achieve impressive
closed-loop performance when trained by reinforcement learning (RL) or behaviour
cloning [1,2]. Yet deploying those policies on size, weight, and power-constrained hard-
ware demands aggressive model compression. Among the most practical compression
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techniques are second-order pruning algorithms — Optimal Brain Damage (OBD) [3],
Optimal Brain Surgeon (OBS) [4], and their recent large-model successor SparseGPT 5]
— which remove weights that minimise an analytically estimated activation loss.

While second-order pruning is widely used for large language models, its impact on
the closed-loop behaviour of a control system is poorly investigated. A small perturbation
of the weights can propagate through the policy network, alter the control signal, and
ultimately degrade safety or task performance. Precise guarantees on how much pruning
a controller can tolerate are therefore crucial for safety-critical applications [6,7,11,13].
To the best of our knowledge, no prior work provides a rigorous, closed—form upper
bound on the control error induced by second—order pruning in nonlinear systems.

We provide the first robustness analysis of OBD/OBS-style weight pruning for
deterministic nonlinear control systems. Our goal is to bound, in closed form, the
deviation of the pruned control signal.

Contributions.

1. Formal robustness framework. Section casts pruning as a perturbation of
the parameter vector © and formulates the pruning robustness problem via the
control-error bound (3).

2. Tight single—layer bound. Theorem 1 proves that for any 1-Lipschitz
(ReLU-type) activation the deviation of a pruned layer k is

[|7(s:0) — 7(5:0)||, < Culs) 6Wi]l2,

where the constant C(s) depends only on unpruned weights, biases and the input
norm.

3. Extension to multiple layers. Corollary 1 extends the result to an arbitrary set
of pruned layers in an additive fashion, yielding the computable bound B, (d©) =
ZkeS Ck,max||5Wk ”2-

4. Practical implications. The bounds can be evaluated offline from a forward
pass and spectral norms alone, enabling principled trade—offs between compression
ratio and control robustness without repeated interaction with the physical system.

2. Formal Problem Setup.

2.1 Deterministic nonlinear control problem.

DEFINITION CONTROLLED DYNAMICS. Let the state space be X C R™ and the
action space be U C R™. A trajectory {z:}+>0 evolves according to the discrete—
time difference equation

Ti41 = f(xhut)) t:071727"')

where the transition map f : X x U — X is continuous, ensuring that a unique
trajectory exists for every admissible control sequence {u; }+>0 and initial state g € X.
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DEFINITION PARAMETRIC NEURAL POLICY. Let L € N be the number of affine layers.
Collect all weights and biases in the parameter vector

e = {Wg,be}le € RY,

The policy 7(-;0) : X — U is the neural network obtained by composing these affine
layers with pointwise, 1-Lipschitz activations o:

m(x;0) = (00AL)o---0(00A;)(x), Ay(z) = Woz+ by.

The control applied at time ¢ is uy = w(zy; ©).

DEFINITION DISCOUNTED RETURN. Fix an initial distribution x¢ ~ p, a bounded
reward r : X x U — R, and a discount factor v € (0, 1). The expected return of policy
7(-;0) is

J(©) = Ezpmp [E;’io Wtr(xt,w(xt; @))]

An optimal policy is any maximiser ©* € arg maxgera J(0).

2.2 Second—order (OBD) pruning criterion.

Throughout this paper we study the effect of pruning individual weights in © by
the Optimal Brain Damage (OBD) saliency [3]. Consider a single affine layer A(z) =
Wiz + by and an input mini-batch Xy € R¥*7¢ The change in pre-activation outputs
caused by replacing W, with W, = W, 4+ W, is measured by

= = 2
E((We, We) = ||WeXe — WeXy|| - (1)
A second—order Taylor expansion of F; around Wj yields
E(Wy+o0W,) ~ %VGC(éWg)THg vec(6Wy), H, .= VI2/VgE£ .

Pruning a single weight w, € © (that is, setting w, = 0) gives the OBD saliency

w2

1
AE, = - —21 2

b2 (H g )
which serves as an importance score for that weight. Aggregating (2) over the layers to
which OBD is applied produces a pruned parameter vector O € R? and the perturbation
56 :=6 - 0.

2.3 Pruning robustness problem.

Our objective is to quantify how sensitive the closed—loop behaviour is to
the OBD perturbation 0. Specifically, we seek a computable bound B, : R? — R
such that R

|7 (z;©) — m(a; @)H2 < Br(00), Ve X. (3)

Although inequality (3) applies to any feed—forward network, we focus on the control
setting because the resulting guarantees translate directly into performance and safety
margins for autonomous systems.
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REMARK. For clarity, we treat each weight matrix W, and bias by as a distinct block
within ©. Hence any scalar weight w, appearing in (2) is an element of ©, and replacing
wg by 0 modifies © exactly as required in the control bound (3).

3. Background.

All robustness estimates in this paper rest on Lipschitz control of the policy network.
We collect the required analytic facts in this section.

3.1 Lipschitz mappings.

DEFINITION GLOBAL LIPSCHITZ CONTINUITY. A function f : R™ — R is called
L—Lipschitz with respect to the Euclidean norm if

1f(@) = fWl2 < Lz —yl2,  Va,yeR" (4)

The smallest such constant is denoted L(f).

Theorem Rademacher [14]. Every locally Lipschitz map f : R™ —R™ is differen-
tiable almost everywhere and L(f) = esssup, ||Df(x)||2, where || - ||2 is the operator
norm induced by fs.

3.2 Lipschitz multilayer perceptrons.

DEFINITION MLP wiTH 1-LIPSCHITZ ACTIVATIONS. Fix L € N. Let 0 : R— R satisfy
lo(a) —o(b)] < |a—0b|. An L-layer MLP is the map

F(2:0) i= (0oAL) 0 -~ (coAi)(z),  Ad(z) = Wez + by,

with parameters © = {W, b,}% | and W, € Rdexde-1,
PROPOSITION SPECTRAL-NORM LIPSCHITZ BOUND [12]. For the MLP of Definition ,

L
L(f(-50)) < TTIWill2. (5)
(=1

Interpretation for pruning analysis. Equation (5) expresses the global Lipschitz
constant of a neural policy directly in terms of the spectral (operator-norm) factors
that appear in the OBD parameter vector ©. Hence perturbing any weight matrix
Wy — Wi + W}, alters both L(f(-; @)) and the saliency (2), allowing us to translate
the activation-level OBD error into a control-signal bound (3) in later sections.

4. Results.

PROPOSITION 1. NON-EXPANSIVENESS OF RELU-TYPE ACTIVATIONS. Let ¢ : R—R be
an activation satisfying

1. zero anchor: ¢(0) =0,
2. unit Lipschitz: |p(a) — p(b)| < |a —b| for all a,b € R.
Define the component-wise map

o:R"—R", o(x); = (i), i=1,...,n.
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Then o is fo—non-expansive:
lo(@)llz < [lzllz, — VoeR™ (6)

Proof. For any x € R™ we have, by the scalar Lipschitz property with b = 0,
lp(x;)] < |x;|. Squaring, summing and taking the square root yields

n
lo( Zw zi)? < )} = |||,
=1

from which (6) follows. OJ
Condition (6) is satisfied by many ReLU-type activations that are ubiquitous in
deep learning:

e ReLU ¢(z) = max{0,z} [15];

Leaky-ReLU p(z) = max{z,az} with 0 < a < 1 [16];

PReLU (parametric ReLU) with learnable a € (0,1] [17];

ELU ¢(z) = max{z,a(e® — 1)} for 0 < a < 1 [§];

GELU (Gaussian-error linear unit), a smooth approximation to ReLU whose
derivative is bounded by 1 [9].

All these functions obey ¢(0) = 0 and have slope bounded by 1, hence are 1-Lipschitz,
therefore Proposition 1 applies.

Theorem 1. Robustness of an OBD-pruned policy. Let 7(-;©) be the L-layer
MLP controller

To =S, :Ee:J(ng‘g_l-i-bg), {=1,...,L, H(s;@):xL7

with ReL U-type activations o; and weights © = {Wy, bg}éLzl. Suppose layer k is pruned,
giving Wy, = Wi + Wy, and © = © + 60. Then, for every input state s € X,

[n(s:0) = (5 O)], < lloWilla (115 ||2H||W¢||2+Z H IWello il ) (7)
E;ék i= 1@@;;];1
< 10l (‘supll \IzHHWeH2+Z I el o). (8)
E;ék i= 1[(772};1
= Cmax

Consequently, the control-error bound in (3) can be chosen as B (00) = Chax||[0Wk||2-
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Proof. Because o are 1-Lipschitz, ||oj(u) —oy(v)]|2 < ||[u—v||2. Write dxy := xp — Ty,
then for the last layer

I7(s;©) — 7(5;0) 12 = l|lzr — Fell2 = [[62L ]2,
and

H(SiL'LHQ = HUL(WL.CEL_l + bL) - UL(WL/w\L—l + bL)H2
<|Wipzp—1 = WiZpall2 < [[Wil2lldzL-1]l2
= [[0zrll2 < [Wil2lldxr-1]l2.

Iterating the argument down to layer k yields

L
lowelz < ( TT IWell2) IWezi-1 = Waaiallz
l=k+1

L
:( H HW@HQ)H(Skak*l‘b

l=k+1

L
S( I1 HWZH2>||5Wk||2Hka71H2'

{=k+1

Because o; are ReLLU-type by Proposition 1

|lzr—1ll2 = llok—1 (Wr—12k—2 + br—1)]|2
< |[Wh—1xk—2 + bi—1]l2

< |NWi—rll2llze—2ll2 + [|br—1l]2
k—2 k-1
ﬂhHW%+ZIDWMMﬁ%mM
i=1 {=i+1
Substituting gives
I(s:©) = (5 ©)ll
k—2 k-1
(Hmmﬂmm@mnwm+ZIHmwwwwww
l=k+1 i=1 f=i+1
qmm@mﬂwm+2{ﬁmww)
1=1 {=i+1
é;ﬁk 0k

which completes the bound 7. [J
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Corollary 1. Robustness under pruning multiple layers. Let the assumptions
of Theorem 1 hold and let S = {ki,...,kn} C {1,...,L} be an index set of layers

pruned by OBD. For every k € S write Wy, = Wy + W}, and O = O + 60 with
00 = {0Wy }kes. Define, for each k € S and input state s € X,

k—1 L
Cils) = sl TIwellz + S (TT IWella) Ibillzs  Crmas 1= s5up Ci(s).  (9)
oy i—1 Ezié-};l seX

Then, for every s € X,

In(s5:0) — 7(5:8), < SIoWila Culs) (10)
kes

< Z|’5Wk”2 Ck,max- (11)
kes

Consequently, a valid control-error budget in (3) is Br(60) = 3 1cg Ckmax [[0Wk]2.

Proof. Order the pruned layers as k1 < --- < k;, and construct an intermediate
parameter sequence OV := 0, 07 := @71 + OWg;, j=1,...,m, so that O™ = ©.
Applying Theorem 1 to the pair (6771, ©7) and layer k; gives

Hﬂ'(s;@jil)_ﬂ'(t%@j)ug < HéWk]HQCk](S)

Summing these m inequalities and using the triangle inequality yields the first bound
in (10). Taking the supremum over s establishes the second bound. OJ

Corollary 1 shows that control robustness degrades additively with respect to the
spectral-norm perturbations {6 Wy }xes. The constants C(s) depend only on the unpru-
ned weights, biases, and the input magnitude, making them computable before pruning
takes place. In practice one may evaluate the tighter, state-dependent bound Cj(s) on
a validation set or deploy the uniform constant Cj, max for worst-case guarantees.

5. Conclusion.

We have provided the first closed-form robustness guarantees for second-order net-
work pruning in deterministic, nonlinear discrete-time control. By combining classical
Lipschitz bounds with a layer-local analysis of the OBD saliency, we showed that the
deviation of the pruned control signal is proportional to the spectral-norm perturbation
introduced in each affected layer, and that these deviations accumulate additively across
layers. All constants appearing in the bounds depend only on unpruned spectral norms,
biases and input magnitude, so they can be evaluated offline from a single forward pass
and require no roll-outs, no retraining, no additional hyperparameters.

Limitations. Our analysis is restricted to deterministic dynamics, ReLU-type 1-
Lipschitz activations and spectral-norm estimates. It therefore ignores stochastic dis-
turbances, data-dependent curvature. The bounds apply to the instantaneous control
signal, not yet to the long-horizon value function or trajectory-level safety constraints.

Future directions. Promising extensions include
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e lifting the theory to stochastic or adversarial disturbances,
e deriving return-level or constraint-violation bounds via contraction arguments,

e using the bounds to devise robustness-aware pruning schedules that maximise
compression under a certified control-error budget.

Bridging these directions will further tighten the link between modern network
compression and the rigorous assurance required for autonomous systems.
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M. Shamrai

AHasmiTnuHi MexKi pobacTHOCTI pu NMPYHIHry APYTroro HOpsiaAKy IOJJITUK HEMPOHHUX KOH-
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TpoJiepiB.

Itnboki HelpoHH] MOJITUKYM BIIKPHUIN MOXKJIUBOCTI IHYYKOT'O IOJILOTY JIjIsi KBaJPOKOIITEPIB, aJiall-
THUBHOTO 3aXOIJIEHHsI /I MAHIMYJISTOPIB Ta HafifiHOl HaBirari s HazeMHUX pobOOTIB, mpoTe iXHI
MiJIbHOHU Bar cynepevdaTb OOMeXKeHHSIM I10 maM’sTi Ta poboTi B peasibHOMY 4aci y BOYIOBAHUX MiKpPO-
KoHTpOJsiepax. Meroau npyniary apyroro nopsaaxy — Optimal Brain Damage (OBD) Ta iioro BapianTn,
Briogaroun Optimal Brain Surgeon (OBS) ta memonashit SPARSEGPT — cruckatorb Mepeski 3a ouH
MIPOXiJi, BUKOPUCTOBYIOUN JIOKAJIbHY MaTpuiio l'ecce, mocsraioum nabaraTo OibITol pO3pimzKeHOCTI,
HI2K MeTOJT TOPOrOBOrO 3HaYeHHsI BeauunH. HesBaxkaroum Ha IXHINM yCHmiX y KOMITIOTEPHOMY 30pPi Ta
06pOOIIi TPUPOIHOT MOBHU, HACIJIKHA TAKOIO BUIAJEHHS Bar JIjIsd CTabIIBLHOCTI 3GMKHYMO020 YUKAY, TOU-
HOCTI BiJICTeXKeHHsI Ta 0e3MeKN 3aJIUIAI0THCS HesSCHUMU. MU MpeCcTaB/IsSIEMO MepInii MaTeMaTUIHO
crporuii aHaJi3 pobacTHOCTI NPYHIHTY APYroro NOPsIAKY B HeJiHIHOMY auckperHoMmy KepyBauui. Cu-
cTeMa pPO3BUBAETHCS MiJ JI€I0 HEIEPEpPBHOTO mepeximaoro Bimobpaxkenust f : X X U — X, Tomi sik
KOHTPOJIEP € L-1tapoBuM OararoiapoBuM rneprenTponoM 3 akruBamigmu tuny ReLU, gki € enobaavro
1-nmimmunesnmu. [Ipyninr Barosoi marpuni mapy k saminoe Wy na Wi, + §Wy, crBoprooun 36y pennii
BEKTOP ITapaMeTpiB ©=0+60rTa 3aIpyHEHy HOMTHKY 7(+; (:)) st KoXKHOTO BXigHOTO cTaHy S B X
MI BHBOIMMO aHasiTHay Hepismicts |7 (s; ©) — 7(s; ©)||la < Ck(s) [|6Wk]|2, ae xoncranTa Cy(s) 3ame-
KUTh MINGKYU BiJl HE3AIIPYHEHUX CIEKTPAJbHUX HOPM Ta 3MIIIEHb i MOXKe OyTH aHAJITUYIHO OIliHEHA
3 oxHoro npsMoro upoxoy. Kosu xinpka mapis S C {1,..., L} npyHaTbCs, MH OKA3y€eEMO, IO Bij-
XUJICHHSA JIOAIOTHCS A0, Y, - o Ck(5)||[0Wy||2, mo npusBouTs 10 ABHOI OMiHKK POGACTHOCTI, IO
3aJIe’KUThH BiJi cTaHy abo HAWripIIoOro BUNAJIKY. Yci KOHCTAHTU OGYUCTIOThCA ofaatin. Takum unHOM,
pO3TrOpTaHHsI CEPEOBUINA, 3BOPOTHE MOIMMUPEHHsT a0 HAJIAINTYBAHHS TileprnapaMeTpiB He € HeoOXis-
HHUMH, [0 POOUTH (PPEeHMBOPK 0e31mocepeHb0 IPUJATHAM JJIsi BUKOPUCTAHHS BCEDPE/INHI aJIrOPUTMIB
crucHerHs. OTpuMaHi MeXKi BUBHAYAIOTH, IO PO3TOPTAHHS B MOJBOBAX YMOBAX, MAKCUMAJIBHO JOITYCTH-
My BeJIMYMHY IPYHIHTY, CyMICHY i3 3a/laHUM IIOPOI'OM IIOMUJIKH KepyBaHHHA. 1IoB’aA3yioun cTucHeHH:
Mepexki APYroro mopsiiKy 3 TapaHTisIMM MPOIYKTUBHOCTI 3aMKHYTOrO ITUKJIY, HaIlla pPoOOTa 3BYKYE
KPUTUYHUM PO3PUB MiXK CyJaCHUMH IHCTPYMEHTAMHU IJINOOKOTO HaBYaHHS Ta BUMOTAaMU JI0 HAIiHOCTI

KPUTUIHO BaKJIMBUX JIA 0e3MeKN aBTOHOMHUX CHCTEM.
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