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ON THE POSSIBILITY OF JOINING POINTS WITH PATHS
INSIDE BALLS

The article is devoted to the possibility of joining by paths the points of two sequences that converge
to some (one) boundary point of a domain of n-dimensional Euclidean space. It is well known that
in domains locally connected on their boundary, it is possible to construct a system of infinitesimal
neighborhoods of the boundary point, the intersection of which with a given domain is path connected.
Of course, this construction is impossible in an arbitrary domain, for example, it is not true in a disk
with a cut on the plane. The problem of the possibility of joining pairs of points in the intersection of
a domain with arbitrarily small concentric balls seems more subtle. The problems that are solved in
this manuscript are of an even more subtle nature. Let us pose the following problem: let some set be
nowhere dense, and a given domain is finitely connected with respect to this set, and balls centered at a
fixed point of the boundary form connected intersections with the given domain, and the intersections
of these balls with the complement of the specified set consist of no more than m components. In this
case, is it possible to join the points of sequences converging to some boundary point by paths that
lie in the intersection of the domain with infinitesimal balls centered at this point, which contain no
more than m — 1 points of the aforementioned set? The answer to this question is positive and is given
in the article. It should be noted that relatively recently we have shown the existence of infinitesimal
neighborhoods with the specified property for paths that join the points of neighborhoods and intersect
with a “bad” set no more than m — 1 times. The purpose of our manuscript is to prove that under
some additional conditions one can take not an abstract system of neighborhoods, but a sequence of
concentric balls. To a certain extent, the proof of this result is constructive. In particular, the possibility
of joining points by paths that contain at most m — 1 points from some nowhere dense set is related to
finite connectedness with respect to the complement of this set. This construction has applications to
the problem of Holder continuity of maps in a given domain. In particular, the existence of families of
paths with a conditionally “minimal” intersection with some nowhere dense set is related to the study
of non-closed maps, or maps that do not preserve the boundary of the domain.
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1. Introduction. Given zy € R™, we put
B(xg,r) ={z € R" : |[x — x| < 1}.

The following statement holds, cf. [1, Lemma 2.1].

Theorem 1. Let D be a domain in R™, n > 2, and let g € 0D. Assume that
E is closed and nowhere dense_in D, and D is ﬁmtely connected on E, i.e., for any
zo € E and any neighborhood U of 2o there is a neighborhood VcU of 2o such that
(DN V) \ E consists of finite number of components.

In addition, assume that the following condition holds: for any xo € 0D there are
m =m(zg) € N, 1 <m < oo and r§ = r{(xzo) > 0 such that

2a) B(xo,7) N D is connected for any 0 < r < r{;
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2b) (B(xo,m) N D)\ E consists at most of m components.

Let zp,yp € D\ E, k=1,2,..., be a sequences converging to xo as k — oco. Then
there are paths v, k = 1,2,..., such that . lies in B(xo,7) N D, r, = max{|zy —
zol, lyx —xol}, v : [0, 1] = B(xo, )N D, v£(0) = %, ve(1) = vk, V& (t) € B(zo,rx)ND
for 0 < t < 1, whenever |y;| == {z € R" : 3t € [0,1] : v (t) = =} contains at most
m — 1 points in E.

2. Proof of Theorem 1. Without loss of generality, we may assume that |z, —
xo| = |yr — xo| for any k = 1,2,.... From the conditions of the lemma it follows that
the sets Wy := Vpy N D, Vi := B(xo,7k), k = 1,2,..., is connected for sufficiently
large k € N, and (V;; N D) \ E consists at most of m components, 1 < m < oco. We
may assume that the above holds for any k£ € N. Since E is closed, there is g > 0
such that B(xg,ex) C D\ E. Now, the segment Iy = zp + (w0 — xx)t, t € [0,1],
consists some a subsegment I = 2 + (xg — xp)t, t € [0,ax], ax > 0, lying entirely
in B(xy,er) N B(xg, rg) such that I, lies in B(xo, 1) excepting its start point zy. Let
ug := g+ (ro — x) )ag. Similarly, there is some a segment J, = xo+ (yx —20)t, t € [0, 1],
consists some a subsegment 3;; =20+ (yr — xo)t, t € [bg, 1], 0 < ag < by, lying entirely
in B(yg,ex) N B(xp,rg) such that j; lies in B(xq, 7)) excepting its end point yi. Let
v = 2o + (yx — x0)bk. Since by the assumption B(zg,7;) N D is connected, we may
join the points uy and vg by some a path Ay : [ag, bg] — B(xo,rx) N D, Ag(ax) = ug,
A (bg) = v. We set

I(t), te]0,az],
Ye(t) = § Ag(t), t € fag,b], - (1)
Je(t), t€[bg,1],

Now, the path 7 is a path satisfying “almost all” requirements we need, in particular,
v lies in B(zo, i) N D, rp = max{|zr — zol, |yx — xol}, 7 : [0,1] — B(zo,r) N D,
Y(0) = zk, Y£(1) = yx, Y& (t) € B(zg, ) N D for 0 < t < 1. It remains to show that
may be chosen so that || contains at most m — 1 points in E. Obviously, it is enough
to carry out the reasoning for the path Ay instead of 7, because the parts I and Ji
of the path v, do not contain points in £ by the construction.

We apply the approaches used under the proof of [1, Lemma 2.1]. So, we need to
prove that the path Ay in (1) may be chosen such that |Ag| contains not more than
m — 1 points in E. Let K be a component of (Vi N D)\ E containing ug. If vy, C K1,
the proof is complete. In the contrary case, |Ag| N (D \ K1) # @. Let us to show that,
in this case,

AN (D\Ky) # 2. (2)
Indeed, since vy, € (Vi N D) \ E, there is a component K, of (V; N D)\ E such that
vp € K,. Observe that v, ¢ Ki. Indeed, in the contrary case there is a sequence
zs € K1,s=1,2,..., such that z; — v as s — oo. But all components of (V; N D)\ E
are closed in (VN D)\ E and disjoint (see, e.g., [2, Theorem 1.5.111]). Thus v;, € K7, as
well. It is possible only if K1 = K, that contradicts the assumption mentioned above.
Therefore, the relation (2) holds, as required.
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By (2), there is t; € (ag, br) such that

t; = sup t. (3)
t>ap: AR (H)EKT

Set
21 :Ak(t1> eVinD. (4)

Observe that z; € E. Indeed, in the contrary case there is a component K, of (Vi N
D) \ E such that z; € K,,. Since K; is closed, K.. = Kj. Since K; is open set
(see [2, Theorem 4.6.11]), there is ¢ > ¢ such that a path Ag|y, ;+) belongs to K yet.
But this contradicts with the definition of ¢; in (3).

Let us to show that, there is another component Ky of (Vi N D)\ E such that
21 € OK3. Indeed, the points Ag(t), t > t1, do not belong to Kj, so that there is a
sequence 2} € (VkﬁD)\Kl, 1 =1,2...,such that 2} — 21 asl — oo. Since E is nowhere
dense in D, VN D is open and z; € Vk N D, we may consider that zi € (ViND)\ E for
any | € N. Since there are m components of (VN D)\ E, we may choose a component
Ky of them which contains infinitely many elements of the sequence zi. Without loss of
generality, passing to a subsequence, if need, we may consider that all elements 2} € Ko,
1=1,2,.... Thus, z;1 € 0K, as required.

Observe that, any component K of (V; N D)\ E is finitely connected at any point
2o € OK. Indeed, since D is finitely connected on FE, for any neighborhood U of 29
there is a neighborhood V C U of 2o such that (DN V) \ E consists of finite number
of components. Now, (K N V) )\ E consists of finite number of components, as well.

Now, due to Lemma 3.10 in [3] we may replace Ag(,, +,] by a path belonging to
K, for any t € [ak,t1) and tending to z; as t — t; — 0. (Here z; is defined in (4)). In
order to simplify the notation, without limiting the generality of the reasoning, we may
assume that the path Ak|[ak ;] already has the indicated property. Now, there are two
cases:

a) v € Ky. Then we join the points v and 21 by a path «a; : (t1,b;] — K belonging
to Ky and tending to z; as t — t1 + 0. This is possible due to the finitely connectedness
of K3 proved above and by Lemma 3.10 in [3]. Uniting paths Aglj, ;) and a1, we
obtain the desired path. In particular, only one point z; belonging to this path also
belongs to E.

b) vr € Ks. Arguing similarly to mentioned above, we may prove that there is
to € (t1,bx) such that
to = sup t. (5)
t>t1:A4 ()€Ko

Reasoning similarly to the case with point ¢;, we may show that:
(bl) 29 :Ak(tQ) € (VkﬂD)ﬂE,

(ba) there is another component K3 of (Vz N D)\ E, K; # K3 # Ks such that
29 € aKg,
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(bs) due to Lemma 3.10 in [3] we may replace Ag|(, +,) by a path belonging to K
for any t € (t1,t2), tending to z; as t — ¢ + 0 and tending to z9 as ¢t — to — 0. In
order to simplify the notation, without loss of the generality of the reasoning, we may
assume that the path Agj, ;,) already has the indicated property.

Now, there are two cases:

a) vg € K3. Then we join the points vy and z3 by a path ao : (t2, bx] — K3 belonging
to K3 and tending to z3 as t — t9 + 0. This is possible due to finitely connectedness of
K3 proved above and by Lemma 3.10 in [3]. Uniting paths Ag|(, +,] and aa, we obtain
the desired path. In particular, precisely two points z; and 25 belonging to this path
also belong to E.

b) v € Ko. Arguing similarly to mentioned above, we may prove that there is

ts € (t2,by) such that
ts = sup t. (6)

t>to: Ay (t)EK3

And so on. Continuing this process, we will obtain a certain number of points z; =
Ak(tl),ZQ = Ak(tg),zg = Ak(tg), e Bl = Ak(tﬁ,l) in F and a certain number of
components K1, Ks,...,Kyin (V, N D)\ E, K1 # K3 # ... # K. The corresponding
path Ak’[ak,tﬁ_l] is a part of a path Ay which joins the point uy and 2zx; | € Kj in

Vi N D and such that

1

’Ak’[akvtkﬁ_lﬂ NE = {2’1,2’2,2’3, .. '7216571} .

Since at each step the remaining part of the path does not belong to the union of
the closures of the previous components K1, Ks,..., K5_1, and there are only a finite
number of these components does not exceed m, then v, € K5 for some 1 < p < m.
Then we join the points vy, and z5_; by a path az_1 : ({51, bx] — Kp belonging to K
and tending to z3_; as t — t;_; + 0. This is possible due to finitely connectedness of
K5 proved above and by Lemma 3.10 in [3]. Uniting paths Ak\[ak,tﬁ,l] and ap_q, we
obtain the desired path. In particular, only the points z1, 29, ..., z5—1 belonging to this
path also belongs to E. The number of these points does not exceed m — 1. Theorem
is proved. O

The result presented in the article is a part of an electronic preprint published
jointly with Z. Kovba and E. Sevost’yanov, see [4].
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B. HecsaTka

ITpo moxkauBicTh 3’€qHAHHS TOYOK KPUBUMU BCEPEIUHI KYJIb.

CrarTsl IpPUCBAYEHA MOXKJIMBOCTI IIOETHAHHS KPUBMMU TOYOK JBOX IIOCJIIZOBHOCTEH, sKi 30irarorbes
110 neaxoi (ommi€l) mexkoB0I TOuKu 061acTi N-BUMIPHOrO eBKJLAOBOro npocropy. Jobpe Bigmomo, mwo B
00J1acTAX, TOKAIBHO 3B’ SI3HUX HA CBOIM MeXKi, MOXKHO MOOyayBaTH cucteMy iHMIHITE3NMATLHIX OKOJIIB
Me¥KOBOT TOUYKH, TIEPETUH SIKUX 3 TAHOI0 00IACTIO € JIHIWHO 3B’ I3HUM. 3BiCHO, IS KOHCTPYKITS HEMOYK-
JIMBA y JOBLIBHIM 00/1aCTi, HAIPUKIA, TIe He € BIpDHUM y KPY3i 3 PO3pi3oM HA mIomuHi. Bl TOHKUM
BUIJISA€ MUTAHHS IIPO MOXKJIUBICTH 3’€IHAHHS Iap TOUOK B MEPETHHI 00/IaCTi 3 sIK 3aBrOJHO MaJIM-
MU KOHIIEHTpUIHNME Kyiasmu. [Ipobiema, sika po3B’si3aHa B JAHOMY DPYKOIKCL, MA€ Iie OLIbII TOHKY
mpuposy. IlocraBumo Taky 3amady: HexXail Jeska MHOXKUHA, € HiJle He MIIHHO0, & 3aJaHa 00/1aCTh CKiH-
YeHHO 3B’S3Ha BiJHOCHO Ii€] MHOXKHUHU, IPUIOMY KyJIi 3 IeHTPoM y dikcoBamiil To4mi Mexi GOpMyOThH
3B’913HI mepeTWHM 3 JAHOIO 00JIACTIO, a MEePEeTHHM NMX Ky/Ib 3 JOIOBHEHHSIM O BKa3aHO! MHOMKWHUI
CKJIAJAETHCA He Olbire, HiXK 3 M KOMIIOHEHT. 1M MOXKHA B TAKOMY BUMAJKY 3’€QHATU TOYKH IIOCJIi-
JIOBHOCTEI, 10 30iraloThbCs 0 IesKOl MeXKOBOI TOUKM, KPUBHMHU, fKi JIeXKaThb B IepeTuHi obsacti 3
indiniTesnMasbHUMU KyIgMU 3 HEHTPOM y Oi#l TodUmi, gaki MicTaTrh y co0i me Oinpme m — 1 To40K
BUIE3raanol MHOXKWHU? Biamosins Ha e MUTaHHS € MO3UTUBHOIO 1 BoHa HamaHa y crarti. Curign
3ayBayKWUTH, IO BIJHOCHO HENIOJIABHO HAaMW OyJI0 MOKA3aHO iCHYBaHHS iH(}IHITE3MMAILHUX OKOJIB 3
BKA3aHOIO BJIACTUBICTIO MO0 KPUBUX, fKi 3 €IHYIOTH TOYKU OKOJIB Ta IMEPETHHAIOTHCI 3 <«ITOTAHOIO»
MHOXKMHOIO He 6iibire m — 1 pa3is. Mera Hamoro pykommcy — JOBECTH, IO 3 AESKUX JT0JATKOBUX
YMOB MOXKHA B34TH He a0CTPAKTHY CHCTEMY OKOJIB, & caMe IIOCJIiJIOBHICTH KOHIEHTPUYIHHUX KY/Ib. ¥
TIeBHI Mipi JOBEIEHHS [IHOT0 PE3Y/IbTATY € KOHCTPYKTUBHUM. 30KPEeMa, MOKJIUBICTD 3'€IHAHHS TOYOK
KPUBHUMH, KI MICTATH y €00l He Oisbire m — 1 TOYKHU 3 AesKOl Hife He MiJIbHOI MHOYKWHU, [TOB’A3aHa
31 CKIHYEHHOIO 3B’SI3HICTIO BiTHOCHO JOTIOBHEHHS [0 1€l MHOXWHM. /laHa KOHCTPYKINS MA€ 3aCTOCY-
BaHHs 10 npobsieMu HenepepBHOCTI Bigobpaxenb 3a [enbaepom B gawiit obsacri. 3okpema, noby1o08a
ciMeil KpUBUX 3 YMOBHO «MiHIMaJIbHIM» II€PETUHOM 3 JEsIKOIO Hi/le He IIiJIHHOI0 MHOXKHWHOIO II0B’sI3aHa

3 BUBYEHHAM He 3aMKHEHHX BinoOpazkeHb, a00 BigoOpaxKeHb, mo He 30epiraioTb Mexy 00s1acTi.

Karowoei caoea: Kpusi 6 e6kAido6omy npocmopi, 6a2amosumipna L0KAADHA 36 A3HICTD.
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