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ON THE POSSIBILITY OF JOINING POINTS WITH PATHS

INSIDE BALLS

The article is devoted to the possibility of joining by paths the points of two sequences that converge
to some (one) boundary point of a domain of n-dimensional Euclidean space. It is well known that
in domains locally connected on their boundary, it is possible to construct a system of in�nitesimal
neighborhoods of the boundary point, the intersection of which with a given domain is path connected.
Of course, this construction is impossible in an arbitrary domain, for example, it is not true in a disk
with a cut on the plane. The problem of the possibility of joining pairs of points in the intersection of
a domain with arbitrarily small concentric balls seems more subtle. The problems that are solved in
this manuscript are of an even more subtle nature. Let us pose the following problem: let some set be
nowhere dense, and a given domain is �nitely connected with respect to this set, and balls centered at a
�xed point of the boundary form connected intersections with the given domain, and the intersections
of these balls with the complement of the speci�ed set consist of no more than m components. In this
case, is it possible to join the points of sequences converging to some boundary point by paths that
lie in the intersection of the domain with in�nitesimal balls centered at this point, which contain no
more than m−1 points of the aforementioned set? The answer to this question is positive and is given
in the article. It should be noted that relatively recently we have shown the existence of in�nitesimal
neighborhoods with the speci�ed property for paths that join the points of neighborhoods and intersect
with a �bad� set no more than m − 1 times. The purpose of our manuscript is to prove that under
some additional conditions one can take not an abstract system of neighborhoods, but a sequence of
concentric balls. To a certain extent, the proof of this result is constructive. In particular, the possibility
of joining points by paths that contain at most m−1 points from some nowhere dense set is related to
�nite connectedness with respect to the complement of this set. This construction has applications to
the problem of H�older continuity of maps in a given domain. In particular, the existence of families of
paths with a conditionally �minimal� intersection with some nowhere dense set is related to the study
of non-closed maps, or maps that do not preserve the boundary of the domain.
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1. Introduction. Given x0 ∈ Rn, we put

B(x0, r) = {x ∈ Rn : |x− x0| < r} .

The following statement holds, cf. [1, Lemma 2.1].

Theorem 1. Let D be a domain in Rn, n ⩾ 2, and let x0 ∈ ∂D. Assume that

E is closed and nowhere dense in D, and D is �nitely connected on E, i.e., for any

z0 ∈ E and any neighborhood Ũ of z0 there is a neighborhood Ṽ ⊂ Ũ of z0 such that

(D ∩ Ṽ ) \ E consists of �nite number of components.

In addition, assume that the following condition holds: for any x0 ∈ ∂D there are

m = m(x0) ∈ N, 1 ⩽ m < ∞ and r ′
0 = r ′

0(x0) > 0 such that

2a) B(x0, r) ∩D is connected for any 0 < r < r ′
0;
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2b) (B(x0, r) ∩D) \ E consists at most of m components.

Let xk, yk ∈ D \ E, k = 1, 2, . . . , be a sequences converging to x0 as k → ∞. Then
there are paths γk, k = 1, 2, . . . , such that γk lies in B(x0, rk) ∩ D, rk = max{|xk −
x0|, |yk−x0|}, γk : [0, 1] → B(x0, rk)∩D, γk(0) = xk, γk(1) = yk, γk(t) ∈ B(x0, rk)∩D
for 0 < t < 1, whenever |γk| := {x ∈ Rn : ∃ t ∈ [0, 1] : γk(t) = x} contains at most

m− 1 points in E.

2. Proof of Theorem 1. Without loss of generality, we may assume that |xk −
x0| ⩾ |yk − x0| for any k = 1, 2, . . . . From the conditions of the lemma it follows that
the sets Wk := Vk ∩ D, Vk := B(x0, rk), k = 1, 2, . . . , is connected for su�ciently
large k ∈ N, and (Vk ∩ D) \ E consists at most of m components, 1 ⩽ m < ∞. We
may assume that the above holds for any k ∈ N. Since E is closed, there is εk > 0
such that B(xk, εk) ⊂ D \ E. Now, the segment Ik = xk + (x0 − xk)t, t ∈ [0, 1],
consists some a subsegment Ĩk = xk + (x0 − xk)t, t ∈ [0, ak], ak > 0, lying entirely
in B(xk, εk) ∩ B(x0, rk) such that Ĩk lies in B(x0, rk) excepting its start point xk. Let
uk := xk+(x0−xk)ak. Similarly, there is some a segment Jk = x0+(yk−x0)t, t ∈ [0, 1],

consists some a subsegment J̃k = x0 +(yk −x0)t, t ∈ [bk, 1], 0 < ak < bk, lying entirely

in B(yk, εk) ∩ B(x0, rk) such that J̃k lies in B(x0, rk) excepting its end point yk. Let
vk := x0 + (yk − x0)bk. Since by the assumption B(x0, rk) ∩ D is connected, we may
join the points uk and vk by some a path ∆k : [ak, bk] → B(x0, rk) ∩D, ∆k(ak) = uk,
∆k(bk) = vk. We set

γk(t) =


Ik(t) , t ∈ [0, ak] ,

∆k(t) , t ∈ [ak, bk] ,

Jk(t) , t ∈ [bk, 1] ,

. (1)

Now, the path γk is a path satisfying �almost all� requirements we need, in particular,
γk lies in B(x0, rk) ∩ D, rk = max{|xk − x0|, |yk − x0|}, γk : [0, 1] → B(x0, rk) ∩ D,
γk(0) = xk, γk(1) = yk, γk(t) ∈ B(x0, rk)∩D for 0 < t < 1. It remains to show that γk
may be chosen so that |γk| contains at most m− 1 points in E. Obviously, it is enough
to carry out the reasoning for the path ∆k instead of γk, because the parts Ik and Jk
of the path γk do not contain points in E by the construction.

We apply the approaches used under the proof of [1, Lemma 2.1]. So, we need to
prove that the path ∆k in (1) may be chosen such that |∆k| contains not more than
m− 1 points in E. Let K1 be a component of (Vk ∩D) \E containing uk. If vk ⊂ K1,
the proof is complete. In the contrary case, |∆k| ∩ (D \K1) ̸= ∅. Let us to show that,
in this case,

|∆k| ∩ (D \K1) ̸= ∅ . (2)

Indeed, since vk ∈ (Vk ∩ D) \ E, there is a component K∗ of (Vk ∩ D) \ E such that
vk ∈ K∗. Observe that vk ̸∈ K1. Indeed, in the contrary case there is a sequence
zs ∈ K1, s = 1, 2, . . . , such that zs → vk as s → ∞. But all components of (Vk ∩D) \E
are closed in (Vk∩D)\E and disjoint (see, e.g., [2, Theorem 1.5.III]). Thus vk ∈ K1, as
well. It is possible only if K1 = K∗, that contradicts the assumption mentioned above.
Therefore, the relation (2) holds, as required.
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By (2), there is t1 ∈ (ak, bk) such that

t1 = sup
t⩾ak:∆k(t)∈K1

t . (3)

Set
z1 = ∆k(t1) ∈ Vk ∩D . (4)

Observe that z1 ∈ E. Indeed, in the contrary case there is a component K∗∗ of (Vk ∩
D) \ E such that z1 ∈ K∗∗. Since K1 is closed, K∗∗ = K1. Since K1 is open set
(see [2, Theorem 4.6.II]), there is t ∗1 > t1 such that a path ∆k|[t1,t ∗1 ] belongs to K1 yet.
But this contradicts with the de�nition of t1 in (3).

Let us to show that, there is another component K2 of (Vk ∩ D) \ E such that
z1 ∈ ∂K2. Indeed, the points ∆k(t), t > t1, do not belong to K1, so that there is a
sequence zl1 ∈ (Vk∩D)\K1, l = 1, 2 . . . , such that zl1 → z1 as l → ∞. Since E is nowhere
dense in D, Vk ∩D is open and z1 ∈ Vk ∩D, we may consider that zl1 ∈ (Vk ∩D)\E for
any l ∈ N. Since there are m components of (Vk ∩D) \E, we may choose a component
K2 of them which contains in�nitely many elements of the sequence zl1. Without loss of
generality, passing to a subsequence, if need, we may consider that all elements zl1 ∈ K2,
l = 1, 2, . . . . Thus, z1 ∈ ∂K2, as required.

Observe that, any component K of (Vk ∩D) \ E is �nitely connected at any point
z0 ∈ ∂K. Indeed, since D is �nitely connected on E, for any neighborhood Ũ of z0
there is a neighborhood Ṽ ⊂ Ũ of z0 such that (D ∩ Ṽ ) \ E consists of �nite number
of components. Now, (K ∩ Ṽ ) \ E consists of �nite number of components, as well.

Now, due to Lemma 3.10 in [3] we may replace ∆k|[ak,t1] by a path belonging to
K1 for any t ∈ [ak, t1) and tending to z1 as t → t1 − 0. (Here z1 is de�ned in (4)). In
order to simplify the notation, without limiting the generality of the reasoning, we may
assume that the path ∆k|[ak,t1] already has the indicated property. Now, there are two
cases:

a) vk ∈ K2. Then we join the points vk and z1 by a path α1 : (t1, bk] → K2 belonging
to K2 and tending to z1 as t → t1+0. This is possible due to the �nitely connectedness
of K2 proved above and by Lemma 3.10 in [3]. Uniting paths ∆k|[ak,t1] and α1, we
obtain the desired path. In particular, only one point z1 belonging to this path also
belongs to E.

b) vk ̸∈ K2. Arguing similarly to mentioned above, we may prove that there is
t2 ∈ (t1, bk) such that

t2 = sup
t⩾t1:∆k(t)∈K2

t . (5)

Reasoning similarly to the case with point t1, we may show that:

(b1) z2 = ∆k(t2) ∈ (Vk ∩D) ∩ E ,

(b2) there is another component K3 of (Vk ∩ D) \ E, K1 ̸= K3 ̸= K2 such that
z2 ∈ ∂K3,
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(b3) due to Lemma 3.10 in [3] we may replace ∆k|[t1,t2] by a path belonging to K2

for any t ∈ (t1, t2), tending to z1 as t → t1 + 0 and tending to z2 as t → t2 − 0. In
order to simplify the notation, without loss of the generality of the reasoning, we may
assume that the path ∆k|[t1,t2] already has the indicated property.

Now, there are two cases:

a) vk ∈ K3. Then we join the points vk and z3 by a path α2 : (t2, bk] → K3 belonging
to K3 and tending to z2 as t → t2 +0. This is possible due to �nitely connectedness of
K3 proved above and by Lemma 3.10 in [3]. Uniting paths ∆k|[ak,t2] and α2, we obtain
the desired path. In particular, precisely two points z1 and z2 belonging to this path
also belong to E.

b) vk ̸∈ K2. Arguing similarly to mentioned above, we may prove that there is
t3 ∈ (t2, bk) such that

t3 = sup
t⩾t2:∆k(t)∈K3

t . (6)

And so on. Continuing this process, we will obtain a certain number of points z1 =
∆k(t1), z2 = ∆k(t2), z3 = ∆k(t3), . . . , zkp̃−1

= ∆k(tp̃−1) in E and a certain number of
components K1,K2, . . . ,Kp̃ in (Vk ∩D) \ E, K1 ̸= K2 ̸= . . . ̸= Kp̃. The corresponding
path ∆k|[ak,tp̃−1] is a part of a path ∆k which joins the point uk and zkp̃−1

∈ ∂Kp̃ in
Vk ∩D and such that

|∆k|[ak,tkp̃−1
]| ∩ E = {z1, z2, z3, . . . , zkp̃−1

} .

Since at each step the remaining part of the path does not belong to the union of
the closures of the previous components K1,K2, . . . ,Kp̃−1, and there are only a �nite
number of these components does not exceed m, then vk ∈ Kp̃ for some 1 ⩽ p̃ ⩽ m.
Then we join the points vk and zp̃−1 by a path αp̃−1 : (tp̃−1, bk] → Kp̃ belonging to Kp̃

and tending to zp̃−1 as t → tp̃−1 + 0. This is possible due to �nitely connectedness of
Kp̃ proved above and by Lemma 3.10 in [3]. Uniting paths ∆k|[ak,tp̃−1] and αp̃−1, we
obtain the desired path. In particular, only the points z1, z2, . . . , zp̃−1 belonging to this
path also belongs to E. The number of these points does not exceed m − 1. Theorem
is proved. 2

The result presented in the article is a part of an electronic preprint published
jointly with Z. Kovba and E. Sevost'yanov, see [4].
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Â. Äåñÿòêà

Ïðî ìîæëèâiñòü ç'¹äíàííÿ òî÷îê êðèâèìè âñåðåäèíi êóëü.

Ñòàòòÿ ïðèñâÿ÷åíà ìîæëèâîñòi ïî¹äíàííÿ êðèâèìè òî÷îê äâîõ ïîñëiäîâíîñòåé, ÿêi çáiãàþòüñÿ

äî äåÿêî¨ (îäíi¹¨) ìåæîâî¨ òî÷êè îáëàñòi n-âèìiðíîãî åâêëiäîâîãî ïðîñòîðó. Äîáðå âiäîìî, ùî â

îáëàñòÿõ, ëîêàëüíî çâ'ÿçíèõ íà ñâî¨é ìåæi, ìîæíî ïîáóäóâàòè ñèñòåìó iíôiíiòåçèìàëüíèõ îêîëiâ

ìåæîâî¨ òî÷êè, ïåðåòèí ÿêèõ ç äàíîþ îáëàñòþ ¹ ëiíiéíî çâ'ÿçíèì. Çâiñíî, öÿ êîíñòðóêöiÿ íåìîæ-

ëèâà ó äîâiëüíié îáëàñòi, íàïðèêëàä, öå íå ¹ âiðíèì ó êðóçi ç ðîçðiçîì íà ïëîùèíi. Áiëüø òîíêèì

âèãëÿäà¹ ïèòàííÿ ïðî ìîæëèâiñòü ç'¹äíàííÿ ïàð òî÷îê â ïåðåòèíi îáëàñòi ç ÿê çàâãîäíî ìàëè-

ìè êîíöåíòðè÷íèìè êóëÿìè. Ïðîáëåìà, ÿêà ðîçâ'ÿçàíà â äàíîìó ðóêîïèñi, ìà¹ ùå áiëüø òîíêó

ïðèðîäó. Ïîñòàâèìî òàêó çàäà÷ó: íåõàé äåÿêà ìíîæèíà ¹ íiäå íå ùiëüíîþ, à çàäàíà îáëàñòü ñêií-

÷åííî çâ'ÿçíà âiäíîñíî öi¹¨ ìíîæèíè, ïðè÷îìó êóëi ç öåíòðîì ó ôiêñîâàíié òî÷öi ìåæi ôîðìóþòü

çâ'ÿçíi ïåðåòèíè ç äàíîþ îáëàñòþ, à ïåðåòèíè öèõ êóëü ç äîïîâíåííÿì äî âêàçàíî¨ ìíîæèíè

ñêëàäà¹òüñÿ íå áiëüøå, íiæ ç m êîìïîíåíò. ×è ìîæíà â òàêîìó âèïàäêó ç'¹äíàòè òî÷êè ïîñëi-

äîâíîñòåé, ùî çáiãàþòüñÿ äî äåÿêî¨ ìåæîâî¨ òî÷êè, êðèâèìè, ÿêi ëåæàòü â ïåðåòèíi îáëàñòi ç

iíôiíiòåçèìàëüíèìè êóëÿìè ç öåíòðîì ó öié òî÷öi, ÿêi ìiñòÿòü ó ñîái íå áiëüøå m − 1 òî÷îê

âèùåçãàäàíî¨ ìíîæèíè? Âiäïîâiäü íà öå ïèòàííÿ ¹ ïîçèòèâíîþ i âîíà íàäàíà ó ñòàòòi. Ñëiä

çàóâàæèòè, ùî âiäíîñíî íåùîäàâíî íàìè áóëî ïîêàçàíî iñíóâàííÿ iíôiíiòåçèìàëüíèõ îêîëiâ ç

âêàçàíîþ âëàñòèâiñòþ ùîäî êðèâèõ, ÿêi ç'¹äíóþòü òî÷êè îêîëiâ òà ïåðåòèíàþòüñÿ ç ¾ïîãàíîþ¿

ìíîæèíîþ íå áiëüøå m − 1 ðàçiâ. Ìåòà íàøîãî ðóêîïèñó � äîâåñòè, ùî çà äåÿêèõ äîäàòêîâèõ

óìîâ ìîæíà âçÿòè íå àáñòðàêòíó ñèñòåìó îêîëiâ, à ñàìå ïîñëiäîâíiñòü êîíöåíòðè÷íèõ êóëü. Ó

ïåâíié ìiði äîâåäåííÿ öüîãî ðåçóëüòàòó ¹ êîíñòðóêòèâíèì. Çîêðåìà, ìîæëèâiñòü ç'¹äíàííÿ òî÷îê

êðèâèìè, ÿêi ìiñòÿòü ó ñîái íå áiëüøå m− 1 òî÷êè ç äåÿêî¨ íiäå íå ùiëüíî¨ ìíîæèíè, ïîâ'ÿçàíà

çi ñêií÷åííîþ çâ'ÿçíiñòþ âiäíîñíî äîïîâíåííÿ äî öi¹¨ ìíîæèíè. Äàíà êîíñòðóêöiÿ ìà¹ çàñòîñó-

âàííÿ äî ïðîáëåìè íåïåðåðâíîñòi âiäîáðàæåíü çà Ãåëüäåðîì â äàíié îáëàñòi. Çîêðåìà, ïîáóäîâà

ñiìåé êðèâèõ ç óìîâíî ¾ìiíiìàëüíèì¿ ïåðåòèíîì ç äåÿêîþ íiäå íå ùiëüíîþ ìíîæèíîþ ïîâ'ÿçàíà

ç âèâ÷åííÿì íå çàìêíåíèõ âiäîáðàæåíü, àáî âiäîáðàæåíü, ùî íå çáåðiãàþòü ìåæó îáëàñòi.

Êëþ÷îâi ñëîâà: êðèâi â åâêëiäîâîìó ïðîñòîði, áàãàòîâèìiðíà ëîêàëüíà çâ'ÿçíiñòü.
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