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ASYMPTOTIC ESTIMATION OF THE DUFFING OSCILLATOR

PARAMETERS

The problem of identi�cation of the Du�ng oscillator parameters is considered. These parameters
characterize the linear dissipation, linear and nonlinear restoring force. An invariant relations method
for the parameters estimation is used. Such approach is based on dynamical extension of original
system and synthesis of appropriate invariant relations, from which the unknowns can be expressed as
a function of the known quantities on the trajectories of extended system during the observed motion.
The stability property is formally checked considering the oscillatory behavior of the system.
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1. Introduction.

In many practical applications of physics, biology and other sciences an approach
based on the concept of model equations is used as an approximate mathematical
model of complex nonlinear processes. The basis of this concept is the provision that
a small number of characteristic type's movements of simple mathematical models
inherent in systems give the key to understanding and exploring a huge number of
di�erent phenomena. Such problems are typical, for example, for compensating for
harmonic disturbances in automatic control algorithms caused by feedback delay e�ects,
for vibration isolation of structures, for adaptive �ltering in signal processing, and so
on. Many physical systems are conveniently modelled by the Du�ng equation, which
describes an oscillator with a cubic nonlinearity [1] and used as an approximate model of
many physical systems or as a convenient mathematical model. Such equation exhibits
a wide range of well-known behavioral patterns and is used by many researchers to
illustrate such behavior.

These systems include mechanical as well as electrical systems with nonlinear resto-
ring force characteristics. Therefore, a number of theoretical and engineering problems
naturally arise in which determining the parameters of these vibrations becomes crucial.
Typically, determining the parameters of a dynamic system does not allow for direct
measurement of their values. Instead, they are �ltered through the dynamic system and
must be reconstructed based on its response. In principle, the least-squares method,
Fourier analysis, and the Laplace transform o�er potential solutions for such problems.
However, these methods may prove unsuitable, for example, for control algorithms with
real-time data processing. In this regard, works have appeared that use observers to
determine the parameters of oscillations (see, for example [2]).

One of the objectives of this article is to use the method of invariant relations
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in the problem of parameters observation of mechanical systems. This method was
developed [3] in analytical mechanics and was intended, in particular, to �nd particular
solutions (dependencies between variables) in problems of the dynamics of a rigid
body with a �xed point. Its modi�cation to problems in observation and identi�cation
theory allowed for the synthesis of additional connections between known and unknown
quantities of the original system that arise on the trajectories of its extended dynamic
model [4,5]. The given approach turned out to be e�ective in the problems of observation,
parameter estimation and determination of external in�uence for the van der Pol,
Du�ng, Li�enard oscillator models [6, 8].

It is worth noting that a more general approach than the method of invariant ratios
to observation problems was proposed in the works [10,11] as some modi�cation of the
method of stabilization of nonlinear systems I&I (Input and Invariance).

2. The method of invariant relations in the problem of determining the

Du�ng equation coe�cients.

The Du�ng equation can be seen as describing the oscillations of a mass attached
to a nonlinear spring and a linear damper:

ẍ(t) + δẋ(t) + αx(t) + βx(t)3 = 0. (1)

Here, x(t) � is the displacement of the mass point from the origin of coordinates; ẋ(t)
is the velocity of this displacement. The term δẋ(t)) and function αx(t) + βx(t)3 in
the equation describe, respectively, the law of dissipation and restoring forces. It is
assumed that (1) simulates the process of permanent oscillations of a real object and
its solution are correctly de�ned functions x(t), ẋ(t) within [0,∞). Next, the property of
boundedness of solutions will be used. Let us show that the phase vector of the system
is bounded and its values belong ∀t ≥ 0 to a certain �nite region (x(t), ẋ(t)) ∈ Sx ⊂ R2.

Indeed, multiplying (1) by ẋ(t) we get

ẋ(t)
[
ẍ(t) + δẋ(t) + αx(t) + βx(t)3

]
= 0.

From this equality it follows that

d

dt

[
1

2
ẋ(t)2 +

1

2
αx(t)2 +

1

4
βx(t)4

]
= −δẋ(t)2.

Then by Lyapunov function method the functions x(t), ẋ(t) are bounded when δ ≥ 0.

Let us rewrite the original equation (1) in the form of a second-order system in a
state space representation. Denote

x1(t) = x(t), x2(t) = ẋ(t)

and as a result we get:

ẋ1(t) = x2(t), ẋ2(t) = −δx2(t)− αx1(t)− βx1(t)
3. (2)
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We will assume that the output of the system is the phase vector x1(t), x2(t),
measured during oscillations, i.e. known as a function of time. The coe�cients δ, α, β
are unknown and must be determined from data on the movement of the oscillator.

Now let us brie�y outline the method of invariant relations we propose. The main
idea is to obtain additional relations for the unknowns based on the data about motion
of the system. Such information is the output x1(t), x2(t) and those quantities that can
only be obtained from the output. In particular, based on the number of unknowns, we
introduce into consideration the vector y = (y1, y2, y3)

T , which we de�ne as the solution
of the Cauchy problem for some, not yet de�ned, system of di�erential equations and
the initial conditions for its trajectory:

ẏ(t) = U(x1(t), x2(t), y(t)), y(0) ∈ R3. (3)

Further we will consider the system (3) as a kind of dynamic extension of the original
system (2).

The idea of the method of invariant relations is to determine additional connections
H(x1, x2, y, δ, α, β) = 0 that arise between known values x1(t), x2(t), y(t) and unknowns
δ, α, β on some trajectories of the extended system of di�erential equations (2), (3). In
this case, the selection of the appropriate function U(x1, x2, y) must ensure that the
following conditions are met:

(i) rank∂H(x1,x2,y,δ,α,β)
∂(δ,α,β) = 3;

(ii) the invariant manifold {(x1, x2, y) ∈ R5 : H(x1, x2, y, δ, α, β) = 0} corresponding
to these additional equalities has the property of global attraction for any solutions of
the extended system. In other words, on any trajectories of the di�erential equations
(2), (3)

lim
t→∞

∥H(x1(t), x2(t), y(t), δ, α, β)∥ = 0.

This method is further used to solve the

Problem. Find asymptotically accurate estimates of the coe�cients δ, α, β based
on the output data about phase vector x1(t), x2(t) of the system (2).

3. Derivation of a family of invariant relations.

To satisfy property (i), we will look for additional relations on the trajectories of
the system of di�erential equations (2), (3) in the form:

δ = Ψ1(x1(t), x2(t)) + y1(t),

α = Ψ2(x1(t), x2(t)) + y2(t),

β = Ψ3(x1(t), x2(t)) + y3(t).

(4)

Similar to the right side U(x1, x2, y) of the di�erential equations (3), the functions
Ψi(x1, x2), i = 1, 3 are still unde�ned. It is assumed that these functions are continuously
di�erentiable with respect to their arguments. Let us also introduce into consideration
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the vector ε = (ε1, ε2, ε3)
T that characterize deviations from relations (4):

ε1 = δ −Ψ1(x1(t), x2(t))− y1(t),

ε2 = α−Ψ2(x1(t), x2(t))− y2(t),

ε3 = β −Ψ3(x1(t), x2(t))− y3(t).

(5)

If the equalities ε1(t) = ε2(t) = ε3(t) ≡ 0 holds on some trajectories of the extended
system for certain functions U(x1, x2, y),Ψi(x1, x2), then the relations (4) become
invariant and determine coe�cients δ, α, β on these trajectories. Non-zero deviations
εi(t), i = 1, 3 appear on other trajectories.

Consider formulas (5) as a substitution of parameters δ, α, β in the equation of
original system (2). Then equalities δ̇ = 0, α̇ = 0, β̇ = 0 are transformed into di�erential

relations (here (.)′q means the partial derivative ∂(.)
∂q )

ẏi + ε̇i = −Ψi
′
x!
x2 −Ψi

′
x2
u, i = 1, 3, (6)

where

u = −(Ψ1 + y1 + ε1)x2 − (Ψ2 + y2 + ε2)x1 − (Ψ3 + y3 + ε3)x
3
1.

Let us de�ne the structure of the additional system of di�erential equations (3).
At the �rst step of the proposed approach to determine the function U(x1, x2, y). We
select from the previous equalities all terms that do not depend on deviations ε. As a
result we get

ẏi = −Ψi
′
x1
x2 −Ψi

′
x2
v i = 1, 3, (7)

where

v = −(Ψ1 + y1)x2 − (Ψ2 + y2)x1 − (Ψ3 + y3)x
3
1.

In accordance with this choice, we have that if yi(t), i = 1, 3 are any functions that
satisfy (7), then the terms remaining in ratios (6) form the linear homogeneous di�erential
equations with respect to deviations εi(t)

ε̇i = −Ψi
′
x2
(x2ε1 + x1ε2 + x31ε3), i = 1, 3. (8)

System (8) has the trivial solution ϵ1(t) = ε2(t) = ε3(t) ≡ 0. So, we have obtained
a family of additional systems (7), depending on arbitrary functions Ψi(x1, x2), i = 1, 3
and their derivatives. Thus, the following lemma is proved.

Lemma. For any functions Ψi(x1, x2), i = 1, 3 di�erentiable with respect to their

arguments the corresponding system (2),(7) on some trajectories turns the equalities

(4) into invariant relations, from which the parameters δ, α, β can be directly found.

4. Stabilization of Deviations.

We do not know on which trajectories of the system of di�erential equations (2),
(7) the relations (4) become invariant. Therefore, it is natural to consider the problem
of choosing functions Ψi(x1, x2), i = 1, 3 in such a way that deviations in formulas
(5) tend to zero. In other words, the trivial solution of equations (8) should become
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globally asymptotically stable. The second stage of the proposed method is related
to solving this problem. There are several approaches to stabilize non-autonomous
systems (see [12,13]). At this stage, we assume that the appropriate method is selected
depending on the analytical form of the original dynamic system.

To stabilize trivial solution of the system (8) we use partial derivatives Ψi
′
x2
, i = 1, 3

of uncertain functions as a control. The purpose of control is to ful�ll the condition

lim
t→∞

3∑
i=1

ε2i (t) = 0. (9)

Let us consider the positive de�nite function V = 1
2

∑3
i=1 ε

2
i (t) and write its

derivative with respect to system (8):

V̇ = −(Ψ1
′
x2
ε1 +Ψ2

′
x2
ε2 +Ψ3

′
x2
ε3)(x2ε1 + x1ε2 + x31ε3).

Let us choose the remaining unde�ned functions by setting:

Ψ1(x1, x2) = λ
x22
2
, Ψ2(x1, x2) = λx1x2, Ψ3(x1, x2) = λx31x2, (10)

where λ is a positive constant. Under such functions, the derivative

V̇ = −λ(x2ε1 + x1ε2 + x31ε3)
2 ≤ 0.

That is, the function V becomes a Lyapunov function with a negative semide�nite
derivative. In this case, the zero solution of the equations in deviations is uniformly
stable. Let us show that it is asymptotically stable. To do this, we will use the LaSalle's
invariance principle [14] for autonomous systems.

Taking into account (10), this system has the form

ε̇1 = −λx2(x2ε1 + x1ε2 + x31ε3),

ε̇2 = −λx1(x2ε1 + x1ε2 + x31ε3),

ε̇3 = −λx31(x2ε1 + x1ε2 + x31ε3).

(11)

Proposition 1. If the functions Ψi(x1, x2), i = 1, 3 are chosen according to formulas

(10), then the trivial solution of the system of di�erential equations for the deviations

(8) is globally exponentially stable.

Proof. The phase vector of system (2),(11) is (x1, x2, ε1, ε2, ε3) ∈ Sx×Sε = Ω ⊂ R5,
where

Sε = {(ε1, ε2, ε3) :
3∑

i=1

ε2i (t) ≤
3∑
1

ε2i (0)}

is a ball in R3 Thus, the set Sx × Sε = Ω is compact and positive invariant to (11).
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Let E be the set of all points (x1, x2, ε1, ε2, ε3) where the derivative of the Lyapunov
function is identically equal to zero:

V̇ = λ(x2ε1 + x1ε2 + x31ε3)
2 ≡ 0.

It is clear that the set M = {(x1(t), x2(t).ε1 = 0, ε2 = 0, ε3 = 0), ∀t ≥ 0} is invariant
in E. If M is the largest invariant set, then according to LaSalle's invariant principle
all solutions with initial values in E tend to M , i.e. condition (9) is satis�ed.

Let us show that M is the largest invariant set in E. To this end, let us assume
the opposite, i.e., the set E contains trajectories with non-zero deviations εi(t). From
the di�erential equations (11) it follows that these non-zero deviations are constant
εi(t) = ε∗i , i = 1, 3. Hence, our assumption leads to the existence of the relation

x2(t)ε
∗
1 + x1(t)ε

∗
2 + x1(t)

3ε∗3 ≡ 0.

It is easy to check that the last relation is not a �rst integral of the system (2) for
any constants ε∗i , i = 1, 3. The resulting contradiction proves the statement that the
set M is the largest invariant set in E, and therefore, according to LaSalle's invariant
principle, conditions (9) are satis�ed. Hence, the Proposition 1 is proved

5. Final evaluation of unknowns.

In the proposed algorithm, all degrees of freedom have been �xed. Speci�cally, the
structure of additional di�erential equations is de�ned by equation (7). The choice of
functions Ψi(x1, x2), i = 1, 3 according to formulas (10) determines the �nal form of
these equations:

ẏ1 = λx2w, ẏ2 = λ(−x2 + x1w), ẏ3 = λ(3x21x2 − x31w), (12)

where

w = (λ
x22
2

+ y1)x2 + (λx1x1 + y2)x1 + (λx31x2 + y3)x
3
1.

According to this scheme, the terms in formulas (5) become known and the deviations
εi(t) asymptotically tend to zero, which allows us to directly obtain asymptotic estimates
of the parameters δ, α, β. Thus, the statement formulated below has been proved.

Proposition 2. The formulas

δ̂ = λ
x2(t)

2

2
+ y1(t), α̂ = λx1(t) + y2(t), β̂ = λx1(t)

3x2(t) + y3(t), (13)

where y(t) = (y1(t), y2(t), y3(t))
T are the solutions of any Cauchy problem for system

of di�erential equations (12) give asymptotic estimates of the coe�cients δ, α, β.
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Í.Â. Æîãîëåâà, Â.Ô. Ùåðáàê

Àñèìïòîòè÷íà îöiíêà ïàðàìåòðiâ îñöèëÿòîðà Äóôôiíãà.

Âiäîìî, ùî íåëiíiéíèé êîëèâàëüíèé ðóõ ñêëàäíèõ ñèñòåì ìîæå áóòè ïðèáëèçíî ïðîìîäåëüîâàíî

ðóõîì ñèñòåìè, ÿêà ñêëàäà¹òüñÿ ç îäíîãî àáî äåêiëüêîõ ïîâ'ÿçàíèõ ìiæ ñîáîþ îñöèëÿòîðiâ. Ç öi¹¨

ïðè÷èíè îñöèëÿòîðè øèðîêî âèâ÷àþòüñÿ ÿê ñïîñiá ìîäåëþâàííÿ, àíàëiçó àáî íàâiòü êîíòðîëþ

ó ðiçíèõ ñôåðàõ, òàêèõ ÿê åëåêòðîíiêà, êåðóâàííÿ, ìåäèêî-áiîëîãi÷íi äîñëiäæåííÿ, ãåîëîãiÿ òà

ií. Ïðèðîäíüî, ùî ïðè öüîìó íà ïðàêòèöi âèíèêàþòü ïðîáëåìè âèçíà÷åííÿ ñòàíó òà ïàðàìåòðiâ

òàêèõ ìîäåëåé çà ðåçóëüòàòàìè âèìiðþâàííÿ âèõiäíèõ ñèãíàëiâ ó ðåæèìi ðåàëüíîãî ÷àñó. Îä-

íó ç òàêèõ ïðîáëåì, à ñàìå ïðîáëåìó âèçíà÷åííÿ êî¹ôiöi¹íòiâ ðiâíÿííÿ îñöèëÿòîðà Äóôôiíãà

ðîçãëÿíóòî ó öié ñòàòòi. Öå ðiâíÿííÿ äåìîíñòðó¹ øèðîêèé ñïåêòð ïîâåäiíêè âiäîìèõ ìîäåëåé

òà âèêîðèñòîâó¹òüñÿ áàãàòüìà äîñëiäíèêàìè äëÿ iëþñòðàöi¨ îñîáëèâîñòåé äèíàìiêè îá'¹êòà. Öi

ìîäåëi âêëþ÷àþòü ìåõàíi÷íi, à òàêîæ åëåêòðè÷íi ñèñòåìè ç íåëiíiéíèìè õàðàêòåðèñòèêàìè âiä-

íîâëþâàëüíî¨ ñèëè. Òîìó ïðèðîäíüî âèíèêà¹ íèçêà òåîðåòè÷íèõ òà iíæåíåðíèõ ïðîáëåì, ó ÿêèõ

âèçíà÷åííÿ ïàðàìåòðiâ öèõ êîëèâàíü ñòà¹ âèðiøàëüíèì. ßê ïðàâèëî, âèçíà÷åííÿ ïàðàìåòðiâ äè-

íàìi÷íî¨ ñèñòåìè íå äîçâîëÿ¹ áåçïîñåðåäíüî âèìiðÿòè ¨õ çíà÷åííÿ. Íàòîìiñòü âîíè ôiëüòðóþòüñÿ

÷åðåç äèíàìi÷íó ñèñòåìó òà ïîâèííi áóòè ðåêîíñòðóéîâàíi íà îñíîâi ¨¨ ðåàêöi¨. Â ïðèíöèïi, ìåòîä
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íàéìåíøèõ êâàäðàòiâ, àíàëiç Ôóð'¹ òà ïåðåòâîðåííÿ Ëàïëàñà ïðîïîíóþòü ïîòåíöiéíi ðiøåííÿ

äëÿ òàêèõ çàäà÷. Îäíàê öi ìåòîäè ìîæóòü âèÿâèòèñÿ íåïðèäàòíèìè, íàïðèêëàä, äëÿ îíëàéí

àëãîðèòìiâ êåðóâàííÿ ç îáðîáêîþ äàíèõ ó ðåàëüíîìó ÷àñi. Â ðîáîòi çàïðîïîíîâàíà ñõåìà âèçíà-

÷åííÿ àñèìïòîòè÷íèõ îöiíîê öèõ íåâiäîìèõ çà äàíèìè ïðî ðóõ îñöèëÿòîðà. Ïðè öüîìó îäíi¹þ ç

öiëåé öi¹¨ ñòàòòi ¹ âèêîðèñòàííÿ ìåòîäó iíâàðiàíòíèõ ñïiââiäíîøåíü ó çàäà÷i îíëàéí âèçíà÷åííÿ

ïàðàìåòðiâ êîëèâàëüíèõ ñèñòåì. Öåé ìåòîä áóâ ðîçðîáëåíèé [3] â àíàëiòè÷íié ìåõàíiöi òà áóâ ïðè-

çíà÷åíèé, çîêðåìà, äëÿ çíàõîäæåííÿ ÷àñòèííèõ ðiøåíü (çàëåæíîñòåé ìiæ çìiííèìè) ó çàäà÷àõ

äèíàìiêè òâåðäîãî òiëà ç íåðóõîìîþ òî÷êîþ. Éîãî ìîäèôiêàöiÿ äëÿ çàäà÷ òåîði¨ ñïîñòåðåæåííÿ

òà iäåíòèôiêàöi¨ äîçâîëèëà ñèíòåçóâàòè äîäàòêîâi çâ'ÿçêè ìiæ âiäîìèìè òà íåâiäîìèìè âåëè-

÷èíàìè âèõiäíî¨ ñèñòåìè, ùî âèíèêàþòü íà òðà¹êòîðiÿõ ¨¨ ðîçøèðåíî¨ äèíàìi÷íî¨ ìîäåëi [4, 5].

Çàçíà÷åíèé ïiäõiä âèÿâèâñÿ åôåêòèâíèì ó çàäà÷àõ ñïîñòåðåæåííÿ, îöiíêè ïàðàìåòðiâ òà âèçíà-

÷åííÿ çîâíiøíüîãî âïëèâó äëÿ ìîäåëåé îñöèëÿòîðiâ Âàí-äåð-Ïîëÿ, Äàôôiíãà, Ëi¹íàðà [6, 8].

Keywords: iäåíòèôiêàöiÿ ïàðàìåòðiâ, îñöèëÿòîð Äàôôiíãà, iíâàðiàíòíi ñïiââiäíîøåííÿ, àñèìï-
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