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ASYMPTOTIC ESTIMATION OF THE DUFFING OSCILLATOR
PARAMETERS

The problem of identification of the Duffing oscillator parameters is considered. These parameters
characterize the linear dissipation, linear and nonlinear restoring force. An invariant relations method
for the parameters estimation is used. Such approach is based on dynamical extension of original
system and synthesis of appropriate invariant relations, from which the unknowns can be expressed as
a function of the known quantities on the trajectories of extended system during the observed motion.
The stability property is formally checked considering the oscillatory behavior of the system.
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Kurouosi caoBa: parameter identification, Duffing oscillator, invariant relations, asymptotic es-
timates.

1. Introduction.

In many practical applications of physics, biology and other sciences an approach
based on the concept of model equations is used as an approximate mathematical
model of complex nonlinear processes. The basis of this concept is the provision that
a small number of characteristic type’s movements of simple mathematical models
inherent in systems give the key to understanding and exploring a huge number of
different phenomena. Such problems are typical, for example, for compensating for
harmonic disturbances in automatic control algorithms caused by feedback delay effects,
for vibration isolation of structures, for adaptive filtering in signal processing, and so
on. Many physical systems are conveniently modelled by the Duffing equation, which
describes an oscillator with a cubic nonlinearity [1] and used as an approximate model of
many physical systems or as a convenient mathematical model. Such equation exhibits
a wide range of well-known behavioral patterns and is used by many researchers to
illustrate such behavior.

These systems include mechanical as well as electrical systems with nonlinear resto-
ring force characteristics. Therefore, a number of theoretical and engineering problems
naturally arise in which determining the parameters of these vibrations becomes crucial.
Typically, determining the parameters of a dynamic system does not allow for direct
measurement of their values. Instead, they are filtered through the dynamic system and
must be reconstructed based on its response. In principle, the least-squares method,
Fourier analysis, and the Laplace transform offer potential solutions for such problems.
However, these methods may prove unsuitable, for example, for control algorithms with
real-time data processing. In this regard, works have appeared that use observers to
determine the parameters of oscillations (see, for example [2]).

One of the objectives of this article is to use the method of invariant relations
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in the problem of parameters observation of mechanical systems. This method was
developed [3] in analytical mechanics and was intended, in particular, to find particular
solutions (dependencies between variables) in problems of the dynamics of a rigid
body with a fixed point. Its modification to problems in observation and identification
theory allowed for the synthesis of additional connections between known and unknown
quantities of the original system that arise on the trajectories of its extended dynamic
model [4,5]. The given approach turned out to be effective in the problems of observation,
parameter estimation and determination of external influence for the van der Pol,
Duffing, Liénard oscillator models [6, §].

It is worth noting that a more general approach than the method of invariant ratios
to observation problems was proposed in the works [10,11] as some modification of the
method of stabilization of nonlinear systems I&I (Input and Invariance).

2. The method of invariant relations in the problem of determining the
Duffing equation coefficients.

The Duffing equation can be seen as describing the oscillations of a mass attached
to a nonlinear spring and a linear damper:

E(t) + 02(t) + ax(t) + Bx(t)® = 0. (1)

Here, x(t) — is the displacement of the mass point from the origin of coordinates; (t)
is the velocity of this displacement. The term §#(¢)) and function az(t) + Bz(t)® in
the equation describe, respectively, the law of dissipation and restoring forces. It is
assumed that (1) simulates the process of permanent oscillations of a real object and
its solution are correctly defined functions z(t), () within [0, c0). Next, the property of
boundedness of solutions will be used. Let us show that the phase vector of the system
is bounded and its values belong Vt > 0 to a certain finite region (x(t), #(t)) € S, C R?.
Indeed, multiplying (1) by @(t) we get

@(t) [E(t) + 62 (t) + ax(t) + Bz(t)*] = 0.
From this equality it follows that

d 1l o 1 2 1 4l cain2
7 |33 + gax(t)” + 202(8)"| = —di(t)”.

Then by Lyapunov function method the functions x(t), #(¢) are bounded when § > 0.
Let us rewrite the original equation (1) in the form of a second-order system in a
state space representation. Denote

and as a result we get:
i’l(t) = I‘Q(t), ig(t) = —51‘2(t) — Oz:El(t) — ﬁ:l/‘l(t)3. (2)
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We will assume that the output of the system is the phase vector z1(t),z2(t),
measured during oscillations, i.e. known as a function of time. The coefficients §, o, 8
are unknown and must be determined from data on the movement of the oscillator.

Now let us briefly outline the method of invariant relations we propose. The main
idea is to obtain additional relations for the unknowns based on the data about motion
of the system. Such information is the output x;(¢), x2(¢) and those quantities that can
only be obtained from the output. In particular, based on the number of unknowns, we
introduce into consideration the vector y = (y1, y2,y3)” , which we define as the solution
of the Cauchy problem for some, not yet defined, system of differential equations and
the initial conditions for its trajectory:

§(t) = Ulz1(t), 22(1),y(t), y(0) € R°. (3)

Further we will consider the system (3) as a kind of dynamic extension of the original
system (2).

The idea of the method of invariant relations is to determine additional connections
H(x1,22,y,0,a, ) = 0 that arise between known values x1(t), z2(t), y(¢) and unknowns
0, a, B on some trajectories of the extended system of differential equations (2), (3). In
this case, the selection of the appropriate function U(z1,x2,y) must ensure that the

following conditions are met:
k2H (@122, 00,8) _ 5.
9(5,01,3) o

(ii) the invariant manifold {(x1,z2,y) € R® : H(z1,72,y,d,a, B) = 0} corresponding
to these additional equalities has the property of global attraction for any solutions of
the extended system. In other words, on any trajectories of the differential equations

(2), (3)

(i) ran

i ([ H (1 (1), (), y(0). 8,00, 8)]| = 0.

This method is further used to solve the

Problem. Find asymptotically accurate estimates of the coefficients 9, o, 5 based
on the output data about phase vector x1(t), z2(t) of the system (2).

3. Derivation of a family of invariant relations.
To satisfy property (i), we will look for additional relations on the trajectories of
the system of differential equations (2), (3) in the form:

§ = Wy(z1(t), 22(t)) + 11(2),
a = Vy(x1(t), 22(t)) + y2(t), (4)
B = Ws(z1(t), z2(t)) + ys(t).

Similar to the right side U(z1, z2,y) of the differential equations (3), the functions

U,(x1,x2),i = 1,3 are still undefined. Tt is assumed that these functions are continuously
differentiable with respect to their arguments. Let us also introduce into consideration
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the vector € = (£1,€2,e3)7 that characterize deviations from relations (4):

1 =0 — Wi(a1(t), x2(t)) — w1(D),
E9g = — \Ilg(xl(t),a:g(t)) — yg(t), (5)
e3 = 0 — Ws(x1(t), 22(t)) — ys(t).

If the equalities £1(t) = e2(t) = e3(t) = 0 holds on some trajectories of the extended
system for certain functions U(z1,x2,y), V;(x1,x2), then the relations (4) become
invariant and determine coefficients J, o, 8 on these trajectories. Non-zero deviations
ei(t),i = 1,3 appear on other trajectories.

Consider formulas (5) as a substitution of parameters d,a, 8 in the equation of
original system (2). Then equalities 5= 0,a =0, B = 0 are transformed into differential

/ a()

relations (here (.); means the partial derivative %)

Yi + € = —\I’igcll‘z — \Ifi;,2u, 1=1,3, (6)
where

u=—(U1 4y +e1)r2 — (Vo +y2 +e2)a1 — (U3 + y3 + £3) 2.

Let us define the structure of the additional system of differential equations (3).
At the first step of the proposed approach to determine the function U(xy,z2,y). We
select from the previous equalities all terms that do not depend on deviations €. As a
result we get

yi = —\Ifi/l,lxg — \I/Z'QCQ’U = 1,3, (7)

where
v = —(\Ifl + yl):cg — (\112 + y2>$1 — (\113 + yg)x‘f.

In accordance with this choice, we have that if y;(¢),i = 1,3 are any functions that
satisfy (7), then the terms remaining in ratios (6) form the linear homogeneous differential
equations with respect to deviations €;(t)

& = —\1’1;2 (1'261 —+ x1€2 + {L‘?€3), 1 =1,3. (8)

System (8) has the trivial solution €;(t) = e2(t) = e3(t) = 0. So, we have obtained
a family of additional systems (7), depending on arbitrary functions ¥;(z1,z2),i = 1,3
and their derivatives. Thus, the following lemma is proved.

Lemma. For any functions V;(x1,22),i = 1,3 differentiable with respect to their
arguments the corresponding system (2),(7) on some trajectories turns the equalities
(4) into invariant relations, from which the parameters 0, c, 8 can be directly found.

4. Stabilization of Deviations.

We do not know on which trajectories of the system of differential equations (2),
(7) the relations (4) become invariant. Therefore, it is natural to consider the problem
of choosing functions W;(x1,z2), i = 1,3 in such a way that deviations in formulas
(5) tend to zero. In other words, the trivial solution of equations (8) should become
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globally asymptotically stable. The second stage of the proposed method is related
to solving this problem. There are several approaches to stabilize non-autonomous
systems (see [12,13]). At this stage, we assume that the appropriate method is selected
depending on the analytical form of the original dynamic system.

To stabilize trivial solution of the system (8) we use partial derivatives ¥,/ ,i =1,3
of uncertain functions as a control. The purpose of control is to fulfill the condition

3
li 2(t)=0.
Jim > &5 (t) =0 (9)
i=1
Let us consider the positive definite function V' = %Zg’zl e2(t) and write its
derivative with respect to system (8):
V= —(\111;6251 + ‘1’2;282 + \1’3;253)(1,‘251 + x169 + l’?ég).

Let us choose the remaining undefined functions by setting:

x2

Uy (21, 22) = >\52, Uy (21,22) = Az172, U3(21,72) = Aias, (10)

where A is a positive constant. Under such functions, the derivative
V= —XN(xoe1 + w182 + xi’sg)z <0.

That is, the function V' becomes a Lyapunov function with a negative semidefinite
derivative. In this case, the zero solution of the equations in deviations is uniformly
stable. Let us show that it is asymptotically stable. To do this, we will use the LaSalle’s
invariance principle [14] for autonomous systems.

Taking into account (10), this system has the form

€1 = —Am2(m2e1 + 7162 + Tie3),
€y = —Awy (2261 + 2162 + Tie3), (11)
€3 = —)\x?(xga + 2182 + xi’eg).

Proposition 1. If the functions V;(x1,z3),7 = 1,3 are chosen according to formulas
(10), then the trivial solution of the system of differential equations for the deviations
(8) is globally exponentially stable.

Proof. The phase vector of system (2),(11) is (x1,72,€1,€2,63) € Sy xS = Q C R®,

where
3

3
Se ={(e1,60,63) : > _ef(t) <> _el(0)}
1

=1

is a ball in R? Thus, the set S, x S. = Q is compact and positive invariant to (11).

134



Let E be the set of all points (z1,x2, 1, €2,£3) where the derivative of the Lyapunov
function is identically equal to zero:

V = )\(16261 + x169 + ZE?63)2 =0.

It is clear that the set M = {(x1(t),z2(t).e1 = 0,60 = 0,e3 = 0),Vt > 0} is invariant
in E. If M is the largest invariant set, then according to LaSalle’s invariant principle
all solutions with initial values in E tend to M, i.e. condition (9) is satisfied.

Let us show that M is the largest invariant set in E. To this end, let us assume
the opposite, i.e., the set E contains trajectories with non-zero deviations &;(t). From
the differential equations (11) it follows that these non-zero deviations are constant
ei(t) = ef,i=1,3. Hence, our assumption leads to the existence of the relation

zo(t)e} + x1(t)eh + z1(t)%e; = 0.

It is easy to check that the last relation is not a first integral of the system (2) for
any constants €f,i = 1,3. The resulting contradiction proves the statement that the
set M is the largest invariant set in E, and therefore, according to LaSalle’s invariant
principle, conditions (9) are satisfied. Hence, the Proposition 1 is proved

5. Final evaluation of unknowns.

In the proposed algorithm, all degrees of freedom have been fixed. Specifically, the
structure of additional differential equations is defined by equation (7). The choice of
functions W;(rq,x2), ¢ = 1,3 according to formulas (10) determines the final form of
these equations:

U1 = Azaw, 2 = M(—x2 + z1w), ¥3 = A(3xize — 2iw), (12)

where
2

xT
w = ()\?2 + y1)I2 + ()\xl.’m + y2)£1 + ()\1‘?332 + yg)x‘;’

According to this scheme, the terms in formulas (5) become known and the deviations
g;(t) asymptotically tend to zero, which allows us to directly obtain asymptotic estimates
of the parameters 6, o, 8. Thus, the statement formulated below has been proved.

Proposition 2. The formulas

+yit), & =Az1(t) +32(t), B=Aw1(t)>z2(t) + ys(t), (13)

where y(t) = (y1(t),y2(t),y3(t))T are the solutions of any Cauchy problem for system
of differential equations (12) give asymptotic estimates of the coefficients 9§, «, 5.
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H.B. 2KoroaeBa, B.®. ITlepbak

AcumniToTrdHa OIiHKa napamMerpiB ocuuiiatopa Jdyddinra.

Bimomo, mo HesiHIfHIN KOJIMBAIBHUN PYX CKJIQIHAX CHCTEM MOXKe OyTH NpuOIM3HO IIPOMOIEIHOBAHO
PYXOM CUCTEMU, KA CKJIATAETHCS 3 OHOTO ab0 JEKITHKOX OB SI3aHUX MiXK CODOI0 OCIIMIATOPIB. 3 Iiel
MIPUYUHA OCITU/ISITOPU IMUPOKO BUBYAIOTHCH SK CITOCIO MOIETIOBAHHS, aHA3y ab0 HABITH KOHTPOJIIO
y pi3umx cdepax, TaKUX SK €JEeKTPOHIKA, KEPYBAHHS, MeIUKO-0i0JIOTIdHI JOCITIKEeHHs, Te0JIoTis Ta
in. IIpupoanpo, M0 Ipy IHOMY HA MPAKTUIN BUHUKAIOTH MPOOIeMH BU3HAYEHHS CTAHY Ta IapaMeTpiB
TaKUX MOJeJIeil 33 pe3y/JIbTaTaM¥ BHMIDIOBAHHS BUXIJHWX CUTHAIIB y pexkuMmi peasibHOoro dacy. On-
Hy 3 Takux mpobJseM, a came mpobseMmy Bu3HaUeHHs KOe€dimieHTiB piBHsAHHSA ocumisTopa lyddinra
PO3IJIAHYTO y Iiil cTarTi. lle piBHAHHA HEMOHCTpPYe HNIMPOKUII CHOEKTD NOBEIIHKH BiIOMUX MOJeJIel
Ta BUKOPHUCTOBYETHCA OAararbMa JOC/IHUKAMHU I imocTpamii ocobsmBocTeil muaHamikm 06’ekra. Li
MOZeJIi BK/IIOYAIOTh MEXaHidHi, & TAaKOXK eJIeKTPUYHI CHCTEMHU 3 HeJIHINHNMHI XapaKTePUCTUKAMU Bil-
HOBJIIOBaJIbHOI cuyn. ToMy HPUPONHBO BUHMKAE HU3KA TEOPETHYHUX Ta IHXKEHEPHUX HPODJeM, y SKUX
BU3HAUEHHS [1aPAMETPIiB X KOJIMBAHb CTA€ BUpiMmaabHuM. K IpaBusIo, BU3HAUEHHS IapaMeTpiB au-

HaMIYHOI CHCTEMU He JT03BOJISIE OE3TOCEePeIHO BUMIPSATH iX 3HaUYeHHs. HaToMicTh BOHM (DiIbTPYIOTHCS
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HafiMeHINX KBaapaTiB, anam3 Pyp’e Tta meperBopenHs Jlamraca MpOMOHYIOTH MTOTEHINHHI PillleHHs
mis rakux 3agad. OgHAK [ METOAM MOXKYTh BHUSBUTHUCH HENPUIATHUMU, HAIPUKJIAL, JJid OHJIANH
QJIrOpUTMIB KepyBaHHS 3 00pOOKOIO JaHWX y peasabHOMY daci. B poboTi 3ampomonoBana cxema BU3HA-
YeHHs ACHMIITOTHYIHUX OIIHOK WX HEBIJOMEX 33 JaHUMU IIPO PyX ocrmiiaTopa. llpu mpomy ommiero 3
mijieil miel cTaTTi € BUKOPUCTAHHS METOy iHBapiaHTHWX CIIBBIIHONIEHH Yy 3aJa9i OHJIANH BU3HAYEHHS
napamerpis KosmBaabauX cucreM. Lleit meron 6yB po3pobuienuti [3] B anamiTuaniii mexanini ta 6ys npu-
3HAYEHUH, 30KpeMa, JIf 3HAXOPKEHHS JaCTUHHUX pilleHb (3aJ1e:KHOCTEH MiXK 3MIHHUMM) y 3aa9ax
JUHAMIKH TBEPIOTO TLIa 3 HEPYXOMOIO TOYKOIO. HMoro momudikanis s 3a1a4 Teopii ciocrepezxents
Ta imenTudikarmii 703BOIMIA CHHTE3YBATH J0ATKOBI 3B’SI3KM MiXK BiJJOMHMHU Ta HEBIIOMUMU BeJIH-
YMHAMY BUXIJHOI CHCTEMH, [0 BUHUKAIOTH HA TPAEKTODiAX i posmmupeHoi muHamivHOl Mozmesni [4, 5].
Sa3navenunii miaxis BugBUBCA €PEKTUBHUM Y 33/1a9aX CIOCTEPEXKEHHs, OIIHKYU MapaMeTpiB Ta BU3HA-
YeHHs 30BHIIIHBOTO BIUIUBY /I Mozeseil ocuunsitopis Ban-nep-Tlosst, Jaddirra, Jlienapa [6, §].
Keywords: idenmugixayin napamempis, ocyusamop Japdinea, ineapianmmni cnie6ionowenH, acumn-

MOTUYHE OUIHKY.
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