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In the article, a series of theorems has been obtained that establishes conditions for the existence of
regular solutions to the Dirichlet problem for quasilinear generalized Cauchy�Riemann equations with
continuous boundary data in arbitrary bounded simply connected domains of the complex plane. Such
equations model compressible �uids steady �ows in anisotropic and inhomogeneous media.
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1. Introduction.

As it is well-known, the characteristic property of an analytic function f = u+i v in
the complex plane C is that its real and imaginary parts satisfy the Cauchy-Riemann
system

∂u

∂x
=

∂v

∂y
,

∂u

∂y
= − ∂v

∂x
, z = x+ i y . (1)

Euler was the �rst who has found the connection of the system (1) to the analytic
functions. A physical interpretation of (1), going back to Riemann works on function
theory, is that u represents a potential function of incompressible �uid steady �ows
in homogeneous isotropic media and v is its stream function.

This system can be written as the one equation in the matrix form

∇ v = H ∇u , (2)

where ∇ v and ∇u denotes the gradient of v and u, correspondingly, interpreted as
vector-columns in R2, and H : R2 → R2 is the so-called Hodge operator represented
as the 2× 2 matrix

H :=

[
0 −1
1 0

]
, (3)

which carries out the counterclockwise rotation of vector columns by the angle π/2 in
the real plane R2. Thus, (2) shows that streamlines and equipotential lines of the �uid
�ow are mutually orthogonal. Note also that H is an analog of the imaginary unit in
the space M2×2 of all 2× 2 matrices with real entries because

H2 := − I , (4)

where I is the unit 2× 2 matrix.
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On Dirichlet problem for quasilinear generalized Cauchy�Riemann equations

In works [1] and [2], it was studied generalized Cauchy�Riemann equations:

∇ v = B ∇u (5)

with matrix valued coe�cients B : D →M2×2 that describe incompressible �uid steady
�ows in anisotropic and inhomogeneous media. On the basis of the well developed
theory of the Beltrami equations, see e.g. monographs [3]� [8] and articles [9]� [11], in
particular, it was given there the corresponding consequences for the Dirichlet problem
with continuous data to these equations.

The Dirichlet problem for a generalized Cauchy-Riemann equation (5) was to
�nd its solutions (u, v) with prescribed continuous date φ : ∂D → R of the potential
function u at the boundary

lim
z→ζ

u(z) = φ(ζ) ∀ ζ ∈ ∂D (6)

in arbitrary bounded simply connected domains D in R2.
Given a simply connected domain D in R2, it is said that a pair (u, v) of continuous

functions u : D → R and v : D → R in the class W 1,1
loc is a regular solution of

the Dirichlet problem (6) for the generalized Cauchy�Riemann equation (5) in D
if (u, v) satis�es (5) a.e. in D and, moreover, ∇u ̸= 0 and ∇ v ̸= 0 a.e. in D, and the
correspondence (x, y) 7→ (u, v) is a discrete and open mapping of D into R2.

Recall that a mapping of a domainD in R2 into R2 is called discrete if the preimage
of each point in R2 under the mapping consists of isolated points in D and open if the
mapping maps every open set in D onto an open set in R2.

In the following exposition, attention will be focused on quasilinear generalized
Cauchy�Riemann equations of the form

∇ v = a(u)B ∇u , (7)

where B : D → B2×2 is a matrix-valued coe�cient, and a : R → [0,∞] is a real-valued
coe�cient depending on u.

Such equations model compressible �uids steady �ows in anisotropic and inhomo-
geneous media. The Dirichlet boundary condition for the equation (7) and its regular
solutions are de�ned in the same way as above.

It is necessary to note that quasilinear generalized Cauchy�Riemann equations are
closely related to quasilinear Beltrami equationns, see e.g. monograph [4] and article
[12].

Recall also that a function g : R → R is called a quasi-isometry if

L−1|t1 − t2| ⩽ |g(t1)− g(t2)| ⩽ L|t1 − t2|

for some L ∈ [1,∞) and for all t1 and t2 ∈ R.
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2. Preliminaries.

Let us denote by B2×2 space of all 2× 2 matrices with real entries,

B =

(
b11 b12
b21 b22

)
, (8)

with detB = 1, antisymmetric with respect to its auxiliary diagonal, i.e., with b22 =
−b11, and with the ellipticity condition |µ| < 1, where

µ = µB :=
b12 + b21 − 2 i b11
b12 − b21 − 2

. (9)

Note that, under the above conditions detB = 1 and b22 = −b11, the ellipticity
condition |µ|2 < 1 is equivalent to the condition b21 > b12 and, furthermore, to the
conditions b12 < 0 and b21 > 0.

The quantity (9) is called a complex characteristic of (5). Criteria of solvability
of the equation (5) in [1] and [2], were formulated in terms of its dilatation quotient

KµB :=
1 + |µB|
1− |µB|

. (10)

Hereafter dL(Z) corresponds to the Lebesgue measure in R2 with the notation
Z := (x, y) ∈ R2.

Let us formulate the following lemma on the existence of regular solutions to the
Dirichlet problem for generalized Cauchy�Riemann equations, which is a consequence
of Lemma 4.1 in [1]. Here and later on we assume that KµB is extended by1 outside D.

Lemma 1. Let D be a bounded simply connected domain in R2, let B : D → B2×2 be

a measurable function in D and µ = µB be given by the formula (9) with KµB ∈ L1(D).
Suppose also that∫

ε<|z−z0|<ε0

KµB (z) · ψ
2
z0,ε(|z − z0|) dL(z) = o(I2z0(ε)) ∀ z0 ∈ D (11)

as ε→ 0 for ε0 = ε(z0) > 0 and a family of measurable functions ψz0,ε : (0, ε0) → (0,∞)
such that

Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt <∞ ∀ ε ∈ (0, ε0) . (12)

Then the generalized Cauchy-Riemann equation (5) has a regular solution (u, v) of the
Dirichlet problem (6) in D for each continuous inconstant boundary date φ : ∂D → R.

3. The main lemma.

The lemma below concerns the existence of regular solutions to the Dirichlet problem
(6) for quasilinear generalized Cauchy�Riemann equations (7).
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Lemma 2. Let D be a bounded simply connected domain in R2, B : D → B2×2 be

a measurable function in D, µ = µB be given by formula (9) with KµB ∈ L1(D) and

a : R → [L−1, L], L ∈ [1,∞), be a measurable function. Suppose also that∫
ε<|z−z0|<ε0

KµB (z) · ψ
2
z0,ε(|z − z0|) dL(z) = o(I2z0(ε)) ∀ z0 ∈ D (13)

as ε→ 0 for ε0 = ε(z0) > 0 and a family of measurable functions ψz0,ε : (0, ε0) → (0,∞)
such that

Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt <∞ ∀ ε ∈ (0, ε0) . (14)

Then quasilinear generalized Cauchy�Riemann equation (7) has a regular solution

(u, v) of the Dirichlet problem (6) in D for each continuous inconstant date φ : ∂D → R.
Proof. Indeed, to transform equation (7), we perform the following substitution:

ũ = Ψa(u) , ṽ = v ,

where

Ψa(t) :=

t∫
0

a(s) ds ,

and set

φ̃(ζ) := Ψa(φ(ζ)) ∀ζ ∈ ∂D .

Note that a ∈ L∞
loc(R) is locally integrable. Consequently, the function Ψa(t) is

absolutely continuous, and, by the Lebesgue theorem on the di�erentiation of the
inde�nite integral, see e.g. Theorem IV(6.3) in [13], we have that

Ψ′
a(t) = a(t) a.e. (15)

Moreover, since a : D → [L−1, L], we obtain the following two-sided estimate:

L−1 |t2 − t1| ⩽ |Ψa(t2)−Ψa(t1)| ⩽ L |t2 − t1| ∀ t1, t2 ∈ R ,

i.e., Ψa is a quasi-isometry. In particular, the latter means that Ψa is a homeomorphic
mapping of R onto R.

Hence the transformation

T : (u, v) → (ũ, ṽ) := (Ψa(u), v)

is also a quasi-isometry and, consequently, it is also a homeomorphism but of R2 onto
R2. Moreover, by the construction T translates functions of the Sobolev classW 1,1

loc into

itself and vice versa, i.e., (ũ, ṽ) ∈W 1,1
loc if and only if (u, v) ∈W 1,1

loc .
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In addition, taking into account equality (15), we have that

∇ũ = a(u)∇u and ∇ṽ = ∇v .

Then, after this change of functions, the quasilinear generalized Cauchy-Riemann equa-
tion (7) with the Dirichlet boundary condition (6) is equivalent to the linear generalized
Cauchy-Riemann equation

∇ ṽ = B∇ũ (16)

with the Dirichlet boundary condition

lim
z→ζ

ũ(z) = φ̃(ζ) := Ψa(φ(ζ)) ∀ ζ ∈ ∂D . (17)

Now, by Lemma 1, the generalized Cauchy-Riemann equation (16) admits a regular
solution (ũ, ṽ) to the Dirichlet problem (17). Thus, by the equivalence of the two
Dirichlet problems established above, it follows that a regular solution to the Dirichlet
problem (6) for equation (5) exists that completes the proof of Lemma 2. □

4. Criteria in terms of BMO, FMO and VMO.

Recall �rst of all that a real-valued function Φ in a domain D of R2 is called of
bounded mean oscillation in D, abbr. Φ ∈ BMO(D), if

∥Φ∥∗ := sup
B

1

|B|

∫
B

|Φ(Z)− ΦB| dL(Z) <∞ , (18)

where Φ ∈ L1
loc(D), the supremum is taken over all discs B in D and

ΦB :=
1

|B|

∫
B

Φ(Z) dL(Z) .

We also write Φ ∈ BMO(D) if Φ∗ ∈ BMO(D∗) for some extension Φ∗ of the function
Φ into a domain D∗ containing D.

The class BMO was introduced by John and Nirenberg (1961) in the paper [17] and
soon became an important concept in harmonic analysis, partial di�erential equations
and related areas, see e.g. monographs [15] and [18].

Following [16], we say that a locally integrable function Φ : D → R has �nite
mean oscillation at a point Z0 ∈ D, abbr. Φ ∈ FMO(Z0), if

lim
ε→0

−
∫
B(Z0,ε)

|Φ(Z)− Φ̃ε(Z0)| dL(Z) <∞ , (19)

where

Φ̃ε(Z0) = −
∫
B(Z0,ε)

Φ(Z) dL(Z) (20)

is the mean integral value of the function Φ(Z) over disk B(Z0, ε) := {Z ∈ R2 :
|Z − Z0| < ε}.
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Further we always assume by de�nition that KµB ≡ 1 outside D.
Choosing ψz0,ε(t) = 1/(t log(1/t)) in Lemma 2, we obtain by Lemma 11.1 in [8] the

following result with the FMO type criterion.
Theorem 1. Let D be a bounded simply connected domain in R2 and B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) and a : R → [L−1, L],
L ∈ [1,∞), be a measurable function. Suppose also that KµB (Z) ⩽ QZ0(Z) a.e. in UZ0

for every point Z0 ∈ D, a neighborhood UZ0 of Z0 and a function QZ0 : UZ0 → [0,∞] in
the class FMO(Z0). Then quasilinear generalized Cauchy�Riemann equation (7) has a

regular solution (u, v) of the Dirichlet problem (6) in D for each continuous inconstant

boundary data φ : ∂D → R.
Corollary 1. In particular, if

lim
ε→0

−
∫
B(Z0,ε)

KµB (Z) dL(Z) <∞ ∀ Z0 ∈ D , (21)

then the conclusion of Theorem 1 holds.

Corollary 2. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) and a : R → [L−1, L],
L ∈ [1,∞), be a measurable function. Suppose also that KµB (z) ⩽ Q(z) a.e. in D where

Q is a function of the class FMO(D). Then the conclusion holds.

Theorem 2. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) and a : R → [L−1, L],
L ∈ [1,∞), be a measurable function. Suppose also that KµB has a dominant Q : R2 →
[1,∞) in the class BMO(D). Then quasilinear generalized Cauchy�Riemann equation

(7) has a regular solution (u, v) of the Dirichlet problem (6) in D for each continuous

inconstant boundary data φ : ∂D → R.
A function Φ in BMO is said to have vanishing mean oscillation, abbr. Φ ∈

VMO, if the supremum in (18) taken over all balls B in D with |B| < ε converges
to 0 as ε → 0. VMO has been introduced by Sarason in [19]. There are a number of
papers devoted to the study of PDEs with coe�cients of the class VMO. Note that
W 1,2 (D) ⊂ VMO(D) , see e.g. [14].

Corollary 3. In particular, the conclusion of Theorem 1 on existence of a regular

solution for the Dirichlet problem (6) to quasilinear generalized Cauchy�Riemann equation

(7) holds if the dominant Q of KµB belongs to the class W 1,2(D).
5. Criteria of the Calderon�Zygmund type.

Choosing in Lemma 2 the functional parameter ψz0,ε(t) = 1/t, we come to the next
statement with the Calderon�Zygmund type criterion.

Theorem 3. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) with KµB ∈ L1(D) and
a : R → [L−1, L], L ∈ [1,∞), be a measurable function. Suppose also that∫

ε<|Z−Z0|<ε0

KµB (Z)
dL(Z)

|Z − Z0|2
= o

([
log

1

ε

]2)
∀ Z0 ∈ D (22)
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as ε → 0 for some ε0 = ε(Z0) > 0. Then quasilinear generalized Cauchy�Riemann

equation (7) has a regular solution (u, v) of the Dirichlet problem (6) in D for each

continuous inconstant boundary data φ : ∂D → R.
Remark 1. We are also able here to replace (22) by∫

ε<|Z−Z0|<ε0

KµB (Z) dL(Z)(
|Z − Z0| log 1

|Z−Z0|

)2 = o

([
log log

1

ε

]2)
(23)

In general, we are able to give here the whole scale of the corresponding conditions
in terms of iterated logarithms, i.e., in terms of functions of the form 1/(t log 1/t ·
log log 1/t · . . . · log . . . log 1/t).

6. Criteria of the Lehto type.

Further kµB (Z0, r) denotes the integral mean of KµB (Z) over the circle S(Z0, r) :=
{Z ∈ R2 : |Z − Z0| = r}.

Choosing in Lemma 2 the functional parameter ψz0(t) := 1/[tkµB (Z0, t)], we obtain
the Lehto type criterion.

Theorem 4. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) with KµB ∈ L1(D) and
a : R → [L−1, L], L ∈ [1,∞), be a measurable function. Suppose also that for some

ε0 = ε(Z0) > 0,
ε0∫
0

dr

rkµB (Z0, r)
= ∞ ∀ Z0 ∈ D . (24)

Then quasilinear generalized Cauchy-Riemann equation (7) has a regular solution (u, v)
of the Dirichlet problem (6) in D for each continuous inconstant boundary data φ :
∂D → R.

Corollary 4. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) with KµB ∈ L1(D) and
a : R → [L−1, L], L ∈ [1,∞), be a measurable function. Suppose also that

kµB (Z0, ε) = O

(
log

1

ε

)
as ε→ 0 ∀ Z0 ∈ D . (25)

Then the conclusion of Theorem 4 holds.

Remark 2. In particular, the conclusion of Theorem 4 holds if

KµB (Z) = O

(
log

1

|Z − Z0|

)
as Z → Z0 ∀ Z0 ∈ D . (26)

Moreover, the condition (25) can be replaced by the whole series of more weak conditions

kµB (Z0, ε) = O

([
log

1

ε
· log log 1

ε
· . . . · log . . . log 1

ε

])
∀ Z0 ∈ D . (27)
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7. Criteria of the Orlicz type.

By combining Theorem 4 with Theorems 2.4 and 2.3 from [6], we obtain the
following result.

Theorem 5. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) and a : R → [L−1, L],
L ∈ [1,∞), be a measurable function. Suppose also that∫

D

Φ (KµB (Z)) dL(Z) < ∞ (28)

for a convex non-decreasing function Φ : [0,∞] → [0,∞] such that, for some ∆ > 0,

∞∫
∆

log Φ(t)
dt

t2
= +∞ . (29)

Then quasilinear generalized Cauchy-Riemann equation (7) has a regular solution (u, v)
of the Dirichlet problem (6) in D for each continuous inconstant boundary data φ :
∂D → R.

Remark 3. Note that the condition (29) is not only su�cient but also necessary to
have regular solutions (u, v) of the Dirichlet problem (6) in D to quasilinear generalized
Cauchy-Riemann equation (7) with the integral constraints (28) for all continuous
inconstant data φ : ∂D → R.

Corollary 5. Let D be a bounded simply connected domain in R2, B : D → B2×2

be a measurable function in D, µ = µB be given by formula (9) and a : R → [L−1, L],
L ∈ [1,∞), be a measurable function. Suppose also that for λ > 0,∫

D

exp (λKµB (Z)) dL(Z) < ∞ . (30)

Then the conclusion of Theorem 5 holds.
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À. Ñàëiìîâ

Ïðî çàäà÷ó Äiðiõëå äëÿ êâàçiëiíiéíèõ óçàãàëüíåíèõ ðiâíÿíü Êîøi�Ðiìàíà.

Ó ñòàòòi äîñëiäæó¹òüñÿ çàäà÷à Äiðiõëå ç íåïåðåðâíèìè ãðàíè÷íèìè äàíèìè äëÿ êâàçiëiíiéíèõ

óçàãàëüíåíèõ ðiâíÿíü Êîøi � Ðiìàíà ç ìàòðè÷íèìè êîåôiöi¹íòàìè, ÿêi ïîâ'ÿçóþòü ôóíêöiþ ïî-

òåíöiàëó i ôóíêöiþ ïîòîêó i ìîäåëþþòü ñòàöiîíàðíi ïîòîêè ñòèñëèâèõ ðiäèí â àíiçîòðîïíèõ i

íåîäíîðiäíèõ ñåðåäîâèùàõ. Ó ñòàòòi îòðèìàíî ðÿä åôåêòèâíèõ iíòåãðàëüíèõ êðèòåði¨â iñíóâàííÿ

ðåãóëÿðíèõ ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå ç íåïåðåðâíèìè ãðàíè÷íèìè äàíèìè ïîòåíöiàëó â äîâiëü-

íèõ îáìåæåíèõ îäíîçâ'ÿçíèõ îáëàñòÿõ. Çàïðîïîíîâàíi êðèòåði¨ äîçâîëÿþòü âñòàíîâèòè äîñòàòíi

óìîâè ðåãóëÿðíî¨ ðîçâ'ÿçíîñòi çàäà÷i äëÿ øèðîêîãî êëàñó òàêèõ ðiâíÿíü.

Êëþ÷îâi ñëîâà: ñèñòåìà Êîøi�Ðiìàíà, óçàãàëüíåíå ðiâíÿííÿ Êîøi�Ðiìàíà, çàäà÷à Äiðiõëå.
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