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GENERALIZED CAUCHY-RIEMANN EQUATIONS

In the article, a series of theorems has been obtained that establishes conditions for the existence of
regular solutions to the Dirichlet problem for quasilinear generalized Cauchy—Riemann equations with
continuous boundary data in arbitrary bounded simply connected domains of the complex plane. Such
equations model compressible fluids steady flows in anisotropic and inhomogeneous media.
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1. Introduction.
As it is well-known, the characteristic property of an analytic function f = u+iv in
the complex plane C is that its real and imaginary parts satisfy the Cauchy-Riemann

system
ou ov ou ov

Ox oy’ Oy ox’ Y (1)
Euler was the first who has found the connection of the system (1) to the analytic
functions. A physical interpretation of (1), going back to Riemann works on function
theory, is that u represents a potential function of incompressible fluid steady flows
in homogeneous isotropic media and v is its stream function.

This system can be written as the one equation in the matrix form
Vv = HVu, (2)

where Vv and V u denotes the gradient of v and u, correspondingly, interpreted as
vector-columns in R?, and H : R? — R? is the so-called Hodge operator represented
as the 2 x 2 matrix

ne 1] ®

which carries out the counterclockwise rotation of vector columns by the angle 7/2 in
the real plane R2. Thus, (2) shows that streamlines and equipotential lines of the fluid
flow are mutually orthogonal. Note also that H is an analog of the imaginary unit in
the space M2*2 of all 2 x 2 matrices with real entries because

H? = —1T, (4)

where I is the unit 2 X 2 matrix.
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On Dirichlet problem for quasilinear generalized Cauchy-Riemann equations

In works [1] and [2], it was studied generalized Cauchy—-Riemann equations:
Vv = BVu (5)

with matrix valued coefficients B : D — M?*? that describe incompressible fluid steady
flows in anisotropic and inhomogeneous media. On the basis of the well developed
theory of the Beltrami equations, see e.g. monographs [3]- [8] and articles [9]- [11], in
particular, it was given there the corresponding consequences for the Dirichlet problem
with continuous data to these equations.

The Dirichlet problem for a generalized Cauchy-Riemann equation (5) was to
find its solutions (u,v) with prescribed continuous date ¢ : 9D — R of the potential
function v at the boundary

lim u(z) = ¢(() vV ({edD (6)

z—(C

in arbitrary bounded simply connected domains D in R?.

Given a simply connected domain D in R? it is said that a pair (u,v) of continuous
functions v : D — R and v : D — R in the class Wlicl is a regular solution of
the Dirichlet problem (6) for the generalized Cauchy-Riemann equation (5) in D
if (u,v) satisfies (5) a.e. in D and, moreover, Vu # 0 and Vv # 0 a.e. in D, and the
correspondence (x,y) + (u,v) is a discrete and open mapping of D into R2.

Recall that a mapping of a domain D in R? into R? is called discrete if the preimage
of each point in R? under the mapping consists of isolated points in D and open if the
mapping maps every open set in D onto an open set in R2.

In the following exposition, attention will be focused on quasilinear generalized
Cauchy-Riemann equations of the form

Vv = a(u)BVu, (7)

where B : D — B?*2 is a matrix-valued coefficient, and a : R — [0, 00] is a real-valued
coefficient depending on wu.

Such equations model compressible fluids steady flows in anisotropic and inhomo-
geneous media. The Dirichlet boundary condition for the equation (7) and its regular
solutions are defined in the same way as above.

It is necessary to note that quasilinear generalized Cauchy—Riemann equations are
closely related to quasilinear Beltrami equationns, see e.g. monograph [4] and article
[12].

Recall also that a function g : R — R is called a quasi-isometry if

L7t —to] < |g(t1) — g(t2)| < Lty — to

for some L € [1,00) and for all ¢; and t3 € R.
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2. Preliminaries.
Let us denote by B2*?2 space of all 2 x 2 matrices with real entries,

bi1 b1z )
B = ) 8
(bm ba2 ®)
with det B = 1, antisymmetric with respect to its auxiliary diagonal, i.e., with by =

—b11, and with the ellipticity condition |u| < 1, where

bia + b2 —24b13
bio — ba1 — 2

o= pp = (9)
Note that, under the above conditions det B = 1 and bys = —by1, the ellipticity
condition |M|2 < 1 is equivalent to the condition bs; > bio and, furthermore, to the
conditions b1y < 0 and bo; > 0.

The quantity (9) is called a complex characteristic of (5). Criteria of solvability
of the equation (5) in [1] and [2]|, were formulated in terms of its dilatation quotient

1+ |uBl

K = .
e 1 —|pg|

(10)

Hereafter dL(Z) corresponds to the Lebesgue measure in R? with the notation
Z = (v,y) € R%

Let us formulate the following lemma on the existence of regular solutions to the
Dirichlet problem for generalized Cauchy-Riemann equations, which is a consequence
of Lemma 4.1 in [1]. Here and later on we assume that K, is extended byl outside D.

Lemma 1. Let D be a bounded simply connected domain in R?, let B : D — B?*2 be
a measurable function in D and = pp be given by the formula (9) with K,,, € L'(D).

Suppose also that

Kyup(2) 0%, (12 = 20]) dL(2) = o(I5,(e)) Yz €D (11)
€<|Z—Zo|<80

ase — 0 foreg = (20) > 0 and a family of measurable functions ., . : (0,e0) — (0, 00)
such that

L(e): = /@O,E(t) dt <oo  Vee(0,e). (12)

Then the generalized Cauchy-Riemann equation (5) has a reqular solution (u,v) of the
Dirichlet problem (6) in D for each continuous inconstant boundary date ¢ : 0D — R.
3. The main lemma.
The lemma below concerns the existence of regular solutions to the Dirichlet problem
(6) for quasilinear generalized Cauchy-Riemann equations (7).
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Lemma 2. Let D be a bounded simply connected domain in R%, B : D — B?*? be
a measurable function in D, u = up be given by formula (9) with K,, € LY(D) and
a:R—[L7Y L], L €[1,00), be a measurable function. Suppose also that

/ Kpup(2) 9%, (12 = 20) dL(2) = o(I5,(€)) Y 20 € D (13)
e<|z—20|<e0

ase — 0 foreg = €(z0) > 0 and a family of measurable functions 1, ¢ : (0,e0) — (0, 00)
such that

I,(e): = /wz()ﬁ(t) dt < oo Vee(0,¢0). (14)

Then quasilinear generalized Cauchy—Riemann equation (7) has a regular solution
(u,v) of the Dirichlet problem (6) in D for each continuous inconstant date ¢ : 0D — R.

Proof. Indeed, to transform equation (7), we perform the following substitution:
u=V, (u) ) v=u,
where

Vo (t) = / als)ds .
0

and set
P(¢) == Walp(¢))  VCeID.

Note that a € LS (R) is locally integrable. Consequently, the function W,(t) is
absolutely continuous, and, by the Lebesgue theorem on the differentiation of the
indefinite integral, see e.g. Theorem IV(6.3) in [13], we have that

U (t) = a(t) a.e. (15)
Moreover, since a : D — [L™! L], we obtain the following two-sided estimate:
L7ty —t1] < |Wa(te) — Uu(ty)| < Lita —t1| Vi, ta €R,

i.e., U, is a quasi-isometry. In particular, the latter means that ¥, is a homeomorphic
mapping of R onto R.
Hence the transformation

T : (u,v) = (u,v) = (Yo(u),v)

is also a quasi-isometry and, consequently, it is also a homeomorphism but of R? onto
R2. Moreover, by the construction T translates functions of the Sobolev class Wlf)cl into
itself and vice versa, i.e., (u,v) € I/Vlicl if and only if (u,v) € I/Vlicl
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In addition, taking into account equality (15), we have that
Vi =a(u)Vu and Vv =Vu.

Then, after this change of functions, the quasilinear generalized Cauchy-Riemann equa-
tion (7) with the Dirichlet boundary condition (6) is equivalent to the linear generalized
Cauchy-Riemann equation

Vv =BVu (16)

with the Dirichlet boundary condition

lm(:) = 3(0) == Valelc) V(oD 1)

Now, by Lemma 1, the generalized Cauchy-Riemann equation (16) admits a regular
solution (u,v) to the Dirichlet problem (17). Thus, by the equivalence of the two
Dirichlet problems established above, it follows that a regular solution to the Dirichlet
problem (6) for equation (5) exists that completes the proof of Lemma 2. [J

4. Criteria in terms of BMO, FMO and VMO.

Recall first of all that a real-valued function ® in a domain D of R? is called of
bounded mean oscillation in D, abbr. ® € BMO(D), if

1
15 = sup / B(Z) — @] dL(Z) < oo, (18)
B |B] J

where ® € L{. (D), the supremum is taken over all discs B in D and

1
dp = WZQJ(Z)CZL(Z).

We also write ® € BMO(D) if ®, € BMO(D,) for some extension ®, of the function
® into a domain D, containing D.

The class BMO was introduced by John and Nirenberg (1961) in the paper [17] and
soon became an important concept in harmonic analysis, partial differential equations
and related areas, see e.g. monographs [15] and [18].

Following [16], we say that a locally integrable function ® : D — R has finite
mean oscillation at a point Zy € D, abbr. & € FMO(Z%)), if

lim |®(2) — ®=(Zo)| dL(Z) < o0, (19)
e—0 B(ZO,E)
where

.(20) = o L) (20)

is the mean integral value of the function ®(Z) over disk B(Zp,e) := {Z € R? :
|Z — Zo| < 6}.
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Further we always assume by definition that K,,, =1 outside D.

Choosing 1, -(t) = 1/(tlog(1/t)) in Lemma 2, we obtain by Lemma 11.1 in [8] the
following result with the FMO type criterion.

Theorem 1. Let D be a bounded simply connected domain in R? and B : D — B?*?
be a measurable function in D, = upg be given by formula (9) and a : R — [L™1 L],
L € [1,00), be a measurable function. Suppose also that K, ,(Z) < Qz,(Z) a.e. in Ug,
for every point Zy € D, a neighborhood Uz, of Zy and a function Qz, : Uz, — [0, 00] in
the class FMO(Zy). Then quasilinear generalized Cauchy-Riemann equation (7) has a
reqular solution (u,v) of the Dirichlet problem (6) in D for each continuous inconstant
boundary data ¢ : 0D — R.

Corollary 1. In particular, if

Tim K, (Z)dL(Z) <o VYV ZyeD, (21)
e—0 B(ZO,S)

then the conclusion of Theorem 1 holds.

Corollary 2. Let D be a bounded simply connected domain in R%2, B : D — B2*2
be a measurable function in D, = upg be given by formula (9) and a : R — [L™1 L],
L € [1,00), be a measurable function. Suppose also that K, ,(z) < Q(z) a.e. in D where
Q is a function of the class FMO(D). Then the conclusion holds.

Theorem 2. Let D be a bounded simply connected domain in R?, B : D — B2*?
be a measurable function in D, = upg be given by formula (9) and a : R — [L™1 L],
L € [1,00), be a measurable function. Suppose also that K,,; has a dominant Q : R? —
[1,00) in the class BMO(D). Then quasilinear generalized Cauchy—Riemann equation
(7) has a reqular solution (u,v) of the Dirichlet problem (6) in D for each continuous
inconstant boundary data ¢ : 0D — R.

A function ® in BMO is said to have vanishing mean oscillation, abbr. ® €
VMO, if the supremum in (18) taken over all balls B in D with |B| < e converges
to 0 as € — 0. VMO has been introduced by Sarason in [19]. There are a number of
papers devoted to the study of PDEs with coefficients of the class VMO. Note that
W2 (D) c VMO (D), see e.g. [14].

Corollary 3. In particular, the conclusion of Theorem 1 on existence of a reqular
solution for the Dirichlet problem (6) to quasilinear generalized Cauchy—Riemann equation
(7) holds if the dominant Q of K, belongs to the class W 2(D).

5. Criteria of the Calderon—Zygmund type.

Choosing in Lemma 2 the functional parameter v, -(t) = 1/t, we come to the next
statement with the Calderon—Zygmund type criterion.

Theorem 3. Let D be a bounded simply connected domain in R?, B : D — B?*?
be a measurable function in D, p = up be given by formula (9) with K,, € L'(D) and
a:R—[L7Y L], L €[1,00), be a measurable function. Suppose also that

dc(z 172 —
/ K”B(Z)\Z—(ZQP_O([IOgJ ) VY ZyoeD (22)
e<|Z—Zp|<eo
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as € — 0 for some eg = €(Zy) > 0. Then quasilinear generalized Cauchy—Riemann
equation (7) has a regular solution (u,v) of the Dirichlet problem (6) in D for each
continuous inconstant boundary data ¢ : 0D — R.

Remark 1. We are also able here to replace (22) by

/ Kup(Z2) dL(Z) )2 =0 ([log log i] 2> (23)

1
e<|Z—Zo|<eo (|Z — Zo|log Z—Zo]

In general, we are able to give here the whole scale of the corresponding conditions
in terms of iterated logarithms, i.e., in terms of functions of the form 1/(tlog1/t -
loglog1/t-... log...log1/t).

6. Criteria of the Lehto type.

Further k,,,(Zo, r) denotes the integral mean of K,,,(Z) over the circle S(Zy,r) =
{ZeR?: |Z - Zy| = r}.

Choosing in Lemma 2 the functional parameter 9., (t) := 1/[tk,,(Zo,t)], we obtain
the Lehto type criterion.

Theorem 4. Let D be a bounded simply connected domain in R?, B : D — B?*?
be a measurable function in D, u = pp be given by formula (9) with K,,,, € L*(D) and
a:R — [L7Y L], L € [1,00), be a measurable function. Suppose also that for some
€0 = E(Zo) > 0,

€0

dr —
/Tk'uB(Zo,T')_OO VZo€eD. (24)
Then quasilinear generalized Cauchy-Riemann equation (7) has a reqular solution (u,v)
of the Dirichlet problem (6) in D for each continuous inconstant boundary data ¢ :
oD — R.

Corollary 4. Let D be a bounded simply connected domain in R%, B : D — B2?*?
be a measurable function in D, u = up be given by formula (9) with K, € L'(D) and
a:R—[L7Y L], L €[1,00), be a measurable function. Suppose also that

1 —
kuy(Zo,e) =0 (log 5) ase —0 VZyeD. (25)

Then the conclusion of Theorem 4 holds.
Remark 2. In particular, the conclusion of Theorem 4 holds if

1 _
K,,(Z) = O(log) as Z —>Zy YZyeD. (26)
\Z — Zo|
Moreover, the condition (25) can be replaced by the whole series of more weak conditions

1 1 1 _
kzﬂB(Zo,s):O<[log€-1oglog5-...-log...logJ) VY ZoeD. (27)
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7. Criteria of the Orlicz type.

By combining Theorem 4 with Theorems 2.4 and 2.3 from [6], we obtain the
following result.

Theorem 5. Let D be a bounded simply connected domain in R?, B : D — B?*?
be a measurable function in D, = up be given by formula (9) and a : R — [L™1 L],
L €[1,00), be a measurable function. Suppose also that

o @un(2) ac(z) < o (28)
D

for a convex non-decreasing function ® : [0, 00] — [0, 00] such that, for some A >0,

o0

/log @(t)g = 400 . (29)
A

Then quasilinear generalized Cauchy-Riemann equation (7) has a reqular solution (u,v)
of the Dirichlet problem (6) in D for each continuous inconstant boundary data ¢ :
oD — R.

Remark 3. Note that the condition (29) is not only sufficient but also necessary to
have regular solutions (u, v) of the Dirichlet problem (6) in D to quasilinear generalized
Cauchy-Riemann equation (7) with the integral constraints (28) for all continuous
inconstant data ¢ : 0D — R.

Corollary 5. Let D be a bounded simply connected domain in R%, B : D — B2?*2
be a measurable function in D, u = upg be given by formula (9) and a : R — [L~Y L],
L € [1,00), be a measurable function. Suppose also that for A > 0,

/ exp (\Kuy (2)) dL(Z) < oo. (30)
D

Then the conclusion of Theorem & holds.
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A. Canimos

IIpo 3agauy ipixJie ajid KBasuIiHIMHMX y3arajibHeHunx piBHaHb Komi—Pimana.

Y crarTi gocmimkyeTbes 3amada ipixsie 3 HemepepBHUME TPDAHUYHUMY JIAHUMUA [T KBa3LIiHIAHMX
y3aragbHeHux piBHsHb Komri — Pimana 3 marpuunnvu koedimientamn, siki MOB’s3y0Th (DYHKINIO TTO-
TeHIiaxy 1 (GyHKINO MOTOKY i MOETOITh CTAIIOHAPHI IMOTOKYW CTUCAWBUAX PIIMH B aHI30TPOIMHUX 1
HEOIHOPITHMX CepeIoBHUINaxX. Y CTaTTI OTPUMAHO psif e(EeKTUBHUX IHTErpaJIbHUX KPUTEPITB iCHYBaHHS
perynsipHuxX po3B’s3KiB 3amati [lipixie 3 HemepepBHUMU TPAHUYHAMH JAHUMU TIOTEHINAIy B JOBLIb-
HIAX 00MEXKEHHX OHO3B’sI3HUX O0JIACTSX. 3AIIPOIIOHOBAHI KpUTepii JO3BOISIOTH BCTAHOBUTH TOCTATHI

YMOBH PeryJisipHOI PO3B’SI3HOCTIL 33434l /I MIMPOKOrO KJIACY TAKUX PIBHIHbD.

Karouosi caosa: cucmema Kowi—Pimana, yzazasvhene pisuanns Kowi—Pimana, 3adava Jipizae.
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