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ÏÐÎ ÅÊÑÏÎÍÅÍÖIÀËÜÍÓ ÀÑÈÌÏÒÎÒÈÊÓ ÍÈÆÍIÕ
Q-ÃÎÌÅÎÌÎÐÔIÇÌIÂ Ó ÒÎ×ÖI ÊÎÌÏËÅÊÑÍÎ� ÏËÎÙÈÍÈ

Ó ðîáîòi äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó åêñïîíåíöiàëüíîãî òèïó ó òî÷öi êîìïëåêñíî¨ ïëî-
ùèíè íèæíiõ Q-ãîìåîìîðôiçìiâ âiäíîñíî p-ìîäóëÿ ïðè 1 < p < 2. Êðiì öüîãî îòðèìàíî íèæíi
îöiíêè åêñïîíåíöiàëüíîãî òèïó ïëîùi îáðàçó êðóãà ïðè äàíèõ âiäîáðàæåííÿõ. Ïîáóäîâàíî ïðè-
êëàäè, ÿêi ïîêàçóþòü òî÷íiñòü îòðèìàíèõ ðåçóëüòàòiâ.

MSC: 30C65.

Êëþ÷îâi ñëîâà: p-ìîäóëü ñiì'¨ êðèâèõ, êiëüöåâi Q-ãîìåîìîðôiçìè âiäíîñíî p-ìîäóëÿ, íèæíi
Q-ãîìåîìîðôiçìè âiäíîñíî p-ìîäóëÿ.

1. Âñòóï. Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåíþ ëîêàëüíèõ òà àñèìïòîòè÷íèõ âëà-
ñòèâîñòåé íèæíiõ Q-ãîìåîìîðôiçìiâ âiäíîñíî p-ìîäóëÿ, 1 < p < 2, íà êîìïëåêñ-
íié ïëîùèíi. Âèêîðèñòîâóþ÷è ìåòîä íåêîíôîðìíîãî ìîäóëÿ, ìè îòðèìó¹ìî íèæ-
íi îöiíêè åêñïîíåíöiàëüíîãî òèïó ïëîùi îáðàçó êðóãà ïðè äàíèõ âiäîáðàæåííÿõ.
Òàêîæ çíàõîäèìî äîñòàòíþ óìîâó, ÿêà çàáåçïå÷ó¹ åêñïîíåíöiàëüíèé ðiñò âiäîáðà-
æåííÿ ó òî÷öi, òà áóäó¹ìî ïðèêëàäè, ùî ïîêàçóþòü òî÷íiñòü îòðèìàíèõ îöiíîê.

Íàãàäà¹ìî äåÿêi îçíà÷åííÿ. Äëÿ ïðîñòîòè âèêëàäó îáìåæèìîñü òiëüêè ïëîñêèì
âèïàäêîì. Íåõàé çàäàíî ñiì'þ Γ êðèâèõ γ ó êîìïëåêñíié ïëîùèíi C. Áîðåëåâó
ôóíêöiþ ρ : C → [0,∞] íàçèâàþòü äîïóñòèìîþ äëÿ Γ (ïèøóòü ρ ∈ admΓ), ÿêùî∫

γ

ρ(z) |dz| ⩾ 1 (1)

äëÿ êîæíî¨ (ëîêàëüíî ñïðÿìëþâàíî¨) êðèâî¨ γ ∈ Γ.

Íåõàé p ∈ (1,∞). Òîäi p-ìîäóëåì ñiì'¨ Γ íàçèâà¹òüñÿ âåëè÷èíà

Mp(Γ) = inf
ρ∈admΓ

∫
C

ρp(z) dxdy ,

äèâ. [1].

Äëÿ äîâiëüíèõ ìíîæèí E, F i G êîìïëåêñíî¨ ïëîùèíè C ïîçíà÷èìî ÷åðåç
∆(E,F,G) ñiì'þ âñiõ íåïåðåðâíèõ êðèâèõ γ : [a, b] → C, ÿêi ç'¹äíóþòü E i F ó G,
òîáòî γ(a) ∈ E, γ(b) ∈ F i γ(t) ∈ G ïðè a < t < b.

Öÿ ðîáîòà áóëà ïiäòðèìàíà ãðàíòîì âiä Simons Foundation (SFI-PD-Ukraine-00014586,
Ì.Â.Ñ.).
Ðîáîòà áóëà ïiäòðèìàíà áþäæåòíîþ ïðîãðàìîþ �Ïiäòðèìêà ðîçâèòêó ïðiîðèòåòíèõ íàïðÿìiâ íà-
óêîâèõ äîñëiäæåíü� (ÊÏÊÂÊ 6541230).
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Íåõàé z0 ∈ C. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

A(z0, r1, r2) = {z ∈ C : r1 < |z − z0| < r2},

S(z0, r) = {z ∈ C : |z − z0| = r}, B (z0, r) = {z ∈ C : |z − z0| < r},

Br = {z ∈ C : |z| < r}, Br = {z ∈ C : |z| ⩽ r}, B = {z ∈ C : |z| < 1}.

Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C òà Q : D → [0,∞] � âèìiðíà
çà Ëåáåãîì ôóíêöiÿ. Ãîìåîìîðôiçì f : D → C íàçèâà¹òüñÿ êiëüöåâèì Q-ãîìåî-
ìîðôiçìîì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 ∈ D, ÿêùî ñïiââiäíîøåííÿ

Mp(∆(fS1, fS2, fD)) ⩽
∫
A

Q(z) ηp(|z − z0|) dxdy (2)

âèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî êiëüöÿ A = A(z0, r1, r2) òà êië Si = S(z0, ri), i = 1, 2,
0 < r1 < r2 < d0, d0 = dist(z0, ∂D), i äëÿ êîæíî¨ âèìiðíî¨ ôóíêöi¨ η : (r1, r2) →
[0,∞] òàêî¨, ùî

r2∫
r1

η(r) dr = 1 .

Íàäàëi áóäåìî ââàæàòè, ùî

qz0(r) =
1

2πr

∫
S(z0,r)

Q(z)|dz|

¹ ñåðåäíiì iíòåãðàëüíèì çíà÷åííÿì ôóíêöi¨ Q ïî êîëó S(z0, r).
Íèæ÷å íàâåäåíî òâåðäæåííÿ ïðî ñïiââiäíîøåííÿ ìiæ ïëîùàìè îáðàçiâ äâîõ

êîíöåíòðè÷íèõ êðóãiâ ïðè êiëüöåâèõ Q-ãîìåîìîðôiçìàõ âiäíîñíî p-ìîäóëÿ, p > 2,
äèâ. [2, ëåìà 2.1].

Ëåìà 1. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïóñòèìî,

ùî f : D → C � êiëüöåâèé Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0, p > 2,
òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), κ = κ(z0) > 0 òà α > 0

qz0(t) ⩽ κ t2p−3e
α
t

äëÿ ì.â. (ìàéæå âñiõ) t ∈ (0, r0). Òîäi äëÿ äîâiëüíèõ r1, r2 òàêèõ, ùî 0 < r1 <
r2 < r0 âèêîíó¹òüñÿ íàñòóïíà îöiíêà

|fB(z0, r2)|
p−2

2(p−1) ⩾ |fB(z0, r1)|
p−2

2(p−1) + λp κ
− 1

p−1α−1
(
e
− α

(p−1)r2 − e
− α

(p−1)r1

)
,

äå λp = π
p−2

2(p−1) (p− 2).
Òåîðiÿ êiëüöåâèõ Q-ãîìåîìîðôiçìiâ âiäíîñíî p-ìîäóëÿ ó ïðîñòîði Rn, n ⩾ 2,

ïðè p = n äîñëiäæóâàëàñü ó ðîáîòàõ [3�5], ïðè 1 < p < n äèâ. [6�10] òà ïðè
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p > n äèâ. [11�16], à òàêîæ íà êîìïëåêñíié ïëîùèíi ïðè p > 2 äèâ. [2, 17�20].
Íà êîìïëåêñíié ïëîùèíi òåîðiÿ êiëüöåâèõ Q-ãîìåîìîðôiçìiâ âiäíîñíî p-ìîäóëÿ
âèêîðèñòîâó¹òüñÿ ïðè äîñëiäæåííi ëîêàëüíèõ òà àñèìïòîòè÷íèõ âëàñòèâîñòåé ðå-
ãóëÿðíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü Áåëüòðàìi, äèâ. [21�23].

Âåëüìè êîðèñíèì iíñòðóìåíòîì ïðè äîñëiäæåííi âiäîáðàæåíü âèÿâèëèñÿ òàêîæ
òàê çâàíi íèæíi Q-ãîìåîìîðôiçìè, ùî áóëè âïåðøå ââåäåíi ïðè p = n ó ðîáîòi
Ä. Êîâòîíþêà i Â. Ðÿçàíîâà, äèâ. [24] àáî ðîçä. 9 ó ìîíîãðàôi¨ [3], òà ïðè p ̸= n ó
ðîáîòi [25].

Êàæóòü, ùî äåÿêà âëàñòèâiñòü âèêîíó¹òüñÿ äëÿ p-ìàéæå âñiõ êðèâèõ γ ñiì'¨
Γ, ÿêùî ïiäñiì'ÿ êðèâèõ ñiì'¨ Γ, äëÿ ÿêèõ öÿ âëàñòèâiñòü ïîðóøó¹òüñÿ, ìà¹ p-ìî-
äóëü íóëü. Âèìiðíó çà Ëåáåãîì ôóíêöiþ ρ : C → [0,∞] íàçèâàþòü óçàãàëüíåíî

p-äîïóñòèìîþ äëÿ ñiì'¨ êðèâèõ Γ i ïèøóòü ρ ∈ extp admΓ, ÿêùî íåðiâíiñòü (1)
âèêîíó¹òüñÿ äëÿ p-ìàéæå âñiõ γ ∈ Γ.

Íåõàé Q : D → (0,∞) � âèìiðíà çà Ëåáåãîì ôóíêöiÿ. Ãîìåîìîðôiçì f : D → C
íàçèâàþòü íèæíiì Q-ãîìåîìîðôiçìîì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 ∈ D, ÿêùî
íåðiâíiñòü

Mp (fΣA) ⩾ inf
ρ∈extp admΣA

∫
A

ρp(z)

Q(z)
dxdy (3)

âèêîíó¹òüñÿ äëÿ êîæíîãî êiëüöÿ A = A(z0, ε1, ε2), 0 < ε1 < ε2 < d0, d0 = dist(z0, ∂D),
äå ΣA � ñiì'ÿ âñiõ êië S(z0, r), r ∈ (ε1, ε2) .

Òåîðiÿ íèæíiõ Q-ãîìåîìîðôiçìiâ âiäíîñíî p-ìîäóëÿ ó ïðîñòîði Rn, n ⩾ 2, ïðè
p = n äîñëiäæóâàëàñü ó ðîáîòàõ [3,24], ïðè p > n−1 äèâ. [25], ïðè p > n äèâ. [26,27],
à òàêîæ íà êîìïëåêñíié ïëîùèíi ïðè 1 < p < 2 äèâ. [28,29].

Ó íàñòóïíié òåîðåìi âñòàíîâëåíî çâ'ÿçîê ìiæ íèæíiìè i êiëüöåâèìèQ-ãîìåîìîð-
ôiçìàìè âiäíîñíî p-ìîäóëÿ, äèâ. [25, òåîðåìà 7.1].

Òåîðåìà 1. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïóñòè-

ìî, ùî Q : D → (0,∞) � âèìiðíà çà Ëåáåãîì ôóíêöiÿ òàêà, ùî

∥Q∥ 1
p−1

(z0, r) :=

 ∫
S(z0,r)

Q
1

p−1 (z) |dz|


p−1

̸= ∞

äëÿ ì.â. r ∈ (0, d0), d0 = dist (z0, ∂D), i f : D → C � íèæíié Q-ãîìåîìîðôiçì âiä-

íîñíî p-ìîäóëÿ ó òî÷öi z0, p > 1. Òîäi f ¹ êiëüöåâèì Q∗-ãîìåîìîðôiçìîì âiäíîñíî

p̃-ìîäóëÿ ó òî÷öi z0 ïðè p̃ = p
p−1 òà Q∗(z) = Q

1
p−1 (z).

2. Îöiíêè ïëîùi îáðàçó êðóãà. Ó öüîìó ðîçäiëi îòðèìàíî íèæíi îöiíêè åêñ-
ïîíåíöiàëüíîãî òèïó ïëîùi îáðàçó êðóãà ïðè íèæíiõ Q-ãîìåîìîðôiçìàõ âiäíîñíî
p-ìîäóëÿ, 1 < p < 2.

Ëåìà 2. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïóñòèìî,

ùî f : D → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0, 1 < p < 2,
òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), C0 = C0(z0) > 0 i β > 0
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âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi äëÿ äîâiëüíèõ r1, r2 òàêèõ, ùî 0 < r1 < r2 < r0 ñïðàâåä-

ëèâà îöiíêà

|f(B(z0, r2))|
2−p
2 ⩾ |f(B(z0, r1))|

2−p
2 + µpC

−1
0 β−1

(
e
− β

r2 − e
− β

r1

)
, (4)

äå µp = 2p−1π
p
2 (2− p).

Äîâåäåííÿ. Äiéñíî, çà òåîðåìîþ 1 íèæíié Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ
ó òî÷öi z0, 1 < p < 2, ¹ êiëüöåâèì Q∗-ãîìåîìîðôiçìîì âiäíîñíî p̃-ìîäóëÿ ó òî÷öi

z0 ïðè p̃ = p
p−1 > 2 òà Q∗(z) = Q

1
p−1 (z). Çàñòîñóâàâøè ëåìó 1 ç ïàðàìåòðàìè

κ =
C

1
p−1
0
2π òà α = β

p−1 , îòðèìó¹ìî îöiíêó (4). □
Ïîêëàâøè ó ëåìi 2 D = B òà z0 = 0, ïðèõîäèìî äî íàñòóïíîãî òâåðäæåííÿ.

Íàñëiäîê 1. Íåõàé f : B → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó

òî÷öi z0 = 0, p > 2, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, 1), C0 > 0 i β > 0

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi äëÿ äîâiëüíèõ r1, r2 òàêèõ, ùî 0 < r1 < r2 < r0 âèêî-

íó¹òüñÿ íàñòóïíà óìîâà

|f(Br2)|
2−p
2 ⩾ |f(Br1)|

2−p
2 + µpC

−1
0 β−1

(
e
− β

r2 − e
− β

r1

)
,

äå µp = 2p−1π
p
2 (2− p).

Òåîðåìà 2. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïó-

ñòèìî, ùî f : D → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0,
1 < p < 2, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), C0 = C0(z0) > 0 i

β > 0 âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi äëÿ äîâiëüíîãî r ∈ (0, r0) ñïðàâåäëèâà îöiíêà

|f(B(z0, r))| ⩾ µ
2

2−p
p C

− 2
2−p

0 β
− 2

2−p e
− 2β

(2−p)r , (5)

äå µp = 2p−1π
p
2 (2− p).

Äîâåäåííÿ. Äiéñíî, ïîêëàâøè ó ëåìi 2 r1 = ε òà r2 = r, ïðèõîäèìî äî íåðiâíîñòi

|f(B(z0, r))|
2−p
2 ⩾ |f(B(z0, ε))|

2−p
2 + µpC

−1
0 β−1

(
e−

β
r − e−

β
ε

)
⩾ µpC

−1
0 β−1

(
e−

β
r − e−

β
ε

)
,
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äå µp = 2p−1π
p
2 (2− p). Ïåðåéøîâøè â îñòàííié íåðiâíîñòi äî ãðàíèöi ïðè ε → 0 òà

âèêîíàâøè åëåìåíòàðíi ïåðåòâîðåííÿ, ïðèõîäèìî äî îöiíêè (5). □

Íàñëiäîê 2. Ïðèïóñòèìî, ùî f : B → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî

p-ìîäóëÿ ó òî÷öi z0 = 0, 1 < p < 2, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, 1), C0 > 0 i β > 0
âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi äëÿ äîâiëüíîãî r ∈ (0, r0) ñïðàâåäëèâà îöiíêà

|f(Br)| ⩾ µ
2

2−p
p C

− 2
2−p

0 β
− 2

2−p e
− 2β

(2−p)r , (6)

äå µp = 2p−1π
p
2 (2− p).

Ïðèêëàä 1. Ïðèïóñòèìî, ùî 1 < p < 2, β > 0 òà C0 > 0. Íåõàé f : B → C,

f(z) =

{
k0 e

− β
(2−p)|z| z

|z| , z ̸= 0,

0, z = 0,
(7)

äå k0 = (2π)
p−1
2−p

(
2−p
C0 β

) 1
2−p

.

Ãîìåîìîðôiçì f âiäîáðàæà¹ êðóã Br íà êðóã Br∗ , äå r∗ = k0 e
− β

(2−p)r , r ∈ (0, 1).
Ëåãêî áà÷èòè, ùî äëÿ äîâiëüíîãî r ∈ (0, 1)

|f(Br)| = |Br∗ | = πr2∗ =
(
2p−1π

p
2 (2− p)

) 2
2−p

C
− 2

2−p

0 β
− 2

2−p e
− 2β

(2−p)r .

Íåñêëàäíî ïîêàçàòè, ùî f íàëåæèòü êëàñó Ñîáîë¹âà W 1,1
loc (B) òà ¹ ãîìåîìîð-

ôiçìîì çi ñêií÷åííèì ñïîòâîðåííÿì. Òîìó çà ëåìîþ 2.1 ó [22] f ¹ íèæíiì Q-ãî-
ìåîìîðôiçìîì âiäíîñíî p-ìîäóëÿ ïðè p > 1 ó òî÷öi z0 = 0 ç ôóíêöi¹þ Q(z) =
KT

f,p(z, z0). Òóò KT
f,p(z, z0) � äîòè÷íà p-äèëàòàöiÿ âiäîáðàæåííÿ f ó òî÷öi z âiä-

íîñíî òî÷êè z0 = 0, ùî îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

KT
f,p(z, z0) =

|∂z0
T f(z)|p

|Jf (z)|
,

äå ∂z0
T f(z) � ïîõiäíà f ó òî÷öi z çà äîòè÷íèì íàïðÿìêîì τ = i z−z0

|z−z0| , äèâ. [22, (11)].

Äàíå âiäîáðàæåííÿ ó ïîëÿðíié ñèñòåìi êîîðäèíàò (r, θ) ìà¹ âèãëÿä:

f(reiθ) = (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

e
− β

(2−p)r eiθ, f(0) = 0.

Äàëi çíàéäåìî ÷àñòèííi ïîõiäíi âiäîáðàæåííÿ f ïî r i θ

fr = (2π)
p−1
2−p C

− 1
2−p

0

(
2− p

β

) p−1
2−p

r−2e
− β

(2−p)r eiθ,
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fθ = i (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

e
− β

(2−p)r eiθ

òà ÿêîáiàí

Jf (re
iθ) =

1

r
Im

(
frfθ

)
= (2π)

2(p−1)
2−p C

− 2
2−p

0

(
2− p

β

) p
2−p

r−3e
− 2β

(2−p)r ,

äèâ. [30, (21.52)]. Îñêiëüêè

∂z0
T f(z) = i ·

(
z − z0
|z − z0|

· fz −
z − z0
|z − z0|

· fz
)

(äèâ. ôîðìóëó (10) ó [22]) òà

fθ = i((z − z0)fz − (z − z0)fz)

(äèâ. ôîðìóëó (21.51) ó [30]), òî

KT
f,p(z, z0) =

|fθ|p

rpJf (reiθ)
= (2π)1−pC0 |z|3−pe

β
|z| .

Çâiäêè âèïëèâà¹, ùî âiäîáðàæåííÿ f ¹ íèæíiì Q-ãîìåîìîðôiçìîì âiäíîñíî p-ìî-
äóëÿ, 1 < p < 2, ó òî÷öi z0 = 0 ç ôóíêöi¹þ

Q(z) = (2π)1−pC0 |z|3−pe
β
|z|

òà

∥Q∥ 1
p−1

(z0, t) =

 ∫
S(z0,t)

Q
1

p−1 (z) |dz|


p−1

= C0 t
2e

β
t , t ∈ (0, 1).

Çàóâàæåííÿ 1. Îöiíêà (6) ó íàñëiäêó 2 ¹ òî÷íîþ i äîñÿãà¹òüñÿ íà ãîìåîìîð-
ôiçìi f : B → C, çàäàíîìó ôîðìóëîþ

f(z) =

{
k0 e

− β
(2−p)|z| z

|z| , z ̸= 0,

0, z = 0,

äå k0 = (2π)
p−1
2−p

(
2−p
C0 β

) 1
2−p

, 1 < p < 2, β > 0 òà C0 > 0.

3. Åêñïîíåíöiàëüíà àñèìïòîòèêà ó òî÷öi. Ó äàíîìó ðîçäiëi äîñëiäæåíî
åêñïîíåíöiàëüíó àñèìïòîòèêó ó òåðìiíàõ âåðõíiõ ãðàíèöü íèæíiõ Q-ãîìåîìîðôiç-
ìiâ âiäíîñíî p-ìîäóëÿ ïðè 1 < p < 2 ó òî÷öi êîìïëåêñíî¨ ïëîùèíè. Äàíi ðåçóëüòàòè
¹ àíàëîãàìè âiäîìî¨ ëåìè Iêîìè-Øâàðöà, äèâ. íàñëiäîê 3 ó [31].

Òåîðåìà 3. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïó-

ñòèìî, ùî f : D → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0,
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1 < p < 2, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), C0 = C0(z0) > 0 i

β > 0 âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi

lim sup
z→z0

|f(z)− f(z0)| e
β

(2−p)|z−z0| ⩾ (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

.

Äîâåäåííÿ. Çãiäíî òåîðåìè 2 äëÿ äîâiëüíîãî r ∈ (0, r0) ñïðàâåäëèâà îöiíêà

|f(B(z0, r))| ⩾ µ
2

2−p
p C

− 2
2−p

0 β
− 2

2−p e
− 2β

(2−p)r , (8)

äå µp = 2p−1π
p
2 (2− p). Îñêiëüêè âiäîáðàæåííÿ f ¹ ãîìåîìîðôiçìîì, òî

|f(B(z0, r))| ⩽ π

(
max

|z−z0|=r
|f(z)− f(z0)|

)2

.

Çâiäñè òà ç îöiíêè (8) âèïëèâà¹, ùî

Mf (z0, r) ⩾ (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

e
− β

(2−p)r ,

äå Mf (z0, r) = max
|z−z0|=r

|f(z)− f(z0)|.

Ïîìíîæèâøè îñòàííþ íåðiâíiñòü íà e
β

(2−p)r òà ïåðåéøîâøè äî âåðõíüî¨ ãðàíèöi
ïðè r → 0, ïðèõîäèìî äî îöiíêè

lim sup
z→z0

|f(z)− f(z0)|e
β

(2−p)|z−z0| = lim sup
r→0

Mf (z0, r)e
β

(2−p)r ⩾ (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

.

Òàêèì ÷èíîì, òåîðåìà 3 äîâåäåíà. □

Íàñëiäîê 3. Ïðèïóñòèìî, ùî f : B → C � íèæíié Q-ãîìåîìîðôiçì âiäíîñíî

p-ìîäóëÿ ó òî÷öi z0 = 0 ïðè 1 < p < 2, f(0) = 0, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, 1),
C0 > 0 i β > 0 âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi

lim sup
z→0

|f(z)| e
β

(2−p)|z| ⩾ (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

. (9)
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Çàóâàæåííÿ 2. Îöiíêà (9) ¹ òî÷íîþ. Âîíà äîñÿãà¹òüñÿ íà íèæíüîìó Q-ãîìåî-
ìîðôiçìi f : B → C âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 = 0 ïðè 1 < p < 2 ç ôóíêöi¹þ

Q(z) = (2π)1−pC0 |z|3−pe
− β

|z| , β > 0, C0 > 0, ÿêèé çàäà¹òüñÿ ôîðìóëîþ

f(z) =

{
k0 e

− β
(2−p)|z| z

|z| , z ̸= 0,

0, z = 0,

äå k0 = (2π)
p−1
2−p

(
2−p
C0 β

) 1
2−p

.

Ëåãêî áà÷èòè, ùî ∥Q∥ 1
p−1

(z0, t) = C0 t
2e

β
t , t ∈ (0, 1), òà

lim
z→0

|f(z)| e
β

(2−p)|z| = (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

.

Òâåðäæåííÿ 1. Íåõàé β > 0 òà 1 < p < 2. Òîäi iñíó¹ íèæíié Q-ãîìåîìîðôiçì
f : B → C âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 = 0 òàêèé, ùî f(0) = 0 òà

|f(z)| e
β

(2−p)|z| → 0 ïðè z → 0.

Êðiì òîãî,

t−2e−
β
t ∥Q∥ 1

p−1
(z0, t) → ∞ ïðè t → 0.

Äîâåäåííÿ. Íåõàé β > 0, 1 < p < 2 òà k > 1. Ðîçãëÿíåìî âiäîáðàæåííÿ f : B →
C, ùî çàäà¹òüñÿ ôîðìóëîþ

f(z) =

{
e
− kβ

(2−p)|z| z
|z| , z ̸= 0,

0, z = 0,

Ëåãêî áà÷èòè, ùî

lim
z→0

|f(z)| e
β

(2−p)|z| = lim
z→0

e
β(1−k)
(2−p)|z| = 0.

Àíàëîãi÷íî, ÿê ó ïðèêëàäi 1, ìîæíà ïîêàçàòè, ùî âiäîáðàæåííÿ f ¹ íèæíiì
Q-ãîìåîìîðôiçìîì âiäíîñíî p-ìîäóëÿ, 1 < p < 2, ó òî÷öi z0 = 0 ç ôóíêöi¹þ

Q(z) =
2− p

k β
|z|3−p e

kβ
|z| .

Çâiäñè

∥Q∥ 1
p−1

(z0, t) =

 ∫
S(z0,t)

Q
1

p−1 (z) |dz|


p−1

=
(2π)p−1(2− p)

k β
t2e

kβ
t , t ∈ (0, 1).

170



Ïðî åêñïîíåíöiàëüíó àñèìïòîòèêó íèæíiõ Q-ãîìåîìîðôiçìiâ ...

Êðiì öüîãî, î÷åâèäíî, ùî

lim
t→0

t−2e−
β
t ∥Q∥ 1

p−1
(z0, t) =

(2π)p−1(2− p)

k β
lim
t→0

e
β(k−1)

t = ∞.

Òàêèì ÷èíîì, òâåðäæåííÿ 1 äîâåäåíî. □
Íàñòóïíå òâåðäæåííÿ äà¹ äîñòàòíi óìîâè äëÿ íåiñíóâàííÿ íèæíiõ Q-ãîìåîìîð-

ôiçìiâ âiäíîñíî p-ìîäóëÿ ïðè 1 < p < 2 ó òî÷öi êîìïëåêñíî¨ ïëîùèíè.

Òâåðäæåííÿ 2. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D òà äëÿ

äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), 1 < p < 2, C0 = C0(z0) > 0 i β > 0
âèêîíó¹òüñÿ óìîâà

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0). Òîäi íå iñíó¹ íèæíüîãî Q-ãîìåîìîðôiçìó f : D → C âiäíîñíî

p-ìîäóëÿ â òî÷öi z0 ç àñèìïòîòè÷íîþ óìîâîþ

lim sup
z→z0

|f(z)− f(z0)| e
β

(2−p)|z−z0| = 0. (10)

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ íèæíié Q-ãîìåîìîðôiçì f : C → C âiäíîñíî
p-ìîäóëÿ â òî÷öi z0, äëÿ ÿêîãî

∥Q∥ 1
p−1

(z0, t) ⩽ C0 t
2e

β
t

äëÿ ì.â. t ∈ (0, r0) òà âèêîíó¹òüñÿ àñèìïòîòè÷íà óìîâà (10). Òîäi çà òåîðåìîþ 3
ìà¹ìî îöiíêó

lim sup
z→z0

|f(z)− f(z0)| e
β

(2−p)|z−z0| ⩾ (2π)
p−1
2−p

(
2− p

C0 β

) 1
2−p

> 0,

ùî ñóïåðå÷èòü àñèìïòîòè÷íié óìîâi (10). □
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M.V. Stefanchuk

On exponential asymptotics of lower Q-homeomorphisms at a point of the complex plane.

The notion of a Q-homeomorphism with respect to the p-module extends the classical geometric

de�nition of a quasiconformal mapping. In particular, if Q(z) ⩽ K < ∞ almost everywhere, then for

p = 2 the mapping f is quasiconformal in the complex plane C (see De�nition A, pp. 21�22 in [32]).

When 1 < p < 2, the mapping f is locally Lipschitz continuous, while for p > 2 the same property

holds for its inverse f−1. Moreover, these bounds for p are known to be exact, see [33]. Mappings of

this type with p = 2 were �rst studied in [34]. The concept of a ring Q-homeomorphism with respect to

the p-module generalizes and localizes the above notion and originates from Gehring's ring de�nition

of quasiconformality (see [35]). It was initially proposed by V. Ryazanov, U. Srebro, and E. Yakubov
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for the case p = 2 on the complex plane, see [36]. The idea of lower Q-homeomorphisms with respect

to the p-module has proved to be an e�ective geometric framework for analyzing planar and spatial

mappings. This concept also stems from Gehring's ring approach to quasiconformal mappings. The

corresponding theory has found numerous applications in the analysis of boundary value problems

for Beltrami-type equations in the complex plane, as well as for spatial homeomorphisms belonging

to Sobolev and Orlicz-Sobolev classes (see [37�47]). Furthermore, the theory of lower and ring Q-ho-

meomorphisms with respect to the p-module can be extended to mappings quasiconformal on average

(see [48, 49]). More recently, it has also been employed to investigate regular solutions of nonlinear

Beltrami equations involving nonconformal moduli (see [21�23]). In this paper, the asymptotic behavior

of exponential type at a point of the complex plane for lower Q-homeomorphisms with respect to the

p-module, 1 < p < 2, has been investigated. In addition, lower exponential-type estimates for the area

of the image of a disk under such mappings are obtained. Examples are constructed to demonstrate

the sharpness of the obtained results.

Keywords: p-modulus of a family of curves, ring Q-homeomorphisms with respect to p-modulus,

lower Q-homeomorphisms with respect to p-modulus.
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