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ON CONVERGENCE TO A LIGHT MAPPING IN METRIC SPACES

We investigate mappings satisfying the inverse Poletsky inequality in a domain of a metric space. We
have proved that the uniform limit of a family of such mappings is a light mapping in the closure of a
domain. By Reshetnyak theorem, quasiregular mappings of a domain of the Euclidean space are open
and discrete. For more general classes of mappings, statements of a similar plan are also known. In
particular, this is true for mappings with �nite distortion (Manfredi, Villamor). The limit mapping
of a sequence of quasiregular mappings is also a quasiregular mapping, or a constant. Therefore,
the openness and discreteness preserve under the convergence of quasiregular mappings. The similar
problem in more general classes of mappings is much more complicated, as is the problem of the
discreteness in the closure of a domain. Vuorinen proved that closed quasiregular mappings are light in
the closure of a domain under certain conditions to its boundary. Under some stronger conditions these
mappings are even discrete in the closure. Cristea, Sevost'yanov and Skvortsov studied the problem
of lightness and discreteness of mappings with the inverse Poletsky inequality. Such inequalities, in
particular, hold for quasiregular mappings with a �nite multiplicity. Martio, Ryazanov, Srebro, and
Yakubov proved the inverse of Poletsky's inequality for mappings with �nite length distortion for the
conformal modulus. Salimov and Sevost'yanov extended the indicated result to an arbitrary order
p ⩾ 1. Sevost'yanov proved the lightness of mappings with the inverse of Poletsky's inequality at the
inner points of a domain provided that the corresponding majorant in this inequality satis�es the Lehto-
Dini condition. Later, this result was extended to the boundary of a uniformly convergent sequence
of such mappings. The author of this manuscript, together with Sevost'yanov, recently obtained the
lightness of a limit mapping with respect to the closure of a domain in the Euclidean space. In this
manuscript, a similar result is obtained in metric space. In particular, we have proved that if a sequence
of open, discrete, and closed mappings with the inverse Poletsky inequality converge in the closure of
a domain, and the majorant in this inequality has a �nite mean oscillation, then the corresponding
limit mapping has a continuous boundary extension that is light in the closure.
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1. Introduction.

Everywhere below, (X, d, µ) and (X ′, d ′, µ ′) are metric spaces with metrics d and
d ′, endowed with locally �nite Borel measures µ and µ ′, and �nite Hausdor� dimensions
α ⩾ 2 and α ′ ⩾ 2, respectively. In what follows, a domain D in X is an open
path connected set in X. De�nitions related to Ahlfors regularity and Poincare (1; p)-
inequality may be found, for example, in [1, Section 7.22]. Let y0 ∈ X ′, 0 < r1 < r2 <∞
and

A(y0, r1, r2) =
{
y ∈ X ′ : r1 < d ′(y, y0) < r2

}
, (1)

B(y0, r) = {y ∈ X ′ : d ′(y, y0) < r} , S(y0, r) = {y ∈ X ′ : d ′(y, y0) = r} .

Given sets E, F ⊂ X ′ and a domain D ⊂ X ′ denote by Γ(E,F,D) the family of all
paths γ : [a, b] → X ′ such that γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D for t ∈ [a, b]. Given
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a domain D ⊂ X, a mapping f : D → X ′ is an arbitrary continuous transformation
x 7→ f(x). Let f : D → X ′, let y0 ∈ f(D) and let 0 < r1 < r2 < d0 = sup

y∈f(D)
d ′(y, y0).

Now, we denote by Γf (y0, r1, r2) the family of all paths γ in D such that f(γ) ∈
Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). Recall, for a given continuous path γ : [a, b] → X
in a metric space (X, d), that its length is the supremum of the sums

k∑
i=1

d(γ(ti), γ(ti−1))

over all partitions a = t0 ⩽ t1 ⩽ . . . ⩽ tk = b of the interval [a, b]. The path γ is
called recti�able if its length is �nite. Given a family of paths Γ in X, a Borel function
ρ : X → [0,∞] is called admissible for Γ, abbr. ρ ∈ admΓ, if∫

γ

ρ ds ⩾ 1

for all (locally recti�able) γ ∈ Γ. Given p ⩾ 1, the p-modulus of the family Γ is the
number

Mp(Γ) = inf
ρ∈admΓ

∫
X

ρ p(x) dµ(x) .

Should admΓ be empty, we set Mp(Γ) = ∞. A family of paths Γ1 in X is said to be
minorized by a family of paths Γ2 in X, abbr. Γ1 > Γ2, if, for every path γ1 ∈ Γ1, there
is a path γ2 ∈ Γ1 such that γ2 is a restriction of γ1. In this case, Mp(Γ1) ≤ Mp(Γ2)
(see [2, Theorem 1]). Let Q : X ′ → [0,∞] be a Lebesgue measurable function such that
Q(y) ≡ 0 for y ∈ X ′ \D. Assume that D and X ′ have a �nite Hausdor� dimensions α
and α ′ ⩾ 1, respectively, and f : D → X ′. We consider the inequality

Mα(Γ(y0, r1, r2)) ⩽
∫
G ′

Q(y) · ηα ′
(d ′(y, y0)) dµ

′(y) , (2)

where η : (r1, r2) → [0,∞] is arbitrary nonnegative Lebesgue measurable function such
that

r2∫
r1

η(r)dr ⩾ 1 . (3)

Let X and X ′ be metric spaces. A mapping f : X → X ′ is discrete if f −1(y) is
discrete for all y ∈ X ′ and f is open if f maps open sets onto open sets in X ′. A
mapping f : G → X ′ is closed in G ⊂ X if f(A) is closed in f(G) whenever A closed
in G. A mapping f : X → Y is called light if each connected component {f −1(y)}
degenerates to a point for any y ∈ Y.

A domain D ⊂ X is called locally connected at the point x0, if for any neighborhood
U of the point x0 there is a neighborhood V ⊂ U of the same point such that V ∩D
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is connected. The domain D is called locally connected on ∂D, if this domain is such
at each point of its boundary. The boundary of a domain D is called weakly �at at the

point x0, if for every number P > 0 and for every neighborhood U of this point there
is a neighborhood V of point x0 such that Mα(Γ(E,F,D)) > P for arbitrary continua
E and F satisfying conditions F ∩ ∂U ̸= ∅ ̸= F ∩ ∂V and E ∩ ∂U ̸= ∅ ̸= E ∩ ∂V. The
boundary of a domain D is called weakly �at if it is such at each point of its boundary.

Let G be a domain in (X, d, µ). Following [3, Sec. 13.4], we say that a locally
integrable in X function φ : G → R has a �nite mean oscillation at x0 ∈ G, write
φ ∈ FMO(x0), if

lim
ε→0

1

µ(G(x0, ε))

∫
G(x0,ε)

|φ(x)− φε| dµ(x) <∞ ,

where φε = 1
µ(G(x0,ε))

∫
G(x0,ε)

φ(x) dµ(x) is the integral average of the function φ over

the set G(x0, ε) = B(x0, ε) ∩ G = {x ∈ X : d(x, x0) < ε} ∩ G. We say that a space
(X, d, µ) is upper α-regular at a point x0 ∈ X if there is a constant C > 0 such that

µ(B(x0, r)) ⩽ Crα

for the balls B(x0, r) centered at x0 ∈ X with all radii r < r0 for some r0 > 0. We also
say that a space (X, d, µ) is upper α-regular if the above condition holds at every point
x0 ∈ X.

Theorem 1. Let (X, d, µ) and (X ′, d ′, µ ′) be metric spaces with metrics d and d ′,
endowed with locally �nite Borel measures µ and µ ′, the measure µ is doubling, X ′ is
upper α ′-regular, and let D and D ′ be domains in X and X ′, having �nite Hausdor�

dimensions α ⩾ 2 and α ′ ⩾ 2, respectively. Assume that, the following conditions hold:

1) D is a locally connected space which is α-regular by Ahlfors and supports (1;α)-
Poincare inequality, while D is a compactum in X;

2) D ′ is a compactum in X ′;
3) D has a weakly �at boundary;

4) Q ∈ FMO(D ′);
5) D ′ is locally path connected on D ′.
Let fm, m = 1, 2, . . . , be a sequence of open, discrete and closed mappings of D onto

D ′ that converge uniformly in D to some (not identically constant) mapping f : D →
D ′ and satisfy the relation (2)�(3) at each point y0 ∈ D ′. Then f is light and closed in

D; moreover, f has a continuous extension f : D → D ′, f(D) = D ′ and f is light in

D, as well.

2. The main Lemmas. Proof of Theorem 1.

The following statement can be found in [3, Lemma 13.2].

Proposition 1. Let G be a domain in upper α-regular metric space (X, d, µ) at
α ⩾ 2. Assume that x0 ∈ G and Q : G→ [0,∞] belongs to FMO(x0). If

µ(G ∩B(x0, 2r)) ⩽ γ · logα−2 1

r
· µ(G ∩B(x0, r))
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for some r0 > 0 and every r ∈ (0, r0), then∫
ε<d(x,x0)<ε0

Q(x) · ψ α(d(x, x0)) dµ(x) = o(Iα(ε, ε0)) , ε→ 0 ,

I(ε, ε0) :=
ε0∫
ε
ψ(t) dt and ψ(t) := 1

t log 1
t

.

The following result holds (see [4, Proposition 4.7]).

Proposition 2. Let X be a Q-Ahlfors regular metric measure space that supports
(1; p)-Poincar�e inequality for some p > 1 such that Q − 1 < p ⩽ Q. Then there exists
a constant M > 0 having the property that, for x ∈ X, R > 0 and continua E and F
in B(x,R),

Mα(Γ(E,F,X)) ⩾
1

M
· min{d(E), d(F )}

R1+p−Q
.

Some another versions of the following lemma may be found in [5, Lemma 1], cf. [6,
Lemma 3.1], [7, Lemma 4.4].

Lemma 1. Let (X, d, µ) and (X ′, d ′, µ ′) be metric spaces with metrics d and d ′,
endowed with locally �nite Borel measures µ and µ ′, the measure µ is doubling, X ′ is
α ′ upper regular, and let D and D ′ be domains in X and X ′, having �nite Hausdor�

dimensions α ⩾ 2 and α ′ ⩾ 2, respectively. Assume that, the conditions 1)�2) from

Theorem 1 hold. Suppose that, for each y0 ∈ D ′ there exists ε0 = ε0(y0) > 0 and a

Lebesgue measurable function ψ : (0, ε0) → [0,∞] such that

I(ε, ε0) :=

ε0∫
ε

ψ(t) dt <∞ ∀ ε ∈ (0, ε0) , I(ε, ε0) → ∞ as ε→ 0 , (4)

and ∫
A(y0,ε,ε0)

Q(y) · ψ α ′
(d ′(y, y0)) dµ

′(x) = o(Iα
′
(ε, ε0)) , (5)

as ε→ 0, where A(y0, ε, ε0) is de�ned in (1). Suppose that fm, m = 1, 2, . . . , a sequence

of mappings of D onto D ′ that converge uniformly in D to some (not identically

constant) mapping f : D → D ′ and satisfy the relation (2)�(3) at each point y0 ∈ D ′.
Let Cj , j = 1, 2, . . . , be an arbitrary sequence of continua in D such that d(Cj) ⩾ δ > 0
for some δ > 0 and all j ∈ N. Then there exists δ1 > 0 such that d ′(f(Cj)) ⩾ δ1 > 0
for all j ∈ N.

Proof. Suppose the opposite. Now, we may �nd an increasing sequence of numbers
jk, k = 1, 2, . . . , such that d ′(f(Cjk)) → 0 as k → ∞. Since by the assumption 2) D ′ is
a compactum in X ′, we may assume that d ′(f(Cjk), y0) → 0 as k → ∞, where y0 ∈ D ′

is some point. By [8, Lemma 1] f is either a light, or a constant mapping. Since by
assumption f is not constant, f is light. Therefore, there exists a point z0 ∈ D such
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that f(z0) ̸= y0. Since f is a continuous mapping and D is locally compact and locally
connected, we can �nd a continuum F such that z0 ∈ IntF and

F ⊂ D , f(F ) ∩B(y0, ε1) = ∅ , (6)

where ε1 > ε0 and ε0 is a number from (4)�(5). Let Γk := Γ(F,Cjk , D). Now, we show
that there exists a neighborhood V of y0 such that

fj(F ) ∩ V = ∅ , j = 1, 2, . . . . (7)

Let us assume the opposite. Then there exist sequences im ∈ N and xm ∈ F, m =
1, 2, . . . , such that fim(xm) → y0 as m→ ∞. By the triangle inequality

d ′(f(xm), y0) ⩽ d ′(f(xm), fim(xm)) + d ′(fim(xm), y0) → 0 (8)

as m → ∞, because d ′(f(xm), fim(xm)) → 0 as m → ∞ by the uniform convergence
of fm to f in D. The relation (8) contradicts (6), which proves (7). Reducing the
number ε0 > 0 from the condition of the lemma as necessary, we may consider that the
neighborhood V in (7) is such that B(y0, ε0) ⊂ V.

Since by the assumption 1) D is a compactum, D is bounded. Now, there is x0 ∈ D
and R0 > 0 such that D ⊂ B(x0, R0). Now, by Proposition 2,

Mα(Γk) ⩾
1

M
· min{d(Cjk), d(F )}

R
⩾ δ2 > 0 (9)

for all k ∈ N and some δ2 > 0. We prove that for each l ∈ N there exists a number
k = kl such that

fjk(Cjk) ⊂ B(y0, 1/l) , k ⩾ kl . (10)

Suppose the opposite. Then there exists l0 ∈ N such that

fjkm (Cjkm
) ∩ (X ′ \B(y0, 1/l0)) ̸= ∅ (11)

for some increasing sequence of numbers km, m = 1, 2, . . . . In this case, there is a
sequence zm ∈ fjkm (Cjkm

)∩ (X ′ \B(y0, 1/l0)), m ∈ N. Let zm = fjkm (xm), xm ∈ Cjkm
,

m = 1, 2, . . . . Since d ′(f(Cjk), y0) → 0 as k → ∞, we have that

d ′(f(Cjkm
), y0) → 0 as m→ ∞ . (12)

Since d ′(f(Cjk), y0) = inf
y∈f(Cjkm

)
d ′(y, y0) and f(Cjkm

) is a compact set, it follows that

d ′(f(Cjkm
), y0) = d ′(ym, y0), where ym ∈ f(Cjkm

). Then (12) implies that ym → y0
as m → ∞. Since by the assumption d ′(f(Cjk)) = sup

y,z∈f(Cjk
)
d ′(y, z) → 0 as k → ∞,

we have that d ′(ym, f(xm)) ⩽ d ′(f(Cjkm
)) → 0 as m → ∞. Then by the triangle

inequality and the above proof, we have that:

d ′(zm, y0) = d ′(fjkm (xm), y0) ⩽

⩽ d ′(fjkm (xm), f(xm)) + d ′(f(xm), ym) + d ′(ym, y0) → 0 , m→ ∞ , (13)
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because d ′(fjkm (xm), f(xm)) ⩽ sup
x∈D

d ′(fjkm (x), f(x)) → 0 as m → ∞ by the uniform

convergence of fj to f as j → ∞; the last two terms in (13) also tend to zero by the
construction and proving above. The relation (13) implies that zm → y0 as m → ∞,
which contradicts the de�nition of zm. Now, (11) fails, which proves (10).

From (10) it follows that

fjkl (Cjkl
) ⊂ B(y0, 1/l) , (14)

where kl, l = 1, 2, . . . , may be chosen the increasing sequence of numbers. Using the
renumbering in (14), if required, we may consider jk, k = 1, 2, . . . , instead of jkl . Now,

fjk(Cjk) ⊂ B(y0, 1/k) , k = 1, 2, . . . . (15)

Furthermore, let k0 ∈ N be such that B(y0, 1/k) ⊂ B(y0, ε0) for all k ⩾ k0. Let us to
show that

fjk(Γjk) > Γ(S(y0, 1/k), S(y0, ε0), A(y0, 1/k, ε0)) . (16)

Indeed, let γ̃ ∈ fjk(Γjk). Then γ̃(t) = fjk(γ(t)), where γ ∈ Γjk , γ : [0, 1] → D, γ(0) ∈ F,

γ(1) ∈ Cjk . By the relation (7) we have that fjk(γ(0)) ∈ f(F ) ⊂ X ′ \ B(y0, ε0),
moreover, by the relation (15) we obtain that fjk(γ(1)) ∈ fjk(Cjk) ⊂ B(y0, ε0). There-
fore, |fjk(γ(t))|∩B(y0, ε0) ̸= ∅ ̸= |fjk(γ(t))|∩(X ′\B(y0, ε0)). By [9, Theorem 1.I.5.46],
there exists 0 < t1 < 1 such that fjk(γ(t1)) ∈ S(y0, ε0). Let γ1 := γ|[t1,1]. We may
assume that fjk(γ(t)) ∈ B(y0, ε0) for all t ⩾ t1. Reasoning similarly, we obtain a
point t2 ∈ (t1, 1] such that fjk(γ(t2)) ∈ S(y0, 1/k). Let γ2 := γ|[t1,t2]. We may assume
that fjk(γ(t)) ̸∈ B(y0, 1/k) for all t ∈ [t1, t2]. Now, fjk(γ2) is a subpath of the path
fjk(γ) = γ̃, which belongs to Γ(S(y0, 1/k), S(y0, ε0), A(y0, 1/k, ε0)). The relation (16)
is established.

From (16) it follows that

Γjk > Γfjk
(y0, 1/k, ε0) . (17)

Let

ηk(t) =

{
ψ(t)/I(1/k, ε0), t ∈ (1/k, ε0) ,

0, t ̸∈ (1/k, ε0) ,

where I(1/k, ε0) =
ε0∫

1/k

ψ(t) dt. Observe that
ε0∫

1/k

ηk(t) dt = 1. Then, by the relations (5)

and (17), taking into account the de�nition of the mapping fjk in (2), we obtain that

Mα(Γjk) ⩽Mα(Γfjk
(y0, 1/k, ε0)) ⩽

⩽
1

Iα ′(1/k, ε0)

∫
A(y0,1/k,ε0)

Q(y) · ψα ′
(d ′(y, y0)) dµ

′(y) → 0 as k → ∞ .

The latter contradicts with (9). The obtained contradiction proves the lemma. □
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The following lemma generalizes Corollary 4.5 in [7] to the case of maps with
unbounded characteristic, cf. [5, Lemma 2] and Lemma 3.2 in [6].

Lemma 2. Let (X, d, µ) and (X ′, d ′, µ ′) be metric spaces with metrics d and d ′,
endowed with locally �nite Borel measures µ and µ ′, the measure µ is doubling, X ′ is
upper α ′-regular, and let D and D ′ be domains in X and X ′, having �nite Hausdor�

dimensions α ⩾ 2 and α ′ ⩾ 2, respectively. Assume that, the conditions 1)�3), 5) of

Theorem 1 hold. Suppose that, for each y0 ∈ D ′ there exists ε0 = ε0(y0) > 0 and a

Lebesgue measurable function ψ : (0, ε0) → [0,∞] such that the relations (4)�(5) hold,

where A(y0, ε, ε0) is de�ned in (1). Let fm, m = 1, 2, . . . , be a sequence of open, discrete

and closed mappings of D onto D ′ that converge uniformly in D to some mapping

f : D → X ′ satisfying the relations (2)�(3) at each point y0 ∈ D ′. If Q ∈ L1(D ′),
then the mapping f is light and closed in D, moreover, f has a continuous extension

f : D → D ′, f(D) = D ′ and f is light with respect to D.

Proof. By [8, Lemma 1] f is light inD. By [10, Theorem 1.1], every fm, m = 1, 2, . . . ,
has a continuous extension fm : D → D ′ to D such that fm(D) = D ′.

I. Let us show that there exists lim
x→x0

f(x) for every x0 ∈ ∂D. Indeed, by the triangle

inequality d ′(f(x), f(x0)) ⩽ d ′(f(x), fm(x)) + d ′(fm(x), fm(x0)) + d ′(fm(x0), f(x0)).
In this inequality, the �rst and third terms tend to zero due to the uniform convergence
of fm in D. Therefore, for any ε > 0 there is a number M =M(ε) such that

d ′(f(x), f(x0)) ⩽
2ε

3
+ d ′(fm(x), fm(x0)) (18)

for m ⩾ M(ε). For m = M(ε), fm has a continuous extension to x0. Thus, there is
δ = δ(ε, x0) > 0 such that d ′(fM (x), fM (x0)) < ε/3 for 0 < |x−x0| < δ. Then, by (18),
d ′(f(x), f(x0)) < ε for the same δ.

II. Let us show that f is a closed set in D. Let E be closed in D. We must show
that f(E) is closed in D ′. Let zm, m = 1, 2, . . . , be a sequence in f(E) is such that
zm → z0 ∈ D ′ as m → ∞. Let us show that z0 ∈ f(E). Since zm ∈ f(E), there
exists xm ∈ E such that f(xm) = zm, m = 1, 2, . . . . Due to the compactness of
D, we may assume that the sequence xm converges to some x0 ∈ D as m → ∞. If
x0 ∈ D, then x0 ∈ E, consequently, f(x0) = z0 ∈ E by the continuity of f in D,
as required. Let us show that the case x0 ∈ ∂D is impossible. Indeed, since fm has a
continuous extension to x0, there is a sequence wm ∈ D, wm → x0 as m → ∞, such
that d ′(fm(wm), fm(x0)) <

1
m . Then by the triangle inequality

d ′(fm(x0), f(x0)) ⩽ d ′(fm(x0), fm(wm)) + d ′(fm(wm), f(wm)) + d ′(f(wm), f(x0)) <

<
1

m
+ d ′(fm(wm), f(wm)) + d ′(f(wm), f(x0)) → 0 , m→ ∞ , (19)

because fm converges to f uniformly in D, and f is continuous at x0 by the proving
above. Observe that, fm(x0) ∈ ∂D for m ∈ N (see [11, Proposition 2.1], cf. [7,
Theorem 3.3]). Now, by the closeness of the boundary ∂D, we have: f(x0) ∈ ∂D ′. Then
by the continuity of f in D we have that f(xm) = zm → z0 and f(x0) = z0 ∈ ∂D ′.
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This contradicts the choice of z0 ∈ E ⊂ D ′. Finally, f(E) is closed in D ′, because in
the case x0 ∈ D is considered, and the case x0 ∈ ∂D is impossible.

III. Let us show that f(∂D) ⊂ ∂D ′. Let x0 ∈ ∂D.Wemust prove that f(x0) ∈ ∂D ′.
Since fm has a continuous extension to x0, there is a sequence wm ∈ D, wm → x0 as
m → ∞, such that d ′(fm(wm), fm(x0)) <

1
m . Repeating the reasoning in (19) and

follow, we come to the conclusion f(x0) ∈ ∂D ′, which should have been established.
IV. Let us show that f(D) = D ′. Obviously, f(D) ⊂ D ′. Let us show that D ′ ⊂

f(D). Indeed, let y0 ∈ D ′, then either y0 ∈ D ′, or y0 ∈ ∂D ′. a) If y0 ∈ D ′, then
y0 = fj(xj), xj ∈ D. Due to the compactness of D, we may assume that xj → x0,
j → ∞, x0 ∈ D. By the continuity of f in D we have that f(x0) = lim

j→∞
f(xj). However,

by the uniform convergence of fj to f we have: d ′(fj(xj), f(xj)) = d ′(y0, f(xj)) → 0,
j → ∞. Then y0 = f(x0). Since by the proving above f(∂D) ⊂ ∂D ′, we have that
x0 ∈ D. Thus, y0 = f(x0), x0 ∈ D. b) Finally, let y0 ∈ ∂D ′. Then there is a sequence
yk ∈ D ′ such that yk = f(xk) → y0 as k → ∞ and xk ∈ D. Due to the compactness
of D we may assume that xk → x0, where x0 ∈ D. Then f(x0) = y0 ∈ f(D). Thus,
D ′ ⊂ f(D).

V. It remains to show that f is light in D ′. Let us assume the opposite, namely,
let there exist a point y0 ∈ ∂D ′ such that f −1(y0) ⊃ K0, where K0 ⊂ D is some
nondegenerate continuum. Since f is light in D, we may assume that K0 ⊂ ∂D.

Since D is a compactum in X and f is continuous in D, it is uniformly continuous
in D. In this case, for each j ∈ N there exists δj < 1/j such that

d ′(f(x), f(x0)) = d ′(f(x), y0) < 1/j ∀ x, x0 ∈ D, d ′(x, x0) < δj , δj < 1/j . (20)

Given j ∈ N, we set Bj :=
⋃

x0∈K0

B(x0, δj), j ∈ N. Since the set Bj is a neighborhood of

the continuumK0, by [8, Lemma 2(III)], cf. [12, Lemma 2.2], there exists a neighborhood
Uj of the set K0 such that Uj ⊂ Bj and the set Uj ∩D is path connected. Since K0 is a
compactum, there are z0, w0 ∈ K0 such that d ′(K0) = d ′(z0, w0). From this it follows
that, there are zj ∈ Uj ∩D and wj ∈ Uj ∩D such that zj → z0 and wj → w0 as j → ∞.
We may assume that

d ′(zj , wj) > d ′(K0)/2 ∀ j ∈ N . (21)

Since the set Uj ∩D is path connected, the points zj and wj may be joined by some
path γj , |γj | ⊂ Uj ∩D. Let Cj := |γj |.

Note that d ′(f(Cj)) → 0 as j → ∞. Indeed, since f(Cj) is a continuum in X ′,
there exist points yj , y

′
j ∈ f(Cj) such that d ′(f(Cj)) = d ′(yj , y

′
j). Then there exist

xj , x
′
j ∈ Cj such that yj = f(xj) and y

′
j = f(x ′

j), while the points xj and x ′
j belong

to Uj ⊂ Bj . This means that there exist xj1 and xj2 ∈ K0 such that xj ∈ B(xj1, δj) and

x ′
j ∈ B(xj2, δj). In such case, by the relation (20) and taking into account the triangle

inequality, we obtain that

d ′(f(Cj)) = d ′(yj , y
′
j) = d ′(f(xj), f(x

′
j)) ⩽ d ′(f(xj), f(x

j
1))+

⩽ +d ′(f(xj1), f(x
j
2)) + d ′(f(xj2), f(x

′
j)) < 2/j → 0 as j → ∞ . (22)
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It follows from the relation (21) that the continua Cj , j = 1, 2, . . . , satisfy the conditions
of Lemma 1. By this lemma d ′(f(Cj)) ⩾ δ1 > 0 for all j ∈ N and some δ1 > 0, which
contradicts (22). The obtained contradiction disproves that f is not light in D. The
lemma is proved. □

Proof of Theorem 1 follows directly from Lemma 2 and Proposition 1. 2
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Âàëåðié Òàðãîíñüêèé

Ïðî äåÿêi îöiíêè íåêîíôîðìíîãî ìîäóëÿ ñiìåé êðèâèõ.

Äîñëiäæåíi âiäîáðàæåííÿ, ÿêi çàäîâîëüíÿþòü îáåðíåíó íåðiâíiñòü òèïó Ïîëåöüêîãî â îáëàñòi

ìåòðè÷íîãî ïðîñòîðó. Äîâåäåíî, ùî ðiâíîìiðíà ãðàíèöÿ ñiì'¨ òàêèõ âiäîáðàæåíü ¹ íóëüâèìiðíèì

âiäîáðàæåííÿì ó çàìèêàííi îáëàñòi. Äîáðå âiäîìî, ùî êâàçiðåãóëÿðíi âiäîáðàæåííÿ îáëàñòi åâ-

êëiäîâîãî ïðîñòîðó ¹ âiäêðèòèìè òà äèñêðåòíèìè ç îãëÿäó íà âiäïîâiäíèé ðåçóëüòàò Ðåøåòíÿêà.

Äëÿ áiëüø çàãàëüíèõ êëàñiâ âiäîáðàæåíü òàêîæ âiäîìi òâåðäæåííÿ ïîäiáíîãî ïëàíó. Çîêðåìà,

öå ¹ âiðíèì äëÿ âiäîáðàæåíü çi ñêií÷åííèì ñïîòâîðåííÿì (Ìàíôðåäi, Âiëëàìîð). Ãðàíè÷íèì âi-

äîáðàæåííÿì ïîñëiäîâíîñòi êâàçiðåãóëÿðíèõ âiäîáðàæåíü ¹ òàêîæ êâàçiðåãóëÿðíå âiäîáðàæåííÿ,

àáî ñòàëà. Îòæå, ïðè çáiæíîñòi êâàçiðåãóëÿðíèõ âiäîáðàæåíü âiäêðèòiñòü òà äèñêðåòíiñòü çáåði-

ãàþòüñÿ. Àíàëîãi÷íå ïèòàííÿ â áiëüø çàãàëüíèõ êëàñàõ âiäîáðàæåíü çíà÷íî ñêëàäíiøå, òàê ñàìî,

ÿê i ïèòàííÿ ùîäî äèñêðåòíîñòi ó çàìèêàííi îáëàñòi. Âóîðiíåí äîâiâ, ùî çàìêíåíi êâàçðåãóëÿðíi

âiäîáðàæåííÿ ¹ íóëüâèìiðíèìè ó çàìèêàííi îáëàñòi çà ïåâíèõ óìîâ íà ¨¨ ìåæó. Çà äåÿêèõ áiëüø

ñèëüíèõ óìîâ çàçíà÷åíå âiäîáðàæåííÿ ¹ íàâiòü äèñêðåòíèì ó çàìèêàííi. Êðiñò¹à, Ñåâîñòüÿíîâ
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òà Ñêâîðöîâ âèâ÷àëè ïðîáëåìó íóëüâèìiðíîñòi òà äèñêðåòíîñòi âiäîáðàæåíü ç îáåðíåíîþ íåðiâ-

íiñòþ Ïîëåöüêîãî. Òàêi íåðiâíîñòi, çîêðåìà, çàäîâîëüíÿþòü óñi ñêií÷åííîêðàòíi êâàçiðåãóëÿðíi

âiäîáðàæåííÿ. Ìàðòiî, Ðÿçàíîâ, Ñðåáðî òà ßêóáîâ äîâåëè îáåðíåíó íåðiâíiñòü Ïîëåöüêîãî äëÿ

âiäîáðàæåíü çi ñêií÷åííèì ñïîòâîðåííÿì äîâæèíè ó âèïàäêó êîíôîðìíîãî ìîäóëÿ. Âêàçàíèé

ðåçóëüòàò Ñàëiìîâ òà Ñåâîñòüÿíîâ ðîçïîâñþäèëè íà äîâiëüíèé ïîðÿäîê ìîäóëÿ ñiìåé êðèâèõ.

Ñåâîñòüÿíîâèì äîâåäåíî íóëüâèìiðíiñòü âiäîáðàæåíü ç îáåðíåíîþ íåðiâíiñòþ Ïîëåöüêîãî ó âíóò-

ðiøíiõ òî÷êàõ îáëàñòi çà óìîâè, ùî âiäïîâiäíà ìàæîðàíòà ó öié íåðiâíîñòi çàäîâîëüíÿ¹ óìîâó

Ëåõòî-Äiíi. Ïiçíiøå öåé ðåçóëüòàò áóëî ðîçïîâñþäæåíî íà ãðàíèöþ ðiâíîìiðíî çáiæíî¨ ïîñëi-

äîâíîñòi òàêèõ âiäîáðàæåíü. Àâòîðîì äàíîãî ðóêîïèñó ðàçîì ç Ñåâîñòüÿíîâèì íåùîäàâíî áóëî

îòðèìàíî íóëüâèìiðíiñòü ãðàíè÷íîãî âiäîáðàæåííÿ ó çàìèêàííi îáëàñòi åâêëiäîâîãî ïðîñòîðó. Ó

äàíîìó ðóêîïèñó àíàëîãi÷íèé ðåçóëüòàò îòðèìàíèé ó ìåòðè÷íîìó ïðîñòîði. Çîêðåìà äîâåäåíî,

ùî ÿêùî ïîñëiäîâíiñòü âiäêðèòèõ, äèñêðåòíèõ òà çàìêíåíèõ âiäîáðàæåíü ç îáåðíåíîþ íåðiâíiñòþ

Ïîëåöüêîãî çáiãà¹òüñÿ ó çàìèêàííi îáëàñòi, à ìàæîðàíòà ó öié íåðiâíîñòi ìà¹ ñêií÷åííå ñåðåä-

í¹ êîëèâàííÿ, òî âiäïîâiäíå ãðàíè÷íå âiäîáðàæåííÿ ìà¹ íåïåðåðâíå ìåæîâå ïðîäîâæåííÿ, ÿêå ¹

íóëüâèìiðíèì ó çàìèêàííi.

Êëþ÷îâi ñëîâà: ìîäóëi ñiìåé êðèâèõ, íóëüâèìiðíi âiäîáðàæåííÿ, ìåòðè÷íi ïðîñòîðè.
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