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Abstract. Analysis of non-local, phase-lag, and temperature-dependent properties on
modified couple stress thermoelastic diffusive medium is examined in conditions of exciting
by thermomechanical sources. The governing equations are framed involving non-local,
phase-lag, and temperature-dependent properties. These equations are simplified by using
the potential functions and employing the Laplace and Fourier transforms for further study.
The problem is solved by deploying suitable thermomechanical loads. A specific type of
normal and thermal loading of the ramp-type is considered. The transformed components of
the physical field like the displacements, stresses, temperature change, and chemical poten-
tial are derived. A numerical analysis is performed for these quantities using the numerical
technique. The graphs of the resulting quantities are shown to analyze the impact of non-
local, phase-lag, and temperature-dependent properties. The specific cases are also mentioned.

Key words: modified couple stress thermoelasticity, non-local, dual-phase-lag, Laplace
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1. Introduction.

The non-local theory of elasticity is based on the fact that the stress state at a point is a
function of strain of all the points in the body, whereas the classical (local) elasticity describes
the stress state at a given point by strain state at the same point. Non-local theory is derived by
various researchers by adopting different assumptions, e.g. Eringen and Edelen [1], Edelen and
Law [2], Eringen [3-8], McCay and Narsimhan [9], Narsimhan and McCay [10]. A compre-
hensive work on development of non-local theory is given by book of Eringen [11].

The non-local response and lagging response are same since earlier in space and as later
in time. Tzou [12] combined the response of non-local with single phase-lag heat conduc-
tion and compared it with the model given by Cao & Guo [13] and Guo & Hou [14]. Tzou
& Guo [15] demonstrate the union of non-local response with the dual-phase-lag model pro-
posed by Tzou [16, 17] and which is known as the new theory comprising both effects.

Sharma [18] studied boundary value problems in generalized thermodiffusive elastic
medium. Sharma and Sharma [19] studied influence of heat sources and relaxation time on
temperature distribution in tissues. Sharma et al. [20] examined wave characteristics and
some basic theorems in an electro-microstretch elastic solid. Yu et al. [21] analyzed the
buckling of nanobeams under non uniform temperature based on non-local thermoelasticity.
Abouelregal [22] showed the effect of thermal properties on non-local nanobeams.

Kumar et al. [23] investigated transient analysis of non-local microstretch thermoelastic
thick circular plate with phase-lags. Danni Li and Tian-Hu He [24] studied the effect of non-
local and temperature dependent properties in generalised piezoelectric thermoelastic prob-
lem. Kumar et al. [25] studied the effect of thermal and chemical potential sources in a thin
beam in MCT with three-phase-lag thermoelastic diffusion model. Jin-Tao Ma and Tian-Hu
He [26] explored response of a generalised thermoelastic problem with non-local effect and
variable properties. Borjalilou et al. [27] presented an explicit relation for thermoelastic
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damping in non-local nanobeams considering dual-phase-lag effect. Ezzat [28] studied the
effect of mechanical and thermal properties on tumorous tissue. Zenkour and Kutbi [29]
investigated thermoelastic interactions due to continuous heat source in a hollow cylinder.

The novelty of the present study is that the effects of temperature, non-local and phase-
lag are examined due to thermomechanical sources in MCT diffusion. Integral transform
technique is applied to investigate the problem. Ramp-type normal and thermal loads are
taken to show the approach. Resulting quantities are depicted graphically to show non-local
and phase-lag effects. Such theory can describe the long range interactions between points
in a continuum model. Such long range interactions occur between charged atoms or mole-
cules in a solid. Long range forces may also be considered to propagate along fibers or lam-
inae in a composite material.

2. Basic Equations.
Following Tzou, Guo [15], Sherief et al. [30] and Yu et al. [31], we have
(1) Constitutive Relations

1
t; =2ue; —Eekl-jm,kj, +6;[ e —nT -7, P15 €))
my; =2ay; ; (2)
(i1) Equation of motion
2_.
(ﬂo s Ajwv u>+[u—zAj(Au) YT =y, VP=p(1-¢& A)a ; (3)
(iii) Equation of heat conduction
1-¢%A+e, A Y o ( T, e+ 1T, T+TdP) kl1+7, 2 |ar; 4)
15 2T G2 7ido 4o 0 té’t >
(iv) Equation of mass diffusion
2
1—g2A+ru3+112 0 (;/ze+dT+nP) D(1+r QJAP. 5)
or 2" o ot
Here
Lij =5(w,~,j ;) =5 Cirgtq.p>
where
ﬂzz ﬁz pC a’ a 1
=1-==; +—5; ; h=—%+—; d=—; n=—.
A b n=p ﬂz V2= p 1 T, b b b
In Egs. (1) - (5), &, ¢, ¢ — non-local parameters, 7,,7, — thermal relaxation times with
T 7 >0 and Ty Ty — diffusion relaxation times with Ty T) 20, f=061+2we,,

By =0CBA+2u)a, . Here «,, a, correspond to the coefficient of linear thermal expansion
and diffusion expansion respectively. A is the Laplacian operator, V is nabla (gradient)
operator. Other symbols have their usual meanings.

3. Statement of the Problem.
A homogeneous isotropic non-local MCT diffusive body with dual-phase-lag occupying
the region x; >0 is taken. Let the origin be on x; =0 of plane Cartesian coordinate sys-

tem (x;, x,, x3) . The half space is induced by ramp-type normal and thermal loading on the

bounding plane x; =0.
For two dimensional problems, we have

u= (ul(xla X3, t)a On u3(x1, X3, t))a T('xla X3, t), P(xla X3, t) . (6)
To examine the influence of temperature dependent material properties we consider
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Ao =21 S (T); pt=po f(T); 71 =010 (T); y2 =20/ (T);

N (7
K=Kyf(T); D=Dof(T); f(T)=(-aTp),

where Aoy, 4o 710> 720> Ko» Dy are considered constants and «" is an empirical material
constant. For temperature independent material properties f(7)=1.
Using (6), (7) in (3) — (5), recast the following equations
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Following dimensionless quantities are used:

(¢ ¢ ¢\ x, u)—c—(f Coguxnu); (170,70, 70, ) =0 (4,7, Ty, Ty Tp);

: . (12)
=l polp
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where
. C.c? 2
o =Pl 62:%1+ Ho

Kk o)
" is the characteristic frequency and ¢, is the longitudinal wave velocity in the media.
Equations (8) — (11) with the aid of (12), reduce to the following equations after sup-
pressing the primes
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where

A=

4. Solution Procedure.

(15)

(16)

The displacement components u, (x;, x5, ¢) and u;(x;, x5, t) relate to scalar potentials

@(x), x5, t) and y(x;, x5, ¢) in dimensionless form as

op Oy . 99  ov

_—_’ u3
0x3 6x1

u =
ox;  Ox3

With the aid of (17), Egs. (13) — (16) yield
2
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a (/701+,Uo) ﬂo ., oo 710 q. =Tk Biriol .
1= ay=— 3T A T 5T 5 0 A= o>
pet pei’ PG B’ P Kopo
_ 1101272) D ag = B BT g = 012720 Ly = cfdp s ay = ”‘312
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We define Laplace and Fourier transforms as
FGin x5, ) = [ £, x5, 0€7dts f(& x5, 8) = [ (3, x5, )¢y, .
0 —o0

Using (22) on (18) — (21), determines following after simplification

amn

(18)

(19)

(20)

@n

(22)
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(R\D{ +R,D}' + RyD} + R)(@, T, P)=0; (23)

(D' +R;D] + Rg)w =0, (24)
where

Ry = Ry Ri5Rs _asaloszRué’zg2 —‘74%Sf2 (T)Rlsgz + a4“8a952f2 (T)§2§2 -
—a5a6a10s2f(T);’2g2 +a5a9sf(T)R13g2;
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Ryy = Ry Ry Ry + R13R2652 JfRzless2 = Ry 1Ry3Ry5 _astséazS3 —a10R23g2s3 —a,f(T)+
+Ry; Ry + g f (T)Ry3 Roy = Ry Rysats f (T) + Roy Rogas f(T); Roy = =57 RogRoy +5° Ry Ros;

2
S
Ry =a f(T)+a,f(T)+&s%; Ry =1+s7, +77q2; Ry =a,sC2 + f(T)+ f(T)st,;

2
K
R, =1+s7, +7z'5; Ris=f(T)+ f(T)st), +58%ay; Ry = agsf(T)Ry;
Ryy =azsRy5; Ryy = agsRyy; Ry = agsf (T)Ryy; Ros = a1gSR 45 Rog = ay SRy

The bounded solution of equations (23), (24) are

- D 3 * * —m. X
(@s Ts P)(x39 519 S):Z(ln Rissi )Ae 13; (25)
i=l1
~ > —m; X
Y(x3,8,5) =D die”™. (26)
i=4

Here m;(i=1, 2, ..., 5) are the roots of Eq. (23), Eq. (24) and the coupling constants are
given by

(m} — &) (agags® (1) —agsf (TR s )+ (m] — &) (agsf (T)Ryel” +

R = +Ry Ris = agsRy$” —a1gsRyi6”) + () — &7 )Ry Ros — Ry Roy)
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§* = —ags/ (T)Rys$™> = aygSRy16°) + (] = &) (Ryi Rys = Ry Ry
(mi2 - 512 )? (RisRys — 0801052§2§2 )+ (miz - 512 YRy Rys — Rz Ry +

+a83R25§2 + aloSR23§2) +(RyyRyg — Ry Rys)

(i=1,2,3).
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5. Thermomechanical Conditions.

Considering ramp-type normal loading and thermal source along with disappearing of
tangential stress, tangential couple stress and chemical potential i. e

tyy =—F(1)0(x)); t5,=0; my, =0; T =F,(t)6(x;); P=0, 27)
where
0 t<0;
[£1(0), F5 (O] = (Fy, Fop)qt/ty 0<t<ty; (28)
1 t> 1,

where F, and F,, govern the magnitude of the force and stationary temperature and &()
denotes Dirac delta function and ¢, is ramp-type parameter.
Non dimensional stress components are given by

Ou Ou; Ou
b =25 | —2 |47 | —L +—2 -l —nP; 29
3 1(8}@} Z[Oxl 6x3] } N 29)
| O Ous ) ([ O Ous | (30)
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0
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Using (22) on (27), (28) yield
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Making use of (25), (26) in (32) along with (17), (22) and (29) — (31) givess
_ iél 3 13
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A5 Ao
_ 13 i&
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A i=1 A i=4
- 13
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- e
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i=1
_ 1
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Here
A=(S3R — 87 R )m + (S} RS =S5 R my + (SR — 3R )my

M = Q304035 — A13034055 — 1403035 + A4A330,5 + 415053054 — Ay5A33004;
Ny = Q104035 — A1p3glys — Aanndss + 4140305 + Q15 a3y — 153500y,

N3 = ay1Ay4035 — Q110305 — Q1401035 + A140310)5 + Ay5051A34 — Q150310745
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=rm; —Kim; —K& — 18y ay =4i&rsm;; ay; ==2r(mi+ &), ="

a,
J
71010

J

2
A, f(T 2 T ¥
5 = of( );ré:pcl;r“:}/ZOﬂZf( ):VSZK @ 5 (i:1,2,3,j:4,5)~
71010 AT, 710710 4 y10Thc

Putting [—ﬁl (s), 0,0, ﬁz (s), 0)]' in i column of A respectively determine A;(i=1,2,...5).

6. Validation and Special cases.
(1) For ramp-type normal load F, =0 in egs. (33) — (39) yield the corresponding quantities.
(i1) For ramp-type thermal source F; =0 in egs. (33) — (39) determine the quantities.

Special cases.
By taking ¢, ¢, ¢ =0, we obtain the corresponding expressions given by (33) — (39) in

absence of non-local parameters.
By taking 7,, 7., 7,, 7, =0, we obtain the corresponding expressions given by (33) —

(39) without dual-phase-lag.

7. Inversion of the Transformation.

To obtain the results in physical domain, invert the transforms in (33) — (39) by invert-
ing the Fourier transform using

f(qx3,9) = i [ 7Gx, 5)e9dg = i [ [cos(&x)f, —isin(&x) fy|d&,  (40)

where f, and f, are respectively the odd and even parts of ]_”(51, X3, ) . Following [32],

the Laplace transform function f (&, x5, 5) canbe inverted to f(x, x3, t) by
1 V+ioo .
SGis 23, 0=—— [ [(&, 3, 9) s,
v—iono
The last step is to calculate the integral in eq. (40). The method for evaluating this integral is
described by [33]. It involves the use of Romberg’s integration with adaptive step size.

8. Numerical Implementation and Discussion.

For this section we follow [34] to consider the copper material (thermoelastic diffusion
solid) as:

2=7,76x10""Kgm™'s™?; 1 =3,86x10""Kgm's?; T, =0,293x10°K;
C,=0,3891x10°JKg'K™; @, =1,78x107°K™"; @, =1,98x10* m’Kg™;
a:1,02x104mzs'2K'1; b:9x105Kg'1m55'2; D:O,85><10_8Kgm'3s;
p=8,954x10°Kgm™; K =0,386x10°Wm'K™'; & =0,05Kgms?;
t=0,01s; ¢, =0,2s; 7, =0,6s; 7, =0,7s; 7, =0,8s; 7, =0,9s;
£=0,395x10"m; ¢ =0,2x107"m; ¢=0,15x10"m; F, =1; Fy, =1.
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The software Matlab (R2016a) is used for computation for the following cases:

I. MCT diffusion with non-local and dual-phase-lag without temperature dependent
(@ =0).

II. MCT diffusion with non-local and dual-phase-lag with moderate temperature
(@ =0,5).

II. MCT diffusion with non-local and dual-phase-lag with high temperature
(@ =0,75).

Figs.1 — 5, show the effect of ramp-type normal load for different temperatures for all
the cases. Figs.6-10, show the effect of ramp-type thermal source for all the cases.

In all the fig. 1 — 10, line (—) corresponds to MCT diffusion with non-local and dual-
phase-lag without temperature dependent (MNPWT), line (— —) corresponds to MCT diffu-
sion with non-local and dual-phase-lag with moderate temperature (MNPMT), line (—*—)

corresponds to MCT diffusion with non-local and dual-phase-lag with high temperature
(MNPHT).

8.1. Normal Load with Varying Temperature. Fig. 1 demonstrates trend of #;; vs. x;.
Magnitude of #;; decreases for bounded region and increases beyond this region for
MNPWT. t;; shows increasing trend near the source and after that decreasing trend for
MNPMT. #;; shows oscillatory behavior for MNPHT.

1.5

— MNP
MNPMT
—*— MNPHT

-
T

Normal stress (t33)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Distance (x1 )

Fig. 1
Fig. 2 displays trend of #;; vs. x;. #;; shows decreasing trend with x; for MNPWT.

Magnitude of #;; decreases near the source and after that show oscillatory behavior for
MNPMT and MNPHT.
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Fig. 3 shows the trend of my, vs. x,. Magnitude of m;, decreases strictly with x; for
MNPWT. Behavior of mj, is similar for MNPMT and MNPHT with difference in magni-

tude values.
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Fig. 3

Fig. 4. depicts trend of T vs. x; . Magnitude of T shows decreasing trend near the source

and away from the source increasing trend for MNPWT. T decreases for bounded region and
increases beyond that region for MNPMT and MNPHT.

Temperature change (T)

1.4

1.2

. .
0.8 1 1.2
Distance (x1)

Fig. 4

Fig. 5. depicts the trend of P vs. x;. P shows opposite trend for MNPWT and MNPHT.
Magnitude of P increases near the source and after this shows oscillatory behavior for MNPMT.
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8.2. Thermal Source with Varying Temperature. Fig. 6 displays t;; vs. x;. For bound-

ed region magnitude of t;; increases and after that decreases for MNPWT and MNPHT. #;,
shows oscillatory behavior for MNPMT.

Normal stress (taa)

-
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°
o

%

L . L . L . . L . f
(0] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Distance (x1)

Fig. 6

Fig. 7 displays 3, vs. x;. Magnitude of f#;; decreases strictly for MNPWT. #;; shows

opposite behavior for limited interval of x; and oscillatory behavior beyond that interval for
MNPMT and MNPHT.
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Fig. 7

Fig. 8 depicts mjy, vs. x;. Magnitude of mj;, decreases near the source and increases

away from the source for MNPWT. For bounded region m;, shows opposite trend and after
that similar trend for MNPMT and MNPHT.
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Fig. 8
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Fig. 9 determines 7T vs. x;. Trend of T is increasing near the source and after that de-

creasing for MNPWT. T shows similar behavior for MNPMT and MNPHT with difference
in magnitude values.

MNPWT
— — MNPMT
—¥— MNPHT

Temperature change (T)

[0} Oj2 0.‘4 0j6 OJB ‘; 1.‘2 1]4 1.‘6 1.‘8 2‘
Distance (xq)
Fig. 9
Fig. 10 demonstrates P vs. x; . P shows opposite trend for MNPWT and MNPHT. Mag-
nitude of P decreases for bounded region and after that increases for MNPMT.

Chemical potential (P)

0] 0.‘2 Ovl4 0.‘6 0.‘8 ’; 1.‘2 1.‘4 1.‘6 1.‘8 é

Distance (x,)

Fig. 10
Effect of non-local in MCT diffusion with fix temperature is shown by following cases:
(1) MCT diffusion with non-local and dual phase lag with fix temperature.
(i) MCT diffusion with dual phase lag with fix temperature.
(iii) MCT diffusion with non-local and without diffusion phase lag with fix temperature.
(iv) MCT diffusion with non-local and without thermal phase lag with fix temperature.
(v) MCT diffusion with non-local with fix temperature.

Figs. 11 — 15, show the effect of ramp-type normal load for all the cases. Figs. 16 — 20,
show the effect of ramp-type thermal source for all the cases.

In all the figures, line (—) corresponds to MCT diffusion with non-local and dual-
phase-lag with fix temperature (MNPT), line (- - -) represents MCT diffusion with dual-
phase-lag and with fix temperature (MPT), line (— —) corresponds to MCT diffusion with
non-local and fix temperature and without diffusion phase-lag (MNWDPT), line (—*—) cor-
responds to MCT diffusion with non-local and fix temperature and without thermal phase-

lag (MNWTPT), line (— o —) corresponds to MCT diffusion with non-local and fix tempera-
ture (MNT).
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8.3. Normal Loa
Magnitude of t;; inc

d with Fix Temperature. Fig. 11 demonstrates trend of #;; vs. Xx;.
reases and decreases for bounded region for MNPT, MNWDPT and

MNT. Trend of t;; is decreasing for MNWTPT. t;; shows decreasing trend for bounded

region and oscillatory

1.2

o
®
13

o
(o]

Normal stress (t33)

°
IS
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Fig. 12 displays

0.8 1 1.2
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0.6

Fig. 11
trend of #;,; vs. x;. #;; shows similar trend for all values of x; for

MNPT, MPT and MNT. Magnitude of #;; decreases strictly for bounded region and in-
creases far away from the source for MNWDPT and MNWTPT.
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Fig 12

0.6

Fig. 13 shows the trend of m;, vs. x;. ms, shows increasing trend near the source and

after that oscillatory

behavior for MNPT. Trend of ms, is similar for MPT, MNWDPT,

MNWTPT and MNT.
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Fig. 14. depicts trend of T vs. x;. Trend of T is gradually decreasing with x; for all the
cases. Trend of T is similar for all the cases with difference in magnitude values.
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Fig. 15. depicts the trend of P vs. x; . Magnitude of P is strictly decreasing with x; for

all the cases. P shows similar trend for MNPT, MPT and MNWTPT. Decrement in values of
P in case of MNWDPT and MNT is more in comparison to other cases.
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8.4. Thermal Source with Fix Temperature. Fig.16 displays #3; vs. X;. t3; shows sim-
ilar trend for MNPT and MPT. f£;; shows opposite behavior for limited interval of x; and

beyond this interval similar trend for MNWDPT and MNWTPT. £;; shows oscillatory be-
havior for MNT.
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Fig. 16
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Fig. 17 displays t;; vs. x;. t3; shows similar trend for MNTP, MPT, MNWDPT and
MNT with difference in magnitude values. ¢;; decreases strictly for limited interval and

increases after this for MNWTPT.
Fig. 18 depicts ms, vs. x;. my, shows oscillatory behavior for MNPT. Magnitude of

my, decreases for bounded region and far away from the source increases for all the re-
maining cases with difference in magnitude values.
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Fig. 19 determines T vs. x;. T shows reverse trend for MNPT and MNWTPT. T shows
increasing and decreasing trend for bounded region for MPT and MNWDPT. Magnitude of
T decreases near the source and after that increases for MNT.
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Fig. 20 demonstrates P vs. x; . P shows decreasing trend for all values of x; for all the
cases with difference in magnitude values. Trend of P is similar for MNPT and MPT.
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Fig. 20

9. Conclusion.

In this problem normal and thermal load are accounted to determine the physical quanti-
ties by using integral transform techniques. Integral transform involve Laplace transform
with respect to time variable and Fourier transform with space variable. Effect of tempera-
ture, non-local and phase-lag parameter is significant on the resulting quantities. It is ob-
served that these quantities are very sensitive towards these parameters. For temperature
dependent properties the resulting quantities show high oscillatory behavior for ramp-type
thermal source in comparison to ramp-type normal load.

It is observed that for temperature independent properties (in case of ramp-type normal
load), magnitude values of resulting quantities show decreasing trend with increasing dis-
tance except tangential stress and tangential couple stress which show increasing trend away
from the source. It is also observed that there is high oscillation for all the resulting quanti-
ties due to therrmal source in contrast to normal load except for chemical potential which
shows decreasing behavior. The results of this model are distinctly different for different
cases. The results obtained are important for the researchers working in the modified couple
stress thermoelastic with diffusion and non-local parameters with temperture dependent
properties.

PE3IOME. IlpoaHanizoBaHO BIACTHBOCTI HEJIOKATBHOCTI, 3aJI)KHOCTI Bij 3aIi3HCHHS (a3U Ta TeM-
nepatypu Mou(iKOBaHOTO MOMEHTHOTO TepMormpyxHoro mudysiiinoro cepenosumia (KTP), 30ymkeHoro
TEPMOMEXaHIYHUMH JUKepenaMu. ba3oBi piBHAHHSA yTBOPIOIOTECS 3 BUKOPHCTAHHAM BJIACTUBOCTEH HellOKa-
JBHOCTI, 3aJIeXHOCTI Bif a3y Ta Temueparypu. Lli piBHAHHS CIIPOIIYIOThCA 32 AOHNOMOIOI0 NOTEHINIANIB, a
Jlalti 3aCTOCOBYIOThCs mepeTBopeHHs Jlamnaca Ta @yp’e. 3amaua po3B’sa3yeThCs MPH BiAMOBIAHUX TEpMOME-
XaHIYHMX HAaBaHTaXCHHAX. Po3risHyTO cnenubiynuii BUA HOPMAIBLHOIO Ta TEIIOBOrO HABAHTAXKEHHS paM-
MOBOro THUIly. BuBezieHi TpaHCcopMOBaHi KOMIIOHEHTH (Pi3UYHHX I10J1iB — NEPEMillIeHb, HANPYXEHb, TEMIIE-
paTypH Ta XimMigHOro noteHuiany. lllono MuX BeIUYUH NPUBEACHO YHCENBHUII aHANI3 3a JJOIIOMOTOIO YHCe-
npHOT MeToanku. HaBeneHi rpadiku oTpuMaHUX BENWYWH, SKI MOKA3yIOTh BIUTUB BIACTHBOCTEH HEIIOKAJb-
HOCTI, 3aJIE)KHOCTI Bifl (ha3u Ta TemriepaTypu. Takok KOMEHTYIOThCSI KOHKPETHI BUIIAIKH.

KJIIOYOBI CJIOBA: monudikoBaHa MOMEHTHA TEPMOIIPYKHICTh, HEJIOKAIBHICTD, AyallbHE 3alli3HCHHS
(asu, neperBopenns Jlamnaca i @yp’e, HOpManbHe HABAHTAXKEHHS, TEIUIOBE JKEPEIIO, MAHyCHHI THII.
3MiHHI BIIACTUBOCTI.
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