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Abstract. An analytical statement of the problem on the magneto-elastic field in the 

thick-wall sphere made of functionally graded material in the plane strain state is presented. 
The solid sphere is subjected to internal pressure and a uniform magnetic field. The stress 
and displacement fields in terms of the radial coordinates considering magneto-elasticity are 
obtained analytically. Regarding the Maxwell electro-dynamic equations, the Lorentz force 
function of displacement is expressed in the spherical coordinates. Considering the physical 
properties of the functionally graded materials as the moduli of elasticity and permeability 
parameter are varying within a nonlinear general distribution across the thickness while 
Poisson’s ratio is considered constant. The exact solution is obtained by solving the second-
order differential equation in terms of displacement derived from the equilibrium equation 
associated with the Lorentz force. The non-homogeneity parameter is chosen randomly. The 
obtained results reveal the effect of the magnetic field, gradient parameter, and mechanical 
loading on the magneto-elastic behavior of the functionally graded spherical thick-wall ves-
sel. Therefore, these parameters have major effects on the radial displacement and radial and 
circumferential stress components. 
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1. Introduction. 
The thick-walled spherical vessels are of significant equipment, frequently used in oil, 

chemical, petroleum, and petrochemical applications and in different industries such as nu-
clear structures, aerospace and aeronaval structures, civil and mechanical engineering struc-
tures, tanks, etc. [1]. Depending on the operation conditions, these vessels can be considered 
exposed to different solicitations as mechanical, thermal, magnetic or centrifugal forces 
which have significant effects on displacement, strain, and stress fields and thus on their 
performance [2]. It is of great importance in solid mechanics to analyze the elastic behavior 
of such pressurized spherical vessels from the viewpoint of design.  

To improve the performance of these spherical vessels within a specific application to 
their operating conditions, functionally graded materials (FGMs) can be used and replace 
conventional materials. Indeed, FGMs have become widespread thanks to their controlled 
spatial distribution of material properties which can help for optimization of the design. The 
functionally graded materials have attracted interest from scientists and engineers due to 
their large engineering applications in different fields. FGMs are blend of usually two dif-
ferent materials where a gradually change in the volume fraction of each material changes is 
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observed in some spatial direction [3, 4]. The gradient materials are elastic nonhomogene-
ous materials with high structural resistance to oxidation and/or corrosion as well as high 
thermal properties which leads to an increase in their use in different industrial applications 
[5, 6]. The best choice of the evolution of physical and thermomechanical properties of such 
materials in one or more spatial directions leads to an optimal properties variation for every 
specific application [7, 8].  

The advantage of the functionally graded materials comparing to the classical composite 
materials is the absence of interfaces which eliminate the discontinuities of the material 
properties.  

Uniform magnetic field shows its importance and attracted much interest in various sci-
entific and technological fields. It found the application in many biomedical techniques and 
treatment that require a highly uniform magnetic field [9]. Operation of pressurized vessels 
under magnetic field leads to a disparate distribution of displacement, strain, and stress 
fields in comparison with a situation where the mentioned conditions do not exist. Indeed, 
several studies on the magneto-elastic behaviors of pressurized hollow structures made of 
FGMs have been reported. 

Lutz and Zimmerman [10], Jabbari et al. [6] and additional references can be found 
where the authors investigate the elastic behavior of pressurized FGM hollow cylinders. 

Chen [11] investigated analytically the stress distribution in an isotropic FGM spherical 
shell under centrifugal forces. Güven and Baykara [12] considered an FGM hollow sphere 
subjected to internal pressure in the assumption of isotropic linear elasticity. Chen and Lin 
[13] investigate the elastic field in the case of a thick-walled cylinder/sphere made of expo-
nentially graded materials. Li et al. [14] carried out an elastic analysis for hollow spherical 
vessels under mechanical loading considering randomly radial nonhomogeneity parameter 
and using Fredholm integrals to solve the problem. Thick-walled spherical vessels made of 
linearly and exponentially graded material under mechanical loading was studied by Saidi et 
al. [15] which developed and exact solution for the displacement and stresses fields. A re-
markable work is done by Yıldırım [16], where the author investigated a total of ten material 
grading rules (linear, power-law, exponential, combined power and exponential…) simulta-
neously for three types of annular structures (annulus, cylinder and sphere) all of which have 
the same inner and outer radii under the same mechanical loads. 

[17-19] carried out analytical and semi-analytical investigations of thick-walled nonho-
mogeneous cylinders under different loadings. Cylindrical and spherical vessels made of 
FGM under pressure and a uniform magnetic field where studied by Dai et al. [17]. They 
considered physical properties vary in the radial direction across the thickness according to 
power law distribution. Moreover, they investigated the effects of material nonhomogeneity 
parameter on the stress distribution and perturbation of magnetic fields. Later, [20] dis-
cussed the results obtained by [17]. Loghman and Moradi [21] considered a magnetic field 
in addition to the electrical charge, temperature and internal pressure on a sphere and inves-
tigated stress and displacement fields across the thickness. They showed that the stress dis-
tribution can be optimized by selecting an appropriate power index. 

Furthermore, some researchers have assumed that the mechanical properties such as the 
module of elasticity are exponential functions of r. Considering the Poisson's ratio ν con-
stant and module of elasticity E an exponential function of r, the authors investigated the 
stresses and displacements components in FG cylindrical vessels. 

In literature, the analytical solutions for elastic field in cylindrical/spherical vessels exist 
when the magneto-mechanical properties of the material vary as a power law function of the 
radial position. Moreover, the variation of properties as a power-law function cannot be used 
in a specific physical problems as the exterior or the interior problems [22] where or r→0, 
respectively. 

As a continuity of our previous works [23], in this work, an exact solution is presented 
for the displacement and stress distributions of thick-walled sphere under internal pressure 
and placed in a uniform magnetic field based in the framework of magneto- elasticity theo-
ry. The mathematical formulation of these problems is equivalent, but the physics is differ-
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ent. The material properties are expressed by a nonlinear general form of four parameters and 
the Poisson's ratio is considered constant. A more general expression was used to take into 
account the gradient variation of the module of elasticity and magnetic parameter proposed in 
literature [7]. A second order nonlinear differential equation is derived from the equilibrium 
equation and has been solved analytically. The magnetoelastic behavior and perturbation of 
magnetic field vector distributions in the FGM hollow sphere will be calculated. 

2. Mathematical problem formulation. 
Let us consider sphere made of nonhomo-

geneous material with, respectively, inR  and 

outR  inner and outer radii. Taken into account 

the geometry of the problem it is more appro-
priate to consider the spherical coordinate 
system  , ,r   . The sphere is subjected to 

internal pressure and placed under uniform 
magnetic field, as Fig. 1 shows. 

The components of displacement can be 
written in spherical coordinates system as 
follows: 

 ; 0.r ru u r u u                (1) 

The strain tensor components may be 
written in term of the radial displacement 
component iu  ( , , )i r    such that: 

; ; 0.r r
rr r r

u u

r r         


     


                             (2) 

The constitutive relation for linear elastic materials known as Hooke’s law is given in 
the form:  

   2 ,ij ij ll ijr r                                                     (3) 

where  ij ij r   are stress components of Cauchy stress tensor, ij  is the Kronecker 

symbol,  r  and  r  are Lamé’s coefficients given by: 

   
     

  
; .

2 1 1 1 2

E r E r
r r


 

  
 

  
                                   (4) 

The material is considered elastic and isotropic. In the assumption of infinitesimally 
small elastic deformations the Cauchy stress components can be written by substituting the 
strain tensor component Eq. (2) in the Hook’s law given in Eqs. (3) as follows: 

      

      

2 2 ;

2 ,

rr rr

rr

r r r

r r r



  

     

      

  

   
                                  (5) 

where ,rr    and   are, respectively, the radial and circumferential and meridional 

component of stress tensor.  
The magnetic permeability of the outer surface of the sphere is the same than the mag-

netic permeability of its surrounding environment. The hollow sphere is assumed non-
ferromagnetic and non-ferroelectric and Thompson effect is not taken into account. There-

fore, in the presence of an uniform magnetic field (0 0 ),H H


 the electric current density 

 
Fig. 1. Three-dimensional nonhomogeneous 

thick-walled sphere. 
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vector J


and the perturbation of magnetic field vector h


 for a conductive elastic body can 
be written as follows [10]:  

( );h u H  
   

  .J h 
  

                                        (6 a, b) 

In spherical coordinates, Eqs. (6 a) and (6 b) yields to Eqs. (7 a) – (7 d): 

( 0 0);ru u


  (0 0 );h h


  
2

;r ru u
h H

r r 
     

  0 0 .
h

J
r
 

   


   (7 a, b, c, d) 

Under the effect of the magnetic field, Lorentz magnetic force vector is calculated from 
the following equation [10]: 

      2 2
0 0 .r ru u

f r J H r H
r r r             

 
                           (8) 

The equilibrium equation for the hollow sphere giving consideration to Lorentz force 
while the body forces are neglected can be written as follows: 

 
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             (9) 

In the frame work of axisymmetric loadings where all variables are functions of radial 
position only, the governing equation of the sphere in Eq. 9 yields to a more simplified 
equation (Eq. 10) in terms of the radial rr  and circumferential/meridional ( )    

stresses components is as follows: 

 2
0.rr

rr rfr r 


 


   


                                           (10) 

By considering the functional expression of module of elasticity and the magnetic per-
meability the equilibrium equation of the non-homogeneous sphere can be written in terms 
of the radial displacement. A general expression of gradient material properties is assumed 
across the thickness of the sphere to take into account the gradient effect of properties [7]: 

 
12

exp 1 ;
m s

in
in in

r r
E r E

R R

              

   
22

exp 1 ,
m s

in
in in

r r
r

R R
  

              
  (11 a, b) 

here 1 2, ,m m   and s  are constants parameters, ,in inE   are the internal coefficients at 

inr R  of module of elasticity and the magnetic permeability, respectively. The parameters 

of Eq. (11 a, b) allow wider control in modeling the shape of the material properties com-
pared to other expressions used in literature. With a dataset of 1 2 0 or 0,m m s    respec-

tively, exponential and power-law behaviors can be found. While, for 1 2 0m m   and 

0s   taken simultaneously, the expression leads to the homogeneous case. 
In order to carry out an investigation of the effect of gradient indexes on the elastic re-

sponse of the nonhomogeneous hollow sphere placed under a magnetic field, the gradient 
indexes of the material properties were assumed to be the same, 1 2m m m   where the 

parameter of inhomogeneity m  was assumed to vary from 2,5  to –1 ( 2,5; 2; 1,5m      
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and –1). However, the numerical values for m was taken arbitrary and do not represent any 
specific material; four values are considered to reveal the effect of gradient properties on the 
distribution of the magneto-elastic field and perturbation of magnetic field vector. 

For convenience, we consider: 

                 2 ; ; 2 ,E r r E r r r E r                    (12 a, b, c) 

where: 

             
   

11
; ; .

1 1 1 2 1 1 2

     
    


  

    
      (13 a, b, c) 

Substituting Eq. (2) into Eq. (3) then into Eq. (10), the second-order differential equa-
tion known as Navier’s equation can be obtained as follows: 
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        (14) 

By substituting Eq. (11) in Eq. (14), the differential equation leads to: 
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             (15) 

Eq. (15) is the well-known Navier’s equation which is in the present case a second order 
differential equation written in terms of the radial displacement. Therefore, the solution of 

Eq. (15) can be written as a function of the first   1 1, ,a b   and second  2 2( , , )a b   

kind Kummer’s functions, respectively, according to [24 – 25]: 

     1 2
1 1 2 2, , , , ,u r Ar e a b Br e a b                                   (16) 

here A and B are unknown constants which are determined by applying the mechanical 
boundary conditions.  

The first and second kind Kummer’s functions can be written, respectively, as follows: 
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In the above equation,      1 .... 1i i i ik
a a a a k   

 
is Pochhammer’s symbol and 

    the gamma function. 

The arguments of the confluent hypergeometric functions ia  and ib
 
in equation (15) 

can be given by: 
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The derivative forms of the first and second kind Kummer’s functions are given as: 
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 
 

 (19) 
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  

 

           

2 2

1 1 2 2 2 2

, ,

, , 1 , , .

d a b r

dr

d r

dr r a b a b r a b r
r

 



    




 
 
      
 
 
 

             (20) 

However: 

          

      

1

2

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2

, , 1 , ,

, , 1 , , .

du r Ar e
a b a b s b a a b

dr r

Br e
a b a b s a b

r

 

 

    

    





       

     

       (21) 

The radial stress, circumferential stress and perturbation of magnetic field vector com-
ponents can be calculated by substituting Eq. (16) into Eqs. (5) and (7 b) for hollow sphere 
made of nonhomogeneous material: 

           
        

1

2

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2

2 , , 1 , ,

2 , , 1 , , ;

rr

AE r
r e a b a b s b a a b

r
BE r

r e a b a b s a b
r

 

 

        

       





        

      

  (22 a) 

           
        
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2

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2

, , 1 , ,

, , 1 , , ;

AE r
r e a b a b s b a a b

r
BE r

r e a b a b s a b
r

 


 

         

        





         

       

  (22 b) 

        

      

1

2

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2

2 , , 1 , ,

2 , , 1 , , .

Ar e
h H a b a b s b a a b

r

Br e
a b a b s a b

r

 

 

 

    

    






         




       


   (22 c) 

The constants A and B are determined using the boundary conditions as follows: 

; .
in out

rr in rr outr R r R
P P                                            (23) 

Applying boundary conditions yield a set of linear algebraic equations in terms of A and 
B. The unknown coefficients of integration A and B are calculated by solving the resultant 
linear algebraic equations. 

3. Results and discussions. 
3.1. Validation. To confirm the results achieved in this paper, the results were compared 

with those reported by Ref. [20] in a certain case where the authors assumed a power-law 
form for the spatial distribution of material properties. They studied the magneto-elastic 
field of a nonhomogeneous hollow sphere subjected to mechanical loading and placed in a 
uniform magnetic field. 

Let consider a cylinder with 2out inR R  . The numerical values of the gradient materi-

al relationship given in Eq. (10) are chosen in the way to reproduce the case examined in 
[20] i.e. a power-law variation of the module of elasticity and magnetic permeability by 
considering the constants of the expression as: 0, 0s    and 1.m    
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Fig. 2 illustrates the comparison between the results obtained with the present model 
and those obtained by Ref. [20]. The figure reveals that a very good agreement is achieved. 

3.2. Current Results. Displacement, stresses and perturbation of magnetic field vector 
are analyzed for the hollow sphere made of FGM under the symmetric mechanical loads. In 
this section a numerical example is illustrated to analyze the effect of magneto-mechanical 
field on the elastic response of a sphere obtained by the exact solution derived from the ana-
lytical formulation from in the previous section. The effects of the inhomogeneity parame-
ter, the magnetic and mechanical fields on the stress and displacement components are also 
studied. All the results are obtained using Maple computer program. 

 

Fig. 2. Comparison between results of present work and Ref. [20]  
for dimensionless radial and circumferential stresses in the case 

 of 2, 0, 0out inR R s    and 1.m    
 
In order to obtain illustrative results, numerical calculations of the material constants for 

the thick-walled FGM hollow spherical structures are taken as: 2,out inR R   the module of 

elasticity at inner radii 200 GPa,inE   the magnetic permeability coefficient at the inner 

radii 61,2 10 H m,ina   the pressure at the inner surface 500 MPa,inP   the pressure at 

the outer surface 0 MPaoutP   and the intensity of the magnetic field 92,2310 A m.H   

Poisson’s ratio is fixed to 0,3.   The material properties of the sphere through the thick-
ness vary only along the r-direction.  

In order to clarify the analysis and with reference to [7], the constants in Eq. (10) are 
fixed to: 0,172   and 4,1.s   Four values of inhomogeneity parameter are then consid-

ered 2,5; 2; 1,5m      and –1 which correspond to the ratios 0,5,1, 2in outE E   and 4, 

respectively. The resulted magneto-elastic field has been normalized and illustrated across 
the thickness of the sphere to demonstrate the effect of inhomogeneity. 

The distribution of the displacement, radial stress, circumferential stress and the pertur-
bation of the magnetic field vector across the thickness of the FGM hollow sphere are illus-
trated in Figs. 3 – 5, respectively where the results reveal the effect of the inhomogeneity 
parameter. 

Fig. 3 shows the dimensionless radial displacement function of the radial position ob-
tained from the exact solution where different values of inhomogeneity constant m  are con-
sidered. It can be notice that the maximum and minimum displacements occur at the inner 
and outer surfaces of the sphere, respectively. Regarding Fig. 3, a by raising the inhomoge-
neity constant m, the absolute values of the radial displacement decreases when the intensity 
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of the magnetic field is reduced to zero ( 0 A m).H   This is caused by an increase of the 

stiffness of the entire thick-walled sphere generated by an increase in the inhomogeneity 
constant m. While, when the intensity of the magnetic field is considered as can be shown in 

Fig. 3, b 9( 2,2310 A m),H   the different curves of the dimensionless radial displacement 

almost coincide. The results shown in Fig. 3, b demonstrate the significant effect of the 
magnetic field on the radial displacement. However, it is obvious to notice that the variation 
of displacement component in a homogeneous material is similar to that obtained in a heter-
ogeneous material. However, it can be seen that the magnitude of displacement obtained in 
the case of an FGM spherical structure is higher compared to the displacement magnitude of 
a sphere made of homogeneous material for the values of m  chosen in this work. 

 

 

Fig. 3. Radial Distribution of dimensionless radial displacements  
for different values of inhomogeneity parameter 

( 2,5; 2; 1,5m      and −1): a) 0H   and b) 92,23 10 .H   
 
Fig. 4, a illustrates the dimensionless radial stress component (Eq. 21 a) with four dif-

ferent values of gradient indexes ( 2,5; 2; 1,5m      and –1). It is obvious to remark from 

the figure that the homogeneous and heterogeneous materials show similar characteristics 
concerning the radial stress component. As shown in Fig. 4, a, it is obvious to conclude that 
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the radial stress at the internal and external radii of the nonhomogeneous thick-walled 
sphere satisfy the given asymmetrical boundary conditions of the problem. 

 

 

Fig. 4. Distribution of the dimensionless:  
a) radial and b) hoop stresses for different values  

of inhomogeneity parameter (m=−2,5; −2; −1,5 and −1). 
 
For every nonhomogeneity parameter considered, a monotonic increase of the radial 

stress can be highlighted in terms of r-direction. Obviously, Fig. 4, a reveals that the in-
crease in the absolute values of radial stress is inversely correlated to an increase in the non-
homogeneity constant m  which is caused by the increase in the global stiffness of the solid 
sphere. 

Fig. 4, b illustrates the distribution of the dimensionless circumferential stress (Eq. 21 a) 
across the thickness of the sphere. Besides of the value of ,m  the circumferential stress first 
decreases and then increases in terms of each value of nonhomogeneity parameter with re-
spect to r  (a similar trend is seen in isotropic thick spheres). This is due to the fact that the 
solid sphere is subjected to only the internal pressure while the external pressure is eliminat-
ed. It is also obvious from Fig. 4, b that the increase in the absolute values of circumferential 
stress is proportional to an increase in the nonhomogeneity parameter. As shown in Figs. 4, 
a, b, the magnitude of circumferential stress is larger than that of the radial stress at the same 
radial position of the FGM hollow sphere. 
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Fig. 5 illustrates the evolution of perturbation of magnetic field vector. It is clearly seen 
that the perturbation of magnetic field vector increases gradually from inner to outer radius 
of the FGM spherical vessel till a certain value than become constant. It can be also seen 
from Fig. 5 that the absolute values of perturbation of magnetic field vector increase as the 
nonhomogeneity constant increases. 

 

Fig. 5. Radial distribution of h H   for different values 

 of inhomogeneity parameter 2,5; 2; 1,5m      and –1. 
 
Comparing Figs. 4, a, b and 5 with our previous analysis done on a hollow FGM cylin-

drical structure [23], it is obviously seen that the evolution of radial stress component 
through the radial position is nearly the same for an FGM thick-walled spheres and FGM 
thick-walled cylinders. It is worthwhile to mention from Figs. 4, b and 5 that the evolutions 
of the magnitude of hoop stress and the perturbation of the magnetic field vector compo-
nents across the thickness have similar characteristics. It is shown that the magnitude of 
hoop stress in the nonhomogeneous hollow solid sphere is less than the magnitude obtained 
in the case of the nonhomogeneous hollow solid cylinder, whereas the magnitude of the 
perturbation of the magnetic field vector in the nonhomogeneous thick-walled spherical 
structure is higher than the magnitude obtained in the case of nonhomogeneous hollow 
thick-walled cylindrical structure. 
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Fig. 6. Magnetic field effects on distributions of displacement,  

stresses and the perturbation of the magnetic field vector when 2.m    
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It is shown in Figs. 6, a, c that the absolute values of the radial displacement and cir-
cumferential stress decrease by increasing the magnetic field intensity while Figs. 6, b, d 
reveal that the absolute values of the magnitude of the radial stress and the perturbation of 
the magnetic field vector increase as the magnetic field intensity increases. It was further 

observed that with the values of 72,3 10 ,H    magnetic field effects are negligible. More-

over, it can be noted that a magnetic field of 92,3 10 ,H    leaves considerable effects on 

displacement and stresses distribution. 

Conclusions. 
In this paper, in the frame work of elasticity theory, exact solutions for FGM hollow 

spherical structure under a uniform magnetic field and subjected to internal pressure are 
presented. The effect of the inhomogeneity parameter is analyzed on the distribution of the 
stresses and displacement fields of the heterogeneous thick-walled spherical structure sub-
jected to internal pressure. A nonlinear general function was used to describe the evolution 
of the material properties of the FGM sphere across the thickness. The results from homog-
enous spheres were taken as reference. Displacement and stresses components function of 
the radial position were illustrated considering different material nonhomogeneity parame-
ters. Numerical results show that the magneto-elastic field and the perturbation of the mag-
netic field vector are considerably affected by the gradient parameter m. Therefore, it can be 
concluded that with an appropriate choice of the inhomogeneity parameter one can control 
the stress distribution and design the optimum spherical pressure vessel adjusted to specific 
applications. 

 
 
РЕЗЮМЕ.  Представлена аналітична постановка задачі про магнітопружне поле в товстостін-

ній сфері, виготовленій з функціонально східчастого матеріалу в стані плоскої деформації. Тверда 
сфера піддається дії внутрішнього тиску та рівномірного магнітного поля. Поля напружень та пере-
міщення, що враховують магнітопружність, задані в залежності від радіальної координати і отримані 
аналітично. З врахуванням електродинамічних рівнянь Максвелла функція сили переміщення Лорен-
ца виражається в сферичних координатах. Враховуються такі фізичні властивості функціонально 
класифікованих матеріалів, як модуль пружності та параметр проникності, які змінюються в межах 
нелінійного загального розподілу за товщиною, тоді як коефіцієнт Пуассона вважається постійним. 
Отримано точний розв’язок шляхом розв’язання диференціального рівняння другого порядку щодо 
переміщення, отриманого з рівняння рівноваги, пов’язаного з силою Лоренца. Параметр неоднорід-
ності вибирається випадковим чином. Отримані результати виявляють вплив магнітного поля, пара-
метра градієнта та механічного навантаження на магнітопружну поведінку функціонально східчасто-
го сферичного товстостінного резервуару. Тому ці параметри мають великий вплив на радіальне 
зміщення та радіальні і колові компоненти напруження. 

 
КЛЮЧОВІ СЛОВА: напруження, магнітопружність, функціонально східчастий матеріал, товста 
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