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Abstract. A thermo-magneto-elastic problem for thin conductive spherical segment 
shells in a magnetic field is studied. The nonlinear magnetoelastic kinetic equations, elec-
trodynamics equations, geometric equations, physical equations, and expressions for the 
Lorentz force of thin spherical segment shells under the action of electromagnetic field, 
temperature field, and mechanical field are given. The standard Cauchy form of nonlinear 
differential equations, which include eight basic unknowns in total, are obtained by the vari-
able replacement method. Using Newmark’s stable finite formulas and the quasi-
linearization method, the nonlinear partial differential equations are transformed into a se-
quence of quasilinear differential equations, which can be solved by the discrete-
orthogonalization method. A temperature field in the thin spherical segment shells and the 
integral eigenvalues of the temperature field are derived after considering Joule’s heat effect 
in an electromagnetic field and the thermal equilibrium equation. The change rules of stress-
es, temperatures, and deformations in thin spherical segment shells with electromagnetic 
parameters are discussed. The results show that the stresses, strains, and temperatures can be 
controlled by adjusting the electromagnetic and mechanical parameters. The results present-
ed here are expected to be a theoretical reference for the thermo-magneto-elastic analysis of 
thin conductive shells. 
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1. Introduction. 
Thermo-magneto-elastic theory is specially used to study the coupling effect of the elec-

tromagnetic field, the temperature field, and the deformation field. In modern industrial en-
gineering, there are often some structural components of thin shell that need to work in the 
coupling environment of the electromagnetic field, the temperature field, and the mechanical 
field. Therefore, it is very important to analyze the stress-strain state of it. The thermo-
magnetic elasticity includes classic elastic theory, the heat conduction theory, and the elec-
tromagnetic field theory. On the basis of these theories, the problems on the interaction of 
the electromagnetic field, the temperature field, and the deformation field are further solved. 

At present, abundant achievements are obtained in the studies of the magnetoelastic vi-
bration problems, stability problems, and stress-strain problems of electromagnetic struc-
tures, such as Pao and Yeh [1] (1973); Ambartsumyan [2] (1977); Moon [3] (1984); Van de 
Ven [4] (1986); Ulitko, Mol’chenko, Kovalchuk [5] (1994); Mol’chenko, Grigorenko [6] 
(2010); Mol’chenko [7 - 13] (1989, 2014, 2016, 2018, 2019, 2020, 2021); Bian [14, 15] 
(2015, 2021); Zheng, Wang [16] (2003); Hasanyan, Librescu, Ambur [17] (2006); Gao, Xu 
[18] (2010); Kuang [19] (2014); Vinyas, Sagar, Kattimani [20] (2018); Bi, Wang, Deng, 
Wang [21] (2020), and others. These achievements laid a good foundation for studies of the 
electromagnetic elastic mechanics and its applications. However, these researches fasten 
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mostly on the coupling problems of electromagnetic fields and mechanical fields, researches 
on a thermo-magneto-elastic problem with considering temperature fields have rarely been 
seen. Therefore, researches on thermo-magneto-elastic problems for conductive plates and 
shells have recently become one of the most important topics. 

Electromagnetic structures in the electromagnetic field environment often exhibit com-
plex multi-field coupling effects. It belongs to a new problem in the research field of elec-
tromagnetic elastic mechanics. Based on the nonlinear magnetoelastic kinetic equations, 
electrodynamics equations, geometric equations, and physical equations under the coupling 
field, the thermo-magneto-elastic fundamental equations for a thin spherical segment shell 
under the interaction of an electromagnetic field, a temperature field, and a mechanical field 
are given. The temperature field in a thin spherical segment shell and the integral eigenval-
ues of the temperature field are derived after considering Joule’s heat effect in an electro-
magnetic field and the thermal equilibrium equation. The stresses, displacements, and tem-
peratures of the thin spherical segment shell in a magnetic field are computed. The effect of 
the side current, magnetic induction intensity, etc. on the stresses, displacements, and tem-
peratures in the thin spherical segment shell is analyzed. This lays the analytical foundation 
for developing and popularizing practical application of the thermo-magneto-elastic problem 
for plates and shells. 

2. Thermo-Magneto-Elastic Fundamental Equations of Thin Spherical Segment 
Shells. 

A three-dimensional orthogonal curvilinear coordinate system , , n   is established on 

a spherical segment under the interaction of mechanical loads and an electromagnetic field 
as shown in Fig. 1. Under the action of axisymmetric loads, it can be regarded axisymmetric 
problem. By satisfying the magnetoelastic suppositions of the thin shell [7] and using elastic 
mechanics theories, Ohm’s law and Maxwell equations in electromagnetic basic theories, 
the fundamental equations for thin spherical segment shell can be derived as follows: 

The magnetoelastic kinetic equations are 
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The geometric equations are 
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The physical equations are 

[ (1 ) ];N TN D           [ (1 ) ];N TN D                     (8a, b) 

[ (1 ) ];M TM D           [ (1 ) ],M TM D                    (9a, b) 

where   is the electrical conductivity;   is the permeability;   is the mass density; h  is 

the shell thickness; R  is the radius of the spherical segment; r  is the radius of the section 

round; B
  and B

  are the values of B  on the inner and outer surfaces of the shell, respec-

tively;   and   are the strains in the corresponding directions;   and   are the bend-

ing strains in the corresponding directions; u , w , and   are the displacements and rota-

tion angle in the corresponding directions; E  is the electric field intensity in the  -direction; 

nB  is the magnetic induction intensity in the n -direction; P  and nP  are the surface forces 

in the corresponding directions on the shell; f  and nf  are the Lorentz forces in the 

corresponding directions; ,N  ,N  ,Q  M , and M  are the internal forces and mo-

ments in the corresponding directions; 2( / (1 ))ND Eh    and 3 2( [12(1 )])MD Eh    

are the tensile and bending rigidities of the shell, respectively; E  is elastic modulus;   is 
Poisson’s ratio; T  and T  are the integral eigenvalues of the temperature field T  along 

the thickness of the spherical segment, the  -coordinate along the thickness is established at 

the neutral layer of the shell as shown in Fig. 1, we obtain: 
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where T  is the linear expansion coefficient of the material; ( , , )T n   is the temperature 

distributing function in the shell. 

 

Fig. 1. A thin spherical segment shell in a magnetic field. 
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In order to obtain standard Cauchy form of nonlinear partial differential equations, we 
choose ,u  ,w  ,  ,N  ,Q  ,M  nB  and E  as the basic unknowns. The thermo-

magneto-elastic fundamental equations for the spherical segment are obtained as 
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3. Method for Solving the Thermo-Magneto-Elastic Problem for Thin Spherical 
Segment Shells. 

Equations (11) - (18) can be written as the following boundary-value problems: 
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where T{ , , , , , , , }nu w N Q M B E    N  is eight-dimensional vector; 1D  and 2D  are 

given orthogonal matrixes; 1d  and 2d  are given vectors. 

Eq. (19) is a set of nonlinear partial differential equations with eight basic unknowns. 
The difficulties are how to solve directly the equations. First, Newmark’s stable finite equi-
different formulas [7] are used to find the derivatives with respect to time in Eqs. (11) - (18) 
according to the time step: 
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where t  is the integration step;   is the parameter of the scheme. We choose 0,25  . 

After difference, Eqs. (11) - (18) can be expressed as 
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The problems described in Eq. (22) are nonlinear. Using an iterative method, nonlinear 

problems can be transformed into a series of linear problems. Taken iterative equations are [7] 
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where ( )( , )kΓ N  is Jacobi’s matrix. 

Thus, Eqs. (11) - (18) can be written finally as 
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The Lorentz forces in Eqs. (26) - (33) can be written as 
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4. Electromagnetic Temperature Effect. 
By using the electrodynamics equations and generalized Ohm’s law, and considering 

the side electric current clJ  and clJ , we have [7]: 
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Due to Joule’s heat effect in the electromagnetic field, the heat source is bound to be 
generated in the spherical segment. So the heat source power can be expressed as [22] 

2 22

0,86 0,86
J JJ

Q  

 


  .                                           (37) 

Regardless of local temperature effect at the ends of the spherical segment and external 
heating source, considering only the heat exchange between the inner and outer surfaces of 
the spherical segment and the outside, we think that the distribution of the heat source power 
density along the direction of the shell thickness is uniform. At 0  , the heat flow density 

0q  ; at 2h  , the heat flow density 2q Q h , and wT T . 

Thus, the temperature curve equation along the  -direction is 

22 4
1 4

8 2
T

f w
T F F

Q h hc
T T T

h h

  
  

        
   

 ,                         (38) 

where T  is the heat exchange coefficient of the material; c  is the specific heat capacity of 

the material; F  is the surface heat exchange coefficient of the material; wT  is the surface 

temperature of the shell; fT  is the temperature of the medium bordering upon the shell; wT  

is the change rate of the surface temperature. 

By using Eqs. (10), (36), (37), and (38), we have: 
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( 1) 0k
T

  .                                                          (40) 
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The ( 1)k
T

  and ( 1)k
T

  are substituted in Eqs. (26) - (33), the thermo-magneto-elastic 

coupling equations for the spherical segment are obtained. All unknowns can be found by 
the discrete-orthogonalization method. 

5. Example and Analysis. 
A thin spherical segment shell made from copper shown in figure 1 is in a magnetic 

field  , 0, 0BB . It bears the mechanical load  0,0, nPP . The electric current densi-

ty in the shell is  0, , 0 .clJclJ  We know 100GPaE  ; 0,3;   38200 kg m ;   
7 15,88 10 (Ω m) ;     61,25 10 H m;    401W (m С);T    2400W (m С);F    

6 11,65 10 С ;T
     2sin A m ;clJ J t    2 110 sec ;     2500 N m ;nP   32 10 m;h    

1m;R   0 6;   3.n   

The boundary conditions are 

0 :    0;N    0;Q    0;M    0;nB                          (41a-d) 

:n    0;u    0;w    0;    0,01sin T.nB t                   (42a-d) 

The initial conditions are 

0
( , ) 0;

t
t  N   

0
( , ) 0;

t
u t     

0
( , ) 0;

t
w t     

0
( , ) 0.

t
t            (43a-d) 

Programming Eqs. (26) – (33) and conducting computations for the known data and the 
boundary and initial conditions yield the eight basic unknowns u , w , ,  ,N  ,Q  ,M  

nB  and .E  Then the relations and change rules between the mechanical and electromag-

netic variables can be ascertained by changing the relevant parameters. 
Fig. 2 gives the deflection distribution in the spherical segment shell in the  -direction 

for 21,5 MA m ;J   0,01TB   and 10 sect  . According to Fig. 2, when the electric 

current density or magnetic induction intensity is relatively large, the effect of the tempera-
ture on structural deformation is remarkable. Fig. 3 gives the variation of the deflection at 

the free end 0( )   with time for 21,5 MA mJ   and different magnetic induction in-

tensity. According to Fig. 3, the effect of the magnetic induction intensity on the free end 
vibration is remarkable, the amplitude of the free end vibration increases with increase in the 
magnetic induction intensity. Fig. 4 gives the variation of the deflection at the free end 

0( )   with time for 0,01TB   and different electric current density. According to  

Fig. 4, the effect of the electric current density on the free end vibration is remarkable. 

   
 

Fig. 2. Effects of the coupling action on the  
deflection in the spherical segment shell. 

Fig. 3. The deflection at the free end versus t  for 
21,5 MA / mJ   and different values of B . 
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Fig. 5 gives the stress distribution in the  -direction under the interaction of an elec-

tromagnetic field, a temperature field, and a mechanical field for 22,8 MA / mJ  , 

0,01 TB  , and 10 sect  . Curves 
  and 

  are the normal stresses in the  -direction 

on the inner, outer surfaces of the shell, respectively; curves 
  and 

  are the normal 

stresses in the  -direction on the inner, outer surfaces of the shell, respectively. Fig. 6 gives 

the variation of the stresses at the fixed end ( )n   with time for 21,5 MA / mJ   and 

0,01 T.B   Curves 
  and 

  are the variation of normal stresses in the  -direction on 

the inner, outer surfaces of the shell with time, respectively; curves 
  and 

  are the var-

iation of normal stresses in the  -direction on the inner, outer surfaces of the shell with 
time, respectively. According to Fig. 6, the absolute value of the stresses increases with in-
crease in time. The stresses on the inner, outer surfaces of the shell are shown as the tensile 
and compressive stresses, but the absolute value is not exactly the same because of the effect 
of the axial forces. Fig. 7 gives the distribution of the Lorentz force f  and nf  in the 

spherical segment shell in the  -direction for 21,5 MA / m ,J   0,01 T,B   8 sect  , 

and 10 sect  . According to Fig. 7, the absolute value of the f  is smaller than that of the 

nf . The change of the f  is more obvious with increase in time, especially near the 

fixed end, this is reflected in the variation laws of the displacement or stress. As shown in 
Fig. 6, the absolute value of the stresses increases with increase in time, and the change of 
the stresses in the  -direction is more remarkable than that of the stresses in the  -

direction. 

   

Fig. 4. The deflection at the free end versus t  for 

0,01 TB   and different values of J . 
Fig. 5. Curves of the stress distribution for 

22,8 MA / mJ  , 0,01T,B   and 10 sect  . 

Fig. 6. The stress at the fixed end versus t  for 
21,5 MA / mJ   and 0,01 T.B   

Fig. 7. Curves of the Lorentz force distribution 

for 21,5 MA mJ   and 0,01 TB  . 



 142

   

 

Fig. 8 gives the temperature distribution in the spherical segment shell in the  -direction 

for 21,5 MA m ;J   0,01 TB   and different moment. According to Fig. 8, the tempera-

ture in the shell decreases gradually from the free end to the fixed end, and the temperature 

increases with increase in time. Fig. 9 gives the temperature distribution in the spherical 
segment shell in the  -direction for 0,01 T,B   8 sec,t   and different electric current 

density. According to Fig. 9, the temperature in the shell increases with increase in the elec-
tric current density. Fig. 10 gives the variation of the temperature at the fixed end ( )n   

with time for 0,01TB   and different electric current density. According to Fig. 10, the 

temperature at the fixed end increases with increase in time. 

 
Fig. 10. The temperature at the fixed end versus t  for 0,01TB   and different values of .J  

6. Conclusions. 
A thermo-magneto-elastic problem for a thin conductive spherical segment shell in a 

magnetic field has been studied. Based on fundamental equations of the mechanics, electro-
dynamics, and heat transfer theory, the fundamental equations for the thermo-magneto-
elastic problem have been established. Using Newmark’s stable finite equidifferent formulas 
and the quasi-linearization method, we have converted the nonlinear partial differential 
equations with eight basic unknowns into standard Cauchy form linear ordinary differential 
equations, which can be solved by the discrete-orthogonalization method. Numerical solu-
tions for magnetoelastic stresses and deformations in a thin spherical segment shell under 
the interaction of an electromagnetic field, a temperature field, and a mechanical field have 
been obtained. By the results, we now know that: 

Fig. 8. Curves of the temperature distribution  

for 21,5 MA / mJ  , 0,01TB  , and  

different moment. 

Fig. 9. Curves of the temperature distribution  
for 0,01T,B   8 sec,t  , and different  

values of .J  
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(1) the influence of the electromagnetic field of low intensity on the temperature, de-
formation, and stress of structures is weak, this influence becoming stronger with the in-
crease of electromagnetic field intensity; it is illustrated that the thermo-magneto-elastic 
analysis on structures in electromagnetic fields is necessary and very important; 

(2) the deformations and stresses in a thin spherical segment shell show a nonlinear in-
creasing trend with the electric current density or magnetic induction intensity; 

(3) when the electric current density is high, the electromagnetic thermal effect can not 
be neglected. When the electric current density reaches a certain value, thermal stress will 
dominate; 

(4) the stresses, strains, and temperatures in plates and shells can be controlled through 
adjusting the electromagnetic and mechanical parameters; 

(5) the kinetic behavior of thin shells can be altered by changing the electric current 
density or magnetic induction intensity. 
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РЕЗЮМЕ.  Досліджено термомагнітопружну задачу для тонких провідних сферичних сегмент-

них оболонок у магнітному полі. Наведено нелінійні магнітопружні кінетичні рівняння, рівняння 
електродинаміки, геометричні рівняння, фізичні рівняння та вирази для сили Лоренца тонких сфери-
чних сегментних оболонок при взаємодії електромагнітного поля, поля температури та механічного 
поля. Методом заміни змінних отримано стандартну форму Коші нелінійних диференціальних рів-
нянь, які включають всього вісім основних невідомих. Використовуючи стійкі скінченні формули 
Ньюмарка та метод квазілінеаризації, ми перетворили нелінійні диференціальні рівняння в частинних 
похідних у послідовність квазілінійних диференціальних рівнянь, які можна розв’язати методом дис-
кретної ортогоналізації. Температурне поле в тонких сферичних сегментних оболонках та інтегральні 
власні значення температурного поля виводяться після врахування теплового ефекту Джоуля в елек-
тромагнітному полі та рівняння теплової рівноваги. Обговорено закономірності зміни напружень, 
температур і деформацій в тонких сферичних сегментних оболонках з електромагнітними парамет-
рами. Результати показують, що напруження, деформації та температури в пластинах і оболонках 
можна контролювати шляхом регулювання електромагнітних і механічних параметрів. Можна пе-
редбачити, що наведені результати будуть теоретичною базою для термомагнітопружного аналізу 
тонких провідних оболонок. 

 
КЛЮЧЕВЫЕ СЛОВА: магнітопружність тонкої сферичної сегментної оболонки, магнітне по-

ле, сила Лоренца, нелінійність, Джоулеве тепло. 
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