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Abstract. A thermo-magneto-elastic problem for thin conductive spherical segment
shells in a magnetic field is studied. The nonlinear magnetoelastic kinetic equations, elec-
trodynamics equations, geometric equations, physical equations, and expressions for the
Lorentz force of thin spherical segment shells under the action of electromagnetic field,
temperature field, and mechanical field are given. The standard Cauchy form of nonlinear
differential equations, which include eight basic unknowns in total, are obtained by the vari-
able replacement method. Using Newmark’s stable finite formulas and the quasi-
linearization method, the nonlinear partial differential equations are transformed into a se-
quence of quasilinear differential equations, which can be solved by the discrete-
orthogonalization method. A temperature field in the thin spherical segment shells and the
integral eigenvalues of the temperature field are derived after considering Joule’s heat effect
in an electromagnetic field and the thermal equilibrium equation. The change rules of stress-
es, temperatures, and deformations in thin spherical segment shells with electromagnetic
parameters are discussed. The results show that the stresses, strains, and temperatures can be
controlled by adjusting the electromagnetic and mechanical parameters. The results present-
ed here are expected to be a theoretical reference for the thermo-magneto-elastic analysis of
thin conductive shells.

Keywords: magnetoelasticity of thin spherical segment shell, magnetic field, Lorentz
force, nonlinearity, Joule heat.

1. Introduction.

Thermo-magneto-elastic theory is specially used to study the coupling effect of the elec-
tromagnetic field, the temperature field, and the deformation field. In modern industrial en-
gineering, there are often some structural components of thin shell that need to work in the
coupling environment of the electromagnetic field, the temperature field, and the mechanical
field. Therefore, it is very important to analyze the stress-strain state of it. The thermo-
magnetic elasticity includes classic elastic theory, the heat conduction theory, and the elec-
tromagnetic field theory. On the basis of these theories, the problems on the interaction of
the electromagnetic field, the temperature field, and the deformation field are further solved.

At present, abundant achievements are obtained in the studies of the magnetoelastic vi-
bration problems, stability problems, and stress-strain problems of electromagnetic struc-
tures, such as Pao and Yeh [1] (1973); Ambartsumyan [2] (1977); Moon [3] (1984); Van de
Ven [4] (1986); Ulitko, Mol’chenko, Kovalchuk [5] (1994); Mol’chenko, Grigorenko [6]
(2010); Mol’chenko [7 — 13] (1989, 2014, 2016, 2018, 2019, 2020, 2021); Bian [14, 15]
(2015, 2021); Zheng, Wang [16] (2003); Hasanyan, Librescu, Ambur [17] (2006); Gao, Xu
[18] (2010); Kuang [19] (2014); Vinyas, Sagar, Kattimani [20] (2018); Bi, Wang, Deng,
Wang [21] (2020), and others. These achievements laid a good foundation for studies of the
electromagnetic elastic mechanics and its applications. However, these researches fasten
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mostly on the coupling problems of electromagnetic fields and mechanical fields, researches
on a thermo-magneto-elastic problem with considering temperature fields have rarely been
seen. Therefore, researches on thermo-magneto-elastic problems for conductive plates and
shells have recently become one of the most important topics.

Electromagnetic structures in the electromagnetic field environment often exhibit com-
plex multi-field coupling effects. It belongs to a new problem in the research field of elec-
tromagnetic elastic mechanics. Based on the nonlinear magnetoelastic kinetic equations,
electrodynamics equations, geometric equations, and physical equations under the coupling
field, the thermo-magneto-elastic fundamental equations for a thin spherical segment shell
under the interaction of an electromagnetic field, a temperature field, and a mechanical field
are given. The temperature field in a thin spherical segment shell and the integral eigenval-
ues of the temperature field are derived after considering Joule’s heat effect in an electro-
magnetic field and the thermal equilibrium equation. The stresses, displacements, and tem-
peratures of the thin spherical segment shell in a magnetic field are computed. The effect of
the side current, magnetic induction intensity, etc. on the stresses, displacements, and tem-
peratures in the thin spherical segment shell is analyzed. This lays the analytical foundation
for developing and popularizing practical application of the thermo-magneto-elastic problem
for plates and shells.

2. Thermo-Magneto-Elastic Fundamental Equations of Thin Spherical Segment
Shells.

A three-dimensional orthogonal curvilinear coordinate system ¢, 8, n is established on

a spherical segment under the interaction of mechanical loads and an electromagnetic field
as shown in Fig. 1. Under the action of axisymmetric loads, it can be regarded axisymmetric
problem. By satisfying the magnetoelastic suppositions of the thin shell [7] and using elastic
mechanics theories, Ohm’s law and Maxwell equations in electromagnetic basic theories,
the fundamental equations for thin spherical segment shell can be derived as follows:

The magnetoelastic kinetic equations are
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The physical equations are

N, =Dyle,+veg—(1+v)er]; No=Dyleg+ve,—(1+v)er]; (8a, b)
M, =Dylx,+vkyg—(1+Vv)kr]; My=Dylky+vk,—(1+V)kr], (9a,b)

where o is the electrical conductivity; u is the permeability; p is the mass density; 4 is
the shell thickness; R is the radius of the spherical segment; r is the radius of the section
round; B; and B, are the values of B, on the inner and outer surfaces of the shell, respec-

tively; &, and &, are the strains in the corresponding directions; «,, and &, are the bend-

ing strains in the corresponding directions; u, w, and ¢, are the displacements and rota-
tion angle in the corresponding directions; E, is the electric field intensity in the & -direction;

B, is the magnetic induction intensity in the n -direction; F,, and F, are the surface forces

in the corresponding directions on the shell; pf,, and pf, are the Lorentz forces in the

corresponding directions; N,, Ng, Q,, M,, and M, are the internal forces and mo-

ments in the corresponding directions; (D, =Eh/(1-v?)) and Dy = Eh3/[12(1—v2 )])
are the tensile and bending rigidities of the shell, respectively; E is elastic modulus; v is
Poisson’s ratio; ¢, and x; are the integral eigenvalues of the temperature field 7' along
the thickness of the spherical segment, the y -coordinate along the thickness is established at
the neutral layer of the shell as shown in Fig. 1, we obtain:

h/2 2
1 12
r=— I arT(p,0,n)dy; Kp == J' a;T(p,0,n)ydy, (10a, b)
h —h/2 —h/2

where «; is the linear expansion coefficient of the material; 7 (¢, 8, n) is the temperature
distributing function in the shell.
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Fig. 1. A thin spherical segment shell in a magnetic field.
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In order to obtain standard Cauchy form of nonlinear partial differential equations, we

choose u, w, 6’(/,, N,, 0,, M,, B, and E, as the basic unknowns. The thermo-

magneto-elastic fundamental equations for the spherical segment are obtained as

)
Qﬁ:fﬁl—llmb—a+v)w— Y u- R i R(14v)eys (11)
op Eh tan 2
a—WZ—RQ(p-Fu; (12)
op
06 —?
w=12R(13v )M,p— v 6, + R(1+v) K 13
op Eh tan @
ON 1 Eh u
L= v-1N,+— +w-Rep ||-0, - R(P, + +Rph—; (14
8(/) tan(p |:( ) ] R (tan(p w TJ:| ng ((p pf(p) P atz ( )
20, 1 Eh( u *w
—=- +(I+v)N,+— +w—-Rep |-R(P, + +Rph—-; (15
6(0 tan(o Q(p ( ) ] R (tan(ﬂ w TJ ( n pfn) P ot ( )
oM 3 2] 3
£~ ! (v-HM +ﬂ £ — Ky _Er Op -k |0, +
op tang ? 12 | Rtang 12 | Rtang 4
Rph’ 629%
+RN,0,-vM,6,+R0O,+ TRV R (16)
B’ —-B
aﬂ:—RG/J Ee+l(B;+B;)a—W—Bn6—u +—( — o). (17)
o 2 ot ot hsing
% p% g, (18)

op ot tan ¢

3. Method for Solving the Thermo-Magneto-Elastic Problem for Thin Spherical
Segment Shells.

Equations (11) — (18) can be written as the following boundary-value problems:
ON
%=F(¢,N) (Po<@<9,); 19)

D\N(¢y)=4d,; D,N(p,)=4d,, (20a, b)

where N ={u,w, HW,N(/,,Q ,M(P,Bn,EH}T is eight-dimensional vector; D and D, are

given orthogonal matrixes; d; and d, are given vectors.

Eq. (19) is a set of nonlinear partial differential equations with eight basic unknowns.
The difficulties are how to solve directly the equations. First, Newmark’s stable finite equi-
different formulas [7] are used to find the derivatives with respect to time in Egs. (11) — (18)
according to the time step:
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where At is the integration step; [ is the parameter of the scheme. We choose £ =0,25.
After difference, Eqgs. (11) = (18) can be expressed as
dN
£=F(¢,N) (P <@ <9,); (22)

D\N(¢y)=d,; D,N(¢,)=d,. (23a, b)
The problems described in Eq. (22) are nonlinear. Using an iterative method, nonlinear
problems can be transformed into a series of linear problems. Taken iterative equations are [7]
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where I'(o, N®Y is Jacobi’s matrix.

Thus, Egs. (11) = (18) can be written finally as
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The Lorentz forces in Egs. (26) — (33) can be written as
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4. Electromagnetic Temperature Effect.
By using the electrodynamics equations and generalized Ohm’s law, and considering
the side electric current J,; and J,.,, we have [7]:
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Due to Joule’s heat effect in the electromagnetic field, the heat source is bound to be
generated in the spherical segment. So the heat source power can be expressed as [22]

2 2
0=0, 86J——O 86J¢’+J" (37)
o
Regardless of local temperature effect at the ends of the spherical segment and external
heating source, considering only the heat exchange between the inner and outer surfaces of
the spherical segment and the outside, we think that the distribution of the heat source power
density along the direction of the shell thickness is uniform. At y =0, the heat flow density

g=0;at y =h/2, the heat flow density g=Qh/2,and T=T,,.

Thus, the temperature curve equation along the y -direction is

2 2
r=1,+2" {nﬁ-{lj 1_"”%‘ (38)

84, ha. h 20 "

where A, is the heat exchange coefficient of the material; ¢ is the specific heat capacity of
the material; o is the surface heat exchange coefficient of the material; T, is the surface
temperature of the shell; 7, is the temperature of the medium bordering upon the shell; T,
is the change rate of the surface temperature.

By using Egs. (10), (36), (37), and (38), we have:
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The g(rk”) and K(Tk”) are substituted in Eqs. (26) - (33), the thermo-magneto-elastic
coupling equations for the spherical segment are obtained. All unknowns can be found by
the discrete-orthogonalization method.

5. Example and Analysis.

A thin spherical segment shell made from copper shown in figure 1 is in a magnetic
field B = {B(/,, 0, 0} . It bears the mechanical load P = { 0, O,Pn} . The electric current densi-

ty in the shell is J,; ={0,J,,,0}. We know E=100GPa; v=0,3; p=8200kg/m*;
0 =588x107(Q m)™!; £=1,25x10°H/m; A, =401W/(m-°C); a, =400W/(m>-°C);

aT=1,65><10%°C71; JM:Jgsina)tA/mz; o=rx107sec”; Pn:SOON/mz; h=2x10"m;
R=1m; ¢,=7/6; ¢,=7x/3.

The boundary conditions are
p=¢,: N,=0; Q,=0; M,=0; B,=0; (41a—d)
=@, u=0, w=0; 6,=0; B, =0,0lsinaxT. (42a-d)
The initial conditions are

N(i, 1), =0; 1@, 0)],_,=0; Ww(@.0)|,_,=0; 6,(p.1)_,=0. (43a-d)

Programming Egs. (26) — (33) and conducting computations for the known data and the
boundary and initial conditions yield the eight basic unknowns u, w, 6,, N,, O,, M,

B, and E,. Then the relations and change rules between the mechanical and electromag-

netic variables can be ascertained by changing the relevant parameters.
Fig. 2 gives the deflection distribution in the spherical segment shell in the ¢ -direction

for J,=1,5 MA/mz; B, = 0,01 T and z=10sec. According to Fig. 2, when the electric

current density or magnetic induction intensity is relatively large, the effect of the tempera-
ture on structural deformation is remarkable. Fig. 3 gives the variation of the deflection at

the free end (¢ =¢,) with time for J, =1,5 MA/ m? and different magnetic induction in-

tensity. According to Fig. 3, the effect of the magnetic induction intensity on the free end
vibration is remarkable, the amplitude of the free end vibration increases with increase in the
magnetic induction intensity. Fig. 4 gives the variation of the deflection at the free end
(p=¢,) with time for B,=0,01T and different electric current density. According to

Fig. 4, the effect of the electric current density on the free end vibration is remarkable.
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Fig. 2. Effects of the coupling action on the Fig. 3. The deflection at the free end versus ¢ for
deflection in the spherical segment shell. J,=1,5MA/m’ and different values of B,.
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Fig. 4. The deflection at the free end versus ¢ for Fig. 5. Curves of the stress distribution for
B,=0,01T and different values of J,, . Jy=2,8 MA /m?, B,= 0,01T, and t=10sec .

Fig. 5 gives the stress distribution in the ¢ -direction under the interaction of an elec-
tromagnetic field, a temperature field, and a mechanical field for J,=2,8 MA/ m?,

B,=0,01T, and r=10sec. Curves 0'; and o, are the normal stresses in the ¢ -direction

on the inner, outer surfaces of the shell, respectively; curves o, and o, are the normal
stresses in the @ -direction on the inner, outer surfaces of the shell, respectively. Fig. 6 gives

the variation of the stresses at the fixed end (¢ =¢,) with time for J, =1,5MA/ m? and

B, =0,01T. Curves 0'; and o, are the variation of normal stresses in the ¢ -direction on

the inner, outer surfaces of the shell with time, respectively; curves o, and o, are the var-

iation of normal stresses in the @ -direction on the inner, outer surfaces of the shell with
time, respectively. According to Fig. 6, the absolute value of the stresses increases with in-
crease in time. The stresses on the inner, outer surfaces of the shell are shown as the tensile
and compressive stresses, but the absolute value is not exactly the same because of the effect
of the axial forces. Fig. 7 gives the distribution of the Lorentz force pf, and pf, in the

spherical segment shell in the ¢ -direction for J, =1,5 MA/ m? S B(/, =0,01T, t=8sec,
and 7=10sec . According to Fig. 7, the absolute value of the pf,, is smaller than that of the
pfy - The change of the pf, is more obvious with increase in time, especially near the

fixed end, this is reflected in the variation laws of the displacement or stress. As shown in
Fig. 6, the absolute value of the stresses increases with increase in time, and the change of
the stresses in the ¢ -direction is more remarkable than that of the stresses in the & -

direction.
a,% ag°/ MPa o
[ T, i Ao 0, | (NIm?)
. &
5+
-lof
_15F —=— Whent=8 sec,p/,
ol T Whent =8 sec, gf,
- —=— Whent = 10 sec,pf,
-25[C —a— Whent =10 sec,pf,
=301
=351
-400 40 e e e ]
0 2 4 6 8 10 12 14 16 18¢/sec 1.0 1.2 1.4 1.6 1.8 @/ (*n /6 rad)
Fig. 6. The stress at the fixed end versus ¢ for Fig. 7. Curves of the Lorentz force distribution
2
Jy=1,5MA/m” and B, =0,01T. for J,=1,5MA/m’ and B, =0,01T.
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Fig. 8. Curves of the temperature distribution Fig. 9. Curves of the temperature distribution
for J,=1,5MA /m?, B,=0,01T,and for B, =0,01T, t=38sec,, and different
different moment. values of J,,.

Fig. 8 gives the temperature distribution in the spherical segment shell in the ¢ -direction

for J, =1,5 MA/ m?; B, =0,01T and different moment. According to Fig. 8, the tempera-

ture in the shell decreases gradually from the free end to the fixed end, and the temperature

increases with increase in time. Fig. 9 gives the temperature distribution in the spherical
segment shell in the ¢ -direction for B(p =0,01T, tr=8sec, and different electric current

density. According to Fig. 9, the temperature in the shell increases with increase in the elec-
tric current density. Fig. 10 gives the variation of the temperature at the fixed end (¢ =¢,)

with time for B, =0,01T and different electric current density. According to Fig. 10, the

temperature at the fixed end increases with increase in time.

T.0%
- —e—J,= 1.0 MA/M’

300 —&— Jy=1.5MA/MmM’

250+
200
150
100

0 2 4 6 8 10 12 14 16 18 t/sec

Fig. 10. The temperature at the fixed end versus ¢ for B, =0,01T and different values of J,.

6. Conclusions.

A thermo-magneto-elastic problem for a thin conductive spherical segment shell in a
magnetic field has been studied. Based on fundamental equations of the mechanics, electro-
dynamics, and heat transfer theory, the fundamental equations for the thermo-magneto-
elastic problem have been established. Using Newmark’s stable finite equidifferent formulas
and the quasi-linearization method, we have converted the nonlinear partial differential
equations with eight basic unknowns into standard Cauchy form linear ordinary differential
equations, which can be solved by the discrete-orthogonalization method. Numerical solu-
tions for magnetoelastic stresses and deformations in a thin spherical segment shell under
the interaction of an electromagnetic field, a temperature field, and a mechanical field have
been obtained. By the results, we now know that:
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(1) the influence of the electromagnetic field of low intensity on the temperature, de-
formation, and stress of structures is weak, this influence becoming stronger with the in-
crease of electromagnetic field intensity; it is illustrated that the thermo-magneto-elastic
analysis on structures in electromagnetic fields is necessary and very important;

(2) the deformations and stresses in a thin spherical segment shell show a nonlinear in-
creasing trend with the electric current density or magnetic induction intensity;

(3) when the electric current density is high, the electromagnetic thermal effect can not
be neglected. When the electric current density reaches a certain value, thermal stress will
dominate;

(4) the stresses, strains, and temperatures in plates and shells can be controlled through
adjusting the electromagnetic and mechanical parameters;

(5) the kinetic behavior of thin shells can be altered by changing the electric current
density or magnetic induction intensity.
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PE3IOME. JlocnimkeHO TepMOMArHiTONPYXHY 3a/ady UL TOHKHX IPOBITHHUX CHEPUYHUX CErMEHT-
HUX OOOJIOHOK y MarHiTHOMY moii. HaBeneHo HenmiHiMHI MarHiTONpPY)KHI KiIHETHYHI PIBHSHHS, PIBHSIHHS
€JICKTPOIMHAMIKH, TEOMETPUYHI PiBHSIHHS, (i3U4HI PIBHSIHHS Ta BUpa3u ajst cuid JlopeHna ToHKuX cdepu-
YHUX CEIMEHTHUX OOOJOHOK IPH B3a€MOJI] €JIEKTPOMArHITHOrO MO, HOJS TeMIepaTypy Ta MEXaHIYHOrO
noist. MerozoM 3aMiHU 3MiHHHX OTPUMaHO CTaHAapTHY ¢opmy Komri HemiHIHHMX nudepeHIialbHuX piB-
HSHb, SIKi BKJIFOYAIOTh BCHOT'O BiCIM OCHOBHHX HEBIZIOMHX. BHKOPHCTOBYHOUYHM CTiHKi CKiHYECHHI (hopmyin
Helomapka Ta MeTo/ KBa3iliHeapH3allii, MU MepeTBOPHIM HEeNiHIHHI AudepeHLianbHi pIBHIHHS B YaCTUHHUX
HOXIJTHUX y MOCTiTOBHICT KBa3iIiHIHUX nudepeHnianbHuX piBHIHB, SKi MOXKHA PO3B’A3aTH METOJOM JHC-
KpeTHOI oproroHamizamii. TemmnepaTypHe mojie B TOHKUX CHepHUUHUX CETMEHTHUX 000JOHKAX Ta IHTerpalbHi
BJIACHI 3Ha4YEHHs TEMIIEPATyPHOI'O MOJIs BUBOJATHCS IIiC/Is BpaxyBaHHs TEIIOBOro edekty JIKoyis B enek-
TPOMArHiTHOMY IIOJIi Ta PIBHSHHS TEIJIOBOI piBHOBard. OOroBOPEeHO 3aKOHOMIPHOCTI 3MiHM HAINpY>KEHb,
TeMIeparyp i AedopMarliii B TOHKHX c(EpUYHHX CEIMEHTHHX OOOJIOHKAX 3 €NEeKTPOMArHITHHMH IapaMeT-
pamu. Pe3ysipraTé mMoKasyroTh, HIO HAMpyXeHHs, Aedopmaliii Ta TeMmeparypd B IUIaCTHHAX i 00OJOHKAx
MOYKHa KOHTPOJIFOBATH IIUISIXOM PEryJIIOBaHHS €ICKTPOMArHiTHHX 1 MEXaHIYHHX MapamerpiB. MoxHa Ie-
pendaduTH, IO HaBEICHI pe3yibTaTH OyoyTh TEOPETHYHOIO 0a300 IS TEPMOMATHITONPYXKHOTO aHAII3y
TOHKHUX IPOBiJHUX 0OOIOHOK.

KJIFOUEBBIE CJIOBA: Marnitonpy»HicTb TOHKOI c)epuuHOI CErMEHTHOI 00O0IOHKH, MarHiTHe Mo-
1ne, cuna JlopeHna, HeniHilHicT, [[)0yIeBe TeIno.
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