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Abstract. The influence of the material properties of the pre-stressed cylinder contain-
ing a compressible inviscid fluid on an dispersion of the axisymmetric duasi — Scholte
waves is studied. It is supposed that the inhomogeneous pre-stresses in the cylinder are
caused by the fluid pressure acting on the internal face surface of the cylinder before the
wave propagation. A motion of the cylinder under wave propagation is described by the so-
called three-dimensional linearized equations of the theory of elastic waves in bodies with
initial stresses and the flow of the fluid - by the linearized Euler equations. For the solving
he corresponding eigenvalue problem, the discrete—analytical solution method is employed
and the related dispersion equation is solved numerically. The dispersion curves containing
the first roots of the dispersion equation refer to the quasi — Scholte waves which play an
important role in helping to understand the solid-fluid dynamic interaction. A study of the
influence of the cylinder material properties on the character of these curves is the main
novelty of the presented paper. The numerical results are presented and discussed on. For
this purpose, the steel, aAluminum, lucite, and soft — rubber are selected as the cylinder ma-
terials, and water is chosen as the fluid. It is established, in particular, according to the nu-
merical results, that an increase in the shear wave propagation velocity in the cylinder mate-
rial causes an increase in the propagation velocity of the quasi — Scholte waves.

Key words: inhomogeneously pre-stressed cylinder, axisymmetric wave dispersion,
material properties, compressible fluid, quasi-Scholte waves.

1. Introduction.

As is known, the Scholte wave is a non-dispersive wave propagating in a solid-fluid in-
terface and was discovered by Scholte in 1942 and reported in the paper [1]. From that time
up to now, many investigations have been made, for instance, in the papers [2 — 5] and oth-
ers listed therein. This is because Scholte waves are widely applied for the determination of
fluid properties and appear after a «certain» frequency. Note that for frequencies that are
greater than the «certain» frequency, the Scholte wave obtained is non-dispersive. However,
before the «certain» frequency, the generated waves are dispersive ones and these waves are
called Quasi — Scholte waves.

Typically, the Quasi — Scholte waves, are generated in a plate-fluid or cylinder-fluid
type of hydro-elastic systems. For understanding and application of these waves, it is re-
quired to make corresponding theoretical investigations on the influence of the material
properties of the cylinder (or plate) on the dispersion of these waves. Moreover, such inves-
tigations are also required for study of the influence of the particularities of these hydro-
elastic systems on this dispersion. One of these particularities is the inhomogeneous initial
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stresses which may appear in the cylinder as a result of the fluid pressure acting on its inner
surface.

The presented paper is dedicated to the study of the influence of the inhomogeneous
pre-stressed cylinder material properties on the dispersion of Quasi — Scholte waves in the
cylinder containing a compressible inviscid fluid. Under these investigations, it is assumed
that the hollow cylinder has inhomogeneous initial stresses caused by the fluid pressure act-
ing on the internal surface of this cylinder.

It should be noted that the investigations related to the wave dispersion in the inhomo-
geneous pre-stressed cylinder-fluid systems began in the paper [6] in which the discrete —
analytical solution method is developed and employed for the study of the corresponding
eigenvalue problem. What is more, in the paper [6], the investigations are made within the
scope of the three-dimensional linearized equations and relations of the theory of elastic
waves in bodies with initial stresses [7, 8] and within the scope of linearized Euler equations
for compressible inviscid fluids [9]. However, in the paper [6], concrete numerical results
are obtained for the case where the cylinder material is steel and the fluid is water. There-
fore, the numerical results obtained in the paper [6] cannot answer the question of how the
cylinder material properties act on the dispersion curves of the longitudinal axisymmetric
waves propagating in the hydro-elastic system under consideration. In the present paper, this
question is addressed and therein lies the main novelty of the paper. That is, the study is
made on the influence of the inhomogeneous pre-stressed cylinder material properties on the
dispersion curves of the longitudinal axisymmetric waves propagating in the hydro-elastic
system with respect to the corresponding Quasi — Scholte waves.

Finally, note that in the present investigation, the method proposed in the paper [6] will
also be used.

2. Formulation of the problem.

Consider the inhomogeneous pre-stressed hollow cylinder with infinite length contain-
ing compressible inviscid barotropic fluid, and associate the cylindrical Or6z and Cartesian
Oxx,x3 (x3 =z ) (Fig. 1) systems of coordinates with the central axis of the cylinder. Two
states are distinguished in the hydro-elastic system under consideration, i.e. the initial and
perturbed states, and the Lagrange and Euler coordinates are introduced for describing the
motion of the cylinder and fluid, respectively. Due to the smallness of the deformations and
perturbations, the difference between these coordinates will be ignored.
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Fig. 1. The sketch of the hydro-elastic system under consideration

Within these frameworks, it is assumed that in the initial state (i.e. before the axisym-
metric wave propagation), the fluid pressure with intensity p, acts on the interior of the
cylinder and causes static stresses in the cylinder, and these stresses are called the pre-

stresses. Moreover, assume that in the initial state, the fluid in the interior of the cylinder is
at rest.
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According to the well-known Lame problem discussed in almost all textbooks related to
the theory of elasticity (see, for instance, the book [10]), the pre-stresses in the cylinder can

be presented as follows:
2 2
O'}%:L2 l_R_2[1+£\J ;
(I+h/R)" -1 r R

2 2 (1)
0 _ Po R ( hj . 0 _ 0 0
Opg=——"""—|1+—|1+—=| |; o, =Vv(0, +0y)-.
o (1+h/R)2—1[ 2 R ( o)

In (1), p, is the intensity of the hydrostatic fluid pressure, ov., o5, and o’. are radial,

circumferential, and axial normal stresses acting in the cylinder in the initial state, R and %
are the inner radius and thickness of the cylinder. Moreover, in (1) the upper index «0» indi-
cates belonging of the related quantities to the initial stress state.

Assume that after appearing of the initial stress state in the cylinder, the hydro-elastic
system under consideration gets a certain dynamic perturbation as a result of which the ax-
isymmetric waves propagate therein. In the present paper, it is required to investigate how
the mechanical properties of the cylinder material influence the dispersion of the studied
waves in the presence of the initial inhomogeneous stresses determined by the expressions
in (1). To undertake this investigation, the 3D linearized theory of elastic waves in initially
stressed bodies is used for describing the motion of the cylinder, and linearized Euler equa-
tions are used for describing the flow of the inviscid compressible barotropic fluid.

Thus, according to the monographs [7 — 9, 11], the 3D linearized equations and corre-
sponding relations describing the motion of the cylinder are written.

The equations of motion

%+ati+l(t 1) = Ou, Oy 1, [ On o’u, )
o oz 5T patz’ o r'"”" oz P6t2,
where
trr =0y +U,(,)r(}") aur 5 trz =0, +O_9r(r) auz ) t6‘6’ = Ogp +O—20(r)u_r;
or or r
3)
=0, 40l 1 =0 4ol (n e
0z 0z
The elasticity relations
oy =A (& +Egg+E)+21 &y, (J)=113005225 0, =2u &, . “)
The strain-displacement relations
ou, u, Ou, 1| Ou, Ou,
E =25 Cop = 5 €T 5 & = (5)
or r 0z 2\ 6z or

In (2) and (3), the notation ¢,,, ¢, tg, t

., and 7, are the perturbations of the compo-

nents of the non-symmetric Kirchhoff stress tensor, o,,,0,., Ty, O

rro zr

and o, are the
perturbations of the components of the ordinary symmetric stress tensor, p is the density
of the cylinder material, 4 and wx are Lame constants of the cylinder material, u, and
u, are the perturbations of the components of the displacement vector, &,,,¢&,., €y, &
and ¢, are the perturbations of the components of the strain tensor.

Thus, the motion in the cylinder with initial stresses expressed in (1) is described by the
complete system of linearized equations and relations in (2) — (5).
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According to [9], the fluid flow in the cylinder is described by utilizing the following
system of linearized Euler equations for barotropic compressible inviscid fluids.
The linearized continuity equation

ai+p0(%+£+%j:0‘ (6)
or r 0z

Linearized equations of the fluid flow:
W 1 W 1w ”
ot Py Or ot Po Oz
The linearized state equation
p'=a;p’, ®)
where a, is the sound speed in the fluid and p, is the density of the fluid in the initial state,

V. and V, are the perturbations of the components of the velocity vector, p is the pertur-
bation of the density of the fluid, p’ is the perturbation of the pressure.

In this way, the complete system of equations (6) — (8) is obtained, within the scope of
which the flow of the fluid in the perturbed state is described. For carrying out the intended
investigations, the foregoing systems of equations with the following boundary and compat-
ibility conditions, must be supplied.

The boundary conditions on the external surface of the cylinder:
=0; =0. )

r=R+h r=R+h

trr tl”Z

The compatibility conditions on the interface surface between the fluid and cylinder, i.e.
on the internal surface of the cylinder

ou,
b

t —r
r=R ot

=_p’; Zer

"
r=R

=V,|,_x- (10)

r=R

The condition of boundedness of the quantities related to the fluid at the central axis of
the cylinder:

ARANIER A

< (11)

This completes the mathematical formulation of the problem under consideration.

3. On the solution method.

For the solution to the system of equations (2) — (5), the discrete-analytical method de-
veloped and employed in the references [6, 12 — 14] is employed. According to this method,
the interval [R,R+ k] is divided into the N number of sub-intervals which are determined
through the expression (R+(n—-1)A/N)<r <(R+nh/N), where 1<n<N . Thus, it is
assumed that the inhomogeneous initial stresses determined by expression (1) are homoge-
neous ones in each sub-interval and the values of these stresses are determined as follows:

0 0 . 0 - -0 . 0 - 0 .
O-rr(r)zo-rr(rn)ﬁ O-HH(F)NUE‘H(rn)a Uzz(r)“’o-zz(rn)a

(12)
r,=R+(n-1)h/N+h/(2N).

Moreover, it is assumed that the following full contact conditions are satisfied on the in-
terfaces between the sub-intervals:

tlrr:R:—p'; t =0; —* =V

1

> r

2

— ‘rr

r=R+h/N r=R+h/N "’
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In (13) the upper index 1, 2, ..., N indicates the number of the sublayer.

By direct verification, it is established that there are 4N +1 conditions in (13), where
the number N is determined from the convergence requirement of the numerical results
which will be discussed below. Note that the upper indices in (13) and below indicate the
number of the corresponding sub-intervals.

Thus, according to the relations in (12), the following equations of motion are obtained

from equations (2) and (3), which are satisfied in each n ' sub-interval separately.
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To these equations, the elasticity relation (4) must be added, and the relation between
the deformations and displacements (5) must be rewritten for each sub-interval separately.
For the solution to the system of equations (14), (4), and (5), the classical Lame decomposi-
tion (see, for instance, the monograph [11]) is employed, which for the axisymmetric prob-
lems can be written as follows:

L Py . 00" " o
T or oroz - ¢ oz or? ror

(15)

u

Substituting the expressions in (15) into the system of equations (5), (4), and (14), and doing
the corresponding cumbersome mathematical calculations, the following equations for the

potential functions @" and ¥" in (15) are obtained:

0 2 pn 0 n 0 2 f5n 2 pn
Lo (1 ope))ee" (| ot _ 1 do"
A+2u | or? A+2u | ror A+2u | 022 (¢ Y or

o)) o*" ol (r,) |o¥" )\ 1 oty (10)
1+ T+ 1+ + | 1+ = TR
7 or 7, ror U oz (c,)” ot

In (16), the notation ¢, =+/(A+2u)/p and ¢, =~/ p is used. Moreover, in the cases,

where o.(r,)=0, o°.(r,)=0 and oy,(r,)=0, the equations in (16) coincide with the
corresponding equations of classical elastodynamics [11].
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Representing the functions @", u opy and oL, with the multiplying
sin(kz — wt) and the functions ¥", u! and o], with the multiplying cos(kz—t) , and
denoting the amplitudes of the corresponding quantities with the same symbols, the follow-

ing equations for the amplitudes of the potentials @" and ¥" are obtained:
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According to [13, 15], the solution to the equations in (17) is found as follows:

Q" = A4 (1, Y (rn)E}/l (rn)(r;l )+ A (1 ) (FH)F;/I (r”)(rzn); (19)

¥ =B ) WE, GBI )Y WE, 6, (20)

where 4", 4y, B]' and B; are unknown constants and
n () == ()125 10r,) =(1=a(r,))/2;
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n () 25 2 ’ n () 2 b 2 ’
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In (21), J5(x) and I;5(x) are the Bessel and modified Bessel functions of the first kind,
respectively, however, Y;5(x) and Kz(x) are the Bessel and Modified Bessel functions of

the second kind, respectively.

Substituting these solutions into the presentation (15), the expressions for the displace-
ments are determined, and then using the relations in (5) and (4), the expressions for the
stresses within each sub-interval are obtained. In this way, the analytic expressions related to

the motion of the cylinder within each sub-interval into which the region [R, R+ h] is divid-

ed, are determined.

To reduce the volume of the paper, the explicit forms of these expressions for the dis-
placements and stresses which enter the conditions in (13) are not presented here.

Consider also determination of the quantities related to the flow of the fluid, and for this
purpose, according to [9], the following presentations for the general solution to equations in
(6) — (8) are used:
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Representing the functions V,, p' and p' by the multiplying sin(kz—t) , and the func-
tions @, and V, by the multiplying cos(kz — wr) , the following equation from (23) for @ ,

(where @ =@ 1 (r)cos(kz — or) ) is obtained

) 2
[d_2+ii+1]¢ﬁ(r)zo; r3=kr [i] —-1. (24)
dr;

ry dry a,
According to the conditions in (11), the solution to equation (24) is found as follows:

FIy(r), if 2> 0;
@f (r) = o(13),if 73 25)
: FIy(ry), if r¥ <0,

where Jy(r3) (Iy(r3)) is the first kind of Bessel (modified Bessel) function of the zeroth

order and F is an unknown constant.
Using the expression (25) and substituting @ =@ (r)cos(kz — wt) into the equations in

(23), the following expressions for the sought values related to the fluid are obtained:

FJy(ry), if 1 >0;

P'=p (Vzok + a)) sin(kz — wt)
FIy(r,), if 1§ <0;

FJly(r), if 7 >0,
p'= a5 py (Vk +o)sin(kz - r) (1), 17 (26)
FIy(ry), if ¥ <0;
—FJ,(r), if 1 >0;
FI,(ry), if ¥ <0;

FJy(ry), if 2 >0;

V.= k% cos(kz — at) .
dr FIy(ry), if 1 <0.

V, =—ksin(kz - a)t){

After this determination, according to the foregoing discussions, it is established that the
analytical expressions of the sought values contain 4N +1 number of unknown constants
and these constants are 4, 45, B, By (n=1,2,.., N))and F . Using the 4N +1 num-

ber of the conditions in (13), the system of homogeneous algebraic equations with respect to
the unknown constants is obtained. According to the well-known procedure, by equating to
zero the determinant of the coefficient matrix of this system, the dispersion equation is ob-
tained. This equation can be formally presented as follows:

det| a,,,(c/cy, kR, py/ s ppos hI R, ay/cy)|=0, nsm=1,2, ., 4N+1.  (27)

The dispersion equation (27) is solved numerically by employing the «bi-section»
method. According to this method, for the selected problem parameters, a value for the di-
mensionless wavenumber AR is fixed and then used to calculate the sign of the determinant

in (27) giving the subsequent values for the ratio ¢/ c, with a certain difference. During this

calculation, each two subsequent values of the ratio c¢/c, are determined, for which the
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sign of the determinant changes. The first of these two values of the ratio c/ ¢, 1s selected

as a root of the dispersion equation (27). The accuracy of the results is improved by decreas-
ing the value of the difference between the subsequent values of the ratio c/ ¢, which in the

present investigation is selected as 107,
This completes the consideration of the solution method.

4. Numerical results and discussions.

As noted above, the aim of the present investigation is to determine how the material
properties of the cylinder influence the dispersion curves of the axisymmetric Quasi —
Scholte waves propagating in the hydro-elastic system under consideration. For this purpose,
for the cylinder materials, Steel, Aluminum, Lucite, and Soft-rubber are selected, the mechanical
properties of which, according to [7 — 9, 16], are given in Table.

Table. The values of the mechanical constants of the cylinder material

Mechanical properties The selected materials
prop Steel Aluminum Lucite Soft-rubber
Lame constants 9 9 9 6
79%x10"Pa 28x10"Pa 1,86 x10” Pa 1,2x10°Pa
(upper number) and A 5 5 5 3
94,4x10" Pa 43,1x10"Pa 3,96x10"Pa 57,6 x10°Pa
(lower number)
Material density p 7790kg/m’ 2770kg/m’ 1160kg/m’ 1200kg/m®
Shear wave propagation
. 3184 m/s 3179m/s 1266 m/s 31L,6m/s
velocity ¢, =+/u/p

In the present paper, the fluid is taken as water with density p, =1000 kg/rn3 and sound
speed a, =1459,5m/s [8, 16].

First, to validate the PC programs and solution method employed in the present paper,
the numerical results obtained in the paper [17] are used. Note that in the paper [17], disper-
sion of the axisymmetric waves propagating in the hollow cylinder containing an inviscid
compressible fluid is also considered, and under obtaining the numerical results, steel is
taken as the material of the cylinder and water is taken as the fluid. Moreover, in the paper
[17], it is assumed that 2/ R =0,2 and the dispersion diagrams, i.e. the graphs of the de-
pendencies between wh/c, and kh are constructed for some modes and also for Quasi-
Scholte wave modes. It is evident that in the «steel + water» case under A/ R =0,2 and
Po/ #=0,0, the corresponding results obtained by the present PC programs and algorithm
must coincide with those obtained in the paper [17]. As in the present paper, the dispersion
diagrams of the Quasi-Scholte waves (i.e. the dispersion diagrams related to the so-called
zeroth mode) are considered, and therefore this comparison must be made only for the dis-
persion curves related to this mode. This comparison is made in Fig. 2 which shows the dis-
persion diagrams of the Quasi-Scholte waves constructed for various values of the ratio
Do/ 1, through which the magnitude of the initial stresses in the cylinder is characterized.
Note that in Fig. 2, the dispersion diagram obtained in the case where p,/ ¢ =0,0 is drawn
by the dashed line which coincides with the corresponding line constructed in the paper
[17]. At the same time, it follows from the graphs illustrated in Fig. 2 and constructed under
N =50 (where N is the number of sub-intervals into which the interval [R, R + k] is divid-
ed) that for various values of the ratio p,/x, an increase in the magnitude of the internal

pressure of the fluid causes to increase the wave propagation velocity in the hydro-elastic
system under consideration. Note that the increase of the wave propagation velocity agrees
with well-known physicomechanical considerations. Accordingly, it can be concluded that
the solution method and PC programs used under obtaining the presented results are valid.
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Fig. 2. Dispersion diagrams obtained for the «steel + water» system
under various values of the ratio p, / x# in the case where 7/ R=0.2.
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Fig. 3. Dispersion curves of the Quasi-Scholte waves related t
to the Steel + Water system
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Fig. 4. Dispersion curves of the Quasi-Scholte waves
related to the Aluminum + Water system
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Fig. 5. Dispersion curves of the Quasi-Scholte waves related
to the Lucite + Water system
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Fig. 6. Dispersion curves of the Quasi-Scholte waves related
to the Soft-rubber + Water system

Now consider the dispersion curves of the Quasi — Scholte waves related to each select-
ed cylinder material, for which the values of the mechanical constants are given in Table.
These curves are presented in Figs. 3, 4, 5, and 6 for the Steel + Water, Aluminum + Water,
Lucite + Water, and Soft-rubber + Water systems, respectively. All these results are ob-
tained for various values of the ratio p,/x in the case where #/R=0,2 and N =50.
Note that in these figures the dispersion curves drawn by the dashed lines relate to the case
where p,/ u=0.

Thus, it follows from the obtained results that for each selected cylinder material there
exists such a value of the dimensionless wavenumber kR (denote this value through (kR)*)
under which the influence of the initial stresses on the propagation velocity of the Quasi —
Scholte waves disappears. It also follows that in the cases where kR > (kR)*, the propaga-
tion velocity of the Quasi — Scholte wave increases monotonically with kR and with the
ratio p,/u . However, in the cases where kR < (kR)*, the wave propagation velocity de-
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creases with the ratio p, / u# . Moreover, in the cases where kR < (kR)*, the character of the
dependence between c¢/c, and kR depends on the value of the ratio p,/u, and an in-
crease in the values of p,/u causes the cut off wavelength to appear, the values of which
decrease with p, / .

Comparison of the results obtained for the Steel, Aluminum, Lucite, and Soft-rubber
cases with each other shows that the values of the ratio c¢/c¢, decrease with a decrease of
the shear wave propagation velocity ¢, in the selected materials. Thus, according to the
numerical results illustrated in Figs. 3, 4, 5, and 6, the following relations can be written:

CSt /Cgt <CA1 /Céﬂ <CLuc /cfuc <cSQf—rub /cégaf—lilb , (28)

where the upper indices St, A/, Luc,and Sof —rub denote belonging of the corresponding

ratio to the Steel, Aluminum, Lucite, and Soft-rubber cases, respectively. However, taking

St Al Luc Sof —rub
2

into consideration the values of ¢,",¢;", ¢, , and ¢ given in Table and the values

of the ratio ¢/c, obtained for the same fixed value of p,/x and illustrated in Figs. 3, 4, 5,

and 6, it can be concluded that the Quasi-Scholte wave propagation velocity in the consid-
ered cylinder materials satisfies the following relations:

St

Sts Al s plue s (Sof b (29)

Thus, it can also be concluded that for the selected cylinder materials, an increase in the
shear wave propagation velocity causes an increase in the Quasi-Scholte wave propagation
velocity in the hydro-elastic system under consideration.

cley
0.70 =
0.60 —
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0.40 —
] 8 — 10 py =3
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0.30 ....|..-.|.-.-|-.-.|.-..|kﬂ
0 2 4 6 g 10

Fig. 7. Convergence of the numerical results with respect

to the number N for the Lucite + Water system

This completes the analyses of the numerical results given in Figs. 3, 4, 5, and 6 which
are obtained in the case where N =50. For illustration of the suitability of the selected
value of N, the results given in Fig. 7 are considered, which show the dispersion curves
obtained for the Lucite+Water system under various values of the number N in the case
where 10° Do/ 1 =3. It follows from these results that the value of (kR)* does not depend
on the number N. At the same time, an increase in the values of the number N causes not

only quantitative, but also qualitative change in the dispersion curves. Comparison of the
dispersion curves obtained for various values of the number N shows that the value

N =50 allows for obtaining results with accuracy 107,
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Conclusions.

Thus, in the present paper, study is made of the influence of the material properties of
the inhomogeneously pre-stressed hollow cylinder containing a compressible inviscid fluid
on the dispersion of the Quasi — Scholte axisymmetric waves propagating therein. The cor-
responding eigenvalue problem is formulated within the scope of the three-dimensional lin-
earized theory of elastic waves in bodies with initial stresses, and of the linearized Euler
equations for inviscid compressible fluids. The discrete-analytical solution method is em-
ployed for the solution to the corresponding eigenvalue problem. Numerical results are pre-
sented for the cases where Steel, Aluminum, Lucite, and Soft-rubber are selected as the cyl-
inder material and Water is selected as the fluid contained in the cylinder.

Analyses of these numerical results allows the following concrete conclusions to be
drawn:

— According to the relations in (28), an increase in the values of the shear wave propa-
gation in the cylinder material causes to decrease the values of the ratio ¢/c, , where ¢ is

the propagation velocity of the Quasi-Scholte wave, and ¢, is the shear wave propagation in

the cylinder material;

— However, according to the relations in (29), an increase in the shear wave propagation
velocity in the cylinder material causes to increase the values of the Quasi-Scholte wave
propagation velocity c;

— The influence of the material properties of the cylinder on the value of ((kR)*) at

which the influence of the initial inhomogeneous stresses in the cylinder on the Quasi-
Scholte wave propagation velocity disappear, is insignificant.
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PE3IOME. ][locnigkeHO BILUIMB BIACTHBOCTEH Marepiany MONEpeHbO HAMPYKEHOrO IMIIHIpa, 10
MICTHTb CTUCIIMBY HEB’ 3Ky PiJJHHY, Ha AUCIIEPCII0 OCECUMETPHYHUX KBa3i-XBWib 1lonbTe. BBaxkaeThes, 110
HEOHOPI/HI Momepe/iHi HAPYKECHHS B LIIIHAPI BUKIUKAHI THCKOM PIAMHH, SIKHH i€ Ha BHYTPILIHIO MO-
BEPXHIO LWIIIH/PA Mepe/l MOUIMPEHHIM XBIII. PyX IUiIiHpa NPy MOIUPEHH]I XBHUJII OMHUCYEThCS TaK 3BaHU-
MH TPHBUMIPHHUMH JIiHEAPU30BAHUMHU PIBHSHHSAMHU TEOPii MPYKHHUX XBHIb y TiJIaX 3 MOYATKOBUMH HAIpy-
JKEHHSAMH, a Tedis PiIUHU — JTiHeapu30BaHUMH piBHAHHAMH Eifnepa. Jlns po3B’s3yBaHHS BifNOBIIHOI 3amaui
Ha BJIACHI 3HAYCHHS BUKOPHUCTOBYETHCS IMCKPETHO-aHAMITUYHUII METOJ pO3B’s3yBaHHs. Binmosigne awc-
nepciiiHe piBHIHHS PO3B’A3y€ThCs YUCENbHO. JlucnepciiiHi KPHBI, 110 MICTATH MEPIIi KOPEHi JUCIepCiiHOro
PIBHSIHHS, BITHOCATBCS 10 KBa3i —xBWib lllonbTe, sKi BiIirparoTh BasKIUBY POJIb Y JOIOMO31 3pO3yMiTH
JIMHAMIYHY B3a€EMOJIII0 TBEPJOTO Tijla Ta pigMHU. JOCTiDKeHHS BILIMBY BJIACTHBOCTEH MaTepiany LMIIHApa
Ha XapakTep LUX KPUBHX € TOJOBHOIO HOBH3HOIO AaHoi pobotu. HaBeneHo Ta 00roBOopeHO YHCIIOBI pe3yiib-
TaTU 1bOTO BIUIMBY. SIK MaTepiasl HMIiHApa BUOPAHO CTallb, ATIOMIHIH, JIOMUT 1 M Ky TyMy, a SIK piIUHY —
BOAY. BinmoBigHO 10 4HCIOBHX pe3yNbTaTiB BCTAHOBJIEHO, IO 301IbIIECHHS MIBUIKOCT] NONIUPEHHS 3CyBHOL
XBHUJI B MaTepiai HUIiHIpa CIPUYHHSIE 301IbIICHHS [IBUAKOCTI MOIMIUPEeHHs KBa3i —xBuub [llomnbre.

KJIIOYOBI CJIOBA: nonepenHpo Hanpy>KeHUI HEOJHOPIAHUI IMITIHAP, OCECHMETPHYHA JHCIIEep-
cist XBHIIL, BIACTUBOCTI MaTepially, CTHCIINBA pifnuHa, kBa3i-xBwis Llonsre.
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