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Abstract. A problem of optimal boundary control of string vibrations is considered with
given initial and final conditions as well as the given values of deflection function and ve-
locities of the points at different intermediate moments and with a quality criterion specified
over the entire time interval. Using the method of separation of variables and methods of
optimal control theory with multipoint intermediate conditions, the optimal boundary con-
trols are constructed for the arbitrary numbers of the first harmonics. As an application of
the proposed constructive approach, an optimal boundary control is constructed with the
given values of the deflection function and velocities of the points of the string at different
intermediate moments.
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Introduction.

The problems of control and optimal control of vibration processes with both distributed
and boundary effects have significant theoretical interest and increasing practical im-
portance. These problems are being studied by many researchers [1 — 9, 12, 14 — 16]. In
practice, problems of boundary control and optimal control often arise, when it is necessary
to generate vibrations with predetermined (desired) intermediate parameters (deflection
shape, velocity of string points, and others). Modeling and control of dynamic systems de-
scribed both by ordinary differential equations and partial differential equations with inter-
mediate conditions is an actively developing direction in modern control theory. Such prob-
lems, in particular, are investigated in [3, 4, 10, 14, 15]. In the articles of the author were
considered the problems of boundary control and optimal boundary control of string vibra-
tions with a displacement of one end with the other end fixed under given constraints at in-
termediate time instants. In particular, [4] proposes a constructive approach to build the
boundary control of string vibrations with given initial and final conditions, which allows
setting the values of the deflection function at intermediate time instants. Also, the problem
of optimal boundary control of string vibrations with given values of velocities of points at
intermediate time instants is considered. This research is a continuation of [4, 15].

The purpose of this paper is to develop a constructive approach to building an optimal
boundary control function for string vibrations with a displacement at two ends with given
initial and final conditions and given values of the deflection function and point velocities at
different intermediate time instants and with a quality criterion specified over the entire time
interval. The problem is reduced to a distributed control problem with zero boundary condi-
tions. Then, using the method of separation of variables, the resulting problem is reduced to
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an optimal control problem for ordinary differential equations with given initial, final, and
multipoint intermediate conditions. Optimal boundary controls are constructed by the meth-
od of moment problems for arbitrary numbers of first harmonics. The obtained results are
illustrated with an example.

§1. Problem statement.

Let the state of a distributed vibratory system (small transverse vibrations of a stretched
string), i.e., deviations from the equilibrium state, be described by the function Q(x, ¢),

0<x</,0<t<T,whichat 0<x</ and 7 >0 obeys the wave equation

’Q _ ,0%Q
—= =g —= 1.1
ot ox? (1D
with the initial conditions
o0
00, 0)=9y(x): =5 =y(x). 0<x<I (1.2)
=0

and the boundary conditions
000, )=u(); QU n=v(), 0<t<T, (1.3)
where functions u(¢) and v(¢) are boundary controls.

In equation (1.1), a* = T,/ p, where T, is tension of a string, p is density of a homo-

geneous string.
Let at some intermediate time instants ¢, (k =1, ..., m),

O=fy<f<..<t,<t, =T

the intermediate values of the deflection function and the values of the velocities of the
string points be given

ox, t)=¢(x), 0<x<l, i=2a-1, a=1,..,m/2; (1.4)
aa—? =y;(x), 0<sx</, j=2a, a=1,.., m/2. (1.5)
t=t;

We assume m to be an even number.

The problem of boundary optimal control of string vibrations with given values of the
deflection function and velocities of string points at intermediate time instants is stated as
follows: Among the possible controls x(¢) and v(z), 0<¢<T, find optimal controls that

transfer the system from a given initial state (1.2), satisfying intermediate conditions (1.4)
and (1.5), to the final state

0
Q(X, T):(DT(X):wm-H(x); a_? :(//T(x):l//m-#l(x)’ OSXSI (16)
=T
and that minimize the functional
T
f(yz(t)+vz(t))dt. (1.7)
0

It is assumed that the function Q(x,7)e C*(Q;), where the set Q; = {(x, t):xel0,1],
t[0,7]}, functions @,(x), ¢;(x)eC’[0,1], i=2a+1, and v, (x), v;(x)eC'[0,1],

j=2a, a=0,1,..,m/2. It is also assumed that all functions are such that the matching
conditions are satisfied.
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#0)=py(0) 5 0)=y,(0); v(0)=py()); v(0)=y,(); (1.8)
1) =g, 0); i) = 0); vt =D V) =y, () (1.9)
i=2a-1; j=2a, a=1,..,m/2;

u(T)=0r(0); wT)=yr(0); v(T)=er(); W(T)=yr(). (1.10)

Note that in the formulation of the problem, the intermediate values of the deflection func-
tion (1.4) and the values of the velocities of the string points (1.5) can be specified in any
order for intermediate time instants, and the applied approach does not depend on the order.

It is also worth noting that since at certain intermediate time instants #, (k =1, ..., m)

either only the values of the deflection function (1.4) or only the values of the derivative of
the deflection function (1.5) of the string are given, it is not appropriate to use the approach
of solving the optimal control problem stepwise. Therefore, the paper proposes such an ap-
proach to solving the considered problem of optimal control, that takes into account the spe-
cifics of the intermediate conditions.

§2. Reduction of the problem to a problem with zero boundary conditions.

Since the boundary conditions (1.3) are inhomogeneous, we reduce the formulated
problem to a problem with zero boundary conditions [13].
We seek the solution to equation (1.1) in the form of the sum

O(x, 1) =V(x, )+ W(x, 1), 2.1
where V' (x, t) is an unknown function with homogeneous boundary conditions
V,6)=V{,t)=0. (2.2)

V(x, t) is to be determined, and W (x,t) is a solution to equation (1.1) with inhomogene-
ous boundary conditions

WO, t)=ut); Wd,t)=v(t). (2.3)
Function W (x,t) has the form [13]
W (. 1) = (V)= 0+ ). (24)

Substituting (2.1) into (1.1) and taking into account (2.4), we obtain an equation for the
function V' (x,?)

oV o’V
?=a26x—2+F(x, t), (25)
where
F(x,t)= (ﬁ(l)—V(t)ﬁ—ﬁ(t) . (2.6)

Due to the initial, intermediate, and boundary conditions, respectively, (1.2), (1.4) —
(1.6), function V' (x, t) must satisfy the following initial conditions

V(x, 0) = (%)~ (v(0) — u<0))§— 2(0) ;

2.7)
88_V = o (X) — (V(0) - 42(0)) = - (0)
Ili-o !
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intermediate conditions
Vix,t,)= ¢)i(x)_(V(t[)_/u(ti))%_lu(ti) ,i=2a-1, a=1,.,m/2;

o
ot

:y/j(x)—(vaj)—p(@))?—p(tj), j=2a, a=1.,m/2 (2.8)

1=t;

and final conditions
V(6. T) = gp () = (V) = (1)) = (T

4
ot

=yr (0) = (V1) = 1) = T (2.9)
t=T

Therefore, given conditions (2.10) — (2.12), conditions (2.7) — (2.9) are written as fol-
lows, respectively:

V(x, 0) = 0y (x)—(() —(po(O))f—(po(m :

(2.10)
(?3_1/ :‘//o(x)—(‘//o(l)_‘//o(o))f_‘//o(o)§
f -0 !
Vi(x, ti)=¢’i(x)_(CDI‘(Z)_WI‘(O))§_¢’1‘(O); i=2a-1; a=l..m/2;
@.11)
aa_lt/ :Wj(x)_(‘//j(l)_l//j(o));_wj(o); j=2a; a=l..m/2;
V(x,T)= cor(x)—(wr(l)—cDT(O));—%(O) ;
(2.12)
86_V :‘//T(x)_((//T(l)_l//T(O))i_(//T(O)-
t =t !

Thus, solving the problem is reduced to solving the control problem (2.5), (2.6) with
boundary conditions (2.2) and minimized functional (1.7), which is formulated as follows:

Find optimal boundary controls £°(¢) and v°(¢) at 0<¢<T, which transfer the vibration
described by equation (2.5) with boundary conditions (2.2) from a given initial state (2.10)
through intermediate states (2.11) to the final state (2.12) and minimize functional (1.7).

§3. Solving the problem with zero boundary conditions by the method of moments.

The boundary conditions (2.2) in problem (2.5), (2.6) are homogeneous, and assuming
that the consistency conditions are satisfied and that the functions used belong to the indi-
cated corresponding spaces, according to the theory of Fourier series, we seek the solution
to equation (2.5) in the form

- : 2 .
Vix, 1))=YV, () sm”Tkx where V(1) =~ [y sm”Tkxdx . 3.1)
k=1 0
Let us present the functions F(x,7), ¢;(x), y;(x), i=0,m+1, i=2a-1, j=0,m+1,
j=2a, a=1,..,m/2, in the form of Fourier series. By substituting their expressions to-
gether with V' (x,7) from (3.1) into equations (2.5), (2.6) and into conditions (2.10) — (2.12),
we obtain
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2
Ve + 4V ()= F (1) ; ﬂkz=(ﬂj ; (3.2)

2 ; 2
Vk(O):w,i‘”—ﬁ[%(m—%(z)(—l)k]; Vk(0)=w,i°>—ﬁ[w(@—m(h(—l)"]; (3:3)

V(t) = ot a[ga,.(O)—;o,.(l)(—l)k], i=2a-1, a=1,..,m/2;

il

. . 2 .
Vi) =v =S v @y, (0D ] =2as @= e m2; (3:4)
k

2 ; 2
W)= =25 0 ©=or O |2 Ve =y =22y @y (0D ] 69)

where

F(t)= j—”‘l[m)(—n" - i) ). (3.6)
k

Here, the Fourier coefficients are denoted through ¢\”, /), @, ¢! w9 and

T
v

tively.
The general way of solving equation (3.2) with initial conditions (3.3) and its time de-
rivative have the form

corresponding to the functions ¢,(x), v ;(x), @o(x), ¢r(x), Wl£0) and W,gr ) respec-

t
Vi(t) = Vk(O)coslkt-i-%Vk(O)sin/ikt+/%J.Fk (z)sin A, (t—7)dr;
k k 0

. . L (3.7)
Vi () ==4V,(0)sin 4, £+ 7V, (0)cos A, ¢ + I F (t)cos A4 (t—1)dr.
0

Taking into account the intermediate (3.4) and final (3.5) conditions, from (3.7) we ob-
tain that the functions F,(7) for each & should satisfy the following system of equalities:

T T
[F@)sin (T =1)d7 =\, (T) ;[ Fe(2)cos A (T —1)dr = Cyy (T ;
0 0

4 .
[F(@)sin g (4, -7)dr =Cy (1)), i=2a-1, a=1...m/2; (3.8)
0

4
ij(r)coslk(tj —0)dr=Cy(t;), j=2a, a=1..,m/2,
0

where
Cou(T) = 4V, (T) = 4.V, (0)cos 4, T —V, (0)sin 4, T ;

Cop (T) =V, (T) + 2V, (0)sin 4, T —V, (0)cos 4, T ;
Cop () = 4V, (1) = AV, (0)cos A1, =V, (0)sin A, 1, ; (3.9)

Coi () =V, (t)) + 44V, (0)sin A1, =V, (0) cos 4 .

122



Substituting the expression of function F;(¢) from (3.6) to (3.8) and integrating by
parts, given conditions (2.10) — (2.12), we obtain

T T
[ u(@)sin 4 (T =) dr = [ v(z)(=1)"sin 4 (T —7)dr = Cy(T) ;
0 0
T T
[ u(z)cos 4 (T =) dr = [v(z)(=1)" cos 44 (T —7)dr = Cyy (T ;
0 0
T ) T )
[u@n) (2)dr - [v(D) (D) (t)dr = Cy (1), i=2a-1, a=1,..,m/2; (3.10)
0 0
T A T A
J.,u(r)g,({f) (T)dT—J.V(T)(—l)Kg]((I) (7)dr = Cyult)), Jj=2a, a=1,.,m/2,
0 0
where
1[40 = 1[40 =
Clk(T)Z/l—kz[iClk(T)+X1k _(_l)kYIk:| ; Czk(T)Zl—kz[iCzk(T)+sz _(_1)kY2k:|;
1[40 -~ ; ;
c1k<r,~)=—2[iclk(t,~>+xl<£—(—1)%)} (3.11)
A L2a
1 [ A - : :
Corlt)) = ﬂ—kz[iczmj) + X = Y;;!’} :

Xk =407 (0) =y (0)sin 4, T — 4,9, (0)cos 4, T ;
Xow =wr(0)—wy(0)cos 4, T + 4,0, (0)sin 4, T ;
Yy = Aor () —wo(Dsin 4T = 4oy (1) cos 4T ;
Yo = (D) —wo(D)cos 4T + 4y (D) sin 4T
X{) = 40,(0)— o (0)sin 4t; — A0 (0) cos Ay ;
Y = 2, (D) o (D) sin Aty = Ao (1) cos Ayt (3.12)
X5 =w;(0)=wy(0)cos At + 400 (0)sin Ayt ;
V30 = v, (D —wo(D)cos At + Ao (D sin At ;

h(i)(z')= sin A, (t, — 1), 0<z<y g(j) e COSﬂ’k(tj_T)s 0575?/.
, 0, t<r<T’ °F 0, t,<t<T

It follows from relation (3.10) that for each harmonic (i.e., for each k=1, 2, ... ), the
motion described by equation (3.2), (3.6) with conditions (3.3) — (3.5) is completely control-
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lable if and only if for any given values of constants Cy(T), Cy (T), Cy(t), Cy(2;),
i=2a-1, j=2a, a=1,..,m/2, it is possible to find in (3.11) controls () and v(¢),
0<¢<T,which satisfy the condition (3.10).

Thus, solving the stated problem of optimal control is reduced to finding the boundary
controls u(¢) and v(t), 0<¢t<T, which for each k=1, 2, ... satisfy the integral relations

(3.10) and minimize functional (1.7). The optimal control problem for functional (1.7) with
integral conditions (3.10) can be considered as a conditional extremum problem from the
calculus of variations.

§4. Problem solving.

Since the functional (1.7) is the squared norm of a normed linear space, and the integral
relations (3.10) generated by the functions w(t) and v(¢), are linear, the problem of deter-
mining the optimal control for each £ =1, 2, ... can be considered as the problem of mo-

ments [5, 11]. Therefore, the solution can be constructed using the algorithm for solving the
problem of moments.

In practice, the first few n harmonics of elastic vibrations are usually chosen and the
problem of control synthesis is solved using the methods of control theory for finite-
dimensional systems. Therefore, we will solve the problem (1.7) and (3.10) at k=1, 2, ...
with the aid of an algorithm for solving the moment problem. To solve the finite-
dimensional (at k£ =1, 2, ... ) moment problem (1.7) and (3.10), following [11], we need to

find the values py, g, Vi Y ju» k=1 2,..., i=2a-1, j=2a, a=1,..,m/2, bound by

the condition

n m/2 m/2
2 PG (M + 4 Cop (D + 3 7aCii(t)+ 2 75 Cor (1) | =1, (4.1)
k=1 i=2a-1 j=2a
a=1 a=1
for which
T
042 . 2 2
= h h d 4.2
(P} = min { [ (2)+ 13, () Jd (42)
where
n ) m/2
hln(T) = Z Dr Slnﬂ’k (T_T)+qk c()Sﬂ’k (T_T) Z }/lkh(l)(z-)+ Z }/jkg(j)(z-) 5
k=1 i=2a-1 Jj=2a
a=1 a=1
n kil ) m/2 (43)
by ()= (=1 | ppsind (T —7)+qgcos 4 (T—7)+ Y, 7uh (2) + Z 7jkg,(’)(r)
k= i=2a-1 j=2a
a=1 a=1

To determine the values p,?, q,?, 7,%, 7;‘)1{: k=1.,n,i=2a-1, j=2a, a=1,..,m/2

that minimize (4.2), we apply the method of indefinite Lagrange multipliers. The following
function is introduced

T
fn I[(hln(f) th(T)) :| dr+
0

n m/2 m/2
+B, 2 Pkclk(T)qukCzk(T)f Y 7aCi(t)+ Z 7 ixCor(t)) | -1
k=1 z;:Zla—l é::21a
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where S, is an indefinite Lagrange multiplier. Based on this method, by calculating deriva-
tives of function f, with respect to py, g, Yy, V> k=L ...n, i=2a-1, j=2a,
a=1,..,m/2 and equating to zero, given notation (4.3), we obtain the following system of
integral relations

1

m/2
o1 G (Porl52:ToT)+ Y. 7,6hS (1) + Z V085 (1) |

s=2a-1 r=2a
a=1 a=1

M=
S

1

Q
i

xsin A (T —7)dr = —%Clk(T)

M=

T m/2
Io‘_[ Ga(paaqos;{‘aaTar)+ Z }/sah(b)(r)_'_ Z }/rog(r)(r) X
0

o=l s=2a-1 r=2a
a=1 a=1
xcos A, (T—r)dz’ —ﬂ—C (T);
k = 2k

n T
ZIG_[ G, (P AgsToT)+ Z 7o h () + Z 7,680 (7) |x
o=1 s=2a-1 r=2a (4.4)

a=1 a=1

x W (7)dr = —ﬂ—clk *);

m/2

ZI(,J (Pt T+ S 7O+ 3 1,080 [«
s=2a-1 r=2a
a=1 a=l1

x gl(cj)(f)d‘[——&czk(tj)a k=1, .., n, i=2a=1, j=2a, a=1,..,m/2,

where

I, = 1-;-(—1)“1 i Go(Po>os Ag> To7) = pysind, (T—7)+q, cos A, (T —7);
o=1..,n

By calculating the integrals on the left-hand sides of equations (4.4), factoring in nota-

tion (3.12) and adding condition (4.1) to the resulting equations, we obtain a closed system
of 4n+m+1 algebraic equations for the same number of unknown values py, i, 7, 7 jx »

k=1,..,n,i=2a-1, j=2a,a=1,..,m/2 and B, .

n m/2 ,3
z Ia A5 Po t kqa Z Cl(;)k}/sa + z CZo‘k7;o‘ _Tnclk (T) 5
o=l s=2a-1 r=2a
a=1 a=1 i
n m/2 ( ) IH
r .
z [O' dakpo' tenqs + Z flo‘k}/SO' + Z 20k) ro _TnCZk(T) >
o=l s=2a-1 r=2a
a=1 a=1
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(ri) B,

n ) m/2 m/2
ZIU ((;IZPU +b§rllgq0 + z 01(;112750 + z Crok?ro | = _7C1k(ti) 5

o=1 s=2a-1 r=2a
a=1 a=1
N ) ) S £ £ I
ZIO' do-;(p0'+ea]1{q0 Z o‘}c}/so' Z le]/la =_7nc2k(tj); (45)
s=2a-1 r=2a
a=1 a=1
n m/2 m/2
Z PrCi (1) + q,.Co (T) + z 7aCuc () + Z 7 ikCor ;) |=1,
k=1 i=2a-1 Jj=2a
a=1 a=l1
k=1.,n,i=2a-1, j=2a,a=1,..,m/2,
where
T T
gy :Jsinﬂg(T—r)sinlk (T—-7)dr; by :Jcosﬁg (T—7)sinA (T —-7)dr;
0 0

cl(;)k_jh(“ )sin 4 (T —7)dr ; c§2k=fg(’) )sin 4 (T —7)dz ;
0

T T
d, =Isin/1(,(T—z')cos/1k (T-7)dr; ey =jcos/1(7 (T—7)cos 4 (T —7)dr;
0

() — jh(g)(r)cos/lk (T-7)dr; fi) = Ig(”(r)cos/lk (T-7)dr;  (4.6)

T
al) —J.h(’) )sinA, (T —7)dr; b :Jhlgi)(r)cos/”ta (T-7)dr;
0
i) = Ih(s) (o)h (7)dz; 2 —Ig(r) (o)h (7)d7 ;
. T . . T .
dy :fg,((”(r)sinxio,(T—r)dr; el :fg,((’)(r)cosﬂg(T—z')dr;
0

T T
A =0 g()dr: £ =] (D)l (t)dr .
0

Let values p,?, q,?, 7/2(, 7/?k, k=lL.,n, i=2a-1, j=2a, a=1,..,m/2 and ﬂ,?,

be the solution to the closed system of algebraic equations (4.5). Then, according to (4.3),
(4.2), we have

n m/2 . m/2 .
I (@)= Y| Gy (Pl 2 Tor)+ X v @)+ 3 riel (@) |;
k=1 i=2a-1 Jj=2a
a=1 a=1

126



m/2 . m/2 .
1, (z) = z( DG (ploal Ao Tor)+ X 0+ Y re @[ @)

i=2a-1 j=2a
a=l1 a=1

T 2 2
(60 = ]| (5 0)) + (18, 0)' e
0
where G, (p,?,q,?,/ik,T,r) = psin 4 (T-7)+qp cos 4 (T-7).
Following [11], optimal boundary controls ,u,? (r) and v,,o (r) for any n=1,2,.. are
represented as:

1 1
(D) =—5h(2); V(o) = th% ().

n

Thus, the optimal controls ,u,? () and v,? (r) 7€ [O,T ] , according to formulas (3.12)

and (4.7), are written as:

Hy(7) =
1 m/2 0 . m/2 0
> z Gk(pk,qk,ﬂk,T T) Z 7l-ksm/1k(tl-—7)+ z }/jkcosﬂk(tj—r) ,0<7<y;
(pn) k=1 i=2a-1 Jj=2a
a=1 a=l1
m/2 0 . m/2 o
3 Gk(Pk,qk,/'ik, ,T ) Z }/,«ksmxlk(ti—r)+ Z }/jkcos}tk(tj—r) , h <7<ty
_ (,0,,) k=1 i=2a-1 j2a
a= a=

1
P )2 Z[Gk(pk,qk,ﬂk,T r)+}/mkcosﬂk( )}, Ly <T<t,;
k=1
1 < 0 0 < .
W};Gk (pk,qk,/lk,T,r), t,<t<t,, =T;
HOE
1 n P 0 0 m/2 0 . m/2 0
7 2(-1) Gk(pk,qk,/lk,T,r)+ > yasind (4, -7)+ ) ;/jkcos/lk(tj—r) ,
(Py)" = i=2a-] j2a
L a= a= -
0<r<y;
1 n k4l o o m/2 0 . m/2 0
1 )2 Z( 1) Gk(pk,qk,/ik,T,r)f Z Vik 51n/1k(ti—r)+ Z yjkcos/ik(tj—z') ,
) t <nZ'<kt1 - ;::2;!_1 {;ja -
1 =1,

0 zn:( )k+l[Gk(pk,qk,/1k,T z’)+}/mkcos/lk(t —z’)}, by <TSE,;

(p )2 l;( )k+1 Gy (p]?’ql(‘)’ﬁk’T’T)’ by <T<t,,=T.
n
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Now we construct the deflection function corresponding to the optimal controls ,u,? (7)
and v,? (7). Substituting the resulting expressions for optimal controls ,u,? (r) and v,? (7)
into (3.6), and the expression obtained for Fko(t) — into (3.7), we obtain the function Vko(t),
te[0,T], k=1, .., n.Further, from formula (3.1) we will have

V(0 =Y. V(1) sin”Tkx , (4.8)
k=1
and from (2.4), function Wno (x,t) has the form
0 ) 0 X 0
WO (x,t) = (v,, (t) - u° (z))7+ 100 . (4.9)

Thus, according to (2.1), for the first » harmonics, the optimal string deflection func-
tion Q,? (x,1), taking into account (4.8), (4.9), will be written in the form

00 (x,0) =V, (x, 1)+ W, (x,1) . (4.10)

Note that the proposed approach allows examining the problem of optimal boundary
control for the cases where, at certain intermediate times, only either the values of string
deflection or velocity of string points are given for various sequences. In particular, if only
intermediate values of the velocities of string points (1.5) are given at time instants ¢,

(k=1, ..., m) , then we obtain the problem already considered by the author.

§5. Problem solving for the case m=2.

To illustrate the foregoing, suppose that under the boundary conditions (1.3) Q(Z,¢)=0,
0<¢<T (ie., v(t)=0), and at some intermediate time instants ¢, and ¢, (0=¢1, <f; <
<t, <ty =T), the intermediate state (deflection) and the values of the velocities of string
points are given in the form:

O(x,t))=p(x), 0<x<l; (5.1)
%—? =y, (x), 0<x<]. (52)

t=t,

In this case, formula (3.6) implies F (¢#) =—(2a)/(A,1) ji(t) , and according to formulas
(3.10) we will have the following integral relations

T T
[u(z)sin 4y (T =7)dr =C\ (T);  [u(z)cos 4 (T —7)dr =Cyy (T);
0 0
T T
Iu(r)h,&l) (r)dr=Cy(1); Iu(r)g,((z) (r)dr=Cy(ty), k=1,2,..,
0 0
where
h,El)(z')z sin, (4, —7), 0<7<¢; g,({z)(r)= cos A (t, —7), 0<7<ty;
0, L <t<T; 0, t, <t<T;
1|41 ~ 1| A1 ~
Cu(T)=—|LCpu (D) + Xy |3 Cu(T)=—|2C T+X}
(1) ,1,3{2a 1w (T) lk:l 2% (T) 1,3[20 2w (1) + Xy
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Cu ) =lif{§—iélk(rl)+)ffz>}; Carlty) =ﬂik2B—’;’€2k<tz>+X£i>} -
Constants élk(T ), 62k (7, Clk ), ézk (t,) are determined from formula (3.9), and X,
X r XP, X5 — from (3.12).

By applying the above approach, we construct the optimal boundary control y,? (7) at
n=1 (hence, k=1). To determine the values of p;, q,, 7;, 721, and S, according to
(4.5) and (4.6), we have the following system of algebraic equations

1 2 B )
ay,py +bygy el + e =—?1C11(T) ;

1 2 B )
dyp+enq +f1(11)711 + 2(11)721 :_71C21(T) ;

1 1 1 21 B )
aly py+ b q + i + ey = _7C11(f1) ; (5.3)

2 2 12 2 B )
dl(l)pl +el(1)‘11 +f1(11 )711 + 2(11 )7’21 = ‘?Cm(fz) ;

PG (D) + Gy (T) + 711 Cri () + 721G (1) =1,
where
r 1 . 1 . T 1 .
ay,=————sin2A4T; b,=d,=—sin"A4T; e,=—+——sin2A4T;
nsy 4 A 11 =411 2 A sy 4%, 1

ay) = :%cosﬂl (T—tl)—ﬁsinﬂlt1 cos T ;
1

I . . t .
S =dP =gsmﬁlt2 s1n/11T+3251nﬁ1 (T-1,);
|

1 t t 1
b = £ = —sin At sin AT —Lsin 4, (T—4,); V=L ——sin24;
Y Aity sin 4y > A(T=4); e 2 4 4
1 . .
ep = £ Y sin Ayt, 51n241T+—t22 cos Ay (T—1,);
|

1 t t 1
@2 _ £(12) _ ; : . . (22 _B :
oy = =——sin At sin4t, ——sin 4, (, -1, ); ==4+—sin24t,.
211 111 2 14 1275 ((L-1)s fa 2 4 182

For simplicity, let us assume that , =2[/a; t,=41/a; T =61/a. Then, assuming
A =ar/l, weobtain t A, =27 ; tbtA=4x; Tl =6x; Z(T-t)=4r; ZW(T—-t,)=2r;
A (t, —t)) =27 , and, thus, we will have

. _ ) 2 () _ ) 2D _ 02 .
a=¢;=3l/a; bll_dll_dl(l)_cgl)l_bl(l)_ 1(11)—C§11)— 1(11)—():

m_m_an_1

Q) _ ) _ p02) 2 _
s a4 =01 =49 =

e =Jon =Jonn T
a
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In this case, by solving the system of equations (5.3) for plo , ql0 , 7/101, 7/31 , we will obtain
P =A[CHMD=Cu@)]s q) =24[C(T) = Cu(1)];

7’101 :A[C11(T)+C11(l1)] ; 7’31 = A[3C21(fz)—2C21(T)]»
where
A= Chi(D[C (D)= C ()] +2C, (D[ Cy (T) - Cyy (1) ]+

+C11(t1)[C11(T) + Cll(tl)] + Czl(fz)[3C21 (1) —2Cy, (T)];

_ Ly o). _ Loy o).
C11(T)—Z(€01 %) )» CZI(T)_E((//I - )»

_ L o). _ oo
Cll(tl)_z((pl —® )» Czl(IZ)_Zaﬂl(% ¥ )

Therefore, the optimal boundary control ,ulo (7) is written in the form:
@) = B (0).
pr)

where
prsind (T—1)+q) cos A (T—7)+pysin 4 ( —7)+ 3 cos 2y (& —7),
0<7r<y;

h\(7) =
1) pUsind (T=7)+q] cos 4 (T—7)+ 3 cos Ay (t —7), t; <7<ty

prsiny (T-7)+q cos i (T-1), t, <t <T;

]

(p))* = I[plo sin 4, (T—7)+q cos 4, (T =)+ sin 4 (4 =)+ 3, cos 4, (¢, —z’)}2 dr+
0

b
+J[p? siny (T =7)+q; cos 4, (T =)+ 3 cos 24 (¢, —2')]2 dr+

4

T
+I [plo sin 4, (T—r)+q10 cos A (T—z’)}2 dr .

2}

Further, according to the above-presented formulas (4.8) — (4.10), we will have

0 (x,0) =V (x,0) + W (x,1) =m°(r)sin§x+[1—§ju9(r) :

Conclusion.

A constructive method is proposed to build an optimal boundary control for the vibra-
tion process of a homogeneous string with a given velocity of string points at intermediate
time instants and with a quality criterion given over the entire time interval. The proposed
approach of optimal boundary control of string vibrations, using the Fourier method, allows
extension to other non-one-dimensional vibrating systems.
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PE3IOME. PosrmsHyTo 3ajady ONTHMAalIbHOIO IPaHUYHOTO KepyBaHHS KOJIMBAHHAME CTPYHH i3 3a-
JTAHUMH TTOYATKOBHMH 1 KIHIIEBUMU YMOBaMH Ta i3 3alaHMMHU 3HAYCHHAMH QYHKI[T BiIXUICHHS Ta IIBHIKO-
CTel TOYOK y Pi3HI MPOMIXHI MOMEHTH 4acy Ta 3 KPUTEpieM SIKOCTi, 3aJlaHUM Ha BCHOMY MPOMIXKY 4acy.
BHKOpHCTOBYIOUM METOJ] PO3JUIEHHS 3MIHHUX Ta METOJM TEOPil ONTUMAIILHOI'O KepyBaHHs 3 0araTroTO4Ko-
BUMH IPOMDKHAMH YMOBAaMH, JUIS JOBITBHUX 3HAUECHB HMEPIINX FAPMOHIK 00y OBaHO ONTHUMAIbHI IPaHNY-
Hi KepyBaHHA. SIK 3acTOCYBaHHS 3aIPONOHOBAHOI'O KOHCTPYKTHBHOTO IiIXOAy IOOYIOBaHO IPaHUYHE OII-
TUMaJIbHE KepYBaHHs 13 3aJjaHUM 3HA4eHHAM (yHKII] BIIXHMIEHHS Ta MIBUAKOCTEH TOYOK CTPYHH Y pi3Hi
IPOMDXHI MOMEHTH 4acy.

KJIIOUOBI CJIOBA: xonuBaHHS CTpYHH, I'PaHUYHE KEPyBaHHS, ONTHMAJbHE KEPYBaHHS KOJH-
BaHHAMU, IIPOMDXKHI YMOBH, PO3/JUICHHS 3MiHHHUX.
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