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Abstract. A finite element formulation for the analysis of elastoplastic materials under 
finite strain levels, plane stress conditions, and mixed hardening is developed. The 3D hy-
perelastoplastic framework is condensed into a compact 2D form following the plane stress 
condition. The constitutive modeling accounts for the finite elastoplastic strains, associative 
plasticity, and mixed hardening. A kinematical approximation is based on the positional 
description and the isoparametric triangular membrane element of any order. Some exam-
ples are used to test the numerical formulation proposed. Several meshes are employed for 
each problem, varying the number of elements and approximation degree, which increases 
up to the fourth order. The results show that mesh refinement improves accuracy, avoiding 
locking problems and hourglass instabilities in plane stress problems involving large elasto-
plastic deformation, stress concentration, bending, mesh distortion, and post-buckling be-
havior. In addition to the convergence analysis regarding displacements and forces, some 
final values of the isotropic hardening parameter, the equivalent stress, and the backstress 
components are provided in order to assess the performance of all the element orders more 
completely. A comparison of the present results with finite element solutions from the scien-
tific literature available is done, highlighting the similarities and differences for each prob-
lem. 
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§1. Introduction. 
The development of large strain elastoplastic models for plane stress conditions remains 

a major challenge. Most constitutive laws are defined within the context of a three-
dimensional framework, but model calibration usually involves material testing in plane 
stress conditions. In general, plane stress versions of elastoplastic models are difficult or 
even impossible to be obtained, especially for large strain regime. This procedure is not 
straightforward, as in the case of linear elastic materials under small strains, since the ex-
pressions involved are highly nonlinear. 

In large strain regime, a widely accepted 3D framework for elastoplastic materials is the 
hyperelastoplasticity, in which the deformation gradient is multiplicatively decomposed into 
elastic and plastic parts, and the stresses are derived from a strain energy density function. 
Several hyperelastoplastic models have been proposed in the scientific literature for iso-
tropic materials under isothermal conditions (see, for instance, the works of [10, 34, 38, 43, 
44]). Examples of anisotropic hyperelastoplastic formulations can be found in [12, 24, 25], 
and thermo-mechanical models for elastomers have been proposed by [14 – 16], among oth-
ers. In addition, coupling with fracture analysis is performed, for example, in [2 – 4]. For 
rate-dependent models in large-strain elastoplastic regime, one can cite the works of [1, 21, 
22, 26, 46]. 
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Even in the simplest case of 2J  flow theory (associative Von Mises plasticity), the im-
position of plane stress conditions leads to additional nonlinear equations involving tensor 
quantities. The inclusion of isotropic and kinematic hardening behavior further increases the 
mathematical complexity of the modeling. Some numerical strategies have been proposed to 
condense general 3D models regarding plane stress conditions. In [37], for instance, a finite 
element formulation is developed for elastoplastic analysis of plane membrane problems. A 
quadrilateral element with four nodes and one layer integration is employed by those authors 
to guarantee that the out-of-plane shearing stresses are null. The remaining plane stress con-
straint ( 33 0  ) is satisfied in a weak sense considering the thickness variation as a 
weighting function. Another interesting procedure has been presented by [19], in which 
physically nonlinear 3D models are incorporated in beam and shell finite elements. To this 
end, the condensation with respect to the zero-stress condition is performed by the local 
algorithm developed. The advantage of both formulations is that arbitrary 3D constitutive 
laws can be employed for plane stress analysis without any specific modification in the ma-
terial model, avoiding static condensation. The disadvantage, in turn, is that all the 3D stress 
components, as well as the complete consistent tangent operator, must be determined. In the 
context of finite element analysis, for instance, this leads to a higher computational effort in 
terms of processing time and memory capacity. In this paper, explicit plane stress compact 
forms of an isotropic hyperelastoplastic model including mixed hardening are originally 
developed. Therefore, the stress tensor is represented by a 2 2  matrix and the consistent 
tangent operator is a 2 2 2 2    fourth order tensor, avoiding the use of unnecessary com-
puter memory usage. The present Lagrangian model is based on the right Cauchy-Green 
stretch tensor and on the second Piola-Kirchhoff stress tensor. A similar plane stress Euleri-
an model has been presented by [18], in which the Kirchhoff stress tensor, the logarithmic 
stretches and the left Cauchy-Green stretch tensor are employed. In the plane stress formula-
tions of [18, 19, 37], however, only isotropic hardening is considered. 

Many finite element approaches have been proposed over the last decades to solve plane 
problems involving highly deformable elastoplastic materials. It is well known that low or-
der standard (pure-displacement based) formulations exhibit severe stiffening (or locking) 
behavior in bending and incompressible problems. Several alternative techniques have been 
developed to improve the performance of low order elements in plane elastoplastic prob-
lems. In the present context, one can cite the following quadrilateral finite element formula-
tions, among many others: the mixed three-field formulation of [33], which focus on the 
treatment of the incompressibility constraint; the reduced integration method proposed in 
[36], in which a one-point integration scheme is employed to solve volumetric locking in 
near-incompressible problems and, thus, a hourglass stabilization procedure is needed; the 
modified enhanced strain method of [13], proposed to remove hourglass modes in elements 
under inelastic deformations; the mixed formulation of [5] employed to develop two new 
elements, in which the deformation gradient is included as an additional variable, leading to 
a fourth field functional; and the element formulation of [35] based on the assumed strain 
method, in which an updated Lagrangian framework is developed for large deformation sen-
sitivity analysis. These alternative formulations are usually very complicated and case-
dependent. A more natural and simplified way of solving locking problems is by using high 
order elements. Some authors argue that high order elements are more sensitive to mesh 
distortions [5]. This is probably due to the fact that, in finite deformation problems, the ele-
ment Jacobian (which is a measure of volumetric strain) tends to be sensitive to large de-
formation levels [33] and, thus, may become negative, leading to an unrealistic material 
response. For the present author, however, high order elements provide more accurate re-
sults and a locking-free behavior, leading to a robust and, at the same time, simple formula-
tion. Examples of high order elements successfully employed in large deformation analysis 
can be found in the works of [28, 29, 31], in which solid tetrahedral, shell and beam ele-
ments based on positional description are used, respectively. It is demonstrated, in such 
works, that the use of high order elements fully integrated avoids locking problems for suf-
ficiently refined meshes. The superior performance of high order elements is also shown by 
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the so-called p-version of the Finite Element Method (FEM), in which the polynomial de-
gree of the elements is increased until convergence is achieved ([11, 17, 41, 42]). As pointed 
out by [41], the spurious stress oscillations are alleviated if the polynomial order is suffi-
ciently high. The only shortcoming of this procedure is the large computational effort, which 
can be circumvented by high performance computing (or parallel-processing techniques). A 
novel feature of the present work is the original investigation of the performance of triangu-
lar finite elements of various orders in the context of plane stress hyperelastoplasticity with 
mixed hardening. In most numerical studies in the context of the FEM, only one (or two at 
the most) approximation order is used to assess the element performance, even in the cases 
of comparison among different formulations. 

The purpose of this study is to condense a large strain elastoplastic model with mixed 
hardening according to plane stress conditions, as well as to assess the performance of vari-
ous element orders. The proposed formulation is tested in structural problems involving 
large displacements and finite levels of elastic and plastic strains. 

The paper is organized as follows. The plane stress condensation from the 3D hypere-
lastoplastic framework is fully detailed in Section 2. The finite element adopted and the nu-
merical algorithm implemented in a computer code are described in Section 3. The numeri-
cal examples used to assess the proposed formulation are provided in Section 4. Finally, the 
main conclusions based on the results are given in Section 5. 

§2. Constitutive modeling. 
The 3D hyperelastoplastic framework is described in this section, covering the finite-

strain kinematics, the stress-strain response, the yield criterion and the evolution equations, 
together with further details about the plane stress condensation. The present isotropic model 
accounts for large elastoplastic strains and nonlinear isotropic and kinematic hardening rules. 
The derivation of the complete 3D model can be found in the works of [10] and [43]. 

2.1. Kinematics. The body is assumed to lie on the plane 1 2x x  at the initial (unde-

formed) configuration or, equivalently, on the plane 1 2y y  at the final (deformed) position. 

The constitutive model is based on the Kröner-Lee decomposition, usually employed in 
large elastoplastic models (see, for instance, the works of [10, 12, 38, 43], among many oth-
ers): 

,e pF F F                                                          (2.1) 

where F is the deformation gradient; and the subscripts e and p denote the elastic and plastic 
parts, respectively. This decomposition leads to the definition of a local intermediate con-
figuration pF F , which is stress-free (or relaxed). 

The strain measure adopted is the symmetric right Cauchy-Green stretch tensor, which 
can be decomposed from (2.1) as follows: 

1.T T T
p e p e p p

    C F F F C F C F CF                                   (2.2) 

Due to the plane stress condition, tensor C has the following matrix representation (the 
same is valid for the gradient F): 

11 12

21 22

33

0

0 .

0 0

C C

C C

C

 
   
  

C                                                (2.3) 

For plane strain assumption, one must set 33 1C  . In the plane stress case, the entry 

33C  is an implicit function of the plane components 11 12,C C  and 22 ,C  which are directly 

determined from the kinematical approximation adopted (see Section 3.1). 
In the present study, the elastic material response is described in terms of the elastic 

Cauchy-Green stretch tensor eC  (see expression 2.2). Under the assumption of isotropy, the 

following strain invariants are employed: 
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1 1
1 ( ) : ;T

e e p p pi tr tr     C F CF C C                                      (2.4) 
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e e p p
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J
i

J
    

C
C F CF

C
                              (2.5) 

where det detJ  F C  is the Jacobian, which is a measure of volumetric strain denoting 
the local ratio between infinitesimal volume elements defined in the current and initial con-
figurations ( 0( ) ( )J dv dV ); and pC  is the plastic Cauchy-Green stretch. One can note 

that the determination of the plastic gradient pF  and the elastic stretch tensor eC  are not 

needed, since the strain invariants (2.4) and (2.5) can be calculated directly from the stretch 
tensors C  and .pC  This fact provides two advantages: from a theoretical point of view, 

unlike the right Cauchy-Green stretch tensor, the gradient is not an objective strain measure; 
and, regarding computer implementation, since the stretch tensor is symmetric, there are 
fewer independent components to be determined and stored. 

2.2. Stress. The stress and backstress measures are described in this subsection, includ-
ing the hyperelastic response and condensation according to the plane-stress conditions. 

As in hyperelasticity, the stresses can be obtained in hyperelastoplastic models from the 
Helmholtz free-energy function. In the present paper, this scalar strain-energy density func-
tion is additively decomposed: 

   , ,e p p p   C C C q   or     , ,e e p p   C C q                   (2.6) 

where q  is a general vector representing hardening parameters. As pointed out by [30], the 

general form (2.6) presents two properties: elastic material isomorphism [38], as the reversi-
ble material response is not changed by dissipative parameters ( pC  and q ); and rate-

independence, since the material response is not influenced by the strain rate ( C


). Applying 
the second law of thermodynamics and the Coleman-Noll procedure to (2.6), it is possible to 
show that [8]: 

2 e
e

e


S

C
;                                                        (2.7) 

int ( ) : : 0,p
e pd M

 
     

χ D q
q

                                    (2.8) 

where eS  is the elastic second Piola-Kirchhoff stress tensor; intd  is the internal dissipation; 

e e eM C S  is the elastic Mandel stress tensor; χ  is the intermediate backstress tensor (re-

lated to kinematic hardening); and pD  is the plastic strain rate. These tensors are defined at 

the intermediate configuration. The evolution equations for the rates pD  and q  are provid-

ed in Section 2.4. 
The hyperelastic model adopted to describe the finite strain elastic response is the com-

pressible neo-Hookean law (see, for instance, [40]): 

     2
1ln 3 2ln ,

2 2e e e e e
K

J i J
      C                                 (2.9) 

where K  and   are the bulk and shear moduli, respectively. Such isotropic hyperelastic 
model is usually employed for elastomers under finite elastic strains. Combining (2.7) and 
(2.9), one obtains the hyperelastic stress-strain model: 

   1 1ln ,e e e eK J    S C I C                                       (2.10) 
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where I is the identity matrix. If plastic deformation occurs ( p C I ), the (total) second 

Piola-Kirchhoff stress tensor defined at the reference (undeformed) configuration can be 
derived in a similar way: 

1 12 2 .T Te
p p p e p

e

     
     

S F F F S F
C C

                             (2.11) 

As one can note, the stress tensor S represents the pull-back operation on eS  via .pF  In 

other words, the stress eS  is brought back (or transferred) to the reference configuration. 

Similarly, the backstress tensor in (2.8) can also be set in the reference configuration via a 
pull-back operation: 

2 p T T
p p p p

p

 
    

χ F F F XF
C

 or 1 .T
p p
 X F χF                          (2.12) 

It should be pointed out that the backstress tensors are defined from evolution equations 
provided in Section 2.4 and, thus, the explicit form of p  is not needed. One can find ex-

plicit expressions for p  in the works of [10] and [43], in which the internal dissipation 

inequality (2.8) is shown to be satisfied. 
The true Cauchy stress tensor at the current configuration can be determined with the 

usual expression: 
1

.T

J
σ FSF                                                      (2.13) 

Since all the gradients ( , eF F  and pF ) and all the stretch tensors ( , eC C  and pC ) have 

the matrix form (2.3), the zero-stress condition for the out-of-plane shear components (with 
indices 13, 23, 31 and 32) is automatically satisfied. Moreover, the remaining plane stress 
condition can be expressed by the following equivalent equalities: 

33 33 33 33 0e eS M S     .                                          (2.14) 

As performed in [18] for the Kirchhoff stress tensor, the combination of expression 
(2.10) with the last equality in (2.14) leads to: 

     33 33
33 33

1 1
ln 1 0 ln 1 .e e e e

e e

S K J K J C
C C

 
 

       
 

           (2.15) 

Applying the above result to expression (2.10), one obtains the compact plane stress 
equation for the elastic stress tensor: 

 1
33 .e e eC  S I C                                               (2.16) 

The stress tensor S  is finally obtained from expressions (2.11) and (2.16): 

   1 1 1 1 1 133
33 33

33

.T
p e e p p e p

p

C
C C

C
         

       
 

S F I C F C C C C       (2.17) 

The same result would be obtained if the condition 33 0S   were directly applied to 

(2.11). One should highlight that all the plane stress components 11 12,S S  and 22S  can be 

obtained from stretch tensors C  and .pC  As in the case of the elastic strain invariants (2.4) 

and (2.5), determination of the plastic gradient pF  is not needed. In addition, similarly to 

[18], the out-of-plane normal stretch 33C  can be obtained iteratively from (2.15); see Section 3.1. 
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The plastic entry 33,pC  in turn, is obtained from the plane plastic stretch components 11,pC  

12pC  and 22pC  applying the evolution equation adopted (see section 2.4). Therefore, all the 

plane stresses can be calculated from the plane stretch components. 
2.3. Yield criterion and hardening. The yield criterion is set by applying the von Mises 

yield function to the elastic Mandel stress and to the intermediate backstress: 

  2
dev 0,

3e     M χ                                        (2.18) 

where   is the yield function;  dev  is the deviatoric operator; and   is the yield stress, 

which is a function of the isotropic hardening parameter   (see Section 2.4). As demon-
strated in [10], the yield criterion (2.18) can be alternatively expressed in the reference con-
figuration: 

  2
dev 0.

3p     CS C X                                     (2.19) 

The Lagrangian tensor p Y CS C X  also has the matrix representation (2.3) and, in 

general, is non-symmetric. 
The general vector q  in (2.8) contains the isotropic hardening parameter   and the 

backstress tensor ( χ  or X ), which is related to kinematic hardening. Two isotropic harden-

ing rules are adopted in the present paper: 

 0 ;
n

sY                                                       (2.20) 

  0 sat 0 1 exp ,Y Y Y H 
                                        (2.21) 

where 0,SY   and n are the coefficients of the Swift model [39]; and 0 sat, ,Y Y   and H  are 

the coefficients of the Voce model [45]. Both models are usually employed to describe the 
isotropic hardening behavior of metals, such as steel and aluminum alloys. The kinematic 
hardening rule, in turn, is described in rate form (see Section 2.4). 

2.4. Evolution equations. The model is completed by setting the flow rule, as well as 
the rate of the isotropic hardening parameter and the backstress tensor. As in [10] and [43], 
the following evolution equations have been selected to fulfill the internal dissipation ine-
quality (2.8): 

dev( ) dev
;

dev( ) dev
T Te

p p p p
e eM

   



   

 
M Y

D R F F
M Y

                      (2.22) 

2 3 ;pr    R                                                (2.23) 

  ,p pc b c b  
  

    χ D χ R R χ


                                 (2.24) 

where 0   is the plastic multiplier, which satisfies the consistency condition 0;   pR  

and R  denote, in this order, the tensors that describe the “direction” of the plastic flow and 

the backstress tensor; r  is the scalar function that represents the evolution of the isotropic 

hardening parameter; and the coefficients c and b  defines the nonlinear Armstrong-
Frederick kinematic hardening model. If one sets 0,b   model (2.24) will correspond to the 
Prager kinematic hardening rule. As pointed out by [10], the Armstrong-Frederick rule is 
more adequate for metals, when compared to the Prager model, since it can reproduce the 
Bauschinger and the ratchetting effects. 
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Expression (2.22) represents the associative plastic flow rule, which is commonly 
adopted in elastoplastic models. Because of the deviatoric character of tensor ,pR  evolution 

equation (2.23) can be replaced by 2 3.r       In this case, parameter κ is also called 

equivalent plastic strain. A Lagrangian version of the flow rule (2.22), which is needed in 
the present work, can be obtained from the relation between pD  and the rate of :pC  

dev
2 2 2 ,

dev
T T

p p p p p p p cp p  
   
   

Y
C F D F F R F R C

Y
                   (2.25) 

where cpR  is the tensor that set the “direction” of the rate of .pC  

It can be demonstrated that the associative flow rule (2.22) or (2.25) leads to the plastic 
incompressibility condition: 

 
2

2 2 1 2dev dev
: : 2 2 0.

dev dev
p

p p p p p p
p

Jd
J J J tr

dt
 

  
    

             

Y Y
C C C

C Y Y
     (2.26) 

If the rate of the plastic Jacobian is zero, then: 

 2 2
11 22 12 33 33 2

11 22 12

1
1 1 .p p p p p p

p p p

J C C C C C
C C C

     


           (2.27) 

As mentioned in Section 2.2, the out-of-plane plastic stretch 33pC  can be determined 

directly from the plane plastic stretches. 
The reason of adopting the objective rate in (2.24) is that the backstress tensor χ  is de-

fined at the intermediate configuration and, thus, the time derivative 

χ  is not objective. 

Using the objective Jaumann rate, [10] showed the following result: 

1sym ,T
pp p p p pC C

 
  

      
  

χ χ W χ χW F X X F


                      (2.28) 

where pW  is the plastic spin rate; and  sym  denotes the symmetric part of a second-order 

tensor. Combining expressions (2.24), (2.25) and (2.28), one can obtain the following evolu-
tion equation for the initial backstress tensor: 

1 1dev dev
sym 2 .

dev devX p p pc b 
  

   
         

Y Y
X R C X C C X

Y Y
              (2.29) 

One can note that the evolution tensors cpR  and XR  are completely defined by La-

grangian measures ( , pC C  and X ), avoiding the use of objective rates. Moreover, these 

tensors have the matrix representation (2.3). Another issue to be pointed out is that the plas-
tic potential p , which appears in expression (2.6), depends on objective measures ( ,p C  

and X ) and, thus, it is also objective (or frame-invariant). 

§3. Numerical algorithm. 
The kinematic finite element approximation and the numerical procedures implemented 

are described in this section. The dual-phase strategy encompassing the elastic predictor and 
the plastic update is also provided, together with the hyperelastoplastic consistent tangent 
operator. 

3.1. Finite element. The finite element adopted is the isoparametric triangular mem-
brane of any-order based on positional description. As in the kinematic modeling of Sec- 
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tion 2.1, the element mid-surface can move only along the plane and, because of the plane 
stress condition, the transverse (out-of-plane) normal strain is constant thought the thickness 
direction, leading to a linearly variable transverse displacement. 

The numerical approximation is based on the positional version of the Finite Element 
Method (FEM) described, for example, in the works of [6, 7, 29]. Both initial and current 
configurations defined, respectively, by the positional vector fields x  and y  are mapped 

from an auxiliary non-dimensional triangular plane, represented by the set 

  2
1 2 1 2 1 2, / 0 , , 1R         . The nodes at this plane are equidistant for any order 

of approximation. The plane vector fields x and y are interpolated via the usual procedure, 
that is, from nodal positions and shape functions: 

 ;k
kx X ξ                                                        (3.1) 

  ,k
ky Y ξ                                                        (3.2) 

where kX  and kY  denote, in this order, the two (plane) initial and current coordinates of 
node k, whose associated shape function is ;k  and ξ  is the vector that contains the two 

non-dimensional coordinates 1(  and 2 ).  The plane entries of the deformation gradient F  

defined in (1) are numerically determined as follows: 

  1
1 0 ;

F F F                                                         (3.3) 

 
1 ;kk 
 
 

ξy
F Y

ξ ξ
                                                   (3.4) 

 
0 .kk 
 
 

ξx
F X

ξ ξ
                                                  (3.5) 

Similar expressions to determine the gradient F can be found, for instance, in [31] for 
the mid-surface of triangular shell elements or in [29] for solid tetrahedral elements. The 
degrees of freedom of the present finite element are the two current coordinates of the 
nodes, instead of using the traditional form with nodal displacements. 

In order to use the general degree of approximation, the numerical strategy developed 
on [31] has been adopted. With this strategy, the number and position of the nodes and the 
shape functions (as well as their derivatives) are automatically determined via simple matrix 
operations based on the element order employed. The advantage of this procedure becomes 
more evident especially for high orders, since there is no need to determine analytically all 
the shape functions and to implement the expressions to calculate them. The automatic 
shape function generator proposed in [31] can be employed for any triangular finite element. 

The plane components of the Cauchy-Green stretch tensor C  are numerically deter-
mined from expressions (2.2) and (3.3), and the plane components of tensor pC  are as-

sumed to be known for a given instant. As mentioned in Section 2, the out-of-plane entry 

33C  is found iteratively from the plane stress condition. After some manipulation and con-

sidering (2.27), the last result of expression (2.15) is equivalent to the following expression: 
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          
                        (3.6) 

where f is an auxiliary scalar variable, which can be determined from the plane components 
of stretch tensors C and .pC  However, there is no explicit expression to determine 33eC  in 

terms of such components. Applying a simple Newton method, one can determine 33eC  

iteratively using the following expressions: 
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Once the component Ce33 is found, one can obtain the out-of-plane components (see ex-
pressions 2.2 and 2.3): 

2 33
33 33 33 33 33 33 33 2

11 22 12

.e
p e p e p

p p p

C
C F F C F C C

C C C
   


                  (3.10) 

3.2. Equilibrium. The equilibrium achieved at the current (deformed) configuration is 
expressed via the Principle of Minimum Total Potential Energy (or, equivalently, by the 
nonlinear version of the Principle of Virtual Work): 
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0 ext int 0 ext0 ,dV dV
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 

         
   
 f Y f f

Y Y
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where   represents a virtual variation; 0dV  is a volume element at the initial domain 0;  

Y  denotes the vector that contains the degrees of freedom; and extf  is the vector of external 

(applied) forces, which are assumed to conservative in the present study. The system defined 
in the result of (3.11) is nonlinear regarding the current nodal positions and, thus, the New-
ton-Raphson iterative technique is employed: 
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                                       (3.12) 
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1 ,   Y H r                                                      (3.14) 

where r is the residual force vector; and H  is the Hessian matrix. The positional vector Y  
is updated via (3.14) until the residual vector r  is sufficiently small. Alternative expres-
sions for the internal force vector and for the Hessian matrix can be written: 
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One can note, in the above expressions, the separation between the kinematic approxi-
mation and the constitutive law. The derivatives of stretch tensor C  in respect to Y  are 
determined from the finite element approach. The stress tensor S  and the consistent tangent 
operator  S C  are calculated based on the material model. 
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Since all the stress and strain measures do not vary along the thickness direction, the 
volume integrals that appear in (3.15) and (3.16) can be replaced by surface integrals. Be-
sides, considering the positional approximation described in Section 3.1, the volume inte-
grals are calculated as follows: 

0 0

0 0 0 0 0 1 2 ,
A

gdV b gdA b gJ d d 


   
ξ

                                (3.17) 

where g is a general function to be integrated over the initial volume domain; 0b 0 is the ini-

tial thickness of the element (assumed to be the same for all elements); 0dA  is a surface el-

ement; and 0J  is the initial Jacobian, defined as 0 0det .J  F  The surface integrals defined 

in (3.17) are numerically evaluated by using Gaussian quadrature rules. 
3.3. Elastic predictor. The elastoplastic problem is solved by the usual method, in 

which a dual-step procedure is employed: an elastic prediction phase followed by a plastic 
correction. In the first phase, the deformation is assumed to be purely elastic, i.e., no plastic 
strain occurs. Therefore, the consistent tangent operator in (3.16) is determined considering 
only possible variations of the stretch tensor C  and all the derivatives regarding the plastic 
tensor pC  are neglected. From (2.17), one can obtain the elastic consistent tangent operator 

for the present model: 
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where   denotes the tensor product. The derivative 1 / C C  can be obtained from the 
inverse matrix of (2.3): 
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Some care should be taken with the derivative 33( ) ( ) ,eC C , since the entry 33eC  de-

pends implicitly on the plane stretch components. To solve this problem, derivative 

33( ) ( )eC C  is obtained from (3.6): 
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3.4. Plastic correction. After calculating the stress tensor ,S  the yield criterion (2.19) is 
verified at all integration points. If condition (2.19) is not satisfied, a plastic correction is 
performed to update the plastic stretch tensor ,pC  the isotropic hardening parameter κ and 

the initial backstress tensor .X  To this end, the radial return algorithm based on the implicit 
backward Euler method is employed. From the evolution equations (2.25) and (2.29), the 
following expressions are used together with (2.19): 

1 1;N N N
p p cp   C C R                                            (3.23) 

1 1,N N N
X   X X R                                             (3.24) 
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where N+1 and N denote the end and the beginning of step N, respectively. As in the case of 
equilibrium system (3.11), the Newton-Raphson iterative procedure is employed in the plas-

tic correction phase. The plastic variables  11 12 22 11 12 22 33, , , , , , ,p p pC C C X X X X  are 

updated until expressions (2.19), (3.23) and (3.24) are satisfied. Because of (2.22) and 
(2.23), the isotropic hardening parameter has a linear relation with the plastic multiplier in-
crement: 

1 2 .3
N N                                                     (3.25) 

Thus, whenever the above plastic set is updated, the plastic stretch Cp33 and parameter 
  are automatically determined from (2.27) and (3.25), respectively. 

3.5. Hyperelastoplastic consistent tangent operator. For the numerical integration 
points at which the plastic correction has been performed, the derivative of stresses regard-
ing the plastic stretch tensor pC  is included: 
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where the superscript EL denotes the elastic consistent tangent operator (3.18); and matrix B 
is the second-order tensor derived from the consistency condition: 
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The derivative 1( ) ( )p p
 C C  and 33( ) ( )e pC C  can be found as in (3.19) and (3.20): 
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Because of the plane stress condition, the fourth order tensors have dimensions 
2 2 2 2   . The derivatives of the yield function  in terms of , ,pC C  and X  are pro-

vided in Appendix A. 
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§4. Results and discussion. 
Four structural problems involving finite elastoplastic strains and plane stress conditions 

are numerically analyzed in order to test the performance of the present approach. The nu-
merical formulation described in this paper has been implemented in a computer code and 
the simulations have been performed in a cluster with 12 processors. 

A series of discretizations is employed for each problem, varying the quantity and the 
order of the elements. Thus, both hierarchical and polynomial enrichments are used in order 
to show the influence of the mesh refinement on the structural behavior. The different mesh-
es of each example are automatically generated from the same base mesh composed of line-
ar order quadrilaterals, which are transformed into triangular finite elements based on the 
number of edge divisions and the polynomial degree adopted. In this study, four approxima-
tion orders have been employed together with full integration (see Table). 

Table. Isoparametric triangular membrane elements employed. 

ORD NN NIP 

1 3 1 

2 6 13 

3 10 16 

4 15 19 

                           ORD = element order. NN = number of nodes per element. 
                           NIP = number of integration points per element. 

 
The prescribed load (or displacement) is divided into a large number of steps in order to 

improve convergence and stability. An error tolerance of 610  has been employed for the 
following quantities: the norm of the residual force vector (3.12); the yield function (2.19); 
an the norm of the residual vector from the plastic correction phase (see Section 3.4). 

Along the main simulation, the nodal positions 1(Y  and 2 )Y  and the plastic parameters 

11 12 22 11 12 22( , , , , , ,p p pC C C X X X  and 33)X  are stored at the numerical integration points 

in the end of some steps. In a post-processing program, the values at these points are trans-
ferred to the nodes via a linear extrapolation based on the least squares method. The result-
ant nodal values are used to plot distributions of stress and strain components by means of 
the AcadView software [27]. 

4.1. Cook’s membrane. The first example is the Cook’s membrane showed in Fig. 1. 
This benchmark problem has been extensively used to test finite element approaches in 
bending-dominated problems. The stress concentration near the left upper corner (point A) 
increases considerably the complexity of the analysis. The objective here is to assess the nu- 

 
Fig. 1. Cook’s membrane: geometry, boundary conditions and material coefficients.  

The dashed lines denote the base mesh. Point B has coordinates 1=4x  and 2 41,3333x    

(regarding the left bottom corner). 
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merical formulation in a plane stress problem involving large elastoplastic strains, bending, 
shearing and a singularity point. Many plane strain formulations have been employed to 
solve this example in large elastoplastic deformation, such as the assumed enhanced formu-
lation of [13] and the B/bar elements of [5]. Plane stress conditions are assumed, for in-
stance, in the work of [37], in which a geometrically linear elastoplastic analysis is per-
formed based on the assumed enhanced method. To analyze the present problem, only iso-
tropic hardening based on a saturation law is considered. The applied force is uniformly 
distributed along the edge 1 48x   mm and is always vertical (not tangential to the deformed 

edge). The material coefficients and the value of the prescribed force are extracted from [13] 
and [5]. The base mesh depicted in Fig. 1 has been proposed to enrich the kinematics near 
the singularity point. 

 

Fig. 2. Convergence analysis regarding final values for the Cook’s membrane. 
 
The convergence analysis is performed considering the final displacements of the right 

top corner C, as well the final isotropic hardening parameter   at points A and B. As ex-
pected, displacements converge with mesh refinement and the convergence rate is improved 
by increasing the element order, see Fig. 2, a, b. The final vertical displacement converges 
to 10,55 with the present plane stress formulation and to approximately 7,0 in the plane 
strain references [13] and [5]. This difference is probably due to the plane assumption 
adopted in each work. Regarding the final displacements of the right top corner, the best 
convergence rates obtained in such references are similar to the present quadratic order de-
picted in Fig. 2. In other words, the performance of linear order elements can be improved 
by increasing the polynomial degree or by using mixed-enhanced strain formulations. How-
ever, the present cubic and fourth order elements provide a higher convergence rate when 
compared to those references, since the displacements are practically the same even for 



 127 

meshes with few elements. Results of Fig. 2, a, b also indicate that the convergence is al-
ways monotonous for all the orders, except for the final horizontal displacement provided by 
the less refined cubic mesh. 

In terms of the final isotropic hardening parameter, the convergence is more difficult at 
the singularity A when compared to point B, see Fig. 2, c, d, due to the expected complex 
strain and stress fields around the left upper corner. One can also observe that the graphs 
indicate that convergence will be achieved by increasing even more the number of degrees 
of freedom for each element order. In addition, convergence analysis regarding the isotropic 
hardening parameter is rarely done in scientific literature. 

4.2. Block upsetting. The second example is the square block under compression de-
picted in Fig. 3. This problem has been studied under the assumption of plane strain condi-
tions, for instance, in the works of [5] and [9], in which quadrilateral elements based on the 
enhanced strain method are used. The difficulty in analyzing this problem is the possible 
occurrence of hourglass instabilities, because of the moderately large levels of compression. 
The material is assumed to be purely elastic in [9] and elastic-perfectly plastic in [5]. In the 
present work, the material response of the block includes hyperelastic behavior together 
with mixed hardening. The material coefficients have been extracted from [23] considering 
the mild steel CK15. The same material data have been employed in [43] to show numeri-
cally the Bauschinger effect in cyclic loading. 

The level of upsetting displacement, in terms of the initial height, reaches 16% in the 
present paper, 30% in [9] and 10% in [5]. Such compression levels can be considered mod-
erately high for metals and, since the deformation is not homogeneous, mesh distortions take 
place. Thus, the possible occurrence of hourglass instabilities should be investigated. Due to 
the symmetry regarding the center vertical line, only one half of the problem is discretized 
and the horizontal displacements of the symmetry plane are restricted. The bottom face is 
constrained along the two directions and the horizontal displacements of the upper face are 
released. All the simulations of this problem have been performed via a uniform vertical 
displacement control. The total vertical reaction force is computed at the end of each step 
considering the vertical forces of all the nodes at the upper face. 

 
Fig. 3. Block upsetting: geometry, boundary conditions and material data. 

 
For the present example, the convergence analysis is performed in terms of the final 

vertical reaction force, the horizontal displacement of point C and the vertical backstress 
component 22.X  According to Fig. 4, a, the reaction forces become smaller when the mesh 
is refined. Thus, as in the Cook’s membrane problem, mesh refinement yields more flexibil-
ity. Even the coarse discretizations provide a quite accurate result in terms of the final reac-
tion force. The linear order meshes seems to converge to a stiffer solution, presenting a 
questionable performance in the present example. One should highlight that no convergence 
analysis is performed in the references [5] and [9], in which a 10 10  and a 23 23  element 
regular meshes are employed, respectively. Only comparisons among quadrilateral finite 
element formulations are made in such works. 

According to Fig. 4, b, the final horizontal displacement of point C provided by the lin-
ear and quadratic meshes presents slower convergence rate, comparing to the cubic and 
fourth-order elements. The converged value is approximately 2,46 mm (to the right), which 
indicates the barreling of the sample, since the right bottom corner A does not move. 
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The convergence analysis performed in terms of the vertical backstress component de-
picted in Fig. 4, c, d shows that further investigations should be done. While the conver-
gence rate is quite acceptable at point A (except for the linear order), the converged values at 
point B are clearly different for each element order. Such difficulty is probably related to the 
highly nonlinear character of the large-strain model adopted. 

 
Fig. 4. Convergence analysis regarding final values for the block upsetting. 

4.3. Necking. Next, the necking of a specimen under plane stress conditions is analyzed 
(see Fig. 5). This example have been widely studied to investigate the plastic necking zones. 

 
Fig. 5. Necking of a tensile specimen: geometry, boundary conditions and material data. 
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The geometry and the boundary conditions are the same as those adopted in [13, 19, 37] and 
[5]. Following the usual procedure, a linearly variable width reduction is employed to trig-
ger the necking and the mesh refinement is higher on the region with expected stress con-
centration. The material data have been extracted from tensile test data of aluminum alloy 
6351, considering only isotropic hardening. 

Discretizations with 192 and 432 finite elements are employed to analyze the present 
problem. According to Fig. 6, the flexibility is increased by mesh refinement. The linear 
order meshes have lost convergence after reaching the peak load at a displacement level of 
approximately 3,12 mm. The maximum load achieved considering the most refined mesh 
(3577 nodes and 432 fourth order elements) is 217,2 N at a displacement level of 1,44 mm. 
These values correspond to a nominal longitudinal stress of 338,7 MPa and an engineering 
longitudinal strain of 5,4%. The applied load is approximately constant between displace-
ment levels of 1,2 and 1,5 mm for all the meshes (except for the linear order elements) indi-
cating that, along this stage, the increase in the yield stress limit compensates the cross-
sectional area reduction of the necking zone. One can also observe that, except for the linear 
order, the curves become clearly different along the necking stage. 

The present load-displacement curves are different from the plane stress references [37] 
and [19], in which the reaction forces fall more quickly after the peak load is reached. The 
material coefficients adopted in such references are the same as those in the present work, 
although the model is different in terms of the strain and stress measures adopted. The peak 
level of the load displacement curve is achieved at 1 2,8 mmu   and 1 3,1 mmu   in [37] 

and [19], respectively. 

 

Fig. 6. Convergence analysis regarding reaction forces for the necking problem: (a) 192 
elements; (b) 432 elements. 

 
For the meshes with 432 elements, the influence of the element order on the final values 

of the following quantities at the origin O is studied: the isotropic hardening parameter κ; 
and the equivalent von Mises stress: 

3
dev :dev .

2eq  σ σ                                                  (4.1) 

The reason of adopting that point is the expected initial occurrence of the shear banding, 
which leads to a complex state and possible instabilities. Fig. 7 shows that both hardening 
parameter and equivalent stress converge by increasing the element order, considering the 
meshes with 432 elements. 
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Fig. 7. Convergence analysis regarding final values at the origin O for the necking problem 
discretized with 432 elements. 

 
4.4. Buckling. The last example is the buckling of the clamped column showed in Fig. 

8. The objective is to investigate if the present finite element technique is capable of repro-
ducing the post-buckling behavior. The base mesh depicted in Fig. 8 has been proposed to 
enrich the kinematics near the ends and to avoid very elongated elements. To trigger the 
buckling instability, an eccentricity linearly variable along the length is adopted, reaching 
the value of 0,1% at the top face. Alternative strategies could be employed to trigger the 
buckling. In [20], for instance, a clamped-clamped beam composed of a hyperelastic materi-
al is analyzed in plane strain conditions and the buckling instability is reproduced by using a 
small horizontal force. In the present work, the clamped condition of the bottom face is im-
posed by restricting the plane displacements of the nodes. The material data have been ex-
tracted from [10] considering the kinematic hardening of a glassy polymer called oriented 
PET. All the simulations have been performed via a vertical displacement control uniformly 
applied to the top face. 

 

Fig. 8. Buckling of a clamped column: geometry, boundary conditions and material data 
 
The convergence analysis is done with respect to the final horizontal displacement of 

the top face and the vertical reaction force, as well as the equivalent stress (4.1) and back-
stress component X22 at point A. As expected, the coarse discretizations of linear degree pre-
sent severe locking and the convergence rate is improved by increasing the order, expect for 
one cubic and one fourth order mesh, see Fig. 9, a, b. However, the converged solutions are 
approximately the same for all the orders employed. In the work of [20], the alternative 
technique called Domain-Boundary Element Method (DBEM) is used to analyze a buckling 
problem. Their results, based on four and eight-node quadrilateral elements, are in good 
agreement with the FEM regarding displacements and stresses. The required number of de-
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grees of freedom in the buckling problem of that work is approximately 500, which is simi-
lar to the present results, except for the linear order. Moreover, the high levels of final free-
end horizontal displacement indicate that the column becomes unstable (or buckles). 

In terms of the final equivalent stress at point A, a slight oscillation occurs for coarse 
meshes, although it seems that convergence is achieved for sufficiently refined discretiza-
tions, see Fig. 9, c. For the present example, the final value of the vertical backstress com-
ponent 22X  at point A clearly converges with mesh refinement. These aspects show that the 
present formulation is capable of providing a good accuracy regarding such stress and back-
stress measures, even in problems involving unstable behavior. 

 

Fig. 9. Convergence analysis for the buckling problems regarding final values  
at the top face. 

§5. Conclusions. 
A finite element formulation for the analysis of elastoplastic materials under finite strain 

levels and plane stress conditions is developed in the present work. The constitutive model 
is defined within a Lagrangian isotropic hyperelastoplastic framework based on the multi-
plicative split of the deformation gradient, accounting for finite elastoplastic strains and non-
linear mixed hardening rules. The condensation of the 3D model into a compact 2D form, 
based on the plane stress condition 33 0,   yields an implicit relationship between the 
stresses and the right Cauchy-Green stretch components, which is solved numerically. The 
hyperelastoplastic consistent tangent operator is defined as a fourth-order tensor with di-
mensions 2 2 2 2   , avoiding the determination of the complete 3D tensor (with dimen-
sions 3 3 3 3   ). Since the transverse stretch C33 cannot be explicitly determined from the 
plane stretch entries, an auxiliary scalar variable involving all the components had to be in-
corporated into the calculation of the tangent operator. As pointed out, although the conden-
sation is relatively simple, some care should be taken in order to determine the tangent oper-
ator, since the derivatives of the out-of-plane stretch component regarding the plane entries 
need to be implicitly included. The specific 2D constitutive expressions developed in this 
work can be employed, for instance, in a user-defined material subroutine to model hypere-
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lastoplastic materials under plane stresses. Besides, the implementation of other elastoplastic 
models (including yield function, damage coupling, non-associative flow rules, hardening 
behavior or even anisotropy) may be easily performed following the procedure presented in 
the present paper, which consists of condensation of the material law and a proper method to 
compute the derivatives needed in the numerical solution of the resultant nonlinear problem. 

The plane kinematical approximation is based on the isoparametric triangular membrane 
element of any-order based on positional description. Although the formulation is standard, 
it allows refinement in terms of the polynomial degree in a general way (using the same 
computer code). Four structural examples involving plane stress and large elastoplastic de-
formation have been analyzed to validate the present approach: the Cook’s membrane, a 
block upsetting, the necking problem and a column under buckling. Results indicate that, as 
expected, mesh refinement improves accuracy. The element order increases up to fourth 
order and it is shown that, in general, the linear approximation provides severe locking be-
havior and poor convergence rate in terms of displacements, forces and stresses, as well as 
isotropic hardening parameter and backstress components. Increasing the polynomial order 
and using the full integration scheme have shown to be an effective way of avoiding unreal-
istic stiffness (locking) and spurious zero-energy modes (hourglass instabilities) even in 
non-trivial problems involving singularity point, stress concentration, bending, mesh distor-
tions and post-buckling. Along the simulations, the required number of degrees of freedom 
can be considered relatively small, indicating that a reliable solution can be achieved with a 
reasonable computational effort. Therefore, the present formulation is robust, simple and 
accurate. Moreover, the numerical results presented can serve as a basis (or a parameter of 
choice) for engineers who need to select a proper element order to simulate plane stress 
problems involving elastoplastic materials. 

The main contribution of the present paper is the investigation of the mechanical behav-
ior of various element orders in the context of large elastoplastic strains, mixed hardening 
and plane stress conditions. As far as the author knows, this is the first work in which the 
element performance of low and high orders is assessed, considering the present context. 
Future studies regarding the implementation of other large-strain constitutive models in 
plane stress conditions (e.g. anisotropic, non-associative elastoplastic, damage-coupled, vis-
coelastic, thermoelastic, incompressible materials etc.) are the next objectives of the present 
author. 
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РЕЗЮМЕ.  Розвинуто скінченно-елементне формулювання для аналізу пружнопластичних ма-

теріалів при скінченних рівнях деформації, умов існування плоского напруження та змішаного зміц-
нення. Тривимірний гіперпружнопластичний підхід трансформується в компактну двовимірну форму 
відповідно до умов плоского напруження. Конститутивне моделювання враховує скінченні пружно-
пластичні деформації, асоціативну пластичність і змішане зміцнення. Кінематичне наближення базу-
ється на позиційному описі та ізопараметричному трикутному мембранному елементі будь-якого 
порядку. Деякі приклади використовуються для перевірки запропонованого числового формулюван-
ня. Для кожної задачі використовується кілька сіток, що варіюють кількість елементів і ступінь апро-
ксимації, яка зростає до четвертого порядку. Результати показують, що уточнення сітки покращує 
точність, уникаючи проблем блокування та нестабільності “пісочного годинника” в задачах про пло-
ске напруження, включаючи велику пружнопластичну деформацію, концентрацію напружень, згин, 
спотворення сітки та поведінку після втрати стійкості. На додаток до аналізу збіжності щодо перемі-
щень і сил дано деякі остаточні значення параметра ізотропного зміцнення, еквівалентного напру-
ження та компонентів податності, щоб більш повно оцінити роботу елементів всіх порядків. Прове-
дено порівняння отриманих результатів із розв’язками методом скінченних елементів із наявної нау-
кової літератури, підкреслюючи подібності та відмінності для кожної задачі. 

 
КЛЮЧОВІ СЛОВА: гіперпружнопластичність, умова плоских напружень, аналіз великих де-

формацій, двовимірні трикутні скінченні елементи. 
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Appendix A – Derivatives of the yield function. 
 
The derivatives of the yield function (19) regarding the stretch tensor C  and the plastic 

parameters ,p C , and X are provided in this section. First, the derivative of   in terms of 

the auxiliary tensor p Y CS C X  is obtained: 

dev dev dev 1
dev : : .

dev dev 3

             
Y Y Y

Y II I I
Y Y Y Y Y

                 (A1) 

Next, the derivatives of Y are determined in index notation: 
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Combining expressions (A1 – 4) yields the following derivatives: 
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The remaining derivative is easily obtained from (19): 
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As in the case of the derivative 33 ,eC C  some care should be taken for the derivative 

of the entry 33Y  in terms of pC  (see expression 27): 
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where  adj  denotes the adjugate matrix. 
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