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Abstract. The novelty of the presented results is the deriving of exact solutions of ax-
isymmetric poroelasticity problems for finite solid and hollow cylinders. The statement of
these contact problems is given under the assumptions of Biot’s model for poroelastic mate-
rials. A simulation of the poroelastic response of a cylinder is implemented using the appa-
ratus of boundary problems. By the method of integral transforms, the original boundary
problem is reduced to a one-dimensional boundary problem in the transform domain. Based
on the exact solution of the latter one, it is manageable to derive the explicit formulas for
displacements, stress, and pore pressure. The investigation of contact stress and pore pres-
sure distribution inside the cylinder regarding its geometrical ratios, type of applied loading,
and poroelastic material is carried out.
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Introduction.

Throughout the development of poroelasticity from its inception [3, 21] to nowadays,
poroelastic cylinders have been a frequently used research model. However, most of the
derived solutions were realized numerically, which is explained by the mathematical com-
plexity of problems.

The finite-element method, Petrov — Galerkin method, pseudo-transient numerical
method etc. are most well-known numerical methods for solving of such type of problems.
A mathematical framework was developed in [14] using finite element method to investi-
gate the effect of mechanical stimulus on the bone in-growth into undegradable scaffolds.
The algorithm based on the spectral method solving corresponding equations as a general-
ized eigenvalue problem was used in [11] for the dispersion equation for cylindrical poroe-
lastic structures. The dynamic analysis of cylinders made of fully saturated porous materials
with considering uncertainties in the constitutive mechanical properties was done in [12]
using the stochastic meshless local Petrov — Galerkin method.

There are much more problems for poroelastic cylinders, which were solved numerical-
ly. However, these methods do not allow to establish some important qualitative characteris-
tics of the stress and pore pressure distribution. That is why analytical solving methods are
necessary in order to reveal important features of the behavior of cylinders and serve as ref-
erence in the development of new numerical methods.

Some papers present a combination of analytical and numerical methods’ application.
The solution for the problem of a cylinder under plane strain conditions after sudden impact
of a constant fluid pressure was obtained in [5] explicitly for the Laplace transform of the
various quantities, and the solution showing the dependence of parameters on time was then
calculated using numerical inversion technique. The general poroelastic solution for ax-
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isymmetrical plane strain problems with time dependent boundary conditions was developed
in Laplace domain in [10], and the Laplace transform was inverted numerically. The prob-
lem of long bone-like or borehole sample specimen probed by low frequency sound was
solved in [6] using the approximation of the formulation, based on the Biot’s model by the
equivalent elastic solid model. The analytical solution for the problem of transient response
of a poroelastic cylinder to sudden fluid injection was derived in [2] for a partial case, and
numerical solutions were derived for different cases there. The semi-analytical results of the
poromechanical fields in a hollow cylinder subjected to an asymmetric loading conditions
was developed in [16]. There the heterogeneous hollow cylinder was approximated by a
multilayer structure in which each cylindrical layer is assumed to be homogeneous. The
analytical results of poromechanical field were derived in Laplace transform space, then
they were numerically inverted.

The pure analytical solutions are less widespread. The phenomenon of porous elastic
media makes it possible to use analytical methods used in the theory of elasticity, thermoe-
lasticity, rheology, hydromechanics in order to study the mutual influence of coupled fields
[7, 8,15, 17, 19, 22]. These methods usually are applied for some partial cases. Plane-strain
vibrations in a fluid-loaded poroelastic hollow cylinder surrounded by a fluid were investi-
gated employing Biot’s theory of wave propagation in poroelastic media in [20], and the
solutions were derived for several particular cases. Generalized solutions for the differential
equations of three-dimensional consolidation were derived in [13] with the help of Laplace
transformations for strains and stresses in cylindrical bodies. Theoretical study of acoustic
scattering of spherical waves generated by a monopole point source in a perfect compressi-
ble fluid by a fluid-saturated porous cylinder of infinite length was provided in [9]. The
phenomena of mechanical creep and deformation in rock formations, coupled with the hy-
draulic effects of fluid flow was investigated in [1]. The problem for a porous saturated me-
dium was solved in [18] using the Laplace time transform. The analytical solution for a po-
roelastic axisymmetric solid cylinder under the loading applied by the cylindrical surface
was found in [23], where the loading was applied along the cylindrical surface.

In the present paper the authors propose a new analytical approach for deriving the exact
solution for poroelastic problems for solid and hollow cylinders in axisymmetric statement.

§1. The statement of the problem.

The problem for a poroelastic hollow cylinder (Fig. 1) is considered in the cylindrical
coordinate system O<ay,<R<a;, -m<@<xm, 0<Z <h. In the dimensionless form the

cylinder’s surface can be described as O0<b<r<l, -z<@p<xz, 0<z<d, where
d=hla;, b=ay/a.
At the boundary z =0 the mechanical and fluid pressure loadings are given

of| =-L(r);
. =0 (1.1)
a %0 . el =T r); pl._, = P(r)
4
*i 4 X where o (r,2),75(r,2), p(r,z) are

dimensionless normal and shear full
stress, and a pore pressure correspondent-
ly (the normalization was done by divi-
sion of all characteristics by G, where G
is shear modulus).

According to the relation between
full and effective stress [24] conditions
(1.1) can be rewritten as

o

2|, =—L(r)-aP(r);

(12)
Z\;‘lg 1 T z=0 = T(F), p|z:0 :P(r)’

_—
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where o,(7, z),7,,(r,z) are dimensionless normal and shear effective stress, « is Biot’s

coefficient.
The contact conditions of fixing are given at the boundary z =#
ul,_, =05 w_, =0 (1.3)
under the assumptions of a permeability
Pl =0 (1.4)
or an impermeability
ol 0. (1.5)
0z z=h

Ideal contact conditions assuming the impermeability of the surface are given on cylin-
drical surfaces

) . op .

u|r:l = 0’ Trz r=1 = 0: E . = O B (16)
. . op

=05 7o, =0 Il (1.7)

where u(r, z)=u,(r, z)/a;; w(r, z)=u,(r, z)/a, are dimensionless displacements of the
solid skeleton.

The poroelastic cylinder’s contact stress state satisfying boundary conditions (1.2) —
(1.7) and following government equations of equilibrium [24] should be found

13( a_uj_l k-10%, 2 O'w  Kk-10p_,

r —u + - =0;
ror or) »? Kk+108z2 x+1oroz xK+1or
2
13(ra—wj+’”la v, 219 (ra—“j—aa—p:o; (1.8)
ror\ or k=102 x-1ror oz Oz

>

2
ror\_ or 0z2 Kl|ror Oz K

where x=3-4u is Muskhelishvili’s constant, x is Poisson ratio, S, is storativity of the
pore space, k is permeability, K = al2 / Gk, Sp=S,G are dimensionless values.

§2. The deriving of the explicit formulas for the cylinder’s stress state.

The one-dimensional boundary value problem in transform’s domain is derived due to
the application of finite Bessel integral transforms applied with respect to variable » [17]

uﬁ(z) lu(r,z) Xl(r,ﬂ)
wy () |=[| w(r.2) || Xo(r.B) |rar, @.1)
pp(2)] ?Lp(r.z) ][ X(r.B)

where X, (r, B)=J,(Br)N,(B)-N,;(Br)J;(B), i=0,1, By =0, B;; k=1,2, ... are pos-
itive roots of the equation X, (b, B)=J,(Bb)N,(B)-N,(Bb)J,(B)=0, Jo(r), J,(r)

are Bessel functions, N, (r), N, (r) are Neumann functions. The one-dimensional bounda-

ry value problem is reformulated in terms of displacements transforms vector

sz/ﬁ(z):O, O<z<h
Aop¥'p(0)+Bopip(0)=8ps 7'y (h)+Bsys(h)=0. 2.2)
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Here L, is linear differential operator of the second order, yg4 (z) is the vector containing

displacements and pore pressure transforms, 4 5> Big, i=0,1 are known matrices and g 5

is known vector (all formulae for the linear differential operator L, , vectors and matrices

one can find in Appendix A).
The vector boundary value problem (2.2) is solved with the help of the matrix differen-
tial calculation apparatus analogically to method [23] (in the problem [23] the poroelastic
finite cylinder was considered under the assumption that a normal load was applied to the
cylindrical surface of a cylinder, the detailed description of the proposed method is given
there). According to the proposed approach, the solution of the matrix homogenous equation
(2.2) is written by a formula
1
27i

Yp(z)= qcﬁefZM? (&),

where M ' (&) is the inverse matrix to the matrix M 4 (&), which is given in Appendix A.

The closed contour C covers all singularity points of the matrix M 51 (& )

o’ (k—1)+8p(k+1)
K(x+1)

Sia=1h &4 = i\/ﬂz +

With the help of the residual theorem the system of four fundamental matrix solutions is
derived Y, (z),i =1,4. The inverse transform formulae of integral transform (2.1) are ap-
plied to the solution of the vector boundary value problem (2.2)

35(2)=(%(2)+ Y5 (2)) cl +(Y, (2)+Y,(2)) c: , 2.3)

where constants ¢;, i = 1, 6 are found from the boundary conditions (2.2).
Finally, the explicit formulae for displacements and pore pressure are derived:

ulr, z)= Oou z M;
D O

[W(F’Z)]:i[Wﬂ(Z):H:XO(F’ﬁk )] 1 (2.4)
p(rz)| = pp(2) Xo(r.B) ||X0(r,ﬂk)||2.

2 2, 2 2 2 L (hB)-TE(By)
"f(”)” —_([r[f(r)} dr; ||X1(V, ﬂk)" _"XO(r’ ’Bk)" _”2 /’713«/12(}1/31{)

k=12, |Xo(r, /3’0)||2 :%(1—}12).

Here

§3. The special case of the stated problem — a solid cylinder.
Let’s consider the case when a, =0. It corresponds to solid porous cylinder occupying
the area O0<r<1, — T <@ <7m,0<z<d. Stress state and pore pressure satisfy equilibrium

equations with boundary conditions (1.2) — (1.6). The original problem can be reduced to a
one-dimensional problem with the help of finite Bessel transform applied with respect to
variable . With this aim the formulae (2.1) is changed by formulae
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ug(z) | fu(r.z) || (Br)
wﬁ(z) :f w(r,z) Jo(ﬁr) rdr
pp(2)] “Lp(r2)][Jo(Br)

where S, =0, B, k=1,2,... are positive roots of the equation J, (4)=0.

The boundary value problem (1.2) — (1.6) is reduced to the one-dimensional vector
problem (2.2), which solution has the form (2.3). The application of inverse formula finaliz-
es the construction of the stated problem’s exact solution for a solid poroelastic cylinder.

§4. Results and discussion.

The derived exact formulae give possibility to conduct qualitative investigation of po-
roelastic stress state for cylinders made of a sandstone and granite porous materials, which
are essentially important as building stones, computer chips, fiberglass, bridges, paving,
monuments etc. Three loading types were considered: a concentrated mechanical load

o (r - /2)) and 0 (r — ((b +1)/ 2)) for solid and hollow cylinders respectively; distributed

mechanical load L(r)=cos(zr/2) for solid and L(r)=cos[(7z(r—b))/(2(l—b)ﬂ for

hollow cylinders. The third type of the load is a fluid pressure which is supposed uniformly
distributed with a unit intensity. For each type of load the normal stress (fig. a) and the pore
pressure (fig. b) were studied in dependence either of z value, or of different poroelastic ma-
terials [4], which characteristics are presented in Table.

Material G.N/m® “ a k,m*/Nxs S,,m?/N
Charcoal 10 e o
granite 1,87 -10 0,27 0,242 1-10 1’377 .10
Westerly 10 6 o
eranite L5-10 0,25 0,449 4-10 1,412-10
Ruhr sand- 10 R i
stone 1,33-10 0,12 0,637 2-10 2,604-10

The change of normal stress and pore pressure for the case with concentrated mechani-
cal loading is shown for Ruhr sandstone at fig. 2 — 3 for hollow and solid cylinders with
permeable bottoms respectively. As it can be seen, the absolute values of normal stress and
pore pressure are essentially larger for solid cylinder. Tensile stress is observed for values
r>1/2 and r>(b+1)/2 for solid and hollow cylinders respectively.
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Fig. 2

The pore pressure at the bottom surface is zero which completely coincides with perme-
able boundary conditions (1.4). The distribution of normal stress and pore pressure for the
case with impermeable bottom has the similar pattern for hollow cylinder, but for solid cyl-
inder the absolute values of normal stress and pore pressure are larger than in the case with
permeable cylinder’s bottom.
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Fig. 4 — 5 present the change of normal stress and pore pressure regarding the change
of poroelastic materials for the case of the distributed mechanical loading for hollow and
solid cylinders with permeable bottoms respectively. The least absolute values of normal
stress and pore pressure are observed for the material with the smallest value of Biot’s coef-
ficient (Charcoal granite).
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As for the previous case, the absolute values of stress and pore pressure are larger for
solid cylinder. The growth of absolute values of normal stress and pore pressure are seen
close to the center of the applied load for all poroelastic materials.
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The case of impermeable cylinder’s bottom for distributed mechanical loading is
shown at fig. 6 for hollow cylinder. In this case absolute values of stress and pore pressure
are larger than for the case with permeable cylinder’s bottom. Also here there is no growth
of the values close to the center of the applied load for Westerly granite, and a little grown
of normal stress and pore pressure for other considered materials.
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The change of normal stress and pore pressure regarding the change of poroelastic materi-
al is presented at fig. 7 — 8 for hollow and solid cylinders with permeable bottom respectively.
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The absolute values of stress and pore pressure for solid cylinder in this case are the
largest among the considered loadings.

Conclusions.

The exact solution of a spatial axisymmetric contact poroelastic problem was firstly de-
rived for a finite poroelastic cylinder. The cases of hollow and solid cylinders were consid-
ered under an influence of three different types of loads, different cases of a permeability of
the cylinder’s surface were considered. According to the derived formula for contact stress
and pore pressure it was stated after numerical investigations that in the case of hollow cyl-
inder the values of stress are noticeably less than the corresponding values of stress for a
solid cylinder. The permeability has a crucial impact on the stress state of a cylinder. In the
case of cylinder’s bottom permeability the values of stress within a cylinder are significantly
lower than in the case of the impermeability of the cylinder’s bottom. The proposed results
can be used in engineering for strength investigation of a cylindrical shape ceramical objects, a
simulation of the bones’ stress state under mechanical stimulus. The proposed method can be
applied for the estimation of stress concentration near cracks inside cylindrical bodies.
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Appendix A. The form of matrices and vectors at boundary vector problem (2.2) The
matrices and vectors shown in (2.2) have the following form

”ﬂ(z)
Lyyp(2)=15"5(2)+0p¥'s(2)+ Rp¥s(2), Iis unit matrix, 35 (z)=| wy(z)|:
Ps(2)
0 _2B 0 _grktl 0 aff
K- k-1
2/ K—1 ) k—1
—| 22 X |; R,=| 0 g 0 |
e K+1 aK-i—l # p K+1
o -Z 0 b 0 pr-Se
K K
0 I-u 0 Pu 0 0 (1-2u)(aP y-Ly)/2
0 0 0 0 0 1 By

Here x =3—4u is the Muskhelishvili’s constant, x is the Poisson ratio, S, is storativity

of the pore space, & is permeability. S, =S5,G; K = al2 / Gk are dimensionless values.

The matrices 4,4, B,; take the form

0 00 0 0
A4z=10 0 Of; Byz=1 00
0 00 0 01
for the permeable boundary conditions (1.3), and
0 00 0 0
A4z=10 0 Of; Bz=1 00
0 01 000
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for the impermeable boundary conditions (1.4).
myp o Mg
-1 .
My (§)=d|my my my |
My Mz M

Gk (r+1)
d=- 2 2 2 2 ’
(B+6) (P67 (((B=) k+5, ) (x+1)G+? (x-1))
_((—K—1)§2+ﬁ2(K—1))(ﬁ2k—k§2+SP)G—0:2§2(K—1).
= Gk (x+1) ’
2§ﬁ(((ﬁ2—§Z)k+Sp)G+a2(K—1)/2). ap(f &) (x-1)
2= Gk (x-1) S e TP )
2§ﬁ(((ﬂ2—52)k+Sp)G+a2(K—1)/2).
e Gk (x+1) ’
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PE3IOME. HoBu3Ha naHoi poOOTH MOJISIra€ B OTPUMAHHI TOYHHX PO3B’S3KiB OCECHMETPHYHUX 33734
HOPONPYKHOCTI JUT CKIHYCHUX CYLIJIBHOTO Ta IOPOXHHCTOrO LWIIHApIB. II0CTaHOBKY 3alpONOHOBaHHX
KOHTaKTHUX 3aJa4 IOJaHO y HPHIyLIeHHIX Mozeni bio nus moponpyxkHuX MaTepianiB. B maniif po6oti
MOJIEJIIOBAHHS MOPOINPY>KHOTO BIATYKY LIMJIIHAPY Peai3oBaHO 3 BUKOPUCTAHHSAM arapary KpaioBHX 3ajad.
BuxinHy 3asady 3BeIeHO JJO OJHOBUMIPHOI KpaioBOI 3a1a4i y mMpocTopi TpaHC(OPMAHT 32 METOJIOM iHTET-
pajbHHX MepeTBopeHb. CIUPalvnch Ha TOUHUIT PO3B’A30K OCTAaHHBOI, MOYKHA OTPUMATH SIBHI (POPMYIIH IS
MepeMillleHb, HAPYXKEHb Ta TUCKY piauHH. J{OCTiKEHO KOHTAKTHI HAMPY)KEHHS Ta TUCK PIAWHH BCEpEANHI
LWIHIPY B 3QJISKHOCTI BiJl TEOMETPUYHUX CHIBBIIHOIICHD, THUITY NPHUKJIACHOTO HAaBAHTaXKCHHS Ta Mapame-
TpiB HOPONPYKHOIO MaTepiaiy.
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