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MODELING THE STRESS STATE OF A SEDIMENT BASIN IN A SUBDUCTION
ZONE USING S. P. TIMOSHENKO'S THIN PLATE THEORY

A mathematical model of the stress field in sedimentary layers within a subduction
zone is proposed, accounting for lateral displacements, gravity, and frictional forces
at the interface with the basement. The necessary assumptions and limitations of
the model are discussed, enabling the application of thin-plate theory based on S. P.
Tymoshenko's hypotheses. The stress and displacement fields are calculated, and the
distribution of principal compressive stress in the plane-strain state is analyzed.
Using the Coulomb—Mohr failure criterion, two sets of probable slip lines are
constructed, predicting the orientation of thrust faults. These predictions closely
correspond to typical thrust structures, particularly those observed in the Ukrainian
Carpathians.

Keywords: mathematical modeling in geology, plate theory, stresses in rocks, thrust
structures.

Introduction. Studying the stress state at the time of regional and local
geological structure formation is crucial for understanding their characterristics
in greater detail. The study of deformations in the upper lithosphere involves
not only classical geological and geophysical approaches but also modern
methods incorporating the mathematical framework of continuum mechanics
[eg. 11, 17, 20, 22—24]. Mathematical and computer modeling hold significant
potential for testing both existing and emerging geological hypotheses
regarding the formation of structures and the thermodynamic processes within
the Earth's crust. Current issues include the geodynamic conditions for the
formation of thrust structures, which are common in many mobile areas of the
crust, in particular in the Carpathian region [4, 10, 21]. While field tectono-
physics methods enable the reconstruction of paleotectonic stresses based on
empirical data — such as crack orientations and slip lines — assuming the
statistical nature of the measurements [3, 20], an accurate mathematical model
provides further insight by clarifying the influence of individual factors and
tracing the evolution of the stress-strain state under varying boundary
conditions. The initial stages of compression in a geosynclinal sedimentary basin,
driven by the subduction-related thrusting of its basement, are of particular
interest. This geotectonic interaction likely plays a key role in the formation of
fault zones, which can subsequently evolve into thrusts.

The work aims to develop a relatively simple mathematical model, based
on the S. P. Tymoshenko plate theory, to analyze stress fields within a
sedimentary layer affected by basement subduction. The objectives include
adapting continuum mechanics equations for stress-strain state calculations,
defining the geometric dimensions and physical-mechanical properties of rocks
and massifs, and obtaining and analyzing numerical results. A specific focus is
on addressing the little-studied factor of sliding line formation under
compression, which may eventually lead to thrust-type faults.

1. Hypotheses and mathematical formulation of the problem. The upper
layers of the lithosphere are often treated as a solid body with distinct elastic
properties. Additionally, gravity and friction forces play critical roles in
influencing and defining the nature of mechanical interactions between
geological bodies.
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Quantitative calculations based on the theory of elasticity have a well-
established history and substantial results [2, 9, 17], yet this approach remains
relevant today [12, 14, 18,]. However, rheologically more complex models that
account for viscoplastic deformations, temperature, chemical, and phase
transformations typically require numerical methods and advanced computer
modeling [e.g., 5, 6, 15].

The choice of approach should be guided by the specific characteristics of
the geological object under study, its spatial and temporal context on a
geological time scale, the availability of empirical data, and the interpretability
of the results.

The study of the mechanisms behind the formation of fold-thrust struc-
tures is a significant and productive area in the development of mathematical
modeling [1, 8]. A key approach to explaining the formation of fault zones is the
‘critical thrust wedge' model (also known as the Mohr—Coulomb wedge model)
[7, 22, 19], which incorporates the effects of frictional forces and cohesive
strength of rocks along inclined contacts or décollement horizons.
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Fig. 1. Plane deformation of a layered sedimentary rock element (2D model) under com-
pression caused by basement moving:
a) Geometric dimensions and loading scheme.
b) Forces acting on the medium's element in the section.
c) Plate analogy based on the S. P. Tymoshenko's theory framework

To substantiate our model, let us define the data and hypotheses. A
computational model represents a balance between accurately approximating
reality and introducing necessary simplifications. These simplifications allow the
focus to remain on the most critical factors influencing a specific process, while
secondary factors are neglected to derive analytical relationships or obtain
numerical results suitable for analysis and interpretation.

For the problem described above, several assumptions must be made
regarding the stress-strain state, geometric dimensions, and loading conditions:

e Linear Elasticity Assumption: The deformation process is modeled
within the framework of linear elasticity theory, which is appropriate
for processes dominated by brittle failure, such as crack and fault
formation.

e Two-Dimensional Approximation: For sufficiently elongated geological
structures, the three-dimensional problem is simplified to a two-
dimensional vertical section. This simplification assumes that all cross-
sections remain planar and undergo deformation only within their
planes (Fig. 1a, b).

e Layer Geometry and Plate Theory Analogy: The sedimentary layer's
length is assumed to be significantly greater than its thickness. This
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permits the use of averaged values and assumptions about the
displacement and stress through-the-thickness distributions, similar to
the approach in plate theory (Fig. 1c).

Layered Structure Assumption: The real layered structure of the
sedimentary rocks is an orthotropic or transversely isotropic material
with effective elastic properties and an average rock density.
Lithostatic Pressure Balance: The lithostatic pressure p =2hpg made
by the sedimentary layer in contact with the foundation, where g is

the gravitational acceleration, is balanced by the reaction forces from
the foundation. Additionally, we neglect the deformation due to
transverse compression and rock compaction.

Compression Mechanism: Lateral compression of the sedimentary layer
is induced by the foundation moving, modeled by a rigid body. The
tangential forces are transmitted through the friction mechanism, with
the coefficient of mu sliding friction denoted. The left edge of the
sedimentary basin remains stationary while undergoing significant
lateral compression strains.

Sedimentary Layer Movement: At a certain distance L from the basin
slope, the entire sedimentary layer begins to move together with the
underlying platform, without significant deformation. Therefore, the
influence of the right part of the sedimentary rocks on the compression
of the left part can be neglected, allowing the calculation model to focus
on a segment of the layer rather than the entire vertical section.

Based on the aforementioned hypotheses, we formulate a system of

equations for the mathematical model using the theory of thin plates as per
S. P. Tymoshenko's framework, which accounts for transverse shear strains.

Considering a plate of thickness 2h and length L in a rectangular coordinate
system Oxz, (X;z) € [0;L] x[-h;h], subjected to mass forces (lithostatic pressure)
p = 2hpg and, in the general case, tangential stresses on the surfaces z = th,
the governing equations are expressed as follows:

equilibrium equations:

dN _ o _ C nfet Ly dQ
X - 21, = —(t" —17), = -2ht, = -h(t" +17), ax p; @
the elasticity law:
du _2h%E dy 5h ( d_w).
NG =2nE QL M = RE QL Qug = e 1+ §Y); 2
linear trough-the-thickness distributions:
UX,2)=u+2zy, W(X,z) = w(x). 3)

In this context (Fig. 3b):

N(x) and Q(x) represent the longitudinal and transverse forces,
respectively.

M(x) denotes the bending moment.

u(x) and w(x)are the longitudinal and vertical displacements, respectively.

v(X) is the rotation angle of a linear element normal to the middle surface
of the plate.

The elastic constants are denoted by E=E/(@1-V?), where E is the

averaged Young's modulus of the sedimentary rocks, v is Poisson's ratio, and
Gg is the shear modulus, respectively.

We assume that the upper surface (z =h) of the sedimentary layer is

stress-free:
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Gzz(h):G+ =0, ze(h):":+ =0, (4)

and the lower surface (z=-h) is subjected to lithostatic pressure p and

tangential stresses arising from the friction mechanism, as described by
Amonton's law [11]:

6, (-h) =0~ =-p, o,,(-h) =1_ =p|p| =2uhpg. (5)

This model assumes linear, or quadratic thru-the-thickness distributions of
compressive and shear stresses, respectively [16].
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A feature of this model is that it is statically determinate. At the right edge
(x =L), it is assumed that N(x)=0, M(x)=0, and Q(x) =0, indicating the
absence of additional force factors causing deformation in the sedimentary
layer. For this edge, kinematic conditions are established to simulate the
activation of the subduction process, driven by the mechanism of basement
rocks sliding beneath the sedimentary basin, which is transmitted to the upper
layer.

Given that the basement is considered a completely rigid body, the model
assumes no deflections (w =0) and no transverse shear forces (Q =0). The
boundary conditions on the right incorporate a combination of displacements
and rotations:

uL)=-u ., vb) = )

The calculation formulas for forces, and displacements are expressed as
follows:

N() =-1(x-L) =-up(L-x) <0,
M(x) = uph(L - x) > 0,

u(x) = ;;E (L-x7+u_ = %(L -x)? +ug, (8)
_ZBhp 2 _THP 2
100 = HR (L x? 3 = ZHE (L2

On the outer surfaces, following the linear distribution between the
displacements of the upper and lower surfaces, we obtain:

u® 4yt
uL) = ==t =y,
u® —ye
y(L) = —# =YL 9)

It is reasonable to assume that U(,_’) < U(,_*) <0, indicating that, from the

perspective of tectonic movement interpretation, the lower layers are “pulled”
more intensively, as shown in Fig. 2.
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Fig. 2. The displacements on the middle surface U(X) and the bottom/top surfaces U(-),
and U(+) along the section, relatively. The bold line indicates the difference in the

displacements of the upper layers of the sedimentary stratum relative to the lower
layers

2. Stress field analysis. A feature of such a model is that the stresses vary
linearly with length and have the greatest value on the left edge, and its value
depends only on the geometric parameters adopted in the model (length and
thickness), as well as the averaged physical properties of the rocks (elastic
moduli and density). We also note that the stresses in each of the vertical
sections are the sum of the compressive and bending stresses. In addition to the
components of the stress tensor, the structural analysis [17] includes the
principal stresses

Omax,min = 0,5(cx +0,,) \/0125(5xx - Gzz)2 + Tiz (10)

and the corresponding mutually perpendicular principal axes a, and o, . These
are related by the equation:

tan 2(141 = 2’54, az = O(l i 900 1 (11)

where o, is the angle between the X -axis and the normal to the plane where

tangential stresses are absent.

Based on the known orientations of the principal stresses, it is possible to
construct stress trajectories, which are important for geological interpretation
[17, 20]. In particular, interpolation using Hermitian splines at given nodes can
be applied [13].

Finally, according to the Coulomb—Mohr heuristic criterion, in the case of
brittle fracture, faults can arise at an angle ¢ to the principal axis, correspon-

ding to the larger compressive principal stress o, [2, 11, 20]. Note that tensile

stresses are considered positive in this context.
The angle ¢ characterizes the internal friction within rocks or massives

and is a property of the medium that must be experimentally determined
(based on the envelope of the Mohr circles for the critical pre-fracture state).

For sedimentary rocks, it is known that mainly 25° < ¢ <43°, with a mean of

around 30° [20].

To perform the numerical calculations (computer modeling), minimal
computational resources are required. In particular, MS EXCEL spreadsheets
are used, making it feasible to apply such models in the educational process.
Specifically, we calculate the components of the stress tensor at a given set of
points, the principal stresses and their orientation within the sedimentary layer,
as well as the orientation of probable sliding lines for brittle fracture (critical
elastic state). The following numerical parameters are used: E =40 GPa;
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v=1/4, n=4/10; 2h= 4km; L= 50 km; p=2500 kg/ms3; p =120 MPa;
¢ =30 UM =0i UD) =—1 km,

Horizontal compressive stresses o,, dominate this model, which determi-
nes the orientation of the principal stresses, o, (Fig. 3a). Notably, the smaller
of the principal stresses undergoes a reorientation — from vertical (in the upper

layers) to horizontal (in the lower layers). The principal stresses o,,,, across the

entire model are negative, meaning the rocks are in compression. Using the
Coulomb—Mohr failure criterion, the orientation of these stresses helps deter-
mine the most likely direction for the initiation of conjugate faults [2].

We distinguish two sets (or generations) of such directions. The first set
forms an angle (counterclockwise rotation) with the maximum compressive
stress, while the second set forms the same angle but clockwise (Fig. 3b, and c).
One of these sets aligns with the shape of the boundaries between individual
thrusts, while the other set of faults could lead to discontinuous failures in the
upper layers, oriented in the opposite direction (mirror reflection relative to the
vertical line). Since the reorientation of these directions occurs at relatively
shallow depths (above the middle surface of the sedimentary layer), the
occurrence of a fault extending through the entire rock thickness is unlikely.
This suggests that the model reliably simulates the orientation of faults and the
direction of thrust propagation under the given loading conditions of the
sedimentary basin.

Fig. 3. Comparison of potential sliding lines with the fold-thrust structure of the Carpathians:
a) Orientation of principal compressive stresses.
b) and c) Two possible families of sliding lines determined by the Coulomb—Mohr
criterion.
d) A fragment of a typical geological cross-section of the Ukrainian Carpathians,
illustrating a characteristic thrust structure (with simplifications) [10, 4, 21], where
the dash-dotted line represents the faults

Conclusions. The proposed model offers simplicity in its ability to yield
analytical results. However, the inherent simplifications and hypotheses repre-
sent notable limitations, highlighting the need for more precise calculations
using numerical methods, especially for spatial or generalized 2D models. Conse-
quently, the results obtained are qualitative approximations of real geological
processes and structures.

Despite these limitations, the model provides valuable insights into the
heterogeneity of the stress state and key features of thrust structures, such as
the shape of boundaries, the direction of thrust initiation and propagation, and
structural formation characteristics.

Future work will focus on extending this approach to related problems in
geological mathematical modeling, aiming to further enhance our under-
standing of complex geological processes.
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MOLENOBAHHA HAMPY)XXEHOIO CTAHY OCAJOBOIO BEACEWHY B 30HI CYBAYKLUIi B
MEXAX TEOPII TOHKUX MJIACTUH C. M. TAMOLLEHKA

3anponoHO8aAHO MAMEMAMUUHY MOOLAb NOAS HANPYHCEHD WAPYAMOT MOo8Wi 0cadosuxr
nopid Yy 30Hi cyO60YKYLL, WO 8Ppaxosye 0110 1AMePALPHUX Nepemiu,ens, 2pasimayii ma cu
mepmasa Ha KoHmaxmi 3 pyndamenmom. O62080peHo HeoOXIOHI 2inomesu ma o0MmedHceHHS
yiel modeal, Axi 0aOMb 3M02Y 3ACMOCYBAMU MeEOPit0 MOHKUX NAACTIUH 3 8UKOPUC-
mannam 2inome3 C. II. Tumowenxa. Ob6uuUCAEHO NOAL HANPYNHCEHD MA Nepemiu,end,
NPOAHANIZ08AHO PO3NOOLA 20A08HUX HANDPYKHCEHD CMMUCKY O0Ad NAOCKO020 0ehop.mMo8aHO20
cmany. Ha ocnosi xpumepito pyuunysanns Kyasona—Mopa mobydosaro 0sa cimevicmasa
81P02IOHUX NIHIU KOB3AHHA 1 NepeddaueHO OPIEHMAYII0 3CYBHUX PO3PUBHUX NOPYULEHD,
AKi 000pe Y3200%4cY0OMBCA 3 MUNOBUMU HACYSHUMU CMPYKMYpPamu 8 pezioni Yxpa-
incoxux Kapnam.

Kaiouoei caosa: mamemamuune mo0ent08aHHs 8 2e04021T, MeOPisi NAACMUHK, HANPYHCEHHS
8 2IPCHKUX MACUBAX, HACYBHT CMPYKMYPU.
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