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O HEKOTOPBIX TPAHUYHBIX CBOMCTBAX
NHTEI'PAJIOB ABEJIA-ITYACCOHA

KawueBble c10Ba: MOIYJIb HENPEPHIBHOCTH, MPOCTPAHCTBA CYMMHUPYEMBIX
¢byakuui, nuddepeHunaibHble YPaBHEHUST B YaCTHBIX MPOU3BOJHBIX, KpaeBas
3aava.

BBenenue

B coBpemeHHOIT HayKe Bce Jallle W 4alle B UCCICAOBAHUIX IIPUMEHSIOTCS BCEBO3-
MOXKHBIE€ CPEJICTBa, MO3BOJISIONIME MPUHTH K OoJiee rryOOKOMY MOHUMAaHHIO TPHPOI-
HBIX SIBJI€HUI. B KauecTBe OJHOrO M3 TaKUX CPEACTB B COBPEMEHHOM MPUKIAIHON Ma-
TEeMaTHKE TPHUHATO HCIIOIb30BAaTh KPAcBbIC 3a/1audl JUIl CEMEHCTB JIMHEWHBIX (DYHKIINO-
HaIbHO-TU(epeHImanbHbIX ypaBHeHUH. Oco00e MECTO Cpemy MOCICIHHX 3aHUMAIOT
arddepeHInanbHble YpaBHEHHS B YaCTHBIX POU3BOAHBIX AJUIUIITHYECKOTO THUIIA, IIHPO-
KO HCTIOJIb3yEMbIE B MATEMaTHIECKUX MOJIEIISIX €CTECTBCHHBIX IPOIIECCOB. SIpkue mpume-
PBI PEIICHNH TAKOTO TUITA YPaBHEHUI — TaK Ha3bIBacMble HHTETpastbl THra Ademnsi—Ilyac-
COHA, U3YYCHHUIO ANNPOKCHMATHBHBIX CBOKWCTB KOTOPBIX IOCBSIICH LHUKI pador [1-11].
K GonbiioMy coxajeHuIo, B yIIOMSHYTBIX BbILIE pad0Tax W3y4eHbl allPOKCUMATHBHBIC
XapaKTEepUCTUKU UHTEerpaioB Tra Abens—IlyaccoHa kak BHYTpU €IMHHYHOTO Kpyra,
TaK W Ha €ro rpaHulle, a He Ha BCEH BEpXHEH MOIYIIIOCKOCTH, YTO CYIIECTBEHHO Orpa-
HHU4YUBACT 06J'IaCTI> HUX MPUKIaJHOIO MPpUMEHCHUA. O[[HaKO C TOYKHU 3pCHUA HpHKHaZ[HOﬁ
MaTeMaTUKH, U B OCOOEHHOCTH UTPOBBIX 3a7a4 AMHaMUKH [12—-20], pemeHnto KOTOpbIX
Ha COBPEMEHHOM JTalle pa3BUTHS HAyYHO-TEXHHYECKOTO Iporpecca yAensieTcsi OYeHb
OoJbIIOE BHUMAaHUE, 3HAYUTEIILHO WHTEPECHEE M3YUYCHHE NMEHHO TPAHNYHBIX CBOWCTB
nHTerpanoB Abems—IlyaccoHa kak peuieHHit KpaeBoi 3a1auu B BEpPXHEH MOJYMIIOCKO-
cTH. VIMEHHO TaKMM HCCIIeIOBaHUM U MOCBSIIEHA JaHHas padoTa.

1. [TocraHoBKa 32/1a4d ¥ HEKOTOPHIE TOMOJHUTEIbHbIE CBeeHUS

PaccmoTrpuM kpaeByro 3a1aqy (B eAMHUYHOM KPYTe) s YpaBHEHUS
AU =0, 1)

rae A — omepatop Jlaruraca B MOJSIPHBIX KOOPJAWHATAX, T.€. ypaBHeHHe (1) 3anuchiBa-
eTcsl B BUzie
2 2
1 1
%+—Q+—2%:0 0<p<l,—n<x<n). 2)
o~ POp p° ox
Pemenne ypaBaenus (1), ynoierBopsioliee KpaeBoOMY YCIOBHIO

U(p, x)|p:1 =f(x), —-n<x<m, (3)

rae f(x) — cymmmupyemas 27 -nieproanueckas QyHKIHs, Jajiee 0003HAYaeTCs uepes
U (p,x) = A(p; f; X). Torna pemenne kpaeBoit 3ama4u (2), (3) cormacHo [21] MoxkHO

3anncaTh B BUJIE

T [ee]
A(p; f;x):lj f(x+t) %+Zpkcoskt dt, 0<p<1. 4
n k=1
T
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Bennuuny (4) npuHsATO HaszbiBaTh uHTErpanoM Abens—Ilyaccona [22, 23] win
npocto Ilyaccona [24, 25] ¢yukuuu f(-). Ananoruuno [26, 27], monoxus B (4)

1/8

p=e¢e ~°, uarerpan Abems—Ilyaccona 3anumem B BHIE

T o0 —_
A(S; f;x):ij f(x+t) %+Ze 5 coskt +dt, &>0. (5)
T k=1
T

Teneps paccMOTpUM CIEAYIOIIYIO KpaeByIO 3ajady (B IMOJNYIUIOCKOCTH): HaWTH
pemenue U (X, Y) ypaBHeHUs
2 2
6_L2J+8_L2J=0’ y>0, —0< X<, (6)
X
KOTOPOE YAOBIICTBOPSIET YCIOBHIO

S o @)
Y ly-o

u sBisieTcst orpanndenHoir B G ={y >0, —oo < x <o} ¢ynkmumeit, lim U(x, y)=0.
y—

OuesuaHo, uTo 3ama4a (6), (7) — knaccuueckast 3ama4a Jupuxie mist ypaBHenus Jlamiaca
B BepxHeil monymiockocTu. B [28] mokasaro, uto pemieHne kpaepoii 3amauu (6), (7) B uH-
TETrpaJbHON OPME MOKET OBITH ITPEACTABICHO B BUJIE

Up(X ¥):=Ay(x ¥) = [ e(x+1)K(t y)dt, ®)
rac -
_ 1T Ly

K(t, y)= 2n£e cosAtdA. 9)

CrieiyeT OTMETHTh, YTO MMeeTCs MUK padboT [29-33], MOCBAIICHHBIX HCCIEI0Ba-
HUIO alMpOKCHUMATUBHBIX XapaKTepUCTHK Jyisi uHTerpanoB Abems—Ilyaccona (4), (5).
Yro ke KacaeTcsi aHAJIOTMYHOTO BOMpoca Juisi uHTerpaios (8), To 37ech ycrnexu Oosee
ymepeHHbl. UIMEHHO M03TOMY OCHOBHas 3aj1ava Haried paboThl — HCCIe0BaHKE rpa-
HUYHBIX CBOMCTB pellieHui kpaesoii 3amauu (6), (7).

2. I'pannyHble cBoiicTBa pemieHuii ypasHenuii Jlamiaca
B BePXHeil M0/1yIJIOCKOCTH

00603Ha9MM, KaK OOILIECTIPUHSTO, Lp (o0, ), 1< p <o, ¢ HOPMOi

1 % Ve
um {z Ilf(t)lpdt] - (10)

A C u G Bcropy Oynem o0o3HauaTh aOCOJIIOTHBIE MOCTOSHHBIC, HE 3aBUCSIIHE

HH OT KaKUX apryMEHTOB.
Toraa B IPHHSATHIX BbIILE 0003HAYCHHUAX HIMEET MECTO YTBEPIKICHHE.
Teopema. Ecim ¢(X) € Lp(—0,0), 0<p<oo, a oft),t>0 — pynkuns Tuna

MO/JIyJIsl HEMPEPBIBHOCTH MEPBOTO MOPsAKa, 1uisi kKotoporo o(g, t) < Cw(t), To st un-

Terpajia X, Y), 3aJaHHOTO C MOMOIIbIO COOTHOIIECHHH (8 y 9 , HMECT MCCTO OILICHKa
p

| An ) —00) ||Lp <Cay). (11)

130 ISSN 0572-2691



JHokazamenvcmeo. Ananorndso [34, 35] MOXKHO MOKa3aTh, YTO

o0

J iTe””y cositdadt =1
0

) (12)
Torna, yunTsiBas onpeznenaenue HopMel (10) B Ly, mmeem
1
||Ap(-,y)—@<-)||Lp =[ [ A (% v)=000)| de =
1
=| [| [ ox+t)K(t, y)ydt-g(x)| dx| =
1
=l [1] (e(x+t)—@O)K(t, y)dt| dx| <
<C OJ? {T | o(x+1) - p(X) |pdx]p| K(t, y) |dt<
<C [ op(@:h)|K(t y)|dt+Clef, [ |K( y)|dt=
tl<h ? ltzh
=Cop(e:h) [ [K(, nldt+Cleof, [ Kt y)|dt:=13+1y, (13)
ltl<h t)>h
rae
1
. 7 P |P
op(9; h)=§|uE [ lo(x+)—o()|"dx |, (14)
1
lol, [ J lod? d] (15)

Hainee, ucmnoss3ys uHTerpajgbpHoe npezcrasienue (9) sapa K(t, y), mpoussemem
OLIEHKY MHTETpalia

h h
I, = 2Ca(e; N)[|K(t, y)|dt = 2Ca(p;h) | dt <
0 0

1 o0
—J‘e‘xy cosAtda
2n0

h oo
<Cio(g; h)[ [e™ cosrtdadt < Ca(g; h)h. (16)
00

O6o3nauns Max o(e; h) = o(e; y), us nocneanero coornomenus (16) umeem
h<y

I; = Coyo(e; y). (17)
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W3 nemm 4.3 u 4.4 [28] moaydnM ClieAyIOIINE OICHKH:

[ IKt y)|dt=2] J‘e_xycosktdx dt <
ftl=h hio
<c[|[ye i Cgsmdx dt<cj jyze Wdx <Cy (18)
hlo
u
j|K(t y)|dt—2j .[e_kycosxtdk <cf _[ 1+xy)e_kyﬂdx dt <
o 0lo olo* t
< C_[ yL+ay)e Mdr < Cj (1+v)eVdv <C, (19)
0 0
T1-cosit
YUHUTHIBAS, YTO I—Zdt =C| | . Torna senencrsue (18), (19) nmeem
0 t
12 =lol,_ JIKC yldt<Cafol,_y. @)
h

Tak xak Bcerga OyAeT CyIIECTBOBAThH MOCTOSHHASA, TaKas, YTO HPH 3aJaHHOM
MOJyJIC HEMPEPHIBHOCTH MEPBOTO MOpsiaka () HMEET MECTO COOTHOIICHHUE

y = O(w(Y)) , c OXHOM CTOPOHBI, U ||(p||L < C, — c¢ apyroii, To u3 (20) cnexyer, 4To
p

I, <Ca(y). (21)

Takum oOpazom, o0beauHss cootHomenus (17), (21) u (13), momyyaem
| A9 =00)] | <Cayole; y)+Caly) < Ca(y).
P

Tem caMbIM yOeXIaeMCsl B CIIpaBeATMBOCTH cooTHomeHus (11).
Teopema joka3aHa.
3akaouenue

B pesynbraTte NpoBeNeHHBIX B paboTe HCCICIOBAHUNA MONy4YeHb! abCONOTHO HO-
BBIC PE3yJbTaThl, KacaloIIUecs I'PAaHUYHBIX CBOMCTB PEIICHHH KIACCHYECKOTO THIIA
ypaBHeHus Jlamaca ¢ 3aJaHHBIMH KPaeBbIMU YCIOBHAMH B BEPXHEH MOJIYIUIOCKOCTH.
WupiMu CJIOBaMHU, JOKa3zaHHasg TE€OpEeMa YCTAaHAaBJIMBACT CKOPOCTH CXOJAUMOCTH HHTC-
rpana Abems—Ilyaccona kak pemeHus AuddepeHIInaIbHOTO ypaBHEHHS B YaCTHBIX
IIPOM3BO/IHBIX AIUIMITHYECKOTO THIIA B TEPMUHAX MOJIYJIS HENIPEPHIBHOCTH IIEPBOTO I10-
psZiKa B MPOCTPAHCTBAX CyMMHPYEMBIX Ha BCeW YMCIOBOM ocu ¢yHKIMHA. M3 nomyueH-
HOH B TeOpeMe OLICHKU MEphI yAAJIEeHUsl UHTerpaia A‘P(X’ Y) OT ero rpaHUYHOTO 3HA-

YCHHA (p(X), —0<X<00, B TCPMHHAX MOIAYJISl HEIPEPBIBHOCTU IICPBOrO IOpsAKa

KpacBbIX JaHHBIX CICIYIOT HEKOTOpPHIC paHee MONyYeHHBIe B pabore [28] pe3ynbTaThl.
JlokazaHHBIC OIICHKH CKOPOCTH CXOJIMMOCTH mHTerpaia AoOems—IlyaccoHa B nanbHen-
IeM MOTYT OBITh TOJIE3HBI MPH PEIIEHUH aKTyalbHBIX 3aJad COBPEMEHHOW MPUKIAJI-
HOI MaTEMaTHKH.
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T.B. JKuzanno, HH. [Tadanxo

[TPO AEAKIT'PAHNYHI BJIACTUBOCTI
[HTET'PAJIIB ABEJIA-ITYACCOHA

IIpu orpumaHHi 3a JONMOMOrOK KJIACHYHHMX aHAIITHYHUX METOJIB aHATiTUYHOIO
po3B’si3aHHs 6araThoX 3a7ay MPHUKIAJAHOI MATEMAaTHKU JOBOJUTHCS CTHKATHCS 3 Be-
JIMKAMH MaTeMaTHYHUMH TPYIHOLIAMH, SIKi B OLIBIIOCTI BUMA/KIB BUKIMKAHI BEIIH-
4e3HUM 00’eMOM HeoOxinHOi iHdopMmalii (mapamMeTpiB) AJsl MOAAIBIIOI MaTeMaTHY-
HOi 00poOKu. HameBHO, 1HKOIM HEMOXKIJIMBO OOIMTHCS 0€3 YHCEeTbHOTO PO3B’SI3aHHS
TaK 3BaHHMX KpailoBHX 3a/1ay JIESIKUX TUIIIB PiBHSIHB i CUCTEM PiBHSAHB. OUeBHUAHO, IO
THI PIBHSHHS a00 CHCTEMH PIBHSHB, SKi PO3B’SI3yEMO, BPaxoBy€e OCOOJIMBOCTI MOC-
TaHOBKHU JIaHOI 3a/ad4i i BIAMOBIHO BU3HAYa€ METOMH 1 BIACTUBOCTI ii pO3B’s3aHHSI.
VY Bunaaky eninTu4HOI 3a/1a4i JUQEPEHIiaIbHOrO PiBHSHHSI B YaCTUHHUX MOXITHHX,
Ha ii po3B’sI3aHHs B MEBHIil TOUI PO3IIISTHYTOI 00IACTI 3aBK/IM BILTMBAIOTh 3a/1aHi HA
BCiii MeXi 00acTi KpaiioBi yMoBHU. Y 3apyOikHiH 1 BITYM3HSIHIA HAYKOBIH JliTepaTypi
3 NPUKJIAJHOI MaTEMAaTUKHM € HU3Ka PEe3yJIbTaTiB, IO CTOCYIOTHCS BHBUEHHS alpOK-
CHUMAaTHBHUX BJIACTUBOCTEH PO3B’SI3KiB KIACHYHOrO piBHsIHHS Jlaruaca sk BcepeuHi
OJIMHUYHOIO KOJIa, TaK i Ha #oro mexi. [0 cTocyeThest aHANIOTUYHHUX OCIIDKEHD Y
BEPXHili KOOPAMHATHII MIBIUIOMIMHI /Ui 3a3HAYCHUX BHIIE PillICHb PIBHIHB, TO TYT
yemixu Oinpin momipHi. Came ToMy AaHy poOOTY MPHCBSIYCHO TOCHTIKEHHIO JESIKAX
rpaHMYHUX BIACTHBOCTEH iHTerpana AbGens—IlyaccoHa, siki B CBOIO 4epry € po3-
B’sI3KaMU PiBHSHB B YaCTHHHMX HNOXIJHHUX EIINTHYHOTO THIY. JloBeaeHa TeopeMa
Ha KOHKpeTHOMY mpukiazi (interpana AGens—IlyaccoHa) mae MOXKIHMBICTD Xapak-
TepU3yBaTH IPaHUYHI BIACTUBOCTI PO3B’A3KiB KPaOBHX 3a/a4 y IUIOCKHUX 00Ja-
cTsAX (BEpXHiH MIBILUIOIMHI) B TEPMiHAX MOJYJIsI HENEPEPBHOCTI MEPLIOTO MOPSIKY
MPOCTOPIB CYMOBHHX Ha BCiif 4McioBiil oci ¢yHkuiint. OTpumani B maHiii pobOTi pe-
3yJIbTATH MOXYTh OYTH BHKOPHCTaHI THPH MOJANBIINX JOCIIIKCHHSIX B Cy4acHIl
MIPUKJIaHIH MaTEeMaTHII.

Karo4oBi cjioBa: MOyib HEMEPEPBHOCTI, MPOCTOPH CYMOBHHX (GYHKILIH, nudepen-
mianbHi PiBHSHHS B YaCTUHHUX MOXIIHUX, KpaioBa 3a/1a4a.

T.V. Zhyhallo, N.I. Padalko

ON SOME BOUNDARY PROPERTIES
OF ABEL-POISSON INTEGRALS

When obtaining an analytical solution to many problems of applied mathematics using
classical analytical methods, one encounters great mathematical difficulties. In most cases,
these difficulties are caused by the huge amount of information (parameters) that is neces-
sary for further mathematical processing. And here in some cases, it will probably be im-
possible not to use a numerical solution of the so-called boundary value problems of cer-
tain types of equations and systems of equations. Obviously, the type of equation or sys-
tem of equations that we solve takes into account the peculiarities of formulation of this
problem and, respectively, determines methods and properties of their solution. So, in the
case of elliptic problem for a partial differential equation, its solution at some point of the
considered domain is always influenced by the boundary conditions given on the entire
boundary of the domain. In the foreign and national scientific literature on applied mathe-
matics there is a number of results concerning the study of approximative properties of so-
lutions of the classical Laplace equation inside the unit circle as well as on its boundary.
As for similar studies in the upper coordinate half-plane, for the indicated above solutions
of equations the successes were more moderate. That is why this work is devoted to the
study of certain boundary properties of the Abel-Poisson integral, which in turn are solu-
tions of the partial differential equations of elliptic type. The proved theorem on a concrete
example (the Abel-Poisson integral) makes it possible to characterize the boundary prop-
erties of solutions of boundary value problems in flat domains (in the upper half-plane) in
terms of the first order modulus of continuity of the spaces of functions that are summable
on the entire numerical axis. The results obtained in this paper may be in demand in fur-
ther studies of the modern applied mathematics.

Keywords: modulus of continuity, spaces of summable functions, partial differential
equation, boundary value problem.
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