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O.JI. Llsau

O IMPUBJIMDKEHUU ©VHKLIUN UHTETPAJIAMU
CAYCCA-BEUEPIITPACCA

KiroueBsie cioBa: muddepennyanbuple ypaBHEHHS! B YACTHBIX IIPOM3BOJHBIX, Kpa-
eBas 3ajauya, rpaHUYHbIe CBOMCTBa, MHTerpan [ aycca—BeliepmTpacca, Moaynb He-
MIPEPHIBHOCTH.

BBenenue

Pa3BuTHe COBPEMEHHOTO MaTEMaTHYECKOTO MOJECIUPOBAHMS COIMATIBbHBIX U €CTe-
CTBEHHBIX SIBJICHUI NPaKTHYECKH HEBO3MOXKHO 0€3 HMCCIIEJOBAHUS METOJIOB PEICHUI
i depeHIMaNbHBIX YPaBHEHNH B YacTHBIX Npor3BOmHBIX. MuTerpan [aycca—Beitep-
mrrpacca [1] sBisierTcs KIacCHUecknM TIPUMEPOM PEICHHUsI COOTBETCTBYIOIIETO IH(bde-
PEHLMATIBHOTO YPAaBHEHUS B YACTHBIX NMPOM3BOAHBIX ULIMITUYECKOTO THIA, YTO Ipen-
CTaBISICT ONpPE/ICICHHBIN UHTEPEC KaK ¢ TOUKH 3PCHUS UTPOBBIX 33/1a4u AUHAMUKH [2—6],
TaK M C TOYKH 3PEHUS TEOPUH ANNPOKCUMAINH (YHKIIHH.

Wurerpan I'aycca—BeilepmTpacca OTHOCHTCS K CEMEHCTBY JIMHEHUHBIX IIOJIOXKHU-
TeNMbHBIX WHTerpanoB tuma Ilyaccona [7—13], anmpoKCHMAaTHBHBIC CBOWCTBA KOTOPBIX
JOCTaTOYHO XOPOIIO ONHCAHbI B 3apyOEKHOW M OTEUECTBEHHOI HAy4HOW JIMTEparype.
B TO e BpeMs OCTaBaIMCHh MaJOMCCICAOBAHHBIME HEKOTOPBIC ANIPOKCHMATHBHBIC
CBOICTBa M XapaKTEPUCTHKU MHTerpanoB [aycca—BeliepiiTpacca Ha rpanuie obinacrty,
B KOTOpOH OHU 3aAaHbl. IMEHHO MO3TOMY AaHHas paboTa MOCBSIIECHA MCCIEI0BAHUIO
TPaHWYHBIX CBOICTB mMHTerpanoB [ aycca—BeliepmTpacca B TepMHHAX MOZYJS HETpe-
PBIBHOCTH BTOPOTO MOPSIKA.

IIocranoBka 3aga4n
B [14] paccmoTpeHa kpaeBast 3aj1a4a (B €JMHUYHOM KpyTe) I YpaBHEHUS
’U 1au (-t U
—2+——+—2'—2=O (1)
orc ror r 0"

(y — narypanpHoe yncno, 0 <r <1, —n<0<n) npu yciaosuy, uro yukuus U (6, r)

orpannyeHa B equHIIHOM Kpyre Q=(0<r<1—n<0<m) u

u@E N, =10, )

roe f(0) — cymmmupyemas 2m-nepuoauueckas (pyHkuus. PemeHueM KpaeBoii 3aia-

uu (1), (2), cornmacuo [14], sBusietcs GpyHKIHS
Ur‘y(f;6)=Avyy(f;9)=;J. f(t+0)K, (r, t)dt, 3)

KOTOPYIO MPHUHATO Ha3bpIBaTh MHTETpanoM Tuna Abens—Ilyaccona. CoOOTBETCTBEHHO
BEJIMYMHY

Ky(r,t)=%+z ¥ coskt, 0<r <1, yeN, 4)
k=1

HA3BIBAIOT SAPOM UHTerpaina tumna Abens—IlyaccoHa.
Crenyer OTMETHUTD, YTO eciu B cooTHomeHusix (3), (4), npeamonoxum, y =1, to

MOJIyYMM TaK Ha3bIBaeMblii uHTerpai [Tyaccona [15, 16]
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Arl(f;e)=Pr(f;e)=37jE f(t+e)[5+§ rkcosktJdt.
! TC*TE 2 k=1

Ecnu B cootromerusx (3), (4) IpeamoaoKuM, 9To Y =2, TO MOJYYHM HHTErPa

l'aycca—Beiiepmrpacca [1], a umeHHO

A a(F:0) =W, (F;0) =1 | (t+0)K(r,tydt, ©)
T_n
rae
K(r,t) :l+ io: rk2 coskt (6)
2 3

— SIIPO STOTO MHTErpala.

Wmeertcst tuki padbot [17-26], B KOTOPBIX W3yUEHBI alIPOKCHMATHBHBIC CBOWCTBA
uHTerpanoB Thna Abens—Ilyaccona ais pa3ianuHbIX KiaccoB (GyHKIMH. UTo ke kacaercs
alIpPOKCHMAaTUBHBIX CBOMCTB HHTEerpanoB laycca—Belepiurpacca, TO 31€Ch YyCIEXHU
Obut Oonee ymMepeHHBIMH. VIMEHHO MOSTOMY OCHOBHas Iejb JaHHOW paboThl —
JIeTaIbHOE W3y4YEHHE HEKOTOPBIX alPOKCHMATHBHBIX CBOMCTB MHTETpasoB [ aycca—
Beitepurpacca.

O HeKOTOPBIX ANNMPOKCUMATHBHBIX CBOICTBAX HHTETPAJIOB
TI'aycca—Beiiepmrpacca

Iyets Lp(—00; ), 1< p<oo, — xnace pynkumit f(X), —00<X <00, KoHEUHOH

HOPMBI, OHpeZ[eHHeMOﬁ C IIOMOIIBIO COOTHOIICHUA

(1% p
||f||Lp— 2Tc_{@|f(t)| dt

UssectHO [27, c. 44], uto ecmu € < f(X) € Ly(—00; 00) TpH HEKOTOPOM TOJIOKHU-

TENBHOM C, TO B KaXKIOH TOUKe Xy HempepbeiBHOCTH QyHKImH f(X) cymecTByer mpenen
lim W, (;%) = f (), )
X—Xg

He 3aBHCAIMUA 0T crmocoba mocTpoeHns unterpana aycca—Beitepmrpacca W (f; X)

[28, c. 229].
Iocnennee coorHonreHue (7) MOXKHO paccMaTpPHBATh KaK CXOAUMOCTh B METPHKE
COOTBETCTBYIOLIEro npocTpancTea Ly (—00; ) , a UMeHHO

lim "Wr(f?')‘f(')”Lp =0. 8)

r—1-

PageHCTBO (8) MOXHO YTOUHHTB, yKa3aB CKOPOCTh OTKJIOHEHWs MHTerpana [ ayc-
ca—Beiteputpacca W, (f;X) npn r —1-0 ot ¢pysxumn f (X), no koropoii paxruue-
CKH 3TOT MHTETPAIl MOCTPOEH.

UmeeT MECTO ClEyOIIast TEOpEMa.

Teopema. Ecnu ¢yukums f(X) HenpepsiBHA B OKPECTHOCTH HEKOTOPON TOYKH
X, —00 < X <00, X MOIyJb HEIPEPHIBHOCTH BTOPOro mopsimka o, (f;t) <w(t), roe o(t)
(nnst Bcex t>0) — QyHKIMA TUA MOYNSA HENPEPHLIBHOCTH BTOPOTO MOPSIKA, TO

B KOXKJIOM TOUKE X, —o0 < X < 00, CIIPaBEJINBa OIlEHKa
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Jloxazamenvcmeo. Tlepen TeM kak aokas3biBath (9), HaiiileM MHTErpagbHOE Mpe.-

W (F5%)— F(0)|< [ 1] (lnlj. 9)

CTaBJICHUC JIs1 BEJINYUHBI
W, (f;x)—f(X). (10)

Tax, ¢ omHO# cTopoHbl, cormacHo dopmyne (19) us [14], uarerpan 'aycca—Betiep-

HITpacca MOKHO MPEICTABUTEL B BHIE
tZ
_ "4
W (f;x)=—— [ f(x+t)e rdt
2 Tcln1 -
y/ r
HIIH, 9TO TO K€ CAMOE,
(x-t)?
1
1 00 4In=
W, (f;X) =—F— f f(t)e rdt (11)
f 1%
2,|nin=
r
JHanee, eciu BBecTH 0003HAUEHHE
x—t
==Y (12)
2,/In=

-

’ 1 . ’ 1
10 t=%x-2,/In=y é dt =-2,/In=dy. CnenoBarensHo, uarerpan (11) MoxHo npeacra-
r r
_y2 1
r

BUTH B BUJIC

Wr(f;x)z—l
r

2
xe Y dy=—"=
T
i 2 ’ £ x-2,In2y||ed (13)
X + +flx=2]In=y|le .
\/— =y ry y
C fpyroii CTOpOHBI, JIErKO [OKa3aTh, dTO HMEET MECTO pPaBEHCTBO
1 % 2
— [ e g =1 WIIH, UTO TO XKe camoe, —= | € Yt = E Clie10BaTeNbHO,
T _» \/;0
(14)

[ 2f(x)e .

f(x):%
0

Takum o6paszom, o6beantsist (13) u (14), mosydum COOTHOIIICHHE

W, (F; %) F () = — T[ [x+2/ 1J—2f(x)+f(x—2/lnEtDe‘tzdt. (15)
TCO r r
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’ 1
CornacHo o6o3navenuo (12) X—2,/In=t=y wmu, dYro TO )K€ camoe,
r

t= XY o=t

2In1 2In1
\]r \lr

dy . CnenoBarensHo, Gopmyna (15) npuobperaer Bua

W (f1)— f () =

(x-y)?

X nt
:;1 ) (f(y+4 /In%tJ—Zf{y+2 ’In%tJ+ f(y)je oy dy. (16)
2
\/ .

nin=—*

CormnacHo OIPCACIICHNUIO MOAYJIsI HCIPEPBIBHOCTU BTOPOI'O IMOPAAKA, 6yz[eM HUMCTb

f£y+4\/EtJ—2f(y+2\/Etj+f(y)s(;)(z\/@tj. a7

Janee, yuuTbiBas CBOMCTBA MOJYJIS HEIIPEPBIBHOCTH, I1OJIYYUM

m(Z\/EtJ <1+ 2t)m[\/Ej . (18)

Ecnu o6benuuuth cootHourenus (17) u (18), momy4um OLEHKY CBEpXY Ul HHTE-
rpansHOTro npesacTasieHus (16)

(=)’
1
X _ 4In=
W, (%) ()] < ——= - [ 1+X—31’ m[ /In%je rdy =
2,/In=— In=
\l r r
_(x-y)? _(x-y)?
1 1 X 4In1 1 X X—y 4In1
=0 |/n= || — | e rody+ | e rdy|. (19)
2 nlnlfOO 2 nInE*oo In1
Vo Vo \J r

Jist BEIYMCIICHHSI TIEPBOTO MHTErpaia u3 rnpasoil uactu (19) cHoBa BOCIOIB3yeMCs
o6o3HaueHneM (12), B pe3yapTaTe 4ero moryqnm

[ear=1. (20)
2 0 2

2 |-
=]
N
g —
®
B

AHAIIOTUYHO [T BTOPOTO MHTErpaia u3 rnpapoit yactu (19) momysaem
_(x=y)?
1
1 X — 4In= 2 1
[ 22e rgy- Pt =—. (1)

— | 2te
2\/nlni‘°° Int Vr g Jr

Moncrasmsist (20) u (21) BMECTO COOTBETCTBYIOIMX 3HAYeHU B mpaBoil wactu (19),
yOexaaeMcs B CIIPaBeIMBOCTH OLCHKH (9).
Teopema noka3ana.
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3akaouenue

B Hacrosielt cratee paccMoTpeHbl HHTErpasibl ['aycca—BeitepiTpacca kak pelie-

HUSI COOTBETCTBYIOIINX AN EPCHIINATBHBIX YPABHEHUH B YaCTHBIX NMPOM3BOAHBIX 3JI-
JUNTUYECKOTO THUIA, YTO, HECOMHEHHO, BBI3BIBAECT OMNPEACICHHBI HHTEpeC C TOUKU
3peHHs UTPOBBIX 3aJau AMHAMUKHU. B Xxone uccienoBaHuil U3ydeHbI TpaHUYHBIE CBOII-
cTBa HHTerpanoB ['aycca—BeliepiuTpacca B TepMUHaX MOIYJIsl HENPEPHIBHOCTH BTOPOTO
nopsiaka. JlokasaHHas B 3TOW paboTe TeopeMa yCTaHaBIMBAET CKOPOCTh CXOAMMOCTH
unrerpaia ['aycca—Beiepmrpacca oT (GyHKIHMH, IO KOTOPOH OH (haKTHYEeCKH OBLI I10-
cTpoeH. Pe3ynbraThl NaHHOW cTaTbu OyAyT CrOCOOCTBOBAaTh NalbHEHIIEMY pacIpo-
CTPaHEHHIO TTOJIOXKEHUH TEOpHH NPUOMMKEHUS (yHKIHMH Ha COBpEMEHHbBIC HAIpaBlie-
HUS NPUKIaAHON MaTtematuku [29, 30].

116

O.JI. lllsaui

[1PO HABJIVDKEHHS ®YHKLIM IHTET'PAJIAMU
TAYCCA-BEUEPIITPACCA

Posrasiqaroun pi3Hi CXeMH 1 aITOPUTMH ITPOBHX 3a/1a4 JUHAMIKH, JOCIITHUKH 4acTO
CTHKAIOTHCS 3 PO3B’S3yBaHHIM J(epeHiaJbHUX PIBHAHb B YaCTUHHUX IOXiJHUX.
Oco0uiBe Micle cepesl OCTaHHIX 3aiiMaloTh TaK 3BaHi PIBHAHHS €JNTHYHOTIO THITLY
(3riHO 3 BIAMOBIAHOMO KiacH(DIKAIl€0), 32 JOMOMOTO0 SKUX HAMOLIBII MOBHO 1 SIKi-
CHO MOKHA OIKCATH NPUPO/IHI i collianbHi mpotecu. KpiM Toro, MareMaTuuHui ama-
pat audepeHIialbHAX PIBHAHD B YACTHHHUX HOXIAHUX EIINTHYHOTO THITY JIO3BOJISE
[POHMKATH B CEPEIOBHINE JCTCPMIHOBAHUX SIBUII 1 mepeadayaTH iX MaiOyTHE.
B Toii ke 4ac OAHUM 13 HAHBAXITUBIIINX TOHATH MPHUKIATHOI MATEMATHKHU € TOHSATTS
MOJyJIsl HerepepBHOCTI. TepMiH «MOJyNb HEMEPEPBHOCTI» 1 HOTO BU3HAYCHHS OYyII0
BBesieHO AHpi Jleberom Ha moyaTKy MHHYJIOIO CTONITTSI 3 METOIO BHUBUYEHHS Pi3HO-
MaHITHUX BJIACTUBOCTEW HemepepBHUX (yHKI[iil. BUKOPUCTOBYIOUH MOHSATTS MOYJIS
HEMepepBHOCTI 1 HOro BIACTUBOCTI, MOXKHA TOCI/KYBAaTH HAJIGKHICTh 00’ €KTa, KU
BHBYAIOTH, JI0 NEBHOTO Kiacy QyHkuii: ['enpaepa, Jlimmuns, 3urmynna ta in. Lle,
0Ee3CYMHIBHO, J]a€ MOJMJIMBICTh HAWOUIbII €()EeKTUBHO 3/iHCHIOBATH HaOJIIMKCHHS
¢GyHKLiNA pi3HOrO poay omeparopaMu. Y AaHii poOOTI Ha mpukiani iHrerpana ['a-
ycca—Beiiepmtpacca, sik po3B’si3Ky BiAIOBIAHOTO TU(EpEHIiaTbHOrO PIBHSIHHS €i-
NITHYHOTO THILY, JOCIHIIKYETHCS HOTO MIBUIKICTH 301KHOCTI B TEpMiHAaX MOAYJIS He-
e-

PEPBHOCTI APYyroro mopsAKy 1o QyHKIii, mo sKii #oro dGaktuyHo Oya0 MOOYI0BaHO.
A came, Oynu BUBYCHI TPaHUYHI BIaCTHBOCTI iHTerpana ['aycca—Beitepiurpacca, sik
JIHIHHOTO JOJATHOTO OIlepaTopa, SKHH 3IIfCHIOE CBOE HaWKpalle HaONMKeHHsS Ha
¢byukuisx kmacy 3urmynga. OTpuMaHi B JaHiid CTaTTi pe3ysbTaTd B MOJAIBIIOMY
MOXKYTh BUKOPHCTOBYBATHCS [P PO3B’sI3aHHI 0Aarath0x 3a/1a4 MPUKJIAIHOI MATEMATHKH.

KimrouoBi ciioBa: mudepeHmianbHi piBHSIHHSA B YaCTHHHUX TIOXiJHMX, KpaioBa 3ajauya,
TpaHWYHI BIACTUBOCTI, iHTerpai ['aycca—Beiiepmrpacca, MOIyIb HETIEPEPBHOCTI.

O.L. Shvai

APPROXIMATION OF FUNCTIONS BY
GAUSS-WEIERSTRASS INTEGRALS

When considering various schemes and algorithms for game problems of dynamics,
researchers often have to deal with solutions of partial differential equations. A spe-
cial place among the latter is occupied by the so-called equations of elliptic type (ac-
cording to the corresponding classification), with the help of which natural and social
processes can be described most fully and qualitatively. Moreover, the mathematical
apparatus of partial differential equations of elliptic type makes it possible to get into
the environment of deterministic phenomena and thus makes it possible to foresee
their future. This fact undoubtedly increases the significance of the above type of
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10.

11

12.

13.

14.

15.

equations among others in the sense of their application to mathematical modeling.
At the same time, one of the most important concepts in applied mathematics is the
concept of the modulus of continuity. The term "modulus of continuity” and its defi-
nition were introduced by Henri Lebesgue at the beginning of the last century in or-
der to study various properties of continuous functions. Using the concept of the
modulus of continuity and its properties, it is possible to investigate the belonging of
the object under study to a certain class of functions: Hélder, Lipschitz, Zygmund,
etc. This undoubtedly makes it possible to approximate functions of various kinds of
operators most effectively. In this paper, using the example of the Gauss-Weierstrass
integral as a solution to the corresponding differential equation of elliptic type, we
study its rate of convergence in terms of the modulus of continuity of the second order
to the function by which it was actually constructed. Namely, the boundary properties
of the Gauss-Weierstrass integral were studied as a linear positive operator that realizes
its best approximation on functions from the Zygmund class. The results obtained in
this article can further be used to solve many problems in applied mathematics.

Keywords: partial differential equations, boundary value problem, limit properties,
Gauss-Weierstrass integral, modulus of continuity.
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