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In various subject areas, the problem arises of such a distribution of a limited re-
source between the elements (objects) of the system, in which the system as a
whole functions in the best possible way. Often this task is solved subjectively,
based on the experience and professional qualifications of the decision maker
(DM). In simple cases, this approach may be justified. However, with a large
number of objects and in critical cases, the price of an error in a management
decision increases sharply. It becomes necessary to develop formalized decision
support methods for the competent distribution of resources between objects,
taking into account all given circumstances. Many of such circumstances are
usually limited resources. The most common case is that the total (global) re-
source of the system, which is to be distributed among individual objects, is lim-
ited from above. In practical cases, restrictions are imposed not only on the
global resource, but also on the partial resources allocated to individual objects.
In this case, restrictions can be imposed both from below and from above. Such
restrictions are either known in advance or determined by technical and econom-
ic calculations or expert assessment methods. It is necessary to distinguish be-
tween conditional restrictions (when violation of the limits is undesirable) and
unconditional restrictions (when their violation is physically impossible). It is
easy to see that the sum of the lower constraints for all partial resources is the
lower constraint for the global resource, and the sum of the upper constraints
limits the global resource from above. Considering the given set of restrictions,
it is required to distribute the global resource of the system between objects in
such a way that the most efficient operation of the entire system as a whole is
ensured. The problem lies in the construction of an adequate objective function
to optimize the process of resources allocation in conditions of their limitation.
A simple uniform distribution in this case is not suitable, as it can put some ob-
jects on the verge of impossibility of their functioning, while other objects will
receive an unreasonably large resource.
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Formalization of the problem

Given a global resource R to be distributed, as well as n > 2 system elements (ob-
jects), to each of which is allocated a partial resource r;, their totality is a vector

r={r}.,. Itis clear that the requirement must be fulfilled

n

YR (1)

i=1
For each object, the minimum value of the allocated resource r,;, is known (or

determined by the method of expert evaluations), below which this object cannot func-
tion. This is how the system of restrictions is set from below

n
li Zrimin,Zrimin ﬁR,iE[l,..., n]. (2)
i=1

On the other hand, for each object, a value r ., is known, which the resource of

the object cannot or should not exceed. The system of constraints from above has the
form

n
i < Bmaxs 2 himax = R €L, n]. (3)
i=1

The formula for the domain of the vector r has the form
reXy :{r|rimax2riZriminvie[l’---vnl}- 4)

From (2) and (3) it follows that

n n
zrimaXZRzzrimin- (5)
i=1 i=1

Polar (degenerate) cases of inequality (5) lead to obvious solutions. So if
n

R = fimin, then the analyzed problem is reduced to such a distribution of the global
i=1

resource, in which each object receives its minimum permissible partial resource:

* =limin. | €[L1..., n]. If the global resource allows to satisfy fully the needs of the ob-

n
jects, i.e. R=)"Fimax, thenthe problemis solved as 6;* = a, i €[L,..., nl.
i=1
And only if expression (5) becomes a strict inequality

n n
2 fimax > R> 2 fimin, (6)
i=1 i=1

the problem of optimizing the distribution of limited resources becomes meaningful.
The optimization problem assumes the existence of an objective function f(r),
the extremization of which provides a solution to the problem under consideration:

r*=arg extr f(r). @)

rex,

The problem is set: under conditions (6), to determine such partial resources
r*e X,, in which requirement (1) is fulfilled and some objective function f(r), ac-

quires extreme value, the type of which should be chosen and justified.
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Solution method

When constructing the objective function, one should remember a specific feature
of the problem — upper and lower restrictions on partial resources are unequal. If the
upper bound is usually taken as a simple optimization constraint, the lower bound is de-
terministic. Indeed, when a partial resource approaches its minimum allowable value, it
threatens the very possibility of functioning of this object.

Therefore, the expression of the desired objective function must: 1) include con-
straints from below in an explicit form, 2) penalize the system for the approximation of
partial resources to these constraints, and 3) be differentiable by its arguments. The
simplest objective function satisfying the specified requirements is

£(r) = 3 i (5 — i)™ ®)
i=1

This formula expresses the scalar convolution of partial criteria r;,i€[L,...,n] that are
maximized by the nonlinear scheme of compromises (NSC) in the problem of multi-
criteria optimization [1]. Indeed, in the task under consideration, resources
r;,i€[l..., n] have a dual nature. On the one hand, they can be considered as independ-

ent variables, arguments for optimizing the objective function f(r).

On the other hand, it is logical for each of the objects to strive to maximize their
partial resource, to get as far as possible from a dangerous limitation r ., in order to

increase the efficiency of their functioning. From this point of view, resources can be
considered as partial criteria f > i, 1 €[1,..., n] for the quality of functioning of the

respective facilities. These criteria are subject to maximization, they are limited from
below, nonnegative and contradictory (an increase in one resource is possible only at
the expense of a decrease in others).

On the basis of the above, the problem of vector optimization of the distribution of
limited resources taking into account the isoperimetric constraint for arguments takes
the form

re=arg min £ (1) =arg Min 3 in (5 ~ ) % 25 =R ©)
rex, reX,i=1 i=1
This is an isoperimetric problem that can be solved both analytically, using the method
of undetermined Lagrange multipliers, and numerical methods, if the analytical solution
turns out to be difficult.
The analytical solution involves the construction of the Lagrange function as

L(r,A)=f (r)+k(§n: i —R)
i=1

where A is the undetermined Lagrange multiplier, and the solution of the system of
equations

M=O, iell..,n]
o

oL(r, x n

ﬁ;Zn_RZO
oA i-1

Algorithms were developed and the TURBO-OPTIM computer program [2] was devel-
oped to solve multicriteria problems by numerical methods using the NSC concept and
with restrictions on arguments and criteria.
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Ilustrative examples

Example 1. To keep animals (wolves and tigers), the zoo has at its disposal a sup-
ply of fodder with a total weight of R=12 tons (numbers are conditional). The minimum
need to maintain an enclosure with wolves, below which animal depletion begins, is
I 2 fmin = 2 tons. Similarly for tigers r, > 1, i, = 5 tons. This is a lower bound for
partial resources.

On the other hand, if wolves are allocated a resource of r;,,,, =7 tons, the animals

will become obese, which is undesirable. For tigers — 1, = 10 tons. This is an upper

bound.
Condition (6) in the form of a strict inequality (dimensions omitted)

Amin +2min =7 < R=12 < By + Hmax =17

adheres to. Therefore, the problem of optimizing the distribution of limited resources
can be set and the solution will be non-trivial.

The problem is to obtain an analytical solution for a compromise-optimal distribu-
tion of fodder between enclosures.

We construct the Lagrange function

L(r, A) = Amin (- rlmin)_1 + 1 min (2 — r2min)_1 +A(1 +1; —R).

We get a system of equations

oL(r, L) -2

T:_rlmin(rl_rlmin) +1=0
n

oL(r, L) -2

6—: — B min (I‘2 _r2min) +1=0.
b

rl + I’2 -R=0

Substituting numerical data
2(-2)2+1=0
—5(r, =5) 2 +1=0
h+r,-12=0
and solving this system by the Gauss method (sequential elimination of variables), we get
n*=3,94 tons, r,*=238,06 tons.

The problem is solved under the assumption that the relative importance of the
supply of both enclosures for decision-maker (DM) is the same. If not, then the
weighting coefficients a4 and a,, which reflect the individual advantages of DM, are
introduced into the objective function. These coefficients must be normalized and de-
termined on the simplex:

020, S o =1 it 2]}.

O, 0y € Xa Z{(Xi
i=1
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Example 2. The city administration placed an order for the design and construction
of three (n = 3) sports facilities: 1) a stadium, 2) a gym and 3) a swimming pool.

To fulfill the order, financing in the total amount R = 10 million UAH has been
provided (here and in the future, the figures are conditional). Calculated full financial
estimate for each project (top limit):

I <Amax =7 MNUAH; 1, <6hnax =5 MIn UAH; 13 < 1300 =4 min UAH.

Economic calculations determine the minimum amount of funding for individual
projects, below which design is impossible (lower limit):

I 2 Amin =2 MIn UAH; 1, 2 1 0in = 1 mIin UAH; 13 2 135, = 0,5 min UAH.
Condition (6) is a strict inequality (dimensions omitted)

n n

2 fimax =16>R=10> 3" fjin =3,5

i=1 i=1

therefore, the described technique can be used for non-trivial optimization of the distri-
bution of limited resources.

The problem is set: using the TURBO-OPTIM vector optimization program, to
find compromise-optimal values of partial amounts of financing r*, r,* and rz* for

the design and construction of a stadium, a gym and a swimming pool, respectively.

According to the stages of working with the program, we set: the «analytics»
mode, the «simplex planning» optimization method (by default) and then enter numeri-
cal data (the dimensions are omitted):

Amin = 2; Mstart =3 Amax =7,
Bmin =1 Mstart =3 M max =9
Bmin = 0,5 Bstart =35 Bmax =4,
r1+r2+r3—10=0,

yi=1/nr; ¥y, =1/1,; y3 =1/13,

1 1
Yimax = AL = =0,5) Yomax = Ao = =1
M min 12 min
1
Yamax = Ag = =2.
3 min

After that, we give the command «execute» and the program determines the necessary
values of the partial amounts of funding for projects:

[ *=4,945 min UAH; r, * = 3,083 min UAH; r; *=1,972 min UAH.

The obtained result corresponds to the unified version of the convolution by the
nonlinear trade-off scheme, which is widely used. If it is desirable to take into account
the individual preferences of DM, the program contains a corresponding option.
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CaBuenko Anina CraniciaBiBHA
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VY pi3HUX NpeaMEeTHUX 00JAacTSIX BHHHUKAE MpobieMa Takoro po3moniny obme-
JKEHOT'0 pecypcy MiX eJeMeHTaMu (00 €KTaMu) CHCTEMH, 3a SIKUM CUCTEMa B IIi-
oMy GyHKIIOHYE siKHalKpamie. YacTo 1151 mpobiaeMa BUPIIyeTbesl CyO’ €KTHBHO,
Ha OCHOBI J0cBify Ta mpodeciiinoi kBamidikarii ocobwu, sika mpuiiMae pilieHHs
(OIIP). V HaWmpocTimmMX BHIAgKax TaKUH MiIXix Moxe OyTH BHIIpaBIaHWM.
OpHak 3a BENUKOI KUTLKOCTI 00’€KTIB 1 y BiIOBITaJIbHAUX BUTIAIKaX PI3KO 3pOC-
Tae I[iHa MOMWJIKH YIIPaBIIiHCEKOTO pimeHHs. CTae HEOOXiTHO po3pobka dop-
Majli30BaHUX METOJIB MiATPUMKH NMPUHHATTS PillIeHb U PAaMOTHOTO PO3IOi-
JIy pecypciB Mixk 00’€kTaMH 3 ypaxyBaHHSM ycix oOcTaBuH. bararo 3 Takux 00-
CTaBUH — 3a3BUuail oOMexeHi pecypcu. Halbinpmn mnomwupeHuid BHOamoK
00MEKEHOCTI 3BEpXy CyMapHOTO (TI100aIbHOr0) pecypcy CUCTEMH, IO MiIArae
po3noainy Mk okpeMumu 00’ exTamu. Ha mpakTuiii oOMexeHHS HAaKIaJaroThCs
SK Ha TI00aJbHUM pecypc, Tak 1 Ha MapUialbHI pecypcH, BUALICHI OKPEMHM
o6’extam. [Ipy nboMy OOMEKEHHS MOXXYThb OyTH HakialeHi sK 3HH3Y, TaK
i 3Bepxy. Taki oOMexxeHHs abo BiJIOMi 3a3]1aJieTifb, 400 BU3HAYAIOTHCS TEXHI-
KO-€KOHOMIYHUMH PO3paxyHKaMU YM METOJaMH eKCIepTHUX oLiHoK. Ciix po3-
PI3HATH YMOBHI 0OMeXeHHs (KOJM MOpYIIEeHHS MeX HeOakaHo) 1 0OMexXeH-
Hs 0e3yMOBHI (KooH iX mopymieHHs ¢i3nyHo HemoxuuBe). HecknanHo Gauntw,
10 cyMa 0OMeXeHb 3HH3Y BCiX MapLiaIbHUX PEecypciB € 0OMEKEHHS 3HU3Y A
rI100abHOTO pecypey, a cyMa oOMeXeHb 3BepXy OOMexXye TIo0aabHUN pecype
3BEepXy. 3 OIJIAAy Ha 3aJaHU KOMIUIEKC 0OMEeXeHb MOTPiOHO TaKk pO3MOALIHTH
rIo0ambHUN pecype CUCTEMH MiX 00’€kTaMu, o6 3ade3nedyBaiacs HalOiIbIn
edexTiBHa poboTa BCiel cuctemu B wigomy. Ilpobnema mossrae y moOynoBi
aJIeKBaTHOI 1IJIbOBOT (YHKLIT U onTUMIi3anii IpoIecy po3Monily pecypciB B
yMoBax iXHbOT oOMexxeHocTi. [IpocTuii piBHOMIpHUH PO3MONLT y ILOMY pasi He
MiAXOIUTh, OCKUIBKA MOXE IMOCTaBHTH JEsAKI 00°€KTH Ha MEXY HEMOMXIIUBOCTL
iX (yHKUIOHYBaHHS, TOAI SK 1HIIN 00’€KTH OTPUMAIOTh HEBUIIPABIAHO BEIHKHN
pecypc.

KiouoBi ciioBa: oOMexxeHHs, KpUTEPii ONTUMAIBHOCTI, BEKTOPHA ONITUMI3aLis,
PO3MOLT PecypCy, KOMIPOMICHI CXEMH.
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