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The article presents the main most noteworthy research results on the identifica-
tion problem and methods that are widely used in solving identification prob-
lems. The most significant here is the problem of modeling especially complex
systems, for which it is impossible, even in general, but in constructive form for
identification, to write down a class of models in which the system under study
has the most accurate description in which there is one of them adequate to the
available data obtained from experiments. If the available knowledge on the ob-
ject under study does not allow us to write down a suitable class of models in
mathematical form, then asymptotic modeling should be used, as is done in
computational mathematics. Instead of differential, integral and other equations,
for example, algebraic equations approximating them are solved, the solutions of
which approach the exact ones with increasing dimension and discretization
step. Various forms of asymptotic expansions are used in identification, includ-
ing rational approximation as applied to irrational and infinite-dimensional sys-
tems. However, in the presence of errors in the data, the use of asymptotic mod-
eling leads to the fact that, with intentions to increase the accuracy of the result-
ing model due to its large dimension, in many cases the identification problems
becomes incorrectly posed. Therefore, we have to look for a compromise or
trade-off between bias and variance, which should determine the best-quality
model. In addition to the modeling problem, the article discusses two concepts
on the basis of which most existing methods for solving identification problems
are based. Both of them give their own interpretation of the errors present in the
data, namely, stochastic and nonstochastic. With the stochastic concept, errors
are treated as a random process or sequence. The concept of estimation con-
sistency is introduced, which makes it possible to use widely the theory of statis-
tics in justifying methods for solving identification problems. The nonstochastic
identification paradigm allows for arbitrary but bounded uncertainties in the da-
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ta, i.e. belonging to some bounded sets. The largest number of different me-
thods, as well as algorithms and software implementations, are made within the
framework of the stochastic concept. Within the framework of nonstochastic
identification, we mainly consider various modifications of the so-called sub-
space methods. In relation to complex systems, problems were noted that did not
allow the development of sufficiently universal and effective methods for solv-
ing identification problems. A number of research areas have been pointed out
that need further development in order to obtain more accurate models of com-
plex systems.

Keywords: modeling, identification, stochastic identification, nonstochastic
paradigm, consistency, error-adjusted regularized solutions.

Introduction

The past century of control theory and practice development is closely related to
solution of another important problem: the identification of systems by data obtained in
experiments. The point is that most existing control synthesis methods presuppose
knowledge in one form or another of a mathematical model that describes the controlled
process. At a certain stage, this seemed natural, since the existing knowledge in the field
of mechanics, aerodynamics and other branches of physics made it possible based on
the laws of conservation, to write equations for the dynamics of controlled processes in
a form quite adequate to real processes. First of all, this applied to various aircrafts,
electrical power objects, space systems and a number of others. In some cases it is pos-
sible to build mathematical models based on system analysis and the parameters of the
corresponding equations were found by estimation methods based on observation re-
sults. However, as the application scope of control systems expanded or there is the de-
sire to expand it one encountered certain difficulties in constructing mathematical mo-
dels of controlled processes. That is why a new research direction arose to be called sys-
tem identification. Moreover, for many of objects, it is impossible to write down a
description adequate to the ongoing processes by any means other than identification.
For example, these include processes that are implemented in steam-generators of heat
power plants, including the processes of combustion, vaporization and heating to high
parameters. To regulate effectively and control steam output parameters using con-
trolled fuel supply, a mathematical model is needed to related the input and output vari-
ables. It is almost impossible to obtain it using existing knowledge in physics and chem-
istry because of the great complexity of the technical realization of power units of heat
power plants. Therefore, further progress and expansion of the sphere of interests of
control science depends on the successful solution of the identification problem.

In this article, we did not set ourselves the goal of writing a review of currently ex-
isting approaches, methods and results of research on the identification problem. The
main attention is paid to such an extent to which this problem has been solved, and if
there are unresolved or unexplored aspects of the problem, then why, for what feason.

Systems modeling

In essence, identification reduces to establishing regularities of behavior of systems
under arbitrary permissible external influence on them. For this purpose, data obtained
in specially designed experiments (active identification) or in observed and measured
processes carried out naturally without human intervention (passive experiments) are
used as initial. Data when identifying systems is actually trajectory, i.e. are formed as a

pair {uy yk}'lzi,where Uy is the input at the moment t =k, and y, is the measured

output. Both input and output can be scalar single-input single-output (SISO-system) or
vector multi-input multi-output (MIMO-system). In principle, the continuous case (con-
tinuous time) is not excluded, but in most cases it is discrete time. The observation in-
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terval can be finite or trends to infinity, i.e. T — co. Based on these trajectory data, the
regularities of system behaviour is established on the basis of a mathematical model that
is assumed to be adequate to them, i.e. in its corresponding model class there is such
that the response of this model to any permissible input will be the same or sufficiently
close to the response of the system to the same input. It is this circumstance that under-
lies almost all developed identification methods. Various criteria are formed by which
this fact is established. The same models as in control synthesis are taken as model
structures or classes. However, in order to link these models to trajectory data, it is nec-
essary to write them in a form that allows one to pose explicitly and solve identification
problems. One of these forms, most suitable for trajectory data, for example, is a de-
scription in the form of a convolution sum

Yk = i hiui 1)

where in the general case y, and u, are vectors of dimension m and r, respectively,

and h; are matrices of dimension mxr, i.e. «p, j» — the element of each of these ma-

trices determines the response of the p-th output to the j-th input at the corresponding
moment in time. If the data generating system has a finite dimension n,

X1 = A% +BU, Y =Cx +Duy, (2)

where X, is a vector of dimension n, and the matrices A, B, C, D have the corre-
sponding n, m, r dimensions. The connection between (1) and (2) is determined by
the relations [1]

0, t<0,
h =D, t=0, @)
CA1B, t>o.

Sometimes h; is called Markov parameters of the system. In this case, the dimension n cor-
responds to the minimum realization that is controllable and observable. Knowledge h; al-

lows using (3) to find a model in the form (3) for minimal realization. Usually, for this pur-
pose, a Hankel matrix of dimension (n+2)x(n+1) is formed from elements h;, which, ac-

cording to (3), is represented as the product of the observability matrix and the controllability
matrix for model (2). Thus, we have a two-stage identification procedure. First, from (1) the
sequence {h,} is found, which is then used to find all the parameters of the model (2) using

the Hankel matrix. However, the most developed is the so-called 4SID method (Subspace-
based state-space system identification), which allows one to solve directly the identification
problem using the subspace methods and trajectory data, without going to {h, }.

When identifying SISO systems, the most widely used models represented using
the rational transfer function of the shift operator, i.e. in the form of fractional-rational
functions that connect input and output in various ways. The most common among them
are black box or Box-Jenkins models [5]

Ay =%uk +%ak,

where A(g), B(g), C(q), F(q), D(qg) are polynomials with respect to the shift

(4)

operator g, and g, are the existing data errors (assumed to be small). Depending
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on which polynomials are preserved in (4) and which are identically equal to one,
we obtain various families of models classified as ARX, ARMAX, ARMA, etc.

Models presented in the form of linear regression are very common.

Continuous systems are represented by models based on differential equations or
transfer functions (matrices) obtained using the Fourier or Laplace transform [6].

A special class includes models for systems with distributed parameters. Nonlinear
systems were also among the interests of the identification problem. As a rule, due to
their great generality, they were written in a special form, classified as Wiener—Ham-
merstein models or their special cases: Wiener models and Hammerstein models [7].

The dimensions of the model or the number of parameters to be estimated when
solving an identification problem determine its complexity.

When solving problems of identifying especially SISO systems, methods have
been developed that are based on minimizing the prediction error (PE-methods) or the
equation error (EE-methods). The criteria are formed from trajectory data over the ob-
servation interval [8].

In general, it is difficult to say which class of models mentioned above is most
suitable for studying a system. Although many of the models considered in identifica-
tion are equivalent, i.e. there is a transformation which allows one to pass from one de-
scription to another equivalent. However, the appropriate choice of the class of models
is sought which contains the most adequate one to the available data this remains an un-
resolved issue. Here, results on the rational approximation of a wide variety of nuclear-
type systems play an important role [9, 10]. These are considered to be those for which

o0

there is a Hankel operator with singular values o satisfying the condition ' oj <.
=1
This is not such a strict condition and many physically realizable systems satisfy it. Be-
longing to nuclear-type systems means that their rational finite-dimensional approxima-
tion converges to an exact description according to a number of norms with increasing
dimension. Based on this, for many complex systems it is possible to consider in identi-
fication the finite-dimensional models as approximating ones, allowing one to approach
asymptotically an exact description as their complexity increases. Here we have a com-
plete analogy with numerical methods that allow various approximations, including al-
gebraic ones in the numerical solution of differential or integral equations. Thus, the
classes of models described above can be interpreted as asymptotic modeling of com-
plex systems for which it is impossible to write their mathematical model in another
form. At the same time, the question remains open which class of asymptotic models is
most suitable for the specific system under study, when using not very large dimensions
it is possible to construct a high-quality approximate model. In practice, in a number of
cases, a big experience working at the object under study and a systematic analysis of
observation and measurement results help to do it. Thus, from the accumulated experi-
ence in operating power units of heat power plants it follows that the regression model
with lag is preferable, i.e. qualitatively close to actual processes.

In recent years, modeling of various environmental, economic, organizational sys-
tems, as well as processes in finance, education and many other areas based on cogni-
tive maps (CM) has been intensively developing. Mathematically, CMs are represented
as oriented graphs, the vertices of which are coordinates or variables, and the edges es-
tablish a cause-and-effect relationship between the vertices using weighting coeffi-
cients. External influences are carried out through the vertices. In this case, the measur-
ing system allows one to obtain information about the current values of the coordinates
of certain vertices. The propagation of impulses along connected vertices is character-
ized as an impulse process. As a result, the mathematical model of the CM is reduced
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to (2), where the weighting coefficients of the vertices specify the elements of the ma-
trix A, and the matrices B and C for the implementation of the corresponding graph
consist of zero and one elements. These features should be taken into account when
solving the identification problem. How this should be done is described in [11].

Stochastic identification

The main problems that arise during identification are related to the presence of er-
rors in the data. Accordingly, approaches to solving identification problems developed
depending on how the existing uncertainty in the data was interpreted.

The greatest development was achieved by the so-called stochastic identification,
when the errors were considered a random process such as white noise. Therefore, sta-
tistical methods are widely used in solving identification problems. The concept of as-
sessment consistency was fundamental. The estimation was considered consistent if,
with a probability of almost one, the solution to the identification problem converged to
an exact solution when the number of data used increased unlimited. For this, the fol-
lowing assumptions were usually carried out.

Assumption 1. The system under study, generating data, is asymptotically stable.

Assumption 2. Uncontrolled disturbances acting at the input of the system and
measurement noise at the output are ergodic random processes of the white noise type
with zero mean and covariance matrices of the form

W, i y N
o) -e )
e || & few Te

where E is the mathematical expectation, w and e are disturbances at the input and
measurement errors at the output (t, s are pointsintime), r,, fo, Kye, fey are covar-

iance matrices, and T is the riverse operation. Moreover, w and e are uncorrelated
with the input.

Assumption 3. The input action on the system is modeled as an arbitrary quasi-
stationary deterministic process. The covariance matrix of the input is represented as

r, = Elu uf 1,

where E is the averaging operator defined by the relation
E lim S E
[Zt]_Ninooﬁg'l [z]

Very often, a permanently exciting input is used as an input stimulus in active ex-
periments. Its definition is given in many publications, see, for example, [1, 2, 8].

In order to obtain unbiased estimates (converging to exact ones), it is very im-
portant in what form the mathematical models are presented, among which one is
searched for that is adequate to the generated data. For example, a prediction model in
the form of an updating process is used [8—12]. In certain cases, to ensure the consisten-
cy of the assessment, the method of instrumental variables is used [13, 14].

For a long time, stochastic identification used the traditional approach. According
to it, a certain parameterized structure of a class of models was considered

M =(M(6), 6 < Dy), (5)

where 6 are the unknown parameters of the model, and D,, defines the set of models
on which one is searched fore model that is adequate to the input data. In the classical
identification theory, classes of models with different structures were considered: black
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box models, state space models with a variable or specified dimension, as well as vari-
ous polynomial models, ARX, ARMAX, Output Error (OE), Box-Jenkins (BJ) models
of the given order polynomials defining a suitable structure, or with varying dimen-
sions. A description of such models classes can be found, for example, in the fundamen-
tal monograph [8]. When the dimensions of models class (dimension 0) were estab-

lished, the problem of their estimation was usually solved using the maximum likeli-
hood method, (predictive error method) (ML/PEM), which reduced to the problem of
minimizing the sum of prediction errors, i.e.

N

min 3| y®)-y™M @) | 6)
0eDy,; (0) t=1

where y(t) is the value of the measured output at point t, and y(M)(t) is the estimate
of the model output for different 6. An element y(t) with values 6 delivering a mini-

mum (6) corresponded to the desired system model.

Great attention in studies of the identification process was paid to the choice of
model structure, namely, its dimension or the dimensions of polynomials, i.e. parame-
ters 0. Various procedures have been developed, such as cross validation, as well as a
set of criteria known as the Akaike Information Criterion (AIC) or the Baysian order
criterion (BIC). Based on these developments, software products were created that be-
came part of Toolboxes, which have found application in solving many identification
problems in practice [15].

The original is 4SID identification of the MIMO systems. It offers numerically re-
liable method to solve identification problem directly from measured data neither non-
linear search is performed, nor a canonical parameterization is used. The computational
complexity is modest compared with PEM especially for large dimensional systems. It
is based on the results of state-space realization theory, developed still in the 1960°s.
The primary source of the method can be considered the work of HO and Kalman [16].
Subsequently, a large number of articles and textbooks were published, in which the
4SID-method was developed for various cases and theoretically justified. Let us high-
light three main points of the results obtained. The first is associated with the develop-
ment of the direct 4SID method, when data included in the state-space model is used.
To do this, using trajectory data over the observation interval from the standard descrip-
tion of the MIMO system in space, a matrix equation is formed

Y =T X+0,U, )

where T' is the observability matrix, and @ is the Toeplitz matrix of impulse re-
sponse, having the form

C D 0
CA CB D

T, = , D, = :
cA“l CA*“ 2B cA*3B ... D

Y and U the blocks Hankel matrices of output and input are defined as
Y =[y@® y(2) .. YN YO =I¥ Wi -+ Yol

U=[u@u(2)...u(N)], u(y)=[u uffs...ueql",
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X is a state trajectory matrix which has a view
X =[x % ...Xn1s

where x; is a state vector for time t.
System equations (7) is derived from state-space model

X1 = A% +BU;, Yr =Cx +Du. (8)

The second point is determined by separating from (7) the subspace of free motion.
Two approaches are used for this. In the first of them (7) was multiplied on the right by
the known matrix [1]

ng =1-uTuuhHlu.

For a non-singular matrix U, thanks to the condition UHﬁ =0 after multiplica-
tion, we obtain
L_ L
YTIG = XTI . ©)

Expression (9) can be obtained from (7) in another way, if we use the RQ decom-

U
position of the composite matrix L } , hamely

Ul [Ry 0 7Qf
Y] [Ra1 Rz ]|Q)
Using the orthogonality properties of matrices Q;, Q,, from (10) we can arrive at
the relation [1]

YII5 =YQQ) =RpQJ,

i.e. thus highlight the subspace of free motion of the state-space system.

The third point is related to the original method of finding matrices A and C
from (9). According to the theory of realizations, the left side of (9) is invariant under
any non-singular transformation. Therefore, under the condition of full rank, any de-
composition of it into the product of two matrices should give a matrix I", and a matrix

of transformed initial states XHﬁ for some realization. This is what was used in the

HO and Kalman algorithm. For such an expansion, it is proposed to use the SVD de-
composition of the left side of (9), i.e.

YII =QzV ', (11)

where Q and V are orthogonal matrices, and X is a matrix of singular numbers with
non-zero positive numbers located on the diagonal in non-increasing order. If the sys-
tem, for some n, has an exact description (8), and the data and all calculations were ac-
curate, then the matrix ¥ will have only n non-zero singular values, which allows you
to uniquely determine the dimension of the model. With inaccurate data and calculation
errors, the matrix X will be full-rank with a probability of almost one. However, if
these inaccuracies are small, then we should expect that the first n singular values of
the matrix X will be significant, and all the rest will be insignificant, i.e. corresponding
to the errors.
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Then you can implement partition
YIIG = QgEVy +QnZyVy, (12)

where Qg contains n the leading left singular vectors, and the diagonal X  has only n
non-zero singular values. From (11) it is obvious that X, =0 in the absence of errors.

However, in practice, the decision to allocate a non-full-rank matrix QSESVST can cause
difficulties, which reduces the capabilities of this identification method. When this does
not cause problems, the expression can be taken as an estimate of the matrix f"n

I =Q.. (13)

From (11) it is easy to obtain an estimate for the matrix C. These will be the first
m rows of the matrix Qg, and find the matrix A using the shift invariance of the mat-

rix T',;, namely, from the equation
FpnA=Ton0, (14)

where T',.,,; is the matrix obtained from Qg by eliminating the first rows equal to the
number of rows of the matrix C, and T’y is the last corresponding rows.

After finding the matrices A and C it is not difficult to find the matrix B [1-3]
based on (7).

Over the past decade, great attention has been paid to building models that are as
close to an accurate description as possible. A systematic analysis of the sources of er-
rors that arise when solving identification problems identifies two main ones, namely:
bias and variance. Bias errors occur when the model dimension or its complexity is cho-
sen insufficiently large, such that the exact description does not fit it. Then regardless
the amount and quality of the data a correct model cannot be obtained. So the distance
between the system and the best model in this case is bias error in the model estimate. It
is deterministic in nature and does not depend on disturbances in the available data.

Variance errors are generated by the errors present in the data. Even if a true model
is contained in the chosen model class. This error depends on amount and quality of the
data. Moreover, it depends on the dynamical properties of the system.

The total discrepancy contains both errors bias and variance. Then the resulting
mean square error (MSE) can be written as

MSE = BIAS2 + Variance

The minimum MSE value can be considered the best accurate solution to the iden-
tification problem. If such minimum exists it may be considered as BIAS-Variance
trade-off in selecting appropriate model flexibility. In certain cases, the result obtained
in this way turns out to be acceptable for practice. However, in many cases, for various
reasons, the minimum turns out to be poorly expressed or produces a model or models
that are unsuitable for practical use, i.e. they are surrogates. This is especially true for
complex systems. This is observed when the input is such that a number of modes of the
system give a response with a small signal/noise ratio (SNR) at the output, and also
when, with increasing model dimension, very quickly grows the conditions number of
informative matrices composed of data that have to be inverted when solving identifica-
tion problems.

This led to the formulation and development of a new approach to solving identifi-
cation problems about ten years ago [17]. It is based on two key points: input design and
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kernel-based regularization. In work Mu and Chen [18] it is proposed two-step proce-
dure for input design. In the first step a quadratic transformation of the input is con-
structed in such a way that input design problem reduces to optimal convex and their
global minima can be found by existing methods. In the second step an expression for
the optimal input is derived by solving the inverse image of the quadratic transformation
found in the first step.

As was shown in [17], the optimal stabilizer €2(6) when estimating a vector of pa-

rameters 0 in the class of linear regression models has the form:
0(0) =207 (6,00) 716, (15)

where o is the dispersion of white noise additively present at the output, and 6 is the
vector of exact parameters of the data-generating system. Since 6y is a priori unknown,

it is impossible to use such a stabilizer in practice. Therefore, the main focus of this ap-
proach is how to select the stabilizer appropriately. It is proposed to split this procedure
into two parts. In the first of them, the structure of the stabilizer Q is selected, i.e. a
parametric representation of the matrix Q is written. It is usually called the Kernel of
the estimation problem. It should be chosen taking into account the features of the vec-
tor © expected when solving the estimation problem. Once the Kernel structure has
been selected, the hyperparameters n e Dy (their feasible set) should be estimated us-

ing the available observations. This problem is of a purely statistical nature and does not
depend on the real system. This task is interpreted as a tuning procedure.

Various forms of representing the Kernel structure can be found in [19, 20],
and various methods of hyperparameter tuning in a statistical representation are de-
scribed in [21-23].

This approach is considered in [17] for linear regression models but it can be ex-
tended to other classes of models used in identification. In some cases, the equivalence
of different descriptions can be used.

The result is that the regularized estimate generally outperforms the standard
techniques. It should be noted that when finding a regularized solution, one has to
abandon the concept of unbiased estimates. However, in [17] it is shown that the bi-
as obtained when finding it leads, with the correct choice of stabilizer, to signifi-
cantly smaller errors than those resulting from poor conditioning of the matrices in-
verted in estimation problems.

Nonstochastic identification

In stochastic identification, fairly strict restrictions are imposed on the errors,
which may not be fulfilled in practice. This stimulated the development of another ap-
proach, called nonstochastic identification. With this approach, no restrictions are im-
posed on the a priori unknown errors present in the data other than their belonging to
some limited small sets. Then the maximum likelihood principle and all associated sta-
tistical methods cannot be used. In this case, other methods are used to find a solution to
the identification problem under the specified uncertainty.

One of the first works appeared in the 90s of the last century was so-called Set
Membership Identification (SMI) aiming to deliver not a single model of the system
to be identified, but a set of models containing true model. Some of the results ob-
tained in this direction are presented in [24—-29]. However, the methods developed by
SMI have not been widely used in practice because of their complexity and the lim-
ited class of models used for this. In addition, set membership can increase signifi-
cantly with model dimension.
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Another approach seems more promising, based on ideas used in the regularization
of ill-posed problems. It is proposed to find an approximate solution of identification
problems that is consistent in accuracy with errors in the data, and has the property of
convergence to an exact solution when the errors in data and calculations tend to zero.
As in the stochastic identification of complex systems, firstly, in the class of approxi-
mating models under consideration that asymptotically converge to the exact solution,
the appropriate complexity is determined, and then the model parameters are estimated
using known or modified methods. Most often, this is done iteratively, alternating the
above actions. When the estimation problem becomes ill-posed, regularization is intro-
duced and a regularized solution is sought that is consistent in accuracy with the availa-
ble data [30]. In this case, it is assumed that the exact solution corresponds to the limit
obtained as the dimension of the model tends to infinity. The result is always an approx-
imate solution consistent with the errors. As the error in the data, decreases including in
calculations, it will approach to the exact solution. The nonstochastic identification par-
adigm described above is fundamentally new. Some of its fragments are described
in [31, 32]. Here we will demonstrate it more comprehensively and describe this ap-
proach using the example of solving the problem of non-stochastic identification in the
class of state-space models. In recent years, work has been actively carried out on mod-
eling complex systems of various natures based on cognitive maps. It is for them that
discrete state-space models are most suitable [11].

Let’s consider the modified 4SID method, which allows one to implement fully the
stated concept in an active experiment. We will obtain data for identification when exci-
tation intervals alternate with relaxation intervals during which there is no input signal.
This can be realized in one experiment or, if permissible, in many experiments for
which there are only two intervals: excitation and the following relaxation interval.
Such experimental designs make it possible to generate informative data to an accepta-
ble extent for each mode of the system. Each excitation interval uses different signals.
In certain cases, inputs in the form of rectangular pulses of different durations and har-
monic signals (sin wt, coswt) with varying frequency and duration can be informative.

At relaxation intervals of the same length I, we form a cascade vector of dimen-
sion IM from the output vectors

YD =0 g ViYoo) (16)

where t; is the last point of the i-th excitation interval. Then, taking into account that
U =0 in the relaxation interval, from (7) it is easy to obtain the equation

y(t.)=Tx,, (17)
where X is the vector of the initial state at the i-th relaxation interval, and
C
CA
I =|. is the generalized observability matrix.
cal-L
Let the total number of relaxation intervals be equal to K and K >>1, | exceeds

the expected required dimension of the model n, i.e. I >n. From equation (17) for
i=12,..., K we compose the matrix equation

Yrelax =11 X0, (18)

where Yyerax =[y(tr, 1) y(t2, 1) -yt D] Xo =[x %, %, 1 % =[x, X - X, 1
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We will use equation (18) both to determine the dimension and to find the matrices
A, C and X,. This equation is the main for identification method under consideration.

This is associated with the incorrectness of the problem as a whole. For the chosen way
of the system excitation, finding the remaining matrices B and D, as a rule, does not
cause any problems.

So, based on (18), let us consider all the main stages of the method. We represent
the informational matrix Y.y, the elements of which are measurement data of the out-

put variable, using its SVD decomposition in the form
Yrelax = QEV T, (19)

where Q and V are orthogonal matrices, and X is a matrix of singular numbers lo-

cated on the diagonal in non-increasing order. With a probability of almost unit the
matrix X will be full-rank. A typical picture of the values of singular numbers o;,

(i=12,...,1) inthe presence of measurement noise (bounded by ¢) is shown in Fig. 1.

The system generating the data was 19th order. Therefore, the first 19 singular numbers
belong to the system, and the rest belong to noise. In asymptotic modelling there will be
no such separation.

4 eps =50 %

10

Singular values

10 0 15 20 25
Suggested dimension

Fig. 1

All singular numbers contain a signal part and noise. At low noise, we consider
large values of singular numbers relative to the noise level (set by restrictions) to be
significant, since the SNR in the corresponding outputs will be significantly greater
than unity. Minor singular numbers have an SNR order or less than one. In some
cases, they can be separated by a well noticeable gap in the values of the singular
numbers. However, in most cases, instead of a discontinuity, we have a transition
zone between them, where the singular numbers attenuation without a noticeable
discontinuity. In the first case, with a high probability, the dimension of the model
is determined uniquely by the number of the last singular value before the disconti-
nuity. In the second, the dimension will be found iteratively, starting from a certain
value from which a rapid decay of singular numbers is visually noticeable or, con-
versely, the decay significantly slows down at a certain small singular value. Hav-
ing thus chosen the model dimension, we solve for it the task of estimating its pa-
rameters. To do this, we write the matrix Yo, in block form

T T
Yrelax = QnZnVn +QeZeVe (20)
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where Q, and V,, are rectangular matrices composed of the first main n columns of

2, 0

the matrices Q and V, and Q, and V, — from the remaining ones; 2:[ 0” . }
e

According to [33], such partition corresponds to extracting from a matrix Yygjay

a matrix of rank n the closest in norm |-|, to the original one. Next, in accordance
with the subspace method, we represent the matrix QnZnVnT as a product of two
matrices Q,X, and VnT. The first of these two, according to the realizations [34], as

well as in accordance with (10), represents the observability matrix Fl(”), and the

second — the matrix of initial conditions X, for some realization, i.e.

M =Q,z, X§=vJ. (21)

Thus, there is a realization in which the initial states and the observability matrix
are uniquely determined by expression (21). For this realization, knowing the observa-
bility matrix, we find the matrices A and C.

From the representation of the observability matrix it follows that its block con-

taining the first M rows Fl(”) will be the matrix C for the same implementation, and
the matrix A can be found from the following redefined system:

IyaA=Tyy, (22)

where T,y is obtained from Fl(”) by crossing out its last M rows, and Ty, by

crossing out Ff”) its first M rows. It remains to find the matrix A from (22). To do

this, we will use the SVD decomposition of the matrix I"y,_4, presenting it in the form

>
NI Ql{ol}VlT, (23)

where Q; and V; are square orthogonal matrices of dimensions (I-D)x(I-1) and
nxn, respectively, and X, is a square matrix of dimension nxn. Let’s substitute (23)
into (22) and get

Q.L|:§1:|V1T'ai:’/i: i=1n, (24)

where g; is the i-th column vector of the matrix A, and y; is the i-th column vector of
the matrix I",. Using the property of orthogonality of matrices @Q; and V;, we can re-
duce (22) to the form

%0 =%, 6 =Vi g or & =Vy 6, T =Qfi, (25)
where Qy, is formed from the first n principal singular vectors of the matrix Q.

The ill-posedness of problem (25) is exclusively related to the features of the
singular values o; of the diagonal matrix X,. If the problem is correct, then solu-

tion (25) has the form
3 =ViZ1 Qi (26)
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Otherwise, a regularized solution is found. To find it, you can use the regulariza-
tion method described in [32] or its modification in the form of stabilizers having
a Kernel structure [17], which have been actively developed in recent years in stochastic
identification.

However, in relation to the method described above, let us pay attention to the
following circumstance. Figure 2 shows the behaviour of singular values depending
on the noise level determined by the constraint. The system generating the data was
of order nine (n=09). In the absence of noise, all singular numbers, starting from

the tenth, practically (to within the computational error) are equal to zero. The pres-
ence of noise has made these singular values non-zero and increased, albeit slightly,
the significance singular values corresponding to the system. Moreover, there is a
high sensitivity of noise singular numbers to measurement errors. Therefore, start-
ing from a certain sufficiently low noise level, the gap between oq and oy, by

which the dimension of the model was determined, decreased significantly, i.e. It
becomes impossible to distinguish between essential (signal) and non-essential
(noise) values based on the behaviour of singular values. The condition number of
the parametric estimation problem has improved for n=10 and even for some sub-
sequent values n, i.e. there is no need to use regularization. As a result, if we solve
the estimation problem for n=9, then n=10, etc., we will obtain a poor-quality
model due to the fact that the SNR of certain modes is not a large value. Classical
regularization [30] will not improve the quality of the model, since it will introduce
additional error. Perhaps regularization using the Kernel structure stabilizator [17]
will have a positive effect, because in a certain sense it performs the functions of a
filter. In these cases, the most appropriate option seems to be a better selection of
the input signal at excitation intervals. For good identification of the matrix A, itis
necessary to have a sufficient variety of initial conditions at relaxation intervals so
that for each mode there is at least one interval where its signal would have a suita-
ble SNR. This should lead to a slower decay of the singular numbers in Fig. 1 and a
more noticeable gap between significant and unimportant singular numbers for any
noise realized in experiments. In the case of asymptotic modelling, it is necessary
that modes with a large SNR propagate to such dimension where, with accurate da-
ta, the approximate model has an error consistent with the noise level. How to im-
plement this in each specific task remains an open question.

In multiconnected systems, it is also important to know which of the good or
bad ones for identification we are dealing with. As good we mean one in which
each simply connected block has its own set of significant modes, different from
other blocks, which will determine its model. The complete model will have a di-
mensional transfer matrix M xR with different transfer functions as its elements.
Then identification can be carried out independently for individual simply con-
nected systems. The most unfavorable case for identification is when all elements
of the transfer matrix are the same, i.e. each input excites all modes and at each
output all modes are measures. This corresponds to the identity of both the meas-
uring and exciting systems. However, in any case, it is advisable to reduce the
identification of a multiply connected systems to solving MR simply connected
systems and then combining them into one multiply connected system, taking into
account that the simply connected subsystems thus obtained differ in some way
from each other.
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In this case, the most likely outcome will be different matrix A dimensions. In ad-
dition, each SISO block will have different realization. Therefore, to find the matrix B,

they should be reduced to one realization. The Jordan form is suitable as such. To go to
it, you need to find the eigenvalues of all the resulting matrices A corresponding to

simply connected systems. Then, for each m (m =L_M), select close and different ei-

genvalues. It is advisable to combine close ones by adjusting both their common eigen-
value and other parameters associated with it.

This is necessary so that the refined model approximates transient processes no
worse than the original one with similar roots. Otherwise, you will have to keep close
but different eigenvalues. After this, a general model of the multiply connected sys-
tem is formed. Its matrix will consist of all real values and complex blocks on the di-
agonal, composed of individual simply connected subsystems. The next step is to re-
construct the matrix C. It is built line by line, i.e. for each exit. All unobservable

modes on each of them (m<n) are assigned zero values to the corresponding row
vector components c,.
All other vector values ¢, for the Jordan realization can be chosen quite arbitrari-

ly. For matrices A and C a Jordan realization chosen in this way, it is not difficult to
find a non-singular transformation P that connects it with the original one, defined by
relations (22). To do this, we use the observability matrices for these two realizations,
which are related by the relation

I'P=T, X{=PXo, (27)

where T is the observability matrix, and Xg is the matrix of initial conditions for the
Jordan realization. Accordingly, I' and X are determined by relations (21).

Let’s consider a SISO system corresponding to the m-th output and r-th input of
the original MIMO one. Let each excitation interval begin at the moment t;, j =1 K.

On each of them we take the interval [tj, tj,_1], where I >>n, and n is the dimension

of the corresponding selected SISO system. Since the lengths of the excitation intervals
are different, they can be longer or shorter than n, we proceed as follows. Where they

are smaller, we assume u, =0 at all points exceeding the moment of the end of excita-
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tion up to . Where it exceeds |, we take only the first | values u,. From the scalar

outputs u, formed in this way at each excitation interval we construct a cascade vector
uﬁj) of the form

uld =[u, (@t up (G +D) ..up G +1-D17, j=1K.
From these vectors we form a matrix
U, :[u§2) u§3) ...uﬁK)]

dimensions Ix K —1. At the same intervals, by analogy with U, a matrix Y, of the
m -th outputs is constructed under the influence of the r-th input

Yonr Z[Yr(nzr) yr(rfr) yr(11}§)]-

Then the following matrix equations will b Yy, =TT - X§" +®™ -U,, e valid at
the indicated excitation intervals:

Yor =T - X" + 0™ U, (28)
where T" is the observability matrix of the m-th output of dimension Ixn, X" is

the matrix of initial conditions of excitation intervals, i.e. at points t;, dimension

nx(K-1), ® is a lower triangular matrix, as well as a Toeplitz matrix of impulse
responses, written for the SISO mr block system as

e 0 .. 0

ans dpe ... O

[ R L P
Here dp, is the mr-element of the matrix D, ¢l is the m-th row vector of the matrix
C, and b, is the r-th column vector of the matrix B.

Now at excitation intervals it is necessary from the output data, i.e. from the mat-
rix Yp,, exclude free motion. To do this, we use estimates of vectors ¢y and matrices

A obtained from (22), i.e. for initial realization. From (21) for the same realization, the
initial states at the relaxation intervals are also known. The model parameters obtained
in this way make it possible to find an estimate of free movement at all excitation inter-
vals except the first. As a result, we can move on to a matrix equation for determining
elements d,,, and vectors b,, which has the form

YfrcT)]rrced = q)lmr Uy, (29)
where
YfrcT)]rrced =Ymr _f—{nr .)Zlmr’
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accordingly f{“r, the estimate of the observability matrix obtained on the relaxa-

tion interval, and X{™" is the initial value of free motion on the excitation interval.

The identification is completed by restoring the model of the multiply connected
system. It will require correction of close eigenvalues obtained for SISO subsystems,
and refinement of the components of the vectors ¢, and b, corresponding to the re-

fined eigenvalues.
After this, it is quite easy to construct a model in the cases R =1 with arbitrary
M, as well as arbitrary R and M =1. In other cases, more complex adjustment of the

vector components ¢, and b, will be required even for the same eigenvalues. In this

case, the quality of the model may deteriorate. This is due to the fact that with the estab-
lished dimension of the model, the approximation gives a large error that is not con-
sistent with the error in the data. It is necessary to increase the dimensions of SISO
models and again carry out identification according to the scheme described above. This
leads to an iterative scheme of increasing the complexity of the model until a consistent
result is obtained. However, as the results of computational experiments show, starting
from a certain dimension, the quality of the simulation does not improve and, moreover,
may deteriorate. This means that all modes with a large SNR are already taken into ac-
count, and as the model becomes more complex, modes corresponding to the noise and
disturbances present are added.

Identification in such cases can only be improved by increasing the SNR of modes
with a weak signal, i.e. by increasing the informativity of the input. This can be judged
by the behaviour of singular numbers, when a change in excitation leads to an increase
in the number of significant singular numbers.

The described approach can also be used to identify systems in the MIMO class of
regression models, which are generally written as

0X =Y, (30)

where 6 are to be estimated, X is the matrix of repressors, and Y is the matrix of out-
put variables. MIMO system identification (30) can be reduced to MR scalar regression
models. After this, using settings and refinement of parameters, we move on to a model
of MIMO system.

Conclusion

Today it can be stated that, despite the large amount of research and development
carried out, it is premature to talk about a complete solution of the identification prob-
lem. It was not possible in relation to complex systems, and for such systems, it is first
of all necessary to build their mathematical models based on experimental data, formal-
ize the identification problem and develop universal methods for solving them suitable
for engineering practice. First of all, this concerns how it is necessary to excite systems
in order to have informative data containing the response of all significant modes of the
system with an acceptable SNR. Permanently exiting influence is certainly an effective
way in many cases to ensure consistency of assessment. However, with poorly chosen
excitation (control) and measurement systems of the object under study, many identifi-
cation problems become ill-posed, which leads to low-quality (surrogate) models.
Moreover, poor measuring and exciting systems can make the identification task com-
pletely meaningless.

Another important consideration is how to choose the appropriate class of models.
It is unlikely that the selected class will contain an accurate description. Therefore, it is
based on asymptotic modelling, when the description error tends to zero as the model
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dimension increases. However, as the model becomes more complex due to the error in
the data, the error in the approximate solution increases. As a result, a trade-off between
these errors can occur with a sufficiently poor approximation, which naturally leads to a
poor quality compromise solution.

Thus, identifying or establishing laws in the behaviour of dynamic systems is a
poorly formalized process. In each specific task, you should develop your own original
approach, taking into account the characteristics of the object under study, existing de-
velopments in theory and recommendations for their use, including standard software
located in the appropriate Toolboxes.
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[lomano OCHOBHI pe3yNbTaTd IOCTIHKEHb MpoOIeMH ineHTUdiKamii Ta MEeToau,
[0 OIMPOKO BUKOPHCTOBYIOTHCS IPH PO3B’sI3yBaHHI 3a/1a4 ieHTHIKaI] 1 Haii-
OlnbIlIe 3aCIyTOBYIOTH Ha yBary. 3Ha4dyIIOI TYT € HpoOieMa MOIETIOBaHHS
0COOJIMBO CKJIQJHUX CHUCTEM, JUIS SIKMX HE MO)KHA HABiTh y 3arajbHOMY, aie
KOHCTPYKTHBHOMY JUTS iICHTH(DIKAIT BUIAII 3alIMCATH KJIAC MOJICINICH, B TKOMY
CUCTEMa, IO TOCHTI/DKY€EThCS, Ma€ HaHOIIbII TOYHHUI OMHUC, i B HOMY iCHYE Of1-
Ha 3 HUX, aJleKBaTHA HassBHUM JaHHM, OTPUMaHHM 3 eKCIIepUMeHTIB. SIKIIo Has-
BHI 3HaHHS MPO 00 €KT, MO OCITIIKY€ETHCS, HE TAIOTh MOXIIMBOCTI 3alicaTH B
MaTeMaTHYHOMY BHTJISAI BiTIOBITHUH KJlac MOJEINeH, TO CIIiJl BAKOPHCTOBYBATH
ACHMIITOTHYHE MOJEIIOBAHHS, SIK I[e POOUTHCS B OOUMCIIOBANBHIA MaTeMAaTHIII.
3aMicTh An(epeHIiaNbHIX, THTErpabHAX Ta IHIOIMX PIBHSHBb PO3B’SA3YIOTHCS,
HaNpuKIaj, aaredpaiuHi piBHAHHSA, IO 1X alPOKCHMYIOTh, PO3B’SI3KU SIKMX Ha-
OMMIKAIOTHCS 10 TOYHHX 31 30UIBIIEHHSIM PO3MIPHOCTI Ta KPOKY AMCKpETH3aLil.
B inenTH®ikanii BUKOPUCTOBYIOTECS Pi3HI (OPMH aCHMITOTHYHHX PO3KIAJIB,
30KpeMa palioHaIbHA aPOKCHUMAIIisi CTOCOBHO ippaIlioOHATbHUX 1 HECKIHYEHHO-
BuMipHHX cucTeM. OHAK 3a HasIBHOCTI MOXMOOK B JAHUX BHKOPHCTAHHS aCHM-
NTOTHYHOTO MOJIETIOBAHHS IPU3BOIUTH JI0 TOTO, 10 IIPY HAMaraHHi MiABUIMTH
TOYHICTH OJIep)KyBaHOI MOJIEITi 3a PaXyHOK ii BEJIWKOI pO3MIpHOCTI B Oaratbox
BHMAJIKAX 3a7adi iIeHTH(IKaIil CTal0Th HEKOPEKTHO IOCTaBICHUMHU. ToMy 110-
BOIHTKCS mykaTu kKommpowmic (trade-off) mix bias ta variance, 1o mae Bu3Haua-
TH HalOibL siKicHY Mozenb. KpiM mpo0iemMy MOJENIOBaHHS, y CTAaTTi PO3IIIs-
HYTO JIBi KOHIICIILIi{, HA OCHOBI SIKUX MOOYOBAaHO OLNBIIICTh ICHYIOYHX METOJIB
po3B’si3aHHs 3a7a4 ineHTudikamii. OOKABI Jal0Th CBOIO iHTEPIPETALIIO TIPUCYT-
HiX y JaHUX NMOXUOOK, a caMe, CTOXaCTHYHY Ta HecToxacTh4Hy. [Ipu croxactuy-
Hill KOHIIETIT MOXMOKA TPAKTYETHCS K BUMIAIKOBHI MPOIIEC UM MOCIIIOBHICTb.
BBOAUTBCS MOHATTS CIIPOMOXKHOCTI OL[IHIOBAHHS, LIO JIa€ 3MOTY HIMPOKO BHKO-
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PHCTOBYBAaTH TEOPII0 CTATHCTHKU MPU OOIPYHTYBaHHI METOIB pO3B’sI3aHHSI 3a-
nau imeHtudikamii. [lapagurma HecToXacTHYHOI imeHTH(IKAII] HOIMyCcKae AOBi-
JIbHI, alle 0OMEKEeHI HeBH3HAYCHOCTI B JAaHUX, TOOTO Taki, II[0 HajJeKaTh Je-
SIKUM 0OMe)keHHM MHOKMHaM. HalGinpIe pisHIX METO/IB, a TAaKOXK JITOPUT-
MIB 1 IPOTpaMHHX peallizalliii CTBOPEHO y paMKaxX CTOXaCTHYHOI KOHIIETIIii.
VY Mexax HeCTOXacTHYHOI ieHTH(IKaIil pO3MIITHYTO IepeBakKHO Pi3HI MOAH-
¢ikamii Tak 3BaHMX subspace methods. 1llogo ckmagHUX cHCTEM BigMIiYeHO
mpobiemMu, siKi He Jajiu 3MOTH PO3POOUTH JOCUTH YHiBepcalbHi Ta eheKTHBHI
METOJU PO3B’sA3aHHA 3374a4 imeHTH(ikawii. BuaineHo HU3KY HampsMiB, sKi mia-
JIATal0Th PO3BUTKY 3 METOIO OTPUMAHHS TOYHIIIMX MOJENICH CKIaIHUX CHCTEM.

KuirouoBi ciioBa: mMonenroBaHHs, iIeHTU(IKAIlsI, CTOXaCTHYHA iAeHTH]IKaLIis,
HECTOXaCTUYHA IapajurmMa, CIPOMOXKHICTB, PEryJIsIpH30BaHi po3B’s3KH, y3TOJ-
JKEeHi 3 MOXHOKOIO.
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