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The article provides a review of the most important methods and problems in the
design of robust discrete control systems. In this case, the main attention was fo-
cused on the problems of suppressing limited external disturbances, information
about which is presented only in the form of a limitation on their maximum val-
ue. The use of invariant ellipsoids ¢, is considered as the first mathematical ap-

paratus for describing the characteristics of the influence of external disturb-
ances on the trajectory of motion of dynamic systems. Theorems on the repre-
sentation of invariant ellipsoids ¢, in the form of linear matrix inequalities

(LMI) are formulated, which are further used to synthesize discrete state control-
lers that suppress external disturbances. The solution to a more general problem
of robust suppression of limited disturbances based on the use of LMI in the
presence of system uncertainties in the parameters of the mathematical model of

the control object is considered. The use of H“-control theory is considered as
a second mathematical apparatus for suppressing external |,-limited external

disturbances. In this case, the optimality criterion consists in minimizing the
maximum ratio of the |,-norm of the vector of output stabilized coordinates to

the |,-norm of the vector of input disturbances. The problem is solved by reduc-
ing it to the problem of robust control of a discrete dynamic system in space
H* based on the Two-Ricatti approach. The standard H ““-optimization prob-
lem is also considered.
Keywords: state controller, invariant ellipsoid, linear matrix inequalities, robust
control, H *-theory, external disturbances.
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Introduction

The methods for designing control systems based on state-space object models
and input-output models discussed in previous articles [1, 2] were used to meet the
requirement that these models accurately describe the dynamics of control objects.
To do this, in the third part [3] of this series of articles, methods for identifying the
parameters of mathematical models were considered. However, in modern and clas-
sical control theories, to describe the dynamics of controlled objects operating in a
stochastic environment, it is assumed that white noise, the mathematical expectation
of which is zero, is used as disturbances acting on the plant. In control systems, it is
very rare that real disturbances over limited periods of time can be represented as
white noise. For example, a gust of wind during take off or landing of an airplane in
no way fits into the probabilistic characteristics of white noise. Thus, the uncertain-
ty of the characteristics of external changing disturbances acting on the control ob-
ject is the main problem in the design of controllers that guarantee stability of the
control system in a stochastic environment. Also, in almost every engineering prob-
lem of designing a control system, there is uncertainty, which lies in the fact that
the mathematical model of the object, obtained as a result of identifying its parame-
ters, will be adequate to the true dynamics of the object only for a limited period of
time, after which it will change in a certain area according to an unknown law. As a
result, the problem of controller synthesis under conditions of uncertainty of the
dynamic characteristics of the object and external disturbances required the deve-
lopment of new approaches to the design of control systems in comparison with the
methods that were described in review articles [1-3].

At the end of the 70s of the last century, in the works [4—6], the problem of optimal
suppression of arbitrary limited external disturbances acting on the control object was
formulated. This problem is called |, -optimization when describing control systems in

discrete time. Later, in [7-9], the linear matrix inequalities (LMI) technique began to be
used to suppress external disturbances with arbitrary characteristics.

The problem of optimal suppression of external disturbances is one of the main
ones in control theory and besides remain one of the difficult problems of linear control
theory [10]. To solve this problem, methods have currently been developed and applied
that belong to two theoretical directions:

1) methods of invariant ellipsoids;

2) methods of H*-theory.

The development of these directions over several decades was mainly carried out
for the original mathematical models of control objects in continuous time. In this arti-
cle we will analyze this stage of development of the theory of control systems based on
discrete-time models aimed at the practical implementation of synthesized systems in
microprocessor execution.

In real problems of functioning control systems, there is inevitably system un-
certainty and the control being formed must be operational under the most extreme
conditions. This type of control is called robust. This control must ensure robust
stability of the designed control system when changing external disturbances in giv-
en intervals and for a given family of state matrices of the mathematical model of
the object

F= FO +'YA,

where R, is the nominal matrix of the family, and A is the uncertainty. Coefficient
v >0 determines the range of uncertainty.
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1. The problem of suppressing limited external disturbances
using the method of invariant ellipsoids

In [11, 12], invariant ellipsoids are considered as a characteristic of the influence of
external disturbances on the trajectory of a dynamic system, which is represented by a
mathematical model in state space in discrete time

X(k +1) = FX(k) + DE(K),

= - @)
y(k) = Cx(k),

where X(k) eR" are the phase variables of the system; y(k) e R! are output coordi-

nates of the system; (k) € R™ are external disturbances, which are limited as follows:
|ew)|<tk=012 ..., )

where ||-|| is a vector norm in Euclidean space. In this way, |, -limited external distur-

bances are considered. No other restrictions are imposed on the disturbances, that is, it
is assumed that the they are arbitrary and only bounded. It is also assumed that sys-
tem (1) is stable and the pair (F, ®) will be controllable. The matrix C has maximum

row rank.
The family of invariant ellipsoids is defined as follows: an ellipsoid centered at
the origin

ex ={X(K) eR":XT ()PX(K) <, P >0 3)

is called state X(k) invariant for a discrete dynamic system (1), (2), if the condition
X(0) e e, follows that the condition X(k) e, is satisfied for all discrete moments of
time k=0,1, 2,.... The matrix P is called the ellipsoid matrix.

The following important theorem was formulated and proven in [12].
Theorem 1. Ellipsoid €, (3) will be invariant for dynamical system (1) with

I, -bounded external disturbance if and only if the matrix P satisfies linear matrix
inequalities (LMI)

leFT_erL@cDTso,PzP(O) 4
o (1—(x)

at some coefficient 0 < a <1.
The objective function is used as an optimality criterion

f (P) =tr[CPCT], (5)
which corresponds to the sum of the squares of the semiaxes of the invariant ellipsoid
ey ={y(k) eR™: y' (K)(CPCT) y(K) <.

Function (5) specifies the size of the invariant ellipsoid &,

To synthesize a control system, a controlled discrete model of an object in state
space is considered

K(k +1) = FX(K) + Gy (k) + DE(K),

= . _ (6)
y(k) = Cx(k) + Gyt (k),
X(0) gy, UeRP. Atthe same time GEC =0, the pair (F, G) is controllable.
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To suppress disturbances, a state controller is implemented
(k) = KpX(k), ()

which ensures minimization of criterion (5), that is, the minimum size of the invariant
ellipsoid with respect to the output. Based on (6), (7), the model of the closed-loop con-
trol system will have the form

X(k+1) = (F +GyK ) X(k) + DE(K),
Y(k) = (C+GoKp) X(K).

(®)

In [12] a theorem for the synthesis of state controller (7) was formulated and proven.
Theorem 2. If for a discrete system (6) external disturbances are |, -limited and

the pair (F, G;) is controllable, then the problem of synthesizing an optimal state con-

troller (7), which suppresses external disturbances, will be equivalent to the problem of
minimizing a linear function

tr[CPCT +G,ZGJ 1 — min 9)
under restrictions
.
E[FPFT+G_LYFT+FYTGlT +GZG] ]-P+ O <1, (10)
o (1-o)
ZY
>0, P> P(0), (11)
YT p

where Y = KpP, and minimization is performed over variables o € R, P = PT e R™N

YeRP" and Z=2TeRPP,

Minimization of criterion (5) is performed using the variables o, P, Y, Z, using
the semidefinite programming method, using SeDuMi Toolbox [13] based on Matlab.
Let &, P, Y, Z provide the minimum of criterion (5) under restrictions (10), (11).

Then the matrix K, of the optimal controller (7) will be determined as follows:
K,=YP?: (12)
= .

The requirement GEC =0 is not restrictive. If it is not satisfied, then all the results

of Theorem 2 will be correct, only the objective function (9) will be presented in a dif-
ferent form

tr[CPCT +G,YCT +CY 'G] +G,2G] 1 min. (13)
2. Robust suppression of disturbances

In the presence of system uncertainties, the mathematical model of the object (1)
will have the form

X(k +1) = (F + AF) X(K) + (® + AD) E(K),

(14)
(k) =Cx(k),

where FeR™" ®eR™™ CeR™ and X(k)eR" is the phase state with the ini-

tial condition X(0) and output V(k)eR'. External disturbances E(k)eR™ satisfy
constraints (2).
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System uncertainties AF and A® have the following structure:
AF = A ApHg,

: (15)
A‘D = %A(D H(I)'

where A- eR™P Ay eR™Fo, HL e R Hy e R%™™ are constant matrices,

and the matrix uncertainties Ag € RP*0F and Ag € RFe*%  satisfy the following re-
strictions:
Iae <t [aa )<t (19)

It is assumed that system (14) is stable, the pair (F, @) is controllable, and the matrix C

has maximum row rank.
Definition. Ellipsoid centred at the origin

ey ={X(K) eR":xT (K)P~Ix(k) <1}, P>0 17)

is called invariant for system (14), (15) if the condition X(0) € &, implies the fulfilment
X(k) e g, for all discrete moments of time k=0,1 ... for all admissible disturban-
ces (k) and all admissible uncertainties Ax and Ag,.

The following theorem was formulated and proven in [14].
Theorem 3. Ellipsoid (17) is invariant for system (14) for X(0) =0, if its mat-

rix P satisfies linear matrix inequalities

—aP PFT 0 PHL ©
* (—P+g AR AL +EAQAL, D 0 0
* * -1 0 HE |0 (18)
* * *  —gl 0
* * * * gl
P>0

at some coefficients o, g, &, € R.

This theorem is a robust analogue of Theorem 1.
The problem of robust suppression of external arbitrary disturbances has been
solved in the presence of system uncertainties in the controlled model of the object

K(k +1) = (F +AF)X(K) + (G + AGy ) T(K) + (@ + AD) E(K),

(19)
(k) =Cx(k) + Gu(k),
where control T(k) € RP, and external disturbance satisfies constraint (2).
System uncertainties of matrices F and ® have structure (15), and
AG, = Ag A Hg, - (20)

In this case, the matrix uncertainties Ag e R%FXQZF, AG € ROﬂGXqZG, Ap € R& a2
satisfy the constraint
|Ap <1 |AG <L [Ag <L (1)
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the pair (F, G;) is controllable and the pair (F, C) is observable. Constant matrices

A e RnXOaF, AGl c Rnque, Ap € Rnxoaq” He e RQzFxn, HGl c ngxp, Ho € ng)xm

are given.
The task is to design a controller (7) in the form of a static linear state feed-

back X(k) that will stabilize a closed-loop control system and suppress the influ-
ence of external arbitrary limited disturbances &(k) in the presence of system un-
certainties (15), (20) based on minimizing the trace of the limiting ellipsoid for the
output y(Kk).
To solve this problem, the following theorem was formulated and proven in [14].
Theorem 4. Let P, Y, Z be the solution to the problem for the optimality criteri-

on (13) tr[cPCT +CYTG£ +G2YCT +GZZGE] — min under restrictions

—aP PET+YTG 0 PHI YTHE 0 |
* Q @ 0O 0 0
* * ~@-o)l 0 0 Hg |<o, 22)
* * x gl 00
* * * * —82| 0
* * * * * —83|
Zy
>0,, (23)
YI p

where Y =K P, Q=-P+gAr AFT) +82A01Ag2 +83A®Ag) with respect to matrix vari-

ables P=PT eR™" Y eRP" Z=7T cRP*P and scalar variables &, ¢,, &3
and scalar parameter 0 <o <1.

Finding the optimal values of P, Y, Z to minimize criterion (13) is per-
formed using the semidefinite programming method in the Matlab system [13].
Then the matrix Kp of the robust state controller (7) is determined according

to (12), that is
Rp =VPL,

which stabilizes the system (14), and the matrix CPC"+CY'GJ +G,YCT + G,7G]

determines the size of the limiting ellipsoid for the vector of output variables for a
closed-loop control system at X(0) =0.

3. Synthesis of discrete controllers using the control H*-theory method

3.1. Standard H®-optimization problem [15, 16]. When setting up a specific

problem in control H®-theory, it is advisable to reduce it to the so-called standard
problem. We consider the general diagram of a closed-loop control system with a dis-
crete controller (Figure), where y(z) is the vector of output measured coordinates of a
multidimensional controlled object; y4(z) is vector of output adjustable coordinates;

&(z) is vector of external disturbances; TU(z) is vector of control actions. Signals
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V1(2), V»(z) are introduced to define the concept of stability of a closed-loop system.
For example, a vector Vv;(z) arises due to the inaccuracy of actuators, and V,(z) may
be a vector of measurement noise.

U S U
\AVV(Z) g
w(2) 0@ |7
+
+

+

0 v(2) ®+ %(2)

The matrix discrete transfer function (MDTF) W(z) consists of limited rational

MDFTs of the generalized controlled object, that is W (z) e RH®, Kp(Z) — matrix

discrete transfer function of the controller.
The matrix W (z) can be represented as

{Vvll(z) le(Z)}
Woy(2) Woy(2) |

on the basis of which the dynamics of the controlled object can be represented in the
form of an input-output type model with ¥, =V, =0

W(z) = (24)

¥1(2) =Wy (2) €(2) +Wao (2) U (2), (25)

¥(2) =Wy (2) £(2) +Wor (2) U (2). (26)

The dynamics of the controlled object can also be represented in the form of a state
space model

X(k +1) = FX (k) + G (k) + DE(K), 27
y(k) = Cix (k) + Dg(K). (28)

The equation of stabilized coordinates is introduced separately in the form
Ya (k) = Cax (k). (29)

The correspondence between models (25), (26) and (27)—(29) is carried out as fol-
lows. Let us present the dynamics of the equation of state (27) and measurement (28) in
the form of an input-output model

X(z) = (21 -F)"1GU(z) + (z1 - F) 1 0E(2), (30)

which we substitute into expressions (28) and (29)
¥(2) = Cy(2 -F) G (2) +Cy(zl —F) @+ DIE(2), (31)
1(2) =C, (21 —F)1GU(2) + Cy (21 - F) 1 0E(2). (32)

Comparing expressions (32), (31), respectively, with models (25), (26), we obtain the
MDPF values
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Wiy (2) =C, (2l - F) o,

Wip(2) =C,(zl -F) 16,

(33)
W, (2) =Cy (21l -F) 1+ D,
W, (z) =C,(z1 - F)1G.
Let us represent the regulator control law in the form
u(z) =K, (2)¥(2). (34)

Using expressions (31), (33), (34), we obtain the equation of the closed-loop sys-
tem for the channel &(z)—Y(z)

¥(2) =[1 ~Wap (2) K, ()] Way (2)E(2). (35)

Based on expression (25), control law (34) and equation (35), we find the equation
of the closed-loop system along the channel &(z)—y(z)

Y1.(2) =Wy (2) +Wa (2)K p (D)1 ~Woo (2)K p ()] - Wy (2)}E(2). (36)

Thus, the matrix discrete transfer function of the closed-loop system will be
Wyis W (2), K (2)] =W (2) +Wao (1)K p (D1 ~Wao (D)Ko ()] Wiy (7). (37)

For the closed-loop system equation (37), the standard H ““-optimization prob-
lem is formulated as follows: it is necessary to design a controller K,(z) that will

minimize the H®-norm of the matrix discrete function along the channel
&(z)-V,1(2) according to

inf Wys[W (2), Ky ]Il = Ymin- 38
Kp|| s IW (2), Kp @] = Ymin (38)
In this case, the influence of external disturbances &(z) on the vector of output

regulative coordinates y;(z) is maximally suppressed.

The dynamics of a closed-loop control system (Figure) can be described by a sys-
tem of equations

1(2) =Wy (2)E(2) +Wha (2)T(2),
Y(2) =Wy, (2)E(2) +Was (2)01(2) + 75 (2),
1(2) = K, (2)7(2) +7(2),
which can be represented in the form
1(2) Wi, (2)01(2) =VWhs (2)E(2),
1(2)- K, (2)7(2) =%(2),
Y(2) W (2)T(2) =Wy (2)E(2) + 75 (2).
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This system can be written in a generalized vector-matrix form:

I -Wip(z) O V(@] [Wiu(2) 00| [E(2)
0 1 -K,@ ||t || o 1olluw]|. (39)
0 -Wyp(z) | Y(z) | [Wai(2) 0 1] |%(2)

This system will be well conditioned if the matrix

I -Wj,(z) O

0 | -Ky(2)

0 —W,,(2) |
will be reversible [16]. This system will be internally stable if and only if the nine dis-
crete transfer functions from vectors £(z), %(z), V,(z) to vectors y;(z), U(z), Y(2)
are asymptotically stable. In this case, the synthesized regulator K, (z), according
to (38), belongs to the set of internally stabilizing regulators, that is, the regula-
tor Kp(z) will stabilize the object W (z).

3.2. The problem of suppressing limited external disturbances based on

H%-theory. In the early 90s, a number of works appeared devoted to the application of

the H“-theory in motion control problems. One of these types of problems is the prob-
lem of forming a control that minimizes the effect of an external disturbance on the con-
trolled object. For example, a typical disturbance is a sudden gust of wind of high inten-
sity, which is especially dangerous during take-off and landing of an aircraft and its
flight at low altitudes.

Currently, a number of H*-optimization methods have been developed [17-21],
based on which the so-called Two-Ricatti approach began to be used as the main tool

for solving problems of synthesis of H“-optimal controllers. In this case, the synthe-
sized system is presented in Figure. The standard object is specified as

FIG o
W(z)=| Cy Dy Dy |, (40)
C, Dy O
and the system (Figure) is described by the following system of equations in the state space
X(k +1) = FX(k) + Gu (k) + DE(K),
Ya(k) = CiX (k) + Dyyt (k) + DipE k), (41)
y(k) =CoX (k) + D & (K),

where X is the state vector, U is the control vector, ¥ is the vector of output measured
variables; ¥; is vector of controlled variables; & is vector of external disturbances.

In this case, a generalized sequence of disturbance vectors v =(v(0),V(2),...
...V(K),..) in the space |, is considered, the norm of which is determined according
to [16, 17]

" 1/2
ME [EOVT(k)V(k)j . (42)
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By definition, a sequence V(k) el, if this series converges, that is, ||V < .

We consider the problem of minimizing the H“-norm of a matrix discrete transfer
function of a closed-loop system with a controller

(k) =Kpy(k) (43)

to suppress disturbances along the &(k) — y;(k) channel, where £(k) is the vector of

all input signals that contain external disturbances.
The solution to this problem will guarantee the robustness of the closed-loop con-
trol system, which consists in the fact that for all possible values of the sequence of dis-

turbances (k) €l,, the maximum I,-norm of the controlled output signal ¥; (k) will

be minimized.
The optimality criterion is formulated as follows:

J= sup M%min, (44)

2we, |

where y; is a sequence of vectors {y;(k),k=0,1..}, & is a sequence {&(k),
k=0,1,..} that belong to the space I,. Minimization of the criterion J is performed
by forming an optimal sequence of control vectors U ={t(k), k =0,1,..} that influence
the vector y;. In this way, the minimax problem (43) is solved under restrictions

€] <= on the norm I,.

In works [17-21] it is shown that the value J of criterion (44) corresponds to the
norm [Wys(2)| , where W (2) is the MDFT of the closed-loop system along the
«&(z) > y;(2) » channel, that is ¥;(z) =W (2)€(z), and the norm ||V\_/C|S(z)||oo is cal-
culated in space H* (Hardy space of complex matrix functions, analytic in the unit
disk |z| <1 and limited to circle |z| =1 to which all MDFTs of stable discrete systems
belong) and is equal to the singular number G(\/\_IC|S(Z)) for all |z| <1. Indeed, accord-

ing to Parseval’s theorem, the norm |, (in the time domain) is equal to the norm L, (in
the frequency domain), that is

1] :[Z v (k)V(k)J = [2— | VT(eJ“’)v(er)de ~ [vE)], .
k=0 T ,

where V(ej"’) is the discrete Fourier transform of an arbitrary discrete time se-

quence 7, ¥(eI®) = S 7(k)eIK = T (k)X = 7(2), z=el®, ¥ (eI®)=vT ()
k=0 k=0

is complex conjugate vector. Taking account that y;(z) =V\_/c|s(z)E(z) or Vl(ej“’) =

= cls(ejw)g(ejm), we will have

; n . ) 1/2
[l=1%E"), :(2i I (e"”)vl(elw)dw} _
To
12m o 12
:(Z_ﬂ IS (ejw)wc's(ejm)wcls(ejw)‘i(ejm)dwj <

0
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R 1/2
3[2— [ o(Weis (') € (ejm)i(e“”)de <
To

_ Lo 12
< sup (Wi (e'w))(ﬁ | i*(e"”)é(e’“’)dmj =
® 0

= Miis )], 1), = IWess )], €]}

Then
y IRE], o _
)= sup L2 = stp e < Wg(2)], = supotWss(€1)) = sup oWy ().
twe [E] e, 1), 0 Jet

In [17] it is shown that it is not even inequality that holds, but equality.
Thus, criterion (44) is equivalent to the following optimality criterion

J = W5 (2)], = sup o(Wys(2)) — min. (45)
lzl<t y
Since W, (z) there is an MDPF of a closed-loop control system, it depends on the

control law (43), which forms the control T. In this case, the vector T should not de-
pend on the state vector X, which may be unmeasurable, but on the vector of measured

variables y. That is, the state vector X must be implicitly evaluated at the same time.

The following theorem was formulated in [21].
Theorem 5. Let system (41) be given and the following conditions be satisfied
a) the pair (F, G) must be stabilized;

b) the pair (C,, F) must be detectable;

c) matrices Dy, and Dy, must have full rank, then the controller, which ensures
the stability condition of the closed-loop system, and the optimality criterion
J =|Wys(2)], <1 is designed in the following form:

(k) = CeontrF (K +1) + Deoptr Y (K),
Tk +1) = Feonge T (K) + Beontr Y (K), (46)
dimr =dimXx

if and only if there exist non-negative definite symmetric matrices P>0, R>0

such that:
— first Ricatti equation

®'PF DG, '
o i)
DDy  DfiDp, ]+ o
D{,Dy DLDy, |

— closed-loop control system matrix

®"PF D/,C
G'PF DLC,

P=FTPF+ClT01—[

T(P):[

Wy =F —(@ G)-T(P)! { ]— asymptotically stable;
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— matrix V = ®TPd + DlTlDll >0,

M =1-D},D;, -G PG +(G"Pd+D},D;; )V (@®"PG+D;D;,) > 0.

If there is a matrix P that satisfies the specified conditions, then we define the fol-
lowing auxiliary matrices:

L =GTPF +D},C; —(G"P®+D},Dy;)V (@ PF + DJCy),
Ay =F+GM7IL, E,=GM™,
Cip =V 2(@"PF+DJjC)) +V Y3(@TPG + D} Djp)M L,
-1 -1/2 12
Cop =Co+DyM 7L, Dgyp =DM ™%, Dypp =V,

Diyp =V Y2(@"PG+D];Dp)M 2

Then the matrix R must satisfy the following conditions:
— second Ricatti equation

T
T T T T
CZDRAD +D21pEp CZpRAp +D21pEp

R=A,RAl +E EI - "HR)™- ,
PP TP e RAT 4Dy ET C,,RA! +Dy; E!
p™p 1p=p p™p 1p©=p
where
DleD-Zrlp DzlleTlp {CZp] T AT
H(R) = T B RIC2p Cipl;
Di1pDy1p DigpDip | [ Cip
— matrix of a closed system based on observations
T T
Wey = Ay — CZpRATp i DleETp -H (R)‘l .{Czp} must be asymptotically stable;
CipRA, +DippEp Cip

— matrix Q= Dyy,DJ1, +CppRCS, >0,

T T
S=I_Dlllelp_ClpRclp+

(C,,RCJ DJ1,)Q 1+ (C,y,RC], + Dyy oDy ) > 0

+(CpRCyp + Dy11pD21p) Q 2pRC1p + D21pDyyp) > 0.

If such matrices P, R exist, then the designed controller in the form (46) will be
defined as follows:

-1 T T -1
Deontr :_DlZp(ClpRCZp +D11pD21p)Q '
-1
Ceontr =— (D13 pclp + DeontrC2 p )
_ T T yo-l
Beontr = PDeontr —(ApRC2p +EpD21p)Q 7,
Acontr :ch — BeontrC2 p*

For system (41), the conditions of theorem (b), (c) are satisfied automatically.
Thus, to implement the Two-Ricatti algorithm, one requirement remains — the stabili-
zation of the pair (F, G).

(47)
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To solve problem (41), (44), (46), (47), you can use the hinfsyn function from the
Robust Control Toolbox package (Matlab R2017a) [22]. It is based on some modifica-
tion of the result formulated in the theorem. In this modification, another requirement

J =|Wys(2)]| < is required instead J =|Ws(2)| <1, and the parameter y is se-

lected iteratively [18—20]. This procedure is called y-iterations. In this case, y decreas-
es as long as a solution to the problem exists. In this way, the minimum possible value
of criterion (44) is achieved.

Conclusion

The article provides an overview of the main approaches to the design of control-
lers at the next stage of control theory development — robust control systems.

The first universal approach to solving the problem of suppressing arbitrary limited
external disturbances acting on the controlled object is to design state controllers based
on the method of invariant ellipsoids, which reduces the problem of synthesizing an op-
timal controller to searching for the smallest invariant ellipsoid of a closed-loop control
system. The concept of using invariant ellipsoids makes it possible to represent the
problem of minimizing the size of an ellipsoid in terms of linear matrix inequalities,
which allow the synthesis of a state controller through the use of semidefinite program-
ming tools implemented by numerical methods. This approach was extended to solve
the more general problem of robust suppression of external limited disturbances in the
presence of system uncertainties in the parameters of the model of the controlled object.
This approach to the synthesis of robust control ensures the stability of a closed-loop
system with one controller in the presence of system uncertainty of the object mathe-
matical model and the influence of arbitrary limited disturbances.

The second approach to solving the problem of minimizing the effect of arbitrary

external disturbances on the controlled object is to apply H™-theory to solving the
problem of minimizing the maximum ratio of the |, -norm of the vector of output stabi-

lized coordinates to the I,-norm of the vector of external disturbances. The H*-op-

timization problem was first solved in the form of a standard problem of suppressing
external limited disturbances when describing the dynamics of a controlled object in the

form of a matrix discrete transfer function. This H “-controllers synthesis problem was
later implemented for state-space plant models in the Two-Ricatti approach that is now
accepted as a standard.

In practice, the problem of forming a control that minimizes the influence of exter-
nal disturbances on the system was solved by synthesizing a robust aircraft control sys-
tem, which ensures stability of motion in the event of a sudden gust of wind of high in-
tensity during take off and landing of the aircraft and its flight at low altitudes. At the
same time, the mathematical model of the aircraft, as a controlled object, was character-
ized by system uncertainty, which was caused by changes in the mass of the aircraft un-
der different loads.

Robust along with their undeniable advantages, also have certain disadvantages.
This is explained by the fact that a robust control system must remain operational under
the maximum possible disturbances, without having information when this disturbance
will occur. Therefore, robust controllers are configured for the worst case. As a result,
the quality of operation of a robust control system with a small normally distributed dis-
turbance is inferior to the quality of operation of a control system with linear-quadratic
Gaussian controllers.
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VY cratTi 3po0JieHO OTJIsT HAWBaKIMBIIIMX METOJIB 1 3a/1a4 MPOEKTYBaHHS PO-
0aCTHUX NUCKPETHUX CHCTeM KepyBaHHs. IIpH IIbOMY OCHOBHY yBary IpHBep-
HYTO /0 33/1a4 MPHUIITyIIeHHs 00MEeKEeHUX 30BHIIIHIX 30ypeHb, iH(opMaris mpo
sIKi HazmaHa y Gopmi oOMeeHHS Ha iX MaKCHMallbHy BenuuuHy. s omucy xa-
PAKTEPHCTUKH BIUIMBY 30BHILIHIX 30ypeHb Ha TPAEKTOPIIO PyXy IUHAMIYHHX
CHCTEM SIK IepIIMii MaTeMaTHYHUI arapar po3IIITHYTO 3aCTOCYBAaHHs iHBapiaHT-
HUX eNINcoiniB. Po3risiHyTO TeopeMu mpo nepehopMyITtoBaHHS MPpoOIeMH iHBa-
PIaHTHOCTI €NINCOINiB y TEPMiHM JIHIHHIUX MaTPUYHUX HEPIBHOCTEH, SKi B I10-
JaJbIIOMY BUKOPHUCTOBYIOTBCS IUISI CHHTE3Y IHCKPETHHUX DPEryJITOpIB CTaHy
IUTSL TIPUTTTYIICHHS 30BHIMIHIX 30ypeHb. PO3IIIIHYTO po3B 30K OUIBII 3arajdbHOT
3a1a4i poOaCcTHOTO MPUTITYIIEHHS 00MEeKeHHX 30ypeHb Ha OCHOBI 3aCTOCYBaHHS
JiHIMHAX MaTPUYHUX HEPIBHOCTEH 3a HASBHOCTI CHUCTEMHHX HEBH3HAUCHOCTEH
rmapaMeTpiB MaTeMaTHYHOI MoOJeNi 00’€KTa KepyBaHHS y MpocTopi craHy. Sk
ApYTH# MaTeMaTHYHHWH amapar i NPUINYLIEHHs 30BHIMIHIX |, -00MexeHnx

30BHIIIHIX 00ypeHb PO3MIAHYTO 3actocyBanHs H “-teopii kepysamms. [lpu
LIOMY KpUTEpii ONTUMAIIBHOCTI TIOJISrae B MiHIMi3allii MAKCHMAaJIbHOTO BiTHOIIEH-
Hs |,-HOPMH BEKTOpAa BHXi[HMX CTabili30BAHMX KOOpHHMHAT 00’€KTa Jo |, -HOp-

MH BEKTOpa BXiTHHX 30ypeHb. 3a7ady po3B’s3aHO 3a JOIIOMOTOI0 MPUBEACHHS il
110 3a7a4i poOAaCTHOrO KepyBaHHS JUCKPETHOIO JMHAMIYHOIO CHCTEMOIO Yy TIPOCTO-

pi H™ ma ocHoBi 3acTocyBanHs minxomy JBa-Pikarti. Po3risHyTO Takox cran-
naptHy 3anady H ““-orrumisarii.
Ki1io4oBi cjioBa: perynsatop cTaHy, iHBapiaHTHHH eJICoin, JiHIHHI MaTpUYHi

HEpiBHOCTI, po6acTHe KepyBaHH:, Teopis H ™, 30BHIIHI 30ypeHHS.
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