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MEPECMOTP BO3MOXHOCTEV MOJENENA PABHOBECHbBIX LIEH U BbINYCKOB

B TEOPUX MEXOTPACJ/IEBOIO BAJIAHCA

Ha ocHoBe npoBeneHHOro aHaan3a MHOrOYNCIEHHbIX Myonnkauui, coaepxaLumx Moge-
JIN PaBHOBECHBIX LIEH 1 BbilyCKOB TEOPUU MEXOTpacsaeBoro 6anaHca, A0Ka3aHo, 4To
MUCI0/1b30BaHNe B HUX TPAHCMOHNPOBAHHbLIX MATPUL, NMPSIMbIX 3aTpaT siBAsSieTCS He0bOC-
HOBaHHbLIM U MPUBOAUT K rpybbIM oLumbkam. [pennoxeHbl KOPPEKTHbIE CUCTEMbI ypaB-
HEHW, CBS3bIBAIOLUME PABHOBECHbLIE LIEHbI 1 BbIMYCKW B CTPYKTYPE AaHHbIX «3aTparbl-
Bbiryck». llokaszaHo B 06LueM BUAeE, 4TO Takme CUCTeMbl OTHOCSITCS K K/1accy OAHOPOA-
HbIX CUCTEM JINHEVIHbIX a/rebpanyecknx ypaBHeHW, Nx MaTpuLbl IBASIKOTCS OCOOEHHbI-
MU U UMEIOT PaHrv, Ha €AVHULY MEHbLLUNE Pa3MEPHOCTEN MaTpul. YCTaHOB/IEHO, 4TO
Takme CUCTEMbI AalOT BbIPOXAEHHbIE pelueHusi. C ncrnoib30BaHNEM 3TUX CBOVICTB U3
KOHTUHYa/IbHOr0 MHOXECTBA PELUEHUI YTOYHEHHbIX MOAENEN PaBHOBECHbLIX LEH U
BbIMYCKOB BblfeJIeH B 0OLLEM BUAE KIACC UX PELLUEHUI, KOTOPbIE MOXHO UCMOJ/b30BaThb
[U1S OrpeneneHns npakTMY4eCcKy MNPpUeMIEMbIX 3HaA4YEHUI 3Tux rokasartenen. lpennoxeH
aJiropyuT™M Takoro ornpeaesneHus, KOTopbIv NpeaycMaTpmuBaeT pPaclunpeHne CTPYKTYpbl
JaHHbIX «3aTpartbl-BbIMyCK». AHAIUTUYECKMNE UCC/IEA0BAHUS WIJIIOCTPUPOBAHbI MPUMe-
POM pacyeTa paBHOBECHbIX LieH W BbIMYyCKOB HAa OCHOBE TabsvL «3aTpaTtbl-BbifyCK» B
Ykpaunre B 2012 rogy.

KntodeBbl e CJ0Ba: paBHOBECHbIE LieHbI, 3aTpaThl, BbiNyCK, MaTpuLa, onpeaenmn-

Telb, PaHr, CeKTop.

XOpoIIo M3BECTHO, YTO TAOJIUIIBI «3aTPaThI-
BBHIITYCK», U3 KOTOPHIX (DOPMUPYIOTCSI MOACIH
MEXOTpacJIeBoTro 0ajlaHCa, COCTaBIISIIOTCS B CTOM-
MocTHO# opme. ClencTBUEM 3TOrO SIBASETCS TO,
YTO PEe3YJbTAThl PAcueTOB C MCHOJIb30BAHHEM
MOJeIeii MeXOTpacjieBoro OajlaHca TakKKe ITONy-
Yal0TCSI B CTOMMOCTHOM ¢opMe. B yacTHOCTH, TTpH
MPOTHO3UPOBAaHUN OOBEMOB BHIITyCKA SHEPIreTH-
YeCcKOoro yriisl B YKpauHe, Haripumep, B 2025 rony ¢
WCIIOJIb30BAaHUEM MOJeJeil  MEeXOTpacaeBOro
OajaHca MBI IIOJIyYUM 3TOT ITOKA3aTeb B MUJIJIA-
apmax rpuBeH. OmQHAKO B MOCJIEIYIOIINX OIlepa-
OUSIX 3TOT IO0Ka3aTesib, KaK IPaBUJIO, HEOOXOIUM
B eQWHNIIaX BBIITyCKa, a MMEeHHO, B TOHHax. B
OOIIMPHOM JUTEpaType II0 MEXOTpaclieBOMY
OanmaHcy [1—5 u ap.] 3agaua nepeBoga moxkasartesist
BBITTyCKAa B «(pU3NUIECKNE» BETUYNHBI TIPSIMO HE

© M.H.KYJI/K, 2016

CTaBUTCS, OJHAKO TOBCEMECTHO BCTPEYAIOTCS
MaTeMaTU4YeCKUEe MOJETU, PEKOMEHIYEMBIE IS
BBIUKCJICHUSI PAaBHOBECHBIX IIEH, Y€pe3 KOTOpPhIC
TIOTOM JIETKO OTIPENEISIOTCS PABHOBECHBIE BBITTYC-
KA B €IWHUIIAX BBIMyCKa ((DUMYECKUX BETUYU-
Hax). B maHHO# paboTe TMOKa3zaHO, YTO MOIETU
PaBHOBECHBIX 1IEH, HABEJEHHBIE B IIUTUPOBAHHBIX
A MHOTOYUCIEHHBIX IPYIMX MCTOYHUKAX, HE
MOTYT OOECIIEUUTh TPABUIbHBIE DPE3YAbTATHl U
TpeOyIoT tepecMoTpa. KpoMe Toro, B cTaThe AAOT-
Cd PEeKOMEHJAIIMA OTHOCUTEJBHO PEIIEHUSI Oro-
BOPEHHOM 3a1a4u.

1. TIlepecMoTp ypaBHEHHI1 OajlaHca 3arpar.
B.B. JleonTheB [6] BepBbie MPEIIOXUI UCIOJb-
30BaTh CTATUCTUYECKWE TaOMUIIBI <«3aTpPaThi-
BBIMTYCK» (1) B 1LIEMIX TPOTHO3UPOBAHUS COCTOSI-
HUS SKOHOMUKU. B coBpeMeHHOI KoHpUrypamumn
9TU TaOJIUIBI UMEIOT BUJL
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L
‘ A N c X
CekTo 1 j j Kos-¢ BrImyck
p i Jj n . y
1 X1 | Xu | Xy | Xia C X1
1 Xi1 Xii Xij Xin |5 Ci 5 Xi 5
Xi1 Xji Xijj Xin Cj Xj
n Xal Xni xni Xnn Cn Xn
d/
A
4 A\
J100-51
CTOHM. d d, "3 d, |>
, (D
=X
A
4 N\
3atp-bl,
BCEro 2] i Zj Zn >

3/€Ch X;; — SJIEMEHTBI MATPULIbI IPOMEXYTOUHOTO
norpebnenus L; ¢, x, d, 7 — BeKTOpbl KOHEYHOTO
noTpebyieHUs, BBINYCKA, 100aBI€HHO CTOUMOCTHU
M CYMMapHBIX 3aTpaT COOTBETCTBeHHO. [Ipu ymo-
MSIHYTOM IPOTHO3UPOBAHUU ObLIM YIIOTPEOJIEHBI
ypaBHEHUSI OajaHca BhIITyCKa

i=ln,

n
le-j+cl.=xi, ()
j=1

n —
B KOTOPBIX BEKTOP CYMM inj’ i=ln
J=1

3JIEMEHTOB MaTpulibl L ObLT IIpeoOpa3oBaH K BUIY

/

n n n n
X o D Xy D Xjis X Xy | = AKX, ()
J=1 J=1  j=1 J=1
roe A — Matpuiia ¢ 3JeMeHTaMU
X -
i oo, .
dy=—""> i,j=Ln, 4)
Xj

MOJIYYMBIITasT Ha3BaHWE MATPUIIBI TIPSIMBIX 3aTpar.
Beenenue npeobpazoBaHus (3), (4) Mo3BOAMIIO
B.B. JleoHTbeBY YCTaHOBUTH 3HAMEHUTOE YypaB-
HEeHUe
(E-A)x=c, (%)
roe E — enuHnYHas MaTpuia.
B manpHeimux ncciaenosanusax B.B. JleonTbe-
BBIM UM €r0 MOCJIENOBATEISIMUA B MaTeMaTUYECKUE
MOJIEJIN, TIOCTPOSHHbIE Ha JaHHBIX Ta0JIUIL «3aTpa-

TBI-BBIITYCK», OBLUIM IPUBJIEYCHBl YypaBHECHUS
OajaHca 3aTpar

n —
inj+dj=zj,j=1,n, ©)
i=1

MprYeM B CUITy TPpUpoabl Tabaull (1) UMEIOT MeCcTo
paBeHCTBa

(7

(&)

n n
=24
i=1 i=1
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MepecMoTp BO3MOXHOCTEN MOfieNeit PaBHOBECHDIX LIEH 1 BbINYCKOB B TEOPUM MEXOTPAC/EBOro GanaHca

Hnsa npuBeaeHUs ypaBHeHUI (6) K MAaTpUYHO-
BEKTOPHOMY BUIY €IMHCTBEHHO BO3MOXKHOI1 OIle-
pauueil SBISETCS TPAHCIIOPTUPOBAHME BCEH
cucteMbl Tabnui (1) ¢  JadbHEWIIMMHM  TIpe-
00pa30BaHUSIMH, anajormyHeiMu (3) — (5), a
MMEHHO, ¢ yueToM (7) 3Th ypaBHEHUS TTPUBOISITCS
K BULY

Bx +d=x, &)
rae MaTpuila B nuMeer aieMeHTb
X — (10)
L
by , i, j=1n
x

B utore ypaBHeHue 6anaHca 3aTpart (6) IpUHU-
MaeT BUI
(E-B)x=d, (11)
B ny6aukauusax [1 — 5] u MHOTUX ApYTrUX
yIBepKAaeTcs, uTo mist Matpull A u B cripaBemim-
BO COOTHOIIIEHE
B=A4' (12)
rne A' — TpaHcIIOHUpOBaHHAas MaTpula A, U, Kak
cieactBue, ypaBHeHue (11) mpuobpeTaeT BU
(E-A)x=d. (13)
ITokaxem, uto 3aBucumoctu (12), (13)

SABJISIOTCS HeBepHBIMU. [Ipeodpazosanue (3), (4)
MPUBOIUT K MaTpUIIE

i
X, .

i D A iV A

X, X, X; X,
X

: K| X | Y| K
X X X,

4 = 1 i j Xn , (14)

X, ER

Jj Jj1 & _u xjn

)C1 X; Xj X,
X .

Yol | Fui | T | X

X, X, X; X

a rpeo6pasosanHue (9), (10) — Kk maTpulie

i J
X.
T I I B W S
xl xl. xj Xy
X ..
1 x1 xl. xj X,
B = (15)
X, .. X ..
j| 2L Y| Zi Xnj
X R A
X.
xln an Jn Xnn
] X, xj Xz

PaBencrBo (12) BbIONHSIETCS, eciu bl.j = a;
npu i, j = 1,n. U3 (14), (15) BugHO, 4TO bl.j =ay;
TOJIBKO JJISI JUAarOHAJIbHBIX 3JEMEHTOB MaTpull A
u B. Jng HenuaroHaJbHBIX 3JEMEHTOB (I # )

NMEEM COOTHOLICHUA

X ji X L T L.
b,-]:x—;taﬁ =x—, i,j=ln; i#j.(16)
J l

HepasenctBo (16) moka3bIBaeT, YTO 3aBUCH-
MOCTb (12) HeBepHa, €€ UCIOJIb30BaHUE SIBJISIETCS
0e30CcHOBaTeNbHBIM. TO Xe caMoe OTHOCUTCS U K
ypaBHeHMU10 (13). Mexay TeM MX IIHUPOKO MpUMe-
HSIOT MHOTME aBTOpHI (B 4yacTHocTH, [1 — 5]) B
pa3uUHBIX TIpUuaoXeHusIX. OcoOeHHO YacTo
paBeHcTBa (12) u (13) UCNOAB3YIOT B YpaBHEHMUSIX,
rae Gurypupyer BEeKTOp H100aBIeHHON CTOMMOCTH
d. Bce mogoGHbIe MOAEIN TPeOYIOT ITEpeCcMOTpa, B
HUX HeJIb3s IPUMEHSTh MaTpully 4’ BMECTO Mart-
puiisl B. B mepByto ouepeab 3TO OTHOCUTCS K My0-
JIMKALMSIM, UCTIOJIb3YIOIIM YPaBHEHUS IJIs1 OIIpe-
JieJIeHUSI paBHOBECHBIX 1IEH U BBIYCKOB [1 — 5 u
MHorue apyrue|. IlpakTudyeckue pacyeTbl MOKa-
3bIBAIOT, YTO NpPUMMeHEHUe MaTpulibl 4’ BMeECTO
MaTpUIBl B MpUBOIUT K Tpy0O HETOYHBIM pe3yJib-
Tatam. [ToaTOMY B yIIOMSIHYThIX 1 T1I0JI0OHBIX YpaB-
HEHMSIX HeOOXOAMMO MCIIONIb30BaTh MaTpully B ¢
3JIeMEHTaMM, BBIYMCICHHBIMA B COOTBETCTBUH C
3aBUCHMOCTEIO (10).

2. TlepecMOTp BO3MOXHOCTeI Mopeseil paB-
HOBECHBIX IIEH M BHITYCKOB. CBs3b MEXIY pPaBHO-
BECHBIMU IIeHAMM M BBIIIYCKAMH OTOOpaXaeTcs
ypaBHEHHEM

x;=PM,;, i=1n, (17)
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rae P; — paBHOBeCHas IleHA NPOAYKLUU i-TO
cekropa, M, — ero BBINYCK B €AMHUIIAX BBIIYC-
Ka.

VYpaBHeHUs1 [UIsI omnpeneieHrs] PaBHOBECHBIX
1IEeH MOTYT OBITb IMOJY4YeHBbI C MCITOJIb30BaHUEM
Ta0JIUI «3aTpaThl-BhINyCK» (1) 1 OasaHca 3aTpaT

(6) cnenytommm obpazom. Kaxelii u3 cTono110B j
Matpulibl L ¥ COOTBETCTBYIOIIME DJEMEHTHI BEK-
TOopoB — cTpoK d' i x' tabnauu (1) menasarcs Ha
BEJINYMHbI ]\1]., Jj = 1,n c nocaenyommum TpaHCIO-
HUpOBaHUEM 3aTpaTHO 4YacTU TabJIUIBI, B
pe3yJIbTaTe UMeeM

Xy | X | Y| X a M
M| M, | M| M, | ||| W
Xy | Xy | K| X d; x5
M, | M | M, | M, | || | M
, (18)

& i xi Fnj i x_J
A@ M. M} M, A@ A@
X | Fin | Kin | X d, Xn

M| M | M|\ M, | || |,

Hus ctpykTypsl (18) cripaBeaaus O0ajiaHC 3aTpaT
B BHJIE

i,j=Ln.

- l

SM, M, M,

+ (19)

C wucnonab3oBaHueM (17) u mpeoOpa3oBaHMUIA,
aHaJoruyHeIx (3) — (5), nosyyaeM BEKTOPHO-MaT-
PUYHOE YpaBHEHME PABHOBECHBIX LIEH

BP+d, =P, (20)
Wi
(E-B)P=d, Q1)
rae d, — BEKTOD € d/IEMEHTaMU
d,; = T, (22)
M

Ha3bIBa€MbIMU J0JIEi TO0OABIEHHOM CTOMMOCTH Ha
eAVHUILY TTPOIYKIINU.

B 6onpmmHCTBE myo6auKamuii (B T. 4., [1 — 5])
UCIIOJIb3yeTCsl ypaBHeHUE (21) ¢ TeM OTJIUYMEM,
YTO B HEM BMECTO MaTpUlibl B MPUMEHSIIOT MaTpy-
uy A'. I[Ipu 3TOM yTBep:KIaeTcsl, YTO 3TO ypaBHE-
HUE HAaJI0 MCIIOJIb30BaTh MJIsS BHIYUCICHUSI PAaBHO-

BECHBIX 1LIeH. Bhillle ObL10 10KAa3aHO, UTO B ypaBHe-
Husx tina (20), (21) Henb3g UCTOIB30BaTh MATPU-
1y A’ BMecto Matpulibl B. OqHaKo IIpaKTUUYeCKUe
BBIYMCJIEHUS MOKA3BIBAIOT, YTO JaXe MPUA CTPOTOM
WCITOJIb30BAHUM YPaBHEHWIA PAaBHOBECHBIX IIEH B
dopme (20), (21) momydyaeM pe3yabTaTbl B BUIE
BBIPOXXIEHHBIX PELICHUI, HETTPUEMIEMbIX B CMbI-
CJTOBOM OTHoOLIeHUHU. [TokaxxeM 3To Ha mpuMepe 1
nanee 0ObSICHUM MTPUYKNHY 3TUX SIBICHUMA.

IIpumep. C ucnonb3oBaHueM ypaBHeHMs (21)
ObLIM pacCUMTaHbl PABHOBECHbBIE LICHBI U BBIITYCKU
B «(pU3MUeCKMX» BEIMUMHAX 110 TAaOJIUIE «3aTpa-
ThI-BBIITYCK» B YKpauHe B 2012 r. ITpu aToM ObLi1a
HCII0JIb30BaHa arperupoBaHHas TabauLa «3aTpa-
ThI-BBIIIYCK», TTOJy4eHHas B [7].

B T1abna. 1 kpoMme maHHBIX (DOPMBI «3aTpaThl-
BBIITYCK» [JIS CpaBHEHWS IPUBEIECHBI MaTpUlla
MPSIMBIX 3aTpaT A ¥ MaTpuiia B, paccunutaHHbIe O
3aBucUMOCTSIM (4) u (10) cooTBeTCTBEeHHO. BHaHO,
YTO paBEeHCTBO (12) mIs 9TUX MATPUILl HE BHIMIOJ-
HSIeTCH.

B Tabn. 2 mpeacTtaBieH UTEpPaLMOHHBIN IIPO-
IIeCC pacyeTa paBHOBECHBIX LIEH U BBIIIYCKOB IIO
dopMe «3aTpaThl-BHIITYCK» TabJI. 1, KOTOPHIi Ipo-
BOJMJICS TIO CXeME
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Tabmmira 2 — PacdeT paBHOBECHBIX II€H M BBIITYCKOB 10 TaOIHAIIaM «3aTpaThI-BHIITYCK»

B Ykpause B 2012 T.
] o k k ! =g k k
< o) < o
§§ % 1)1 > dHi’ Mlklo6 0[% E % 1)1 > dHi’ Mlk106
~ O TpH/... TpH/... ~ O | rpH/... TpH/...
1 1000 365,32 321,18 1 1206,7 | 440,84 266,17
2 1500 710,91 126,96 2 720,03 341,25 264,5
: 3 1000 348,74 152,03 i 3 575,33 200,64 264,25
4 2000 480,66 94,94 4 714,74 171,77 265,67
5 1000 480,93 228 4 5 861,67 4144 265,07
6 5000 1918,55 | 543,64 6 10235,1 | 39273 265,58
1 986,3 360,3 325,6 1 1208,6 | 441,53 265,75
2 1106,1 5242 172,2 2 719,06 | 340,79 264,85
5 3 859,3 299,7 176,9 i 3 574,32 200,29 264,72
4 1012,2 2433 187,6 4 715,3 171,91 265,46
5 9429 453,5 241,7 5 861,43 414,29 265,14
6 7600 2916,2 357,77 6 10241,3 | 3929,68 | 265,42
1 1045,9 382,1 307,1 1 1209,65 265,52
2 913,3 432,8 208,5 2 718,56 265,04
5 3 7427 259 204,7 5 3 573,78 265
4 757 181,9 250,8 4 715,59 265,36
5 908.,3 436,8 251,5 5 861,3 265,18
6 8902,6 3416 305,3 6 10244,5 265,33
k k-1 rnei= 1,n; k=1,... — HOMep UTepaLMu.
P =T d,, s (23) HaHHble Tab. 2 MO3BOJISIIOT ClIeJaTh Cleaylo-
e 00o0IIeHMS.
-1 (24) VpaBuenud (17), (20) uMeroT pelieHus1, KOTo-
T=(E-B P > ’
( ) ’ pBle MOTYT OBITh HalilecHbl TIpUMEHEHUEM UTepa-
k1 d. MoHHoOTO anroputma (23) — (27).
dm‘ = ];_1 R (25) OTU peleHusT YAOBIETBOPSIOT 3aBUCUMOCTh
Mi (17), nmostomMy (opMaJbHO UX MOXHO CUMTATh
PaBHOBECHBIMU LIEHAMM U BbIITYCKAMHM.
Mk_l _ X; Bce Boiycku M, i = 1,n B nojiy4eHHBIX peliie-
i Pk—l ’ (26) | HUAX UMEIOT ONMHAKOBBIE 3HAYEHUS U, KaK CJIE/I-
i CTBME, PaBHOBECHbBIE IICHBI MPSIMO IPOITOPLIMO-
i -1 HaJIbHbl 3HAYEHUAM BBIIYCKOB X; B CTOUMOCTHOM
P -P WCUYUCIIEHUU.
Moax. : kl <g= 10_3 (27) B cuiy sTOrO perieHus, oCHOBaHHbBIE Ha ypaB-
1 - ”
P

10
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HeHuax (17), (20), ABISIOTCS BHIPOXIACHHBEIMY U B
colepKaTeJIbHOM IIaHe He MOTYT MCIIOJIb30BaTh-
CsI B TIPWJIOKCHUSIX.

JonmoaHUTENIbHBIE PAacYeTHl 110 YPaBHEHUSIM
(17), (20), pe3yabTaThl KOTOPHIX HE MPUBEICHHI B
IAHHOM CTaThe, MOKa3bIBAIOT, YTO OHM (ypaBHeE-
HUSI) IMEIOT MHOXKECTBO pellieHuii. B yactHOCTH,
IOCTaTOYHO B MTEpallMOHHOM IIpolecce (23) —
(27) M3MeHUTH HavabHOE NPUOIMKEHUE Mo P,
(mpuyeM, U3MEHUTH Pl.0 TOJBKO B OTHOM CEKTO-
pe), 4YTOOBI MOJIYYUTh HOBBII BEKTOP PEIICHUM, T.
€. MHOXecCTBO pemreHuidi cucteMbl (17), (20)
SIBJIIETCS KOHTUHYAJIbHBIM.

3. OcobenHoctu cucteMsl (17), (20) onpene-
JICHHSI PABHOBECHBIX ILI€H X  BHIIYCKOB.
OTMeUeHHBIE BBIIIE U PSf IPYTUX OCOOEHHOCTEN
3TOW CHUCTEMBI OOYCIOBJIEHBI €€ CIAEOyIOIIUMU
CBOMCTBaMU.

rac

O0=E-B-G, (29)

a JraroHajJbHad MaTpulia G 1MeeT JIEMEHTHI

(30)

s cuctembl (28) uMeeTrcs TpUBHAIbHOE
pemienne P = (), KoTopoe ajis oTpeaesieHusT paB-
HOBECHBIX 1I€H MPUHATO OBITb HE MOXET.
M3BecTHO, YTO HETpUBUAIbHBIE PEIICHUS OIHO-
POIHOI CUCTeMBbI CYIIECTBYIOT JIUIIb B TOM CITy-
yae, KOrja OMpeaciuTeslb €€ MaTpMlbl paBeH
Hymo. Onpenenurens A MaTpuiibl (29) ¢ ucrosb-
3oBaHueM (1), (6) u (11) MOXeT OBITh IIpeICTaBICH
B BUZE

Cucrema (20) myrem noxacraHoBku M, = x l./ P, 1
B BbIpaxeHHe (22) mpeobpasyeTcsi B CUCTEMY Ag = - A, (31)
OJIHOPOJIHBIX aJTe0panyecKuX YpaBHEHU I I1x;
1
i=1
oP=0, (28)
e
i J
X=X —d, i 1 1
_ i -X .. -X .
I Xl X=X, —d, ji ni (32)
A, =
J 1y i | X% nj
“Xin ~in _xj”l Xn = Xnn _dn
C yyetom (6), (10), (11) MoxkeM 3anucathb n R —
X=X 2 x,;—d;, i=1ln. (34)

n —

k=lk#j

j=li#j Torma, cyMmmupyst Bce CTOJOLIbI OIpeaeauTes
(32), xkpome j-ro, u ucnoanbays (33), (34), nonyua-
€M HOBbIIi cTOIOEIT
V4
D Xjpo | XXy Xy, (35)

Cronbern (35), Oynyun yMHOXeHHBI Ha (—1),
COBIANAET C j-M cToJOLOM omnpenenurens (32),
T. €. 9TOT OIpeAeNINTe/Ib PaBeH HYIIO, M CHUCTeMa

(28) mMmeeT HeHyJIEBBIE pelIeHUS. AHAJIOTUIHO
JIOKa3bIBAE€TCS, YTO BCE MMHOPBLI MAaTpUuUbl (29),
MOJIydeHHBIE BHIYEPKUBAHUEM €€ i-X CTPOK U
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CTOJIOLIOB, pPaBHbI HYJIIO.

CorylacHO TeOpUM OTHOPOIHBIX CUCTEM [8] mis
oIpenesIeHUs] pellIeHU CUCTeMbI ypaBHeHU (28)
HeoOXomuMo HaiiTi paHr Marpuubl £ — B — G.

IMokaxkeM, 4TO 3Ta MaTpULIa UMEET PaHT

Jnsg 3TOoro AOCTAaTOYHO, YTOOBI OIMH U3 €€
MHUHOPOB UMeJ paHr # — 1. PaccMoTrpuM ornpene-
JuTeab MaTpullbl (29), y KOTOpOil BHIYEPKHY-
Thl n-€ cTpoka u crojideu. ITocne npeodpazona-
HUi1, aHagormyHbix (31), (32), moaydnM orpene-

r=n-—1. (36) | nurenb
X, — X, —
171 — -X. -Xx
—d —x_+x %i Jl Bl
1 1n 1n
X=X~ .
li —d.—x. +x. Ji n—li
A _ 1 n n .
x(n-1) xj _xjj _
—X, . —X.. -X ..
1j ij A _ n—1j
dj Xt X5,
X1 “Xin-1 Xin Xp1n-1
KOTOPBIi COMIacHO [8] MOXET OBITh IIPEACTABIIEH KaK CyMMa OIpeNeIUTENEN
X, —X,,—
1 11
— X jl Xp-11 Xin
1 1n
-X YT 0 X %
1i _di _xin Ji n—li in (38)
= + .
Ax(n-l) xj - xjj —
—X; —X —X ; X .
Ly 4 —d.—x. el n
J Jn
X —X -
_ _ _ n—-1 “n-1n-1
X1n-1 Xin1 Xinsh | J - X 1n
X
n—1 n—ln

B Bwipaxkenuu (38) mepBBI OINpeneauTeENb
HMeeT CTPYKTYpy onpeneautess (32) ¢ Toil pa3HU-
LIel, YTO ero pa3MepHOCTb paBHa n — 1, T. €. OH
paBeH Hymo. Torna 3HaueHue A (n1) COBTAIAET CO
3HAYEHMEM BTOPOIO OIpeAe/IUTE/sI 3TOr0 paBeH-
CTBa, KOTOPBI ITOJIOXKUTEIbHBII U paBHSIETCS

n—1
Ax(n—l) = H Xin «
i=1

Takum 06pa3zoM, OAWMH U3 MUHOPOB OCOOEHHOM
MaTpuubl (29), uMelomuii pa3amMmepHocTh n — 1,
SIBJISIETCS] HEHYJIEBBIM, T. €. PaHT 3TOH MaTpPUIIbI
paBeH n — 1. AHaJIOTUYHO MOKAa3bIBAae€TCs, UTO BCE
MMHODBI 3TOM MaTpUIIbI, TTOJYJYalOIIuecs] BblUep-
KWBaHUEM €€ OTHOMMEHHBIX CTPOK M CTOJOIIOB,
SIBJISIIOTCSI HEHYJIEBBIMU U TIOJIOXKUTEIbHBIMMU.

(39)

OTMedeHHbIE 0OCOOEHHOCTH paccMaTprUBaEMOM
CUCTEMBI Jal0T OCHOBaHUe [9] BblOeIUTHL U3 Oec-
KOHEYHOTO KOJIMYECTBA /1 €€ PELICHUI B BUIE

O'P'=-P', (40)
rue Q* — matpuia (29), y KOTOpoil BEIYEPKHYThI
i-€ CTpoKa M cTroJjbel, P— BEKTOp 1IeH 0e3 i-TO
5/EMeHTa, ¢ — i-it cTonGer Matpuiibl Q 6e3 1e-
MeHTa ¢;;, Pl.0 — PaBHOBECHas 1ICHA i-TO CEKTOPa,
omnpeneicHHasI paHee BHe cucteMsl (28), i = 1,n.

[IpakTyeckme pacdeThl, IIPOBEACHHEIE C
WCHOJb30BaHUEM cucTeMbl (40), MDO3BOIMIN
BBIIEIUTH CACAYIOIIYI0 OCOOCHHOCTD MOJIYIeHHBIX
pe3yabTaToB. HecMoTpst Ha TO, uTO B cucteme (40)
OTCYTCTBYET IOKa3aTe/lb PABHOBECHOTO BEHIITyCKa
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MO =x,/ PP, (41)
*

II0Ka3aTe/in BCEX PaBHOBCCHBIX LICH P 2 noJjyyajin

3HAYCHHA, YIOBJICTBOPAIOIINE PABEHCTBO

0

BoM =, @

k=1n;, k#i.
Takum 06pa3zoM, Kak U B Clydae IPUBEAECHHOTO
npuMepa, TMojaydyaeMble IEHBI Pk* (dopmanbHO
SIBJITIOTCSI PABHOBECHBIMHU, TTOCKOJBKY OHU YIOB-
setBopstotr ypaBHeHUsM (17) u (20). OgHako ux
MPAaKTUIECKOE UCTIOTb30BaHUE HEBO3MOXHO, OHU
HUKOUM 00pa30oM HE COOTBETCTBYIOT CMBICJIOBOMY
CONEpPXKaHUIO TAOJULL «3aTPATHI-BBITYCK».

AHaM3 pacCMOTPEHHOIO MaTepualla U PeKo-
MeHpanuy. OCHOBHBIM HTOTOM IIPOBEIESHHOTIO
aHau3a SBJISIETCS TO, YTO IIUPOKO UCITOIb3yeMast
MatemaTtuueckass modenab (17), (20) He MoOXeT
obecneunTh MPaKTUYECKU TpHUeMyieMble PaBHO-
BEeCHbIE IIEHbI U BbITycKU. [IprunHa aToro sipie-
HUSI ¢ MaTeMaTUUeCKOi TOUKU 3peHUSI COCTOUT B
TOM, 4TO cucteMbl (20), (28) npeacTaBisiioT coO0i
OIHOPOJIHBIE CHCTEMBbl JMHEHHBIX ajredpanye-
CKMX ypaBHeHMI. M3 Teopuu TakMX CHUCTEM
M3BECTHO, YTO OTHOLIEHMs MX PEIIEHuit y, / y,
omnpeneneHbl ogHO3HA4YHO [8]. B ciyyae cuctemsbl
(20) 5TH OTHOIIEHUST UMEIOT COTIacHO (42) BUL

rae P,”, X Pl*, X; — LIEHBI U BBITYCKU CEKTOPOB k
1 [ COOTBETCTBEHHO.

B undopmalinoHHOM IIJlaHE BBIPOXIEHHOCTD
peuieHuil (42) oOBSICHSIETCS TeM, YTO B COCTaBe
TaOJINIL «3aTPAThI-BBIITYCK» HEIOCTATOYHO JTaHHBIX
U1 OTpelae/eHUs MPaKTUYeCKU IPUEMIIEMBbIX
3HAQYEHUM paBHOBECHBIX 1IeH U BBIIIYCKOB.
HloGapnenue B 9Ty Tabiuily 3HayeHuWid LeH P,
i = 1,n mo3BoOaUT ¢ Kcroab3oBaHueM (17) onpene-
JuTh BbIycKu M, TIporHo3HbIe 1ieHbl P, mpu
5TOM PAcCCUYMTHIBAIOTCS 3apaHee APYTMMU METOma-
Mu  (ompemeieHUs 3aBUCUMOCTEM W JIp.).
[IpeaBapuTeIbHOE MPOTHO3UMPOBAHUE MOXKHO
MPOBOAUTL TAaKXe I PaBHOBECHBIX BBIIIYCKOB
M, ockoIbKYy JieTKo mokasaTh, 4to cucrema (20)
MOXET ObITh nosiyueHa B Buae PM +d, = M, tie
M — BexTOp BBINYCKOB, a d,; = d; / P,. st sroii
CHCTEMBbI CITpaBeUIMBhI BCE CBOMCTBA, ONIpeIeIeH-
Hble g cucteMsbl (20). OgHako HanboJee 1eneco-

00pa3HBIM SIBJISIETCS NTPEABAPUTEIBHOE IIPOTHO3U -
pOBaHME YaCTU PABHOBECHbBIX LEH P, [= Lk u
YacTU BBIITYCKOB Ml., i=k + 1,n. CoorHolueHUE
KOJINYECTB k U n—k ompenenseTcs CTENEHbIO TOY-
HOCTH BHEIITHETO ITPOTHO3NPOBAHMS 1I€H 1 BBITTYC-
KOB COOTBETCTBYIOIINX CEKTOPOB.
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AND OPTIMIZATION OF FUEL-AND-ENERGY BALANCES
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REVISION OF THE POSSIBILITIES OF THE MODELS OF EQUILIBRIUM PRICES AND OUTPUTS
IN THE THEORY OF INTERSECTORAL BALANCE

Based on the performed analysis of numerous publications containing the models of equilib-
rium prices and outputs in the theory of intersectoral balance, we have proved that the use of
transposed matrices of direct cost in such models is unreasonable and leads to serious mis-
takes. We have proposed correct systems of equations connecting equilibrium prices and
outputs in the data structure “expenditure—output”. We have shown in the general form that
such systems belong to the class of homogeneous systems of linear algebraic equations, and
their matrices are singular and have ranks smaller by one than the matrix dimensions. It has
been established that such systems give degenerate solutions. With the use of these proper-
ties, from the continual set of solutions of the refined models of equilibrium prices and out-
puts, we have isolated in the general form a class of their solutions that can be applied for
determining practically acceptable values of these indices. We have proposed an algorithm of
such determination that provides for the broadening of the structure of data “expenditure—
output”. Our analytic investigations are illustrated by an example of the calculation of equilib-

rium prices and outputs based on the tables “expenditure—output” in Ukraine in 2012.

Key words:equilibrium prices, expenditure, output, matrix, determinant, rank, sector.

As is well known, the tables “expenditure—out-
put”, of which one forms the models of intersec-
toral balance, are composed in the cost form. As a
consequence, the results of calculations with using
the models of intersectoral balance are also
obtained in the cost form. For example, predicting
the volumes of power-generating coal production
in Ukraine in 2025 with using the models of inter-
sectoral balance, we shall obtain this quantity in
billions of hryvnas. However, in subsequent opera-
tions, one needs, as a rule, this quantity in units of
the product, namely, in tons. In rich literature
devoted to intersectoral balance (see, e.g., [1-5]),
the problem of conversion of the volume of produc-
tion to “physical” quantities is not formulated

© M.N. KULYK, 2016

directly, but there are numerous mathematical
models recommended for the calculation of equi-
librium prices, which afterwards enable one to
determine equilibrium outputs in their units (phys-
ical quantities). In the present work, we show that
the models of equilibrium prices, presented in the
quoted and numerous other works, cannot provide
correct results and require revision. In addition, we
give recommendations for the solution of the for-
mulated problem.

1. Revision of the equations of expenditure
balance. Leontief was the first to propose using sta-
tistical tables “expenditure—output” (1) with the
purpose to predict the state of economy [6]. In the
present-day configuration, these tables have the
form
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L
A
r C X
. . Final
Sector 1 i J n Consumption Output
1 X1 | Xu | Xy | X Cy X
I X | Xi | Xi | Xin |3 Ci ; Xi |
Xj1 Xiji Xiji Xjn Cj Xj
Xnl Xni Xnj Xnn Cn Xn
d/
A
g
Added .
value d d; a} dn | >
(1)
’ ’
i=X
A
'
Total
expenditure | 41 2 Zj Zn | >
where x . are elements of the matrix of intermediate (E-A)x=c, 5)

consumption L; ¢, x, d, and z are the vectors of final
consumption, output, added value, and total
expenditure, respectively. In the mentioned predic-
tion, the following equations of output balance
were used:

le'j-l_cz: i’ l=1,n, (2)
J=1 n L
in which the vector of sums Xijs 1= l,n

J=1
of elements of the matrix L was reduced to the form

4

n n n
1 =1 j= =

n

j=
where A4 is a matrix with elements

X;; —

i ..

a; =—, i,j=n, )
J

which was called the matrix of direct cost. The
introduction of transformation (3), (4) enabled
Leontief to establish the well-known relation

where E is the unit matrix.
In subsequent investigations by Leontief and his
followers, the equations of expenditure balance

n —
Exij+dj=zj,j=l,n, (6)
i=1

were involved into the mathematical models con-
structed with using the data of tables “expenditure—
output”. Note that, due to the nature of tables (1),
the following equalities take place:

I=X, @)
Z%ci =l§=%di. ®)

For reducing Egs. (6) to the matrix-vector form,
the only possible operation is the transposition of
the entire system of tables (1) with subsequent
transformations similar to (3) — (5), namely, with
regard for (7), these equations are reduced to the
form

Bxtd=x, 9

ISSN 1562-8965. The Problems of General Energy, 2016, issue 4 (47) 15



M.N. KULYK

where the matrix B has elements

(10)

As a result, the equation of expenditure balance
(6) takes the form

(E-B)x=d, (11)

It is asserted in books [1 — 5] and numerous

other works that, for the matrices 4 and A, the fol-
lowing relation is true:

B=A4' (12)

where A’ is the transposed matrix of 4, and, as a

consequence, Eq. (11) takes the form

(E-A)x=d. (13)

We now show that relations (12) and (13) are incor-

rect. Transformation (3) and (4) leads to the matrix

i J
X, .
G I T i v A
xl xl. )Cj X,
X..
: X | K| Y| X
X X, X,
4 - 1 ; ] X, , (14)
. .. X ..
j| 2| i 2| K
S5 N X
X .
Yot | Xni | | Xan
X, XX | X,
and transformation (9), (10) to the matrix
i
X .
T I I B W S
xl xl. xj Xy
X..
T B Bt A
1 X, X. X. X
1 i j n 15
Ci X X -
Jl | Y| T
xl xz’ xj Xn
X
xln in Jn Xnn
g XX | X

Equality (12) is satisfied if ;. = a; fori,j=1,n.
As follows from (14) and (15), the equality bl.j =
=a,; is true only for diagonal elements of the
matrices A and B. For nondiagonal elements
(i #J), we have

i
X; X;

Inequality (16) proves that dependence (12) is
incorrect, and its use is unreasonable. The same
concerns Eq. (13). At the same time, these
dependences are widely used by numerous scien-
tists (in particular, [1 — 3]) in different applica-
tions. Relations (12) and (13) are applied espe-
cially often for equations containing the vector of
added value d. All similar models require revi-
sion, and it is impossible to use in them the
matrix A’ instead of B. First of all, this concerns
numerous works where equations for determining
equilibrium prices and outputs are used (see, e.g.,
[1 — 5]). Practical calculations show that the
application of matrix A4’ instead of B leads to
roughly erratic results. Therefore, in the men-
tioned and similar equations, it is necessary to
use the matrix B with elements calculated by
dependence (10).

2. Reyvision of the possibilities of the models of
equilibrium prices and outputs. The connection
between equilibrium prices and outputs is described
by the equation

a7)

x;=PM,;, i=1n,

where P, is the equilibrium price of production of
the i-th sector, and M, is its output in output
units.

Equations for determining equilibrium prices
can be obtained with the use of tables “expendi-
ture—output” (1) and expenditure balance (6) in
the following way: We divide each column j of the
matrix L and the corresponding elements of row-
vectors d’and x' of tables (1) by the quantities Mj,
j= 1,n with subsequent transposition of the
expenditure part of the table. As a result, we
obtain
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Xy | X | Y| X a M
M| M, | M| M, | ||| W
Xy | Xy | K| X d; x5
M| M| M | M, | || | "
& i xi Fnj i x_J
M1 M. M ;| M, Mj Mj
X | Fin | Kin | X d, Xn
M| M | M|\ M, | || |,

For structure (18), the expenditure balance has
the form

n
X d. X S —
Ly L="L_ jj=Ln. @19
M, M, M,
Using (17) and carrying out transformations
similar to (3) — (5), we obtain the vector-matrix
equation of equilibrium prices

BP + dH =P (20)
or
(E—B)PZdH, 21)
where dn is a vector with elements
d: -
dHi = ]\41 ’ l=1,l’l, (22)

called the part of added value per unit of produc-
tion.

In most publications (including [1 — 5]),
researchers apply an equation similar to (21) but
differing from it by the fact that the matrix A’ is
used instead of B. Here, it is asserted that this equa-
tion should be used for calculating equilibrium
prices. We proved above that, in equations of the
type (20) and (21), it is impossible to use the matrix
A’ instead of B. However, practical calculations
show that, even in the case of strict use of the equa-
tions of equilibrium prices in the form (20) and
(21), the results obtained have the form of degener-

ate solutions, whose sense is unacceptable. We
illustrate this result on an example and afterwards
explain the cause of such phenomena.

Example. With the use of equation (21), we cal-
culated equilibrium prices and outputs in “physi-
cal” quantities based on the table “expenditure—
output” in Ukraine in 2012. We used here the
aggregated table “expenditure—output” obtained in
[7].

In Table 1, in addition to the data “expendi-
ture—output,” we give for comparison the matrix of
direct cost A and matrix B, calculated according to
relations (4) and (10), respectively. We see that
equality (12) for these matrices is not satisfied.

In Table 2, we show the iterative process of the
calculation of equilibrium prices and outputs by the
form “expenditure—output” of Table 1, which was
performed by the scheme

P =1d"", (23)
- 24
T = (E _ B) 1 , (24)
k-1 d.
d;, =—=, (25)
M;
k-1 X (26)
Mi = kl_l g
Pi
ko k-1
IDZ _IJI -3 (27)
Max; - <e=10 ,
Pi
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where i = 1,n; k= 1,... is the number of iteration.

The data of Table 2 enable us to carry out the
following generalizations:

The solutions of Egs. (17) and (20) can be found
by applying the iteration algorithm (23) — (27).

These solutions satisfy dependence (17), and,
hence, we may formally consider them as equilibri-
um prices and outputs.

All outputs M, i = 1,n in the solutions obtained
have equal values, and, as a consequence, the equi-
librium prices are proportional to outputs x; in cost
units.

By virtue of this fact, the solutions based on Egs.
(17) and (20) are degenerate and, according to their
content, cannot be used in applications.

Additional calculations by Egs. (17) and (20),
whose results are not described in the present
work, show that these equations have a set of solu-
tions. In particular, it is sufficient to change the
initial approximation by P; (and to change PZ.O
only in a single sector) in the iterative process (23)
— (27), and we shall obtain a new vector of solu-
tions, i.e., the set of solutions of system (17), (20)
is continual.

3. Specific features of system (17), (20) for
determining equilibrium prices and outputs. The
specific features of this system, mentioned above
and other, are caused by its following properties:

Substituting the formula M, = xl./ P, in expres-
sion (22), we transform system (20) to a system of

Table 2 — Calculation of equilibrium prices and outputs by the tables “expenditure—output”

in Ukraine in 2012
ﬁﬁ e A M 100 2; Sec P, | 4, M 10f
ion UAH/... | UAH/... ion UAH/... | UAH/...

1 1000 365.32 | 321.18 1 1206.7 | 440.84 266.17
2 1500 710.91 126.96 2 720.03 | 341.25 264.5
3 1000 348.74 152.03 3 575.33 | 200.64 264.25

: 4 2000 480.66 94.94 10 4 71474 | 171.77 265.67
5 1000 480.93 228.4 5 861.67 414.4 265.07
6 5000 1918.55 | 543.64 6 10235.1 | 3927.3 265.58
1 986.3 360.3 325.6 1 1208.6 | 441.53 265.75
2 1106.1 524.2 172.2 2 719.06 | 340.79 264.85
3 859.3 299.7 176.9 3 574.32 | 200.29 264.72

2 4 1012.2 2433 187.6 ! 4 715.3 171.91 265.46
5 942.9 453.5 241.7 5 861.43 | 414.29 265.14
6 7600 2916.2 357.7 6 10241.3 | 3929.68 265.42
1 1045.9 382.1 307.1 1 1209.65 265.52
2 913.3 432.8 208.5 2 718.56 265.04
3 742.7 259 204.7 3 573.78 265

: 4 757 181.9 250.8 12 4 715.59 265.36
5 908.3 436.8 251.5 5 861.3 265.18
6 8902.6 3416 305.3 6 10244.5 265.33
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homogeneous algebraic equations System (28) has the trivial solution P = 0 that
cannot be used for determining equilibrium prices.
oP=0, (28) | As is known, a homogeneous system of equations
has nontrivial solutions if and only if the determi-
where nant of its matrix is equal to zero. The determinant
A, of matrix (29) with the use of (1), (6), and (11)
O0=E-B-G, (29) | can be represented in the form
and the diagonal matrix G has elements _ 1
Ay=——A,, 31)
d. S I1x;
gi=-L, i=Ln (30) =1
Xi
where
i J
X=X, 4 X 1 Xnl
_ —y — —-X .. —X .
l X X~ X dl Ji ni 32
A - (32)
* —-X —X.. x.—x.—d —X .
J 1 g it n
“Xin ~in _xj”l XX — Gy

With regard for (6), (10), and (11), we may write

n —
xji=xi_ 2 xki—dl-, i=1,7’l. (34)

n k=1k#j
X; —X; — di = 2 Xjis i=ln, (33) Then, summarizing all columns of determinant
j=li#j (32) except the j-th and using (33) and (34), we
obtain a new column
7
s'=| Xjio | TE X K (35)
Column (35) after its multiplication by (—1) Let us show that the rank of this matrix is
coincides with the jth column of determinant (32),
i.e., this determinant is equal to zero, and system r=n-—1. (36)

(28) has nonzero solutions. It can be proved by
analogy that all minors of matrix (29), obtained by
deleting its i-th row and column, are equal to zero.

According to the theory of homogeneous sys-
tems [8], for determining solutions of the system of
equations (28), it is necessary to find the rank of
matrix £ - B — G.

20

It is sufficient for this that the rank of one of its
minors should be equal to n — 1. Consider the
determinant of matrix (29) where the n-th row
and column are deleted. After transformations
similar to (31) and (32), we arrive at a determi-
nant
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T —x —%. —%
—d —x_+x il J1 n-11
1 1n 1n
—x X=X~ s —
li —d.—x. +x, Ji n-li
A _ i in in , (37)
x(n-1) xj —xjj -
-X, . —X.. -X ..
u ¥ —d.—x. +x. a
J Tjn Tjn
“Xin _xi n—1 i jn—-1 xn—l n-1
which, according to [8], can be represented as a sum of determinants
X, =X, —
1 11
—d —x i J1 Yo-11 Xn
1 1n
—-x X% -X .. X .. X
1i _di —%. Ji n—li in
= +
x(n-1) X, =X, —
—x —i 4 & —x x
1j ij —d.—x n—1j jn
J Tn
X . —X -
_ _ _ n—1 n—1n-1
X1n-1 Xin-1 Xin | _ d —x Xp1n
n—1 n—1n

The first determinant in expression (38) has the
same structure as determinant (32) but differs by
the fact that its dimension is # — 1, i.e., it is equal to
zero. Then the value of Ax(n_l coincides with the
value of second determinant of this equality, which
is positive and equal to

—_

n—

Ax(n—l) =

i

Xiy «

(39)

Il
—_

Thus, one of the minors of singular matrix (29),
whose dimension is n — 1, is equal to nonzero, i.e.,
the rank of this matrix is equal to n — 1. It is easy to
prove by analogy that all minors of this matrix,
which can be obtained by deleting its homonymous
rows and columns, are nonzero and positive.

These features of the system under consideration
give reasons [9] to isolate # its solutions from their
infinite quantity in the form

* *_ 0 %
QP =- PV, (40)

ISSN 1562-8965. The Problems of General Energy, 2016, issue 4 (47)

where Q* is matrix (29) where its i-th row and col-
umn are deleted, P” is the price vector without the
i-th element, ¢" is the ith column of matrix Q with-
out element ¢g;;, and Pl.0 is the equilibrium price
of the i-th sector, i = 1,n, determined earlier
outside system (28).

Practical calculations carried out with the use of
system (40) enabled us to emphasize the following
feature of the results obtained: Despite the fact that
system (40) does not contain the index of equilibri-
um output

MO =x,;/P), (41)
the indices of all equilibrium prices Pk* took values
satisfying the equality

* 0 _— .
B, -M; =x,, k=Ln; k#i. 42
Thus, as in the case of example presented above,

the prices being obtained Pk* are formally equilibri-
um because they satisfy Eqgs. (17) and (20).

21
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However, their practical use is impossible, and they
by no means correspond to the sense of tables
“expenditure—output”.

Analysis of the considered material and recom-
mendations. The main outcome of performed
analysis is the fact that the widely used mathemati-
cal model (17), (20) cannot predict practically
acceptable equilibrium prices and outputs. From
the mathematical viewpoint, this phenomenon can
be explained by the fact that systems (20) and (28)
represent homogeneous systems of linear algebraic
equations. As is known from the theory of such sys-
tems, the ratios of their solutions y, / y, are deter-
mined unambiguously [8]. In the case of system
(20), these ratios according to (42) have the form

%

5

where Pk*, x, and Pl*, x; are the prices and outputs
of sectors k and /, respectively.

From the informational viewpoint, the degener-
acy of solutions (42) is explained by the fact that, in
the composition of tables “expenditure—output,”
the volume of data is insufficient for determining
practically acceptable values of equilibrium prices
and outputs. The addition of price values P,
i=1,n, to this table will enable one, with the use
of (17), to determine the outputs M;. The predictive
prices P; are here calculated beforehand by differ-
ent methods (determination of dependences etc.).
One can also perform preliminary prediction for the
equilibrium outputs M, because, as is easy to show,
system (20) can be rewritten in the form PM +d, =
= M, where M is the output vector, and d,, = d, / P,.
This system possesses all properties determined
above for system (20). However, the preliminary
prediction of a certain part of equilibrium prices P,
i =1k, andapartofoutputs M, i =k + 1,nisthe
most reasonable. The ratio of numbers k and n—k is
determined by the degree of accuracy of the exter-
nal prediction of prices and outputs at the corre-
sponding sectors.
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