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GYHAAMEHTAJIbHLIE CBOMCTBA OCHOBHbIX MATPU4HbBIX ®OPM
B CUCTEMAX YPABHEHNM MEXXOTPAC/IEBOIO BAJIAHCA

UccnenoBaHbl pyHAAMEHTa IbHbIE CBOVICTBA MAaTPULL TPEX CUCTEM anrebpamnyeckmx ypas-
HEeHW, KOTOPbIMU HOPMaIN3YIOTCs KIIOYEBbIE 3a4a4M MexoTpacaeBoro 6asiaHca: onpe-
ZeNleHne Bbirnycka Mo AaHHbIM KOHEYHOro crpoca, onpeaesneHue Bbirycka rno AaHHbIM
A06aB/IeHHONM CTOMMOCTH, YCTaHOBJIEHNE B3aNMOCBSI3N MEXAY PaBHOBECHbLIMU LieHaMu 1
BbIMYCKOM. Bce aTu 3a1a4um pelLleHbl C UCM0Ib30BaHNEM 0HOM0 Y TOr0 Xe Mpea/oXeHHOro
34ecb MetToda, Ha3BaHHOIO0 METOAOM JKCTPamnoasunMn K HYJ€BOMY AETEPMUHAHTY.
lMokasaHo, 4To cucTemMa ypaBHEeHW, PeKOMeHayemMas MHOrMMY aBTopamMu A1 yCTaHOBIIe-
HUS B3aMMOCBSI31 PaBHOBECHLIX LIeH 1 06beMOB Bbillycka B euHULIaX Bbifycka, SB/ISeTcs
0/IHOPOAHON. [loka3aHo, 4TO B 3TOM MaTpULe CYLLIECTBYET, Kak MUHUMYM, 1 [OJIOXUTE 1b-
HbIX MMHOPOB C Pa3MEPHOCTbIO ¥ = 1 — 1, rge n — pa3mMepHOCTb MaTpuLbl. Ta BaxHasi 0CO-
6eHHOCTb 00YCI0B/INBAET TO, YTO B KOHTUHYAJIbHOM MHOXECTBE PeLLleHUl i COOTBETCTBYIO-
Lesi cucTemMbl HEBO3MOXHO HauTu XoTs Gbl OAMH BEKTOP, KOTOPbIVi COOTBETCTBOBAJ Obl
CMbIC/IOBOMY COAEpPXaHWio TabnuL «3aTparthi-Bbiryck». [103TOMYy 3Ty CUCTEMY Hesb3s
MCMOoIb30BaTb HE TOJIbKO [J11 ONPEeAesIeHNs] PaBHOBECHBIX LIEH M BbIMYCKOB B eAMHULaX
BbIMycKa, HO v [J1 PeLLeHUs APYrx 3aAa4 MexoTpacsieBoro banaaHca.

JlokasaHo, 4TO maTpuLa CUCTEMbl YPaBHEHWI 1S ONpPeaesieHns: Bbirlycka rno AaHHbIM
KOHEYHOro crpoca UMeeT PaHr v = N, a AeTePMUHAHT ABSEeTCs BCeraa rnoa0XUTEeIbHbIM
npu 1060 PasMepPHOCTY 3TOKM MaTpULbl U HEOTPULIATE/IbHOCTN 3JIEMEHTOB KOHEYHOIO
crnpoca, npuyemM rnocneaHee ycioBsue He Bceraa sBaseTcs HeoOXoANMBIM.

YcTaHOBIEHO, HTO cUCTEMA YpaBHEHWI 1S ONPeaesIeHUs Bbinycka o AaHHbIM J06aB/IeH-
HOVi CTOUMOCTM UMEET MaTPULLy, PaHI KOTOPO# ¥ = N, @ AETEePMUHAHT MOJIOXUTEEH Mpu
BCEX 3Ha4YeHUsIX MepPeMeHHbIX, YA0BIETBOPSIOLLMX YC0BMIO BaniaHca 3aTpar.

Knto4eBble c/0Ba: Mmatpuua, AeTePMUHAHT, PaHr, BEKTOP, BbIMYCK, 3aTpaThl, 6anaHc,
LeHa.

Ha nporsxenun noutu 100-neTHero pas-
BUTHS TEOPHUS MEXKOTpacieBOro OajaHca
(input-output) mosy4usa MUPOKOE PacIpo-
CTpaHEHUE M Pa3HOOOpa3HbIE MPUMEHEHUS
IIPaKTUYECKH BO BCEX CTpaHaX MUpPA U MEX-
ITYHapOAHBIX SKOHOMHUYECKHUX, (PMHAHCOBBIX,
OM3HECOBBIX, HAYUYHBIX U MPOYHUX CTPYKTY-
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pax u opranuzanusax. HMudopmanuoHHoi
0a30ii, ucmonb3lyeMoil mpu (HOpMUPOBAHUU
COOTBETCTBYIOIIMX MHOIOYHCIICHHBIX Mare-
MaTUYECKUX MOJEJEH, NMPUMEHAEMBIX IIPU
PELIEHUH LIUPOKOTO KOMIUIEKCA 3a1a4 MeEX-
oTpaciieBoro OanaHca, SIBISIIOTCSI CTaTHCTH-
YecKue TabIHIIbl «3aTpaThl-BBIITYCK», COBpE-
MEHHasi KOHQUTypalus KOTOPBIX MPHUBEICHA
HIDKE:



dyHpameHTaNbHbIE CBOMCTBA OCHOBHBIX MATPUYHLIX GOPM B CUCTEMAX YPaBHEHWIA MEXOTPACNEBOro HanaHca
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i & b c X
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CTOMM. d d; df dy, |>
r r
L =X
A
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3aTp-b,
BCEro Z1 Zi Zj Zn >

31€ch i, j = 1,n — HymMepauus CEKTOpOB, X~
9JEMEHTHl  MaTPHUIl  MPOMEXKYTOYHOTO
notpebnenus L; ¢, x, d, 7 — BEKTOpbI KOHEY-
HOTO TOTPEOICHNUs, BBITyCKa, JOOABICHHOM
CTOMMOCTH M CYMMAapHBIX 3aTpaT COOTBET-
CTBEHHO.

B.B. JIeoHTBEBBIM U €r0 IOCIEN0BATENA-
MU Ha 6a3e TaONuIl «3aTpaThl-BBITYCK» ObUTH
pa3paboTaHbl TPU OCHOBHBIE CHCTEMBI ypaB-
HEHUH IJIs1 IBYX KIIFOUEBBIX 3a]1a4 MEXOTpac-
JeBoro OanaHca, a MMEHHO: OIpeaeiieHue
BBIITyCKa IO JaHHBIM KOHEYHOIO crpoca
100 1O JaHHBIM JO0OABIEHHOW CTOMMOCTHU U
YCTaHOBJIEHUE B3aMMOCBSA3M MEXKIY pPaBHO-
BECHBIMHU IICHAMH W OObEMaMH BBITTyCKa B
eauHunax Beimycka [1 — 3]. B Teoperuue-
CKHX M IPUKJIAJHBIX HUCCIEN0BAaHUAX B 00a-
CTH MEKOTpacJIeBOro OajlaHca 3TH MOJEIH
UTPAIOT KIIFOYEBYIO POJIb.

B nanHo#i paboTe uccienoBaHbl U ycCTa-
HOBJICHBI OCHOBHBIE CBOMCTBA U B3aUMOCBSI-
3W Marpull, GUTYPUPYIOMIUX B YIOMSHYTBIX
CHUCTEMAaX YpPaBHECHHI.

1. Cuctema ypaBHeHM# 1JI1 B3aMMOCBSI-
31 PABHOBECHBIX LIeH 1 00beMOB BBIITYCKA.
JlanHas Mopenb Oasuwpyercs Ha OanaHce
3arpar
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L i
z;=x;=D x;+d;, j=ln. ()
i=1

Ucnons3ys (1), (2) u mpeobpazoBanHus,
aHaJIOTUYHBIE OMHUCAHHBIM B [1, 2], a Takxke
3aBUCHUMOCTD

% =M;P, j=1n, )

rae Pj, M] — PaBHOBECHBIE LIEHBI U BBIITYCK B
€MHUIAX BBIIIYCKA j-TO CEKTOpa COOTBET-
CTBEHHO, B [, 2] moiy4aroT BEKTOpHO-MaT-
pUYHOE ypaBHEHUE PABHOBECHBIX IIEH

OP+d, =P, 4)
B KOTOPOM MaTpuma
i J
X1 Xi1 il X1
¥ o * Xn
X | X | Za | X
i xl x.f' x.,r' Xy
bl
Q - ‘x]_ F f,?_ i xﬂ (5)

g x' X *4 Xn
flq Xin x.f"" Xon
X, X; x; X
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a d, — BEKTOp C JIEMEHTaMH

d. et
d;=—L, j=1,

(6)
[Tockonbky B Belpaxenuu (6) purypupyet
HEHU3BECTHAS BEJIMYHMHA Mj, ypaBHeHue (4) ¢
UCTIOb30BaHueEM (6) mpeoOpa3yercst K BUILY
KP =

0, (7

IJle MaTpuia

K=E-Q-G, (8)

aG-— JAruaroHalibHas Marpulia ¢ 3JICMCHTaAMHA

j=Ln @)

Cuctema (7) siBIseTcs OMHOPOAHOM U
MMEET HEHYJIEBBIC PEIICHHUS], TTOCKOIbKY, KaK
noka3zaHo B [4], AeTepMUHAHT MaTpullbl (8)
paBeH Hyiro. Ha xapakrep aTuX pereHun kap-
JTUHAIBHBIM 00pa30M BIIMSET PAHT MaTPUIIBI
(8). B [4] moka3zaHO, 4TO paHT 3TON MaTPUILIbI
r=n— 1, Tae n — YUCIIO CEKTOPOB B CUCTEME.
DTOT BBIBOJ, ClieJlaH HA OCHOBAaHUU OLEHKU
MUHOpPOB 7 — 1-ro mopsiika marpuiisl (8). B
[4] aTa o1leHKa OMpe/ieieHa KaK OLICHKA CHU3Y.
Hwxe npuBomuTcs NOTHOE JOKA3aTelbCTBO
TOTO, YTO paHr Marpuisl (8) paseH n — 1.

Omnpenenurens A Marpuiipl (8) ¢ UCTIONb-
3oBanueM (1), (6) u (9) MoxkeT ObITH TIpes-
CTaBJICH B BUJIE

Ag= o A,,

[1x; (10)
i=1

Tac

X=X = dl =X _'rjl Xy
A X, x,-x,—d, iy %y .
J X -x, X354, 3 (11)
'IIJ? E Tr'.lr _')‘-,l'u '\-r: E '\-mr i dar
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C yuerom (2), (5), (6) moxxeM 3anucarb

n

5 . _
J=lizj

nocnue yero onpexaenurens (11) nmomyyut Bua

1 X | =X | X | X
5
1 —X;; Xy —X . —-X .
_ 1 i Ji ni
A= . - (13)
; 5
N | ™% | *p | %
n 5
_xl n _x.-'n _x_;'n xm:

Ornpenenenue panra MaTpuils (8) Leneco-
o0pa3HO TNPOU3BOAUTH IMyTEeM aHaiu3a e€
MHUHOPOB Pa3MEpHOCTH # — |, mOIy4aeMbIxX
MyTeM BBIYCPKUBAHUS i-i CTPOKH U CTOJIOIA
B onpenenutene (13).

Ananu3 mpou3BeAeM CHavaja Jyisd CHCTe-
MBI C Pa3MEpHOCTbIO 7 = 4 ¢ AaJbHEUIIUM
00001IeHeM i Opou3BOJIbHOTO n. Jliis
cinyuas n = 4 onpenenutens (13) umeer Buj

5
X —Xy | —Xy —X4
5
Xy | Xy | TX3p | Ty (14)
A — .
x(4) s
X3 Xoz | Xaz X4z
5
Xy | Xy | X5y | Xy

ITocne BbruepkuBanuss B (14) mepBbIx
CTPOKH U CTOJNOIA MOIy4aeM MHHOP TpeThe-
ro MopsJIKa

X
Xop | =Xz | TXa2
5
= || o 1
Ax(“)m— K | iy Xyx | (15)
s
Xy | X3y | Xy

C wucnons3oBanueMm (2) omnpeaeauTenb
(15) MOXXHO peCTaBUTH B BUJE

.\'[,
Xy + X5 X3 X4
L]
Avom=|| =Xn |Xtx3| X5 ||, (16)
\U
Xy X3y Xgq T Xy
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rae

i=2,4,

5 g

Xii = Xii — Xy

(17)

MpyU 3TOM, Kak MOKazaHO B [4], momydaem
CBOWCTBO

.\'U
Xp | X0 | X
.‘a'"
Ax(4)m(|_ —Xx 13 | Xa3 =0. (18)
.\"J
Xy | T X34 Xag

Onpenenurensd (16) MoxxeT OBITh BBIUHC-
JICH C UCTIOb30BAaHUEM 3aBUCHMOCTH [5]

a,tb, |a,+bh, ' a, +h, ay | ay, a, by | by | - | b,
ay ay ' a4, 4y | 9y 4, ay | dyp | © |G

= + \ (]9)
an | arri ann arr 1 an 2 aam an 1 an? amr

[TocrnenoBaTenbHO MPUMEHSISI PaBEHCTBO
(19) mns Bcex cTpok nerepmuHanTta (16),
NOJTy4aeM BBIYMCIUTEILHYIO TPOICTYPY JUTS
OTIpeNeJICHHUs €ro0 3HaueHUs B 00IIeM BHUJIE,
npeCTaBIeHHYO B Ta0I. 1.

Ha mepBoMm miare 3Toi TpoOUEAYpHI W3
TMepBOil CTPOKM ONpPEACTUTENs A 4, YAa-
JIAETCS DIEMEHT X |,, HA BTOPOM — U3 BTOPOH
CTPOKH DIEMEHT X,y M Ha TPETHEM — M3
TPEThEH CTPOKH YHANIACTCS DJIEMEHT X 5.

B pesynbrare moirydaeM paBeHCTBO

8
20
AJl‘(él.)h\‘: = ZAI - ( )
i=l1

B stom pasenctse onpenenurens A, = 0,
MIOCKOJIbKY OH MMEET CTPYKTYpy OIpEaesIH-
Tens (18); nerepMuHaHT A, SBJISETCS MOJIO-
JKUTEIbHBIM, HOO xS°22' x5033 > X53'X3,; TIO
AHAJIOTHYHBIM [IPUYMHAM OIIPEIEITUTENN Ay
1 Ag TaKXKe TOJOKUTENbHbI, TETEPMUHAHTHI
Ay A, Ag, Ag paBHBI TIPOM3BENECHHIO HX
JINarOHaJbHBIX DJIEMEHTOB U IOJOXKUTEIb-
Hbl B CHJIy IOJIOXKUTEJIBHOCTU 3JIEMEHTOB
Xijp b ] = 1,n B ctpyktype (1).

Takum 00pa3om, ompeaeauTenb Ax(4)m
ABJISIETCSL TOJIOXKUTENIBHBIM IPU MTPOU3BOJIb-
HBIX 3HAYEHUSIX IEMEHTOB CTPYKTYpHhI (1),

ISSN 1562-8965. The Problems of General Energy, 2017, issue 2 (49)

paHr MaTpuilbl (8) npu e€ pasMepHOCTH 1 = 4
paBHsieTci r =n — 1 = 3.

BaxxHo oTMmMeTuth clienyromue 0coOeH-
HOCTH JeTepMHHAHTA A, . BCe MaTpHILbL,
NpeCTaBlIC€HHbBIE BO BTOPOM M TPEThEM
sapyce Taba. 1, Takke UMEIOT MOJTOKUTEIb-
Hble JICTEPMUHAHTBI. DTO BUJIHO U3 €&
CTPYKTYpbI. JIIsl HONOKUTENBHOCTH Ay,
HEOOXOANMO U JOCTATOYHO, YTOOBI XOTs OBl
OIMH U3 €T0 DJIEMEHTOB X, I = 2,4 OB
MOJIOXKUTEIBHBIM.

Jloxaxxem pajnee, 4TO ITUM CBOHCTBOM
(r=n —1) obnamator Marpuibl (8) mpu
IPOM3BOJILHOM 3HAYEHUU HX pa3MepHO-
creil. [l 3TOro BOCMOJIB3yeMCS METOJ0M
MOJIHOM MHIYKIMHU, @ UMEHHO, MpEenosa-
rasi, YTO paHT MaTpulsl (8) npu n < m pas-
HSETCA

r=m-1, (21)

JOKaKeM, 4TO MpPU Pa3MEPHOCTU MaTpPHIIbI
(8) n=m + 1 e€ panr OyaeT paBHATHCS
r=m. (22)

B cnydae, korna marpunia K uMeer pas-
MEpHOCTh n =m, nerepmMuHanT (13) mpe-
oOpa3zyercs K BUILY

17



M.H. KYIUK
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®yHpameHTaIbHbIE CBOWCTBA OCHOBHBIX MATPUYHBIX GOPM B CUCTEMAX YPaBHEHMIA MEXOTPACEBOro banaHca

xisl X | TXs | T & | T

X12 —rlzﬂz X33 | X2 | ™%
Ax(m): X3 | X3 x_:_‘ Xz | X3 . (23)

_xli _XZ:' _XBI x: —'tfiff'

_xl m xﬁ m x_'i m _xim x;:.-n

OH paBeH HYIII0, & COOTBETCTBYIOIINI MUHOD
m — 1-ro nopsjka, NOJy4YeHHbIN, KaK B IMpe-
JBIIYIIEM ClTydae, UMEET BU]I

s
X | X | X | T2
s
A T | Xas | TR | s (24)
x(m)m — s :
Xy X3 Xii X i
s
me _‘x.'im _xfm ‘xmm

[Tocne mpeoOpa3zoBaHuUil JETEPMUHAHTA
Ax(m)M, aHasornyHeix (16), momydaeM ero B
BUJIC, IPUTOAHOM ISl TPUMEHEHUS 3aBHUCH-
Moctu (19) c menpro OIEHKH €ro CBOWCTB
(Tabm. 2). B ool 1 mocnenyromiei Tadaumax
Bce TalOiauuHble (OpPMBI JUJIS YOPOUICHUS U
OONbIIEH HATISIHOCTH YEpTeXa CIeayeT
BOCTIPUHUMATH KaK JIETEPMUHAHTHI.

B cooTBEeTCTBUM C MPEANONIOKCHHUIMH,
CHACNaHHBIMH COTJIACHO METOAY TOJHOM
WH]TyKIIMY, BCE IETCPMHUHAHTHI STOH TaOHIIBI
(kpome A, PaBHOTO HYJIIO) ABJISAIOTCS ITIOJO-
KHUTEIBHBIMUA ¥ UMEIOT CBOWCTBA, TIPUCYIINE
JeTepMUHAaHTaM Tal. 1, OTOBOPEHHBIC BHIIIIC.

B cinyuae, xorna marpuna (8) umeer pas-
MepHOCTb n = m + 1, nerepmunant (13) mpu-
BOJIUTCS K BUIY

8
X Xy | TR X | T | T
S
Xz | Y | T | M | Tha | TN
5
X3 | Xy X33 X | TEm | X3
x(m+1) = s -(25)
X | Xm | Ry Lii i | "X
§
-.\'| m _xim _x.‘ml _'rim Ko i xm +lm
$
_I]HH-l _xlm+l _“-3m+] _X.ifrr+l _Xmm-] Xm+| m+l

OH TaK)X€ pPaBEH HYJII0 U UMEET MHUHOP 7M-TO
nopsiika

Yzz X3 —Xin “Xm2 | TXme12
X -":1 X3 | X3 | T¥w3
A.\‘(m+l).u = X —X5 1: i | T ¥mati
T ~Xim X ;:m “Xinelm
“Xomsl | "®met | "Kimal | "Xl :+lm+1
[Tocne mpeoOpa3zoBaHuil AETEPMUHAHTA

(26), aHaMOTUYHBIX TE€M, KOTOPbIE IPOBOJIU-
JUCh B MPEAbLAYLIUX CIydasX, MPOBEIeM
BBIYUCIUTENBHBIN MpoLEecc, MNpeCTaBICH-
HBIN B Ta0OmI. 3.
3nech, Kak U paHee, onpeneauTens (26)
paBEH CyMMe€ ONpEAETUTENEH
6
Ax(mH)M = ZA: ’ (27)
i=1
B KOTOpOH A¢ = 0. L
Bce onpenenutenu A, i = 1,5, Tabm. 3
AMEIOT pa3sMepHOCTb 7 = m. OHM UMEIOT
UJEHTUYHYIO CTPYKTYpY, MOCKOJIBbKY 0OOpa-
3YIOTCSI YMHOKEHHEM IOJIOKUTEIBHOTO 3J1e-
MeHTa X ;, [ = 3,m + 1 Ha omnpenenuresb
m — 1-ro mopsiika, MOJTy4yaeMblil BbIYEPKU-
BAaHMEM M3 ONpelenurens A, . y), X
CTPOKH U CTOJIONA C TTOCIEAYOUUMHU IPUBE-
JEHHBIMH TpeoOpa3oBaHusIMU. Takue ompe-
nenutenu (mopsaka m — 1) Mo yCJIOBHIO
METOJ1a MOJIHOM MHIYKUHUU SBISIOTCS IOJIO-
xutenbHbIMU. [loaTOMy nerepmuHaHT (27)
SBIISIETCSL TIOJIOKUTEIBHBIM, PAHT MaTPHIIBI
(8) mpu e€ pazmepHocTu n = m + 1 COOTBET-
cTByeT (22), a npu NMpor3BOJILHOM 3HAYEHUU
n €€ paHr
r=n-—1. (28)
Ipumep. L1 npoBepKH aaeKBATHOCTH
npeobpazoBanuii (19) — (27) npumenum ux
JUIsl TaOJUI] «3aTPaThl-BBITYCK» B YKpauHe
3a 2012 r. Ucnonp3yem c 3Toil 1einbro Tadiu-
1bl, IpHUBEIEHHbIE B [4], MpeaBapuTEIbHO

arperupoBaB HX JO YETHIPEX CEKTOPOB
(Tabm. 4).
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Tabnuya 2 — BoIYuCJINTEJbHASA €XeMa M0 AHAJIHU3Y CBOMCTB AeTePMHUHAHTA Ax(m)M

Ax(m').-u Al
S
Ap t Xy ~X3 X X %o 0 0 0
S 5o
Xy | XXy | X X " e T O 3
S 5
X, X, | X +x, | -x, X, e T
5 So
_x’nr _x?mf _x{nr xmm ¥ ‘rl m m X i Xom x Xin
1% A,
xSO -X. -X -X %
2 2 i2 m Xy X5 X X
S
Xy Xy +X5 X3 X3 8 0 i3 0 0
S So
_x21 x3: xﬁ + xi: _xmi xz“ xii xﬁ T x]’ _xmi
S So +
_xlnr _xim _xim xmm +k xlm Xom mx:“" “Xim x’""’ Yim
\% A,
Sn SU
Xy —X3 —Xi X2 Xy, —X;, —Xp X
Sﬂ Sn
"'xzs x” —'xﬂ "’xm] > _x23 x}"a _xf3 xm3
S
Xy X X X, X 0 0 %ii 0
x -X -x -X 0 X
wxlm mx3m —xr'm xmm + xlm 2m 3m im A Im
\% A4
5 So
X Xy —Xi ~Xm2 22 X3 X | TX,2
50 AS'(']
Xy Xy —Xi X3 . Xo3 X33 —X;3 X3
S So
xl; x‘h xu _xmr' x2 i x3 i x;‘i xmf
So
qur ‘x3m _xrm xmm & xlm 0 0 O xl L
So
Xoo X3 | Xy | X0
So
—X23 X33 —Xi3 | Xms3
So :
X, X3 Xii =X i
ng()
_x2m x3m _x:'m xmm
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Tabnuya 3 — BeIYMCIANTEJBHBIH AJTOPHTM 10 ONpPeIeIeHHI0 CBOICTB IeTePMHHAHTA Ax(m +m

A Ay

x(m+1)m
Iptdy | Xy X X X X 0 0 0 0
5 S
Ty (XX | R | e ERRE Ty (Xt | Ky | hws JRURE
5 > 5
—Xy, Xy | X T X X Xy BRI X ol
S
_Iﬂm _Ilm _xl'm xnmr +"Im _Im+lm _xlm _‘r}m _xﬂw Imm t X!m _"m+lm
S
_xlml “'rimvl m‘rf:n‘l —Imml ‘rm+lm+l + xlmi—l _x2m+l _x3m+l “Ifm:—l _Imm+l xm-'lmi—l + I]m+l
v A,
5 S
X X3 Xia X2 Xors12 I X3 Xi2 X Xoin2
5
Xy | Xy X X X3 X3 0 X3 0 0 0
S S
. s . R =l = - = s
xlf xﬁi xﬁ' + x” xfm' xm—li x!r’ 'x.‘vr' xﬁ + xlr’ xmf' xm+l.l'
5o 5
_xlm _x3uur _xfm xmm +x|m _xm+|m _xznr _x3m _xfm xmnf + x!m _xm+lnr
So !
“Xmet | T | "X “Xomsl | Fstwet T X “Xamat | TVt | " Ximn “Xomit | Faretmat T Xt
v Az
S So
Iy X5 X X2 X2 Xy X | X X X2
5 So
X | X X3 X3 X3 Xp | % | X3 X3
5o >
%y Xy | X T X “Xsti 0 0 i 0 0
S0 Sy
_xlm _'rim _xr'm xmm + xlm _xm+lm _xlm _x3m _xf'm xmm + xlm _xm+!m
5 5
Kot | Xzt | il “Xomet | Tmetmat T Xt “Xymit | Xamer | iwat | Fomet | Fostmar T X
v Ay
So So
Xy e X2 Xt Xy X | Xy | X X2
S S
—Xy X33 —Xi3 ~Xm3 Xt —Xy X33 Xz | X Xt
S > S
—Xy —X3 i X X —Xy —X; Xig X X
Sy
_XEM _xlm _Il'm xmr:r + xlm _Imiim 0 0 0 'r'lm 0
So So
Xamit | “Xamar | “Ximet | Xomst | Xonitmar T Xy Xt | "Xt | “Ximet | Xmmat | Xsimst T Ximat
v As
S So
X2 —X3 X X2 X2 Koy Xy | X | TN | X2
So S
—Xy3 X33 —Xi3 X3 ~Xma13 —Xa3 X33 X3 | T Xas | T Xmas
So 7 _ > So
Xy —X3; X Xoni Xosti —Xy —Xy Xy X i X i
S Sp
‘_‘xlm —x3m _xin: xmm _xm+!m _x2 " _x3 "t _xi'm xm " _xm-i-] "
5
“Xomat | TXamet | TXamet | T Xmmet | Kot T Ximn 0 0 0 0 Kl
V Ag
S
X2 —X3 —Xiz X2 | X2
So
X3 X33 —Xi3 X3 X 13
S
Xay —Xy Xii X X i
Sy
_xlm _x3m _xf'm xnmr _xm+|m
Sp
_xz:n+l _x3m+l _x.‘m+l _xmmi-l xm+|m+|
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Tabnuya 4 — ArpernpoBanHasi TadJIMIA «3aTPAThI-BBINYCK» B YKpauHe B 2012 .,
MJIH TPH, HeHsl 2012 .

L
s A K c X
. ITpomeskyTounoe norpediexne Kou-e
No Cektop Brinyck
1 2 3 4 noTp-€
1 | Cenbckoe xo3sicTBO M Ap. 80387 348 1282 71006 168160 321183
HobeiBatolias MpoMbILIIEHHOCTb,
2 | 3NeKTPOIHEpPrus, CTPOUTENLCTBO 7454 35913 155101 286965 | ; 46931 ; 532364
¥ Ip.
3 | Tpaucnopt u 1ap. 11977 19775 25087 98986 72596 228401
4 | lpyrue ceKkTopsl 104030 62540 161979 | 1218241 1171409 271899

| JobagnenHas cToMMOCThb

[ 117335 [ 109845 | 188915 [ 1043001 | @’

| 3arpartsl, BCero

| 321183 ‘ 228401 | 532364 |27[8199 ‘ 7

CornacHo mgaHHBIM Taba. 4 NEeTEPMHUHAHT
Ax(4) (14) umeer Bua

123461 | -7454 | -11977 | 104030
-1282 | 188348 | -25087 | -161979 (29)
348 | -35913 | 98801 | 62540 ||’
~71006 | 286965 | —98986 | 456957
a nerepMuHaHT (15)
188348
asrees1sy) | 257 161979
_ 98801 .
x(p)a I3 | osasaeng) ~62540 .(30)
456957
286065 989861 (385951471006)

IIpumenenue pasenctsa (19) k gerepmu-
HaHTYy Ax(V)M INPUBOAUT K MPOLECCY, MPEI-
CTaBJIEGHHOMY B TabI. 5.

3nech, Kak U paHee, C HCIOIb30BAHHEM
(19) mpoBoaMTCS MO3TANHOE yAAJICHUE BTO-
pOro ciraraeéMoro B JAMAroHAJIbHBIX JIEMEH-
Tax MCXOJHOTO U BHOBB IOJIy4aeMbIX JETEP-
MUHaHTOB. B pe3ynbTare npuxoauMm K paBeH-
CTBY

8
Arirym =D A 31)
=]

22

B Tabn. 6 mpuBeneHbl 3HAYEHUs 8§-MU
JIETEPMUHAHTOB-CaraemMbpix cymmbl (31) u
JNeTepMHUHAHTA Ax(y)M, BBIUMCIIEHHOTO 10
dopmyne (31), a Takxke (mJA MPOBEPKH)
KJIACCUYECKUM MeToAoM. MImeeT mecTo npak-
TUYECKH TIOJIHOE COBIIAJICHUE 3HAYCHUU
3TOrO JE€TEPMHUHAHTA, ONPEAECIIEHHOIO pa3-
JUYHBIMH METOJAaMHU, YTO IOATBEPXKAAET
CIIpaBeUTMBOCTD npoueaypsl (19) — (27).

2. Cucrtema ypaBHeHUH AJs1 onpejeie-
HHUSl BBINYCKA MO [JaHHBIM KOHEYHOIO
cmpoca. JTa cucTeMa ypaBHEHHH Oasupy-
eTcst Ha 0ajaHce BHITYCKOB

fof+cf =X, i=1n. (32)
Jj=1

B.B. JleontbeB mpeoOpazoBan cucremy
(32) B MaTpuIHO-BEKTOPHYIO (hopMy

(E-A)x=c,
(33)
. o e
ay-:x—”, i,j=1n.
j (34)
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Taénuya 6 — 3Hauenus JeTePMHHAHTOB M3 Ta0.1. 5, (x1015)

JlerepMuHaHT Al Az A3 A4 AS Aﬁ A-; Ag Ax(y),“ [Tposepka

laa] oo

it [ o)) o~ s ol

. = I = o f3a) e
o HE = ~ = O Ne) ) = A
= o — - 02 = =) 00 =+ o
T by o =+ — — %] r~ ~ =
o i A IS o~ o — ) IS By
- < o = [l ~— ¥e) [« — - =
= & A ¥ o~ o —~ o (=} s
T N = = = %0 — = - L
- L = =1 < S = = fill —

—_ " L= (=] = = <

< =1 < =4 < <

<= L=l

Jlerepmunant marpunibl E — A u3 (33)
11eJIeCO00Pa3HO MPECTABUTh B BUJIC

A=—1a,. 69
[~
i=1
e
X~ Xy Xy X X
. Xy =X —X.. —X.
- il i if if in
xv=|— — - — . (36)
x.f 1 Xij XXy Xjn
_xul _‘xm' _xuj ‘rn - I“”

Boruntas u no6aBnss B JMaroHajdbHbIC
3JIEMEHTHI (36) BENMYHHEI C;, [ = 1,n, mocne
npeoOpa3oBaHMii, aHAIOTMYHBIX T€M, KOTO-
pbie OBLIM HCMONB30BaHbI IpH (HopMHpOBa-
Hun (16), momyyaeM JeTEpMHUHAHT, aHAJO-

TUYHBIA 0 BenuauHe (36)

Sy
X, t¢ —X); _‘xi_;' X,
Sv
A _ —Xit X +¢ —xf;' ~Xin (3 ’7)
xv = 75 >
_x.“ _xﬂ- x.ﬂ. + (.'J. _xm
S
_xnl _xm' _xu_',r' xm: + Cn

rae

Sy

Xip =X =X —Cs

j= L_n- (38)

Jlerepmunantsl (37) u (16) umeror oau-
HAKOBYIO CTPYKTYPY, U IIOATOMY TIPH HEOTPH-
IIaTeIHbHOCTHU DJIEMEHTOB BEKTOpa KOHEYHOTO
crpoca ¢, [ = 1,n, nerepmunant (37) sBnser-
Csl HEHYJICBBIM M TIOJIO)KUTEIBHBIM TIPH TIPO-
M3BOJIBHBIX 3HAUYEHUSIX Pa3MEPHOCTH K

cuctemsl (33), 2IeMEHTOB MaTpHUIIbl A U BEK-
TOpa KOHEYHOTO CTpoca C.

3. Cucrema ypaBHEeHHH Uil onpezeJie-
HHUS BBINYCKA MO JAHHBIM 100aBJIEHHOM
CTOMMOCTH. JTa cucTeMa cpopMUpoBaHa Ha
ocHOBe OamaHca 3arpat (2), koTopas B Mar-
PUYHO-BEKTOPHOM (hopMe UMEET BU]L

(E-Q)x=d, (39)
I'IC 3JICMCHTBI MaTpHUIbI Q
X —
gy=-L, ij=Ln. (40)

Onpenenurens marpunbl E — Q, Kak u
BBIIIIE, MIPEICTaBUM MPOU3BE/IEHUEM

Ay = ” xd » (41)
[1x
i=1
rac
X=X, —Xi —Xj X
Axd _ —X,; X=X, —X; —6: . ( 42)
—xU’ _xf:' x_f' e x.f_':' _xw'
=X e ~X; X-—X

Hanee, xkak u nipu dopmupoBanuu (37),
npeodpasyem (42), UCIIONB3Ys, OHAKO, BME-
CTO BEKTOpa ¢, JJIEMECHTHI BekTOopa d, B
pe3yNbTare 4ero noxydauM Gopmy

.“(!

X +d1 —Xi X5 X

.“hl'
A — =Xy X + dr' —Xy X (43)
xd 54 d *
iy Xy | Xy Ta; | Xy
S

_xl " _xfn _x_;'u ‘xmi g5 dﬂl
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B KOTOpOH

S{f "

(44)

HerepmuHaHT (43) Tak ke, Kak U AeTep-
MUHAHT (37) UMeeT CTPYKTypy ACTEpMUHAH-
Ta (16), K HEMy IPUMEHUMO MTOATOMY Pa3Jio-
’)keHne Tabia. 1. DTo gaeT OCHOBaHUE IS
YTBEPKIAEHUS, YTO OH HEHYJIEBOM U MOJIOKU-
TEJbHBIN TP IPOU3BOJIBHBIX 3HAUECHUSAX pa3-
MEPHOCTH 1 MaTpulibl E — @, SIEMEHTOB X;; 1

ij
d., i, j= 1,n, yIOBIETBOPSIONINX, €CTECTBEH-

Hl(), ycIoBuio (2).

4. Anaiu3 m komMeHTapuu. Bce Tpu
3a/1a4d, PACCMOTPEHHbBIE BBIIIE, PEIICHBI C
KCIIOIb30BAaHUEM OJHOTO U TOTO K€ METOJa,
KOTOpBIN T1Ie5ieco00pa3HO Ha3BaTh METOIAOM
AKCTPAIOJISIIIUU K HYJIEBOMY JIETEPMHUHAHTY.
ITokazaHo, 4TO cucTeMa ypaBHEHUH (4),
pexoMeHayemas B [1, 2] ¥ MHOTUMHU APYTUMHU
aBTOpaMH JJi YCTAHOBIICHHS] B3aUMOCBSI3U
PaBHOBECHBIX II€eH M OOBEMOB BBITYCKa B
€ANMHULAX BBIMYCKa, SABJISIETCS OAHOPOJIHOM C
ocobeHHoit Matpurieii (8). Jlokazano, uto 3Ta
MaTpulla UMEET, KaK MUHUMYM, 1 TOJIOXKH-
TEJIbHBIX MUHOPOB C Pa3MEPHOCThIO ¥ =n — 1,
IJI€ 7 — pa3MEPHOCTh MaTpHIlbl (8). DTa Bax-
Hasi 0COOEHHOCTh OOYCIIOBIMBAET TO, YTO W3
KOHTUHYaJIbHOTO MHOXECTBAa  PEIICHUM
cucteMsl (7) HEBO3MOXKHO BBIJICIIHTH XOTS OBl
OJTUH BEKTOP, KOTOPBII COOTBETCTBOBAN OBI
CMBICIIOBOMY COJICP)KaHUIO TaOIUIl «3aTpa-
THI-BBINYCK». W3 Teopun OIHOPOIHBIX
CHUCTEM [B YaCTHOCTH, 5| M3BECTHO, YTO B
clyyae, Korjia paHT MaTpHUIbl CUCTEMbI BH]IA
(7) Ha eguHUIly MeHbIIE €€ Pa3MEepHOCTH,
OTHONICHUSI K-TO U [-TO DJIEMEHTOB JF0OOTO
BEKTOpa €€ pellICHU ONpPeIeNICHbI )KECTKO U
onHo3HaYHO. [IpuMenurensHo k cucreme (7),
KaK IMOKa3aHo B [4], 3TH OTHOILIEHUS] UMEIOT
BU/I

P (45)

e P, x;, P, X, — paBHOBECHBIC LEHBI U
BBIITYCKHU B €IUHUIAX BBIITYCKa CEKTOPOB k U
[ coorBeTcTBEHHO. OYEBUIHO COBEPILEHHO,
YTO OTHOLIEHHE PABHOBECHBIX 1IEH JIByX MPO-
U3BOJIBHBIX CEKTOPOB HE MOXET PaBHATHCA
OTHOIIECHUIO 0OBEMOB UX BBIITYCKa B «(PH3H-
YECKOM» HCUHUCIEHUU. DTO O3HAYaeT, 4TO
cuctema ypaBHeHui (7) gaet HeBepHbIE JTHO0
BBIPOJKJCHHBIE pemieHus. [loatoMy cructeMbl
(4) u (7) HeNb3s UCTIONB30BATh HE TOJBKO IS
ONpeETICHUs] PABHOBECHBIX LIEH U BBITYCKOB
B CIMHMIIAX BBIMYCKa, HO W IS PEUICHUS
JIPYTUX 33724 MEXOTPACIEBOTO OaslaHca.

Marpuua E — A cuctemsl ypaBHeHu (33)
I ONpEAeJCHUsl BBINYCKa IO JIaHHBIM
KOHEYHOTO CIIPOCa UMEET paHr » = n, TAe 1 —
€€ pa3MEpHOCTb, a JIETEPMHHAHT SBIISAETCA
BCET/Ia MOJIOKUTEILHBIM MPH 11000 pazMep-
HOCTU MATpHUILBI U HEOTPULATEIBLHOCTHU 3Jie-
MEHTOB KOHEYHOTO CHpOca, IPUYEM MOCIE-
HEe YCJIIOBHME, KaK MOYKHO BHJIETh JaXe W3
Tabim. 1 — 5, He Bcerga sABIsETCS HEOOXOMH-
MBIM.

Cucrema ypaBHenu#l (39) nns onpenene-
HUSI BBIyCKa MO JAaHHBIM JT00aBICHHOMN
croumMocTtu umeet Marpuny E — Q, e€ panr
r=n, a JETEPMUHAHT IOJIOKUTEJIEH MpHU
BCEX 3HAYEHMAX X, X, dj, YIOBJIETBOPSIFOIINX
ycnoBHio Oananca 3arpar (2). Cinenyer orme-
TUTh, YTO CBOWCTBO TMOJIOXKUTEIBHOCTH
JeTepMuHanTa Mmarpuilel £ — @ J10Ka3aHo
P. benmmanowm B [6]. [Ipu 3ToM OBLI0 UCTIONB-
30BaHO JI0KA3aTEIbCTBO, OCHOBBIBAIOIIEECS
Ha omnpexnenurensax ['pama. OHO KOMMakTHEE
MeTOoJ]a 3KCTPAIOSALNN K HYJIEBOMY IETEp-
MHHAHTY, OJHAKO NOCJIEAHUN MNPUMEHUM
cpa3y KO BCEM pacCMOTPEHHBIM 3]I€Ch 3aja-
yaM M, 4YTO HEMAJIOBaXKHO, JA€T BO3MOX-
HOCTb ONPEIECIUTh HE TOJBKO 3HAaK, HO M
3HAYEHUS U3y4YaeMbIX JIETEPMUHAHTOB.

Crnenyer 0co60 MOAYEPKHYTh YHUKATHHOE
cBOMCTBO cucTteM ypaBHenuit (33) u (39), B
KoTtopbix Marpuubl E — A u E — Q umeror

ISSN 1562-8965. The Problems of General Energy, 2017, issue 2 (49) 25



M.H. KYIIUK

OTpeAeNIUTENN, 3HAYCHHUSI KOTOPBIX 3aBUCST
OT 3HAUEHUM MPaBbIX YACTEH ITUX CUCTEM, a
MMEHHO, OT 3HAUY€HUH 3JIEMEHTOB BEKTOPOB
KOHEYHOTO CIpoca ¢; U A00aBICHHOW CTOH-
MOCTH dj, i, j = 1,n, cOOTBETCTBEHHO. B 3TOM
JIETKO YOEIUTBhCS CpaBHHUBAs OIpPENEIUTENb
Ax(m + 1) 13 Tabn. 3 ¢ onpenenutensimu (37)
u (43). IlepBonmpuuMHON TaKOrO CBOMCTBa
sBasgeTcs To, uro cucteMbl (33) u (39)
IOCTPOEHBI HA OCHOBaHUM OaJlaHCOB 3aTpar
(2) u Bemycka (32). banaucer (2) u (32) He
YUTEHBI B JI0KA3aTeJIbCTBE MOJI0KUTEIbHOCTH
neTepMuHanTa marpuisl E — Q, npuBeeH-
HOM P. bermmanom B [6], koTOpoe Mo3TOMY
SBJIIETCS, 110 MEHBIIEH Mepe, HECTPOTHM.
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FUNDAMENTAL PROPERTIES OF THE MAIN MATRIX FORMS
IN THE SYSTEMS OF EQUATIONS OF INTERSECTORAL BALANCE

We have investigated the fundamental properties of the matrices of three systems of alge-
braic equations describing the key problems of intersectoral balance: determination of out-
put by the data of final demand, determination of output by the data of added value, and
establishing the interrelation between equilibrium prices and output. All these problems
have been solved with using the same method proposed here and called the method of
extrapolation to zero determinant. We have shown that the system of equations recom-
mended by numerous authors for establishing the interrelation between equilibrium prices
and output volumes in output units is homogeneous. We have proved that, in this matrix,
there exist at least n positive minors with a dimension r =n — 1, where n is the dimension of
matrix. This important feature envisions the fact that, in the continual set of solutions of the
corresponding system, it is impossible to find even if a single vector that would correspond
to the meaning content of tables “input-output”. Therefore, this system cannot be used not
only for determining equilibrium prices and output in output units, but also for the solution of
other problems of intersectoral balance.

We have proved that the matrix of the system of equations for finding output by the data of
final demand has a rank r = n, and its determinant is always positive for any dimension of this
matrix and non-negativeness of the elements of final demand, and the last condition not
always is necessary.

We have established that the system of equations for finding output by the data of added
value has a matrix whose rank is r = n, and its determinant is positive for all values of vari-
ables satisfying the condition of input balance.

K ey wo rd s: matrix, determinant, rank, vector, output, input, balance, price.

The theory of intersectoral balance | structures and formations. As the infor-

(«input-output») during its almost 100-
year development became widespread and
was used for various applications practi-
cally in all countries of the world as well
as in different international economical,
financial, business, scientific, and other

© M.M. KULYK, 2017

mation basis used in the development of
the corresponding numerous mathematical
models, which are applied in the solution
of a wide complex of the problems of
intersectoral balance, it is customary to
use statistical tables («input-output»),
whose present-day configuration can be
written as follows:
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L
A
>
Sector 1 i j n
I Xn | X | Xy | Xia
i Xil Xii Xif Xin
X1 X Xjj Xin
n Xl Xni xm Xon
dl‘
A

Added di d;' d], d,,

value

Total
input

Z] Zj Zj Zn

Here, i, j = 1,n are the numbers of sectors,
x;; are the elements of the matrix of interme-
diate consumption L; ¢, x, d, and z are the
vectors of final consumption, output, added
value, and total input, respectively.

V.V. Leontief and his followers on the
basis of tables «input-output» developed
three main systems of equations for two key
problems of intersectoral balance, namely:
determination of output by the data of final
demand or data of added value and establish-
ing the interdependence between equilibri-
um prices and output volumes in output units
[1 — 3]. In the theoretical and applied investi-
gations in the field of intersectoral balance,
these models play the key part.

In the present work, we investigate and
establish the main properties and interrela-
tions of matrices, appearing in the mentioned
systems of equations.

1. System of equations for the interrela-
tion of equilibrium prices and output vol-
umes. This model is based on the input bal-
ance

c X
Final ; Output
consumption
& X
2 Cf ; ‘xf 2
G Xj
CH YH

(1)

With the use of (1), (2), transformations
similar to those described in [1, 2], and also
the relation

x;=M;P,, j=Tn.

3)

where Pj, M; are the equilibrium prices and
output in output units, respectively, of the j-th
sector, the following vector-matrix equation
of equilibrium prices was obtained in [1, 2]:

OP+d, =P, 4)
where the matrix
i i ]
i | 2 | Zn | R
xl x!. XJ. Xy
i | % | T ni
i x] x:' x_;‘ Xn (5)
2
0 =x, [ x [ % | %
X X; X5 Xy
Y Xin X jn Xon
x1 x._. xj, X,
and d, 1s the vector with elements
d ; o —
. o — — n .
Hf » J » (6)
M .
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Since the unknown quantity M] figures in
expression (6), Eq. (4) with using (6) is trans-
formed to

KP=0, (7)

where the matrix

K=E-Q-G, (8)

and G is the diagonal matrix with elements

d - —
j=Ln. 9)
J

System (7) is homogeneous and has
nonzero solutions because, as shown in [4],
the determinant of matrix (8) is equal to zero.
The character of these solutions depends car-
dinally on the rank of matrix (8). As shown in
[4], the rank of this matrix is » =n — 1, where
n 1s the number of sectors in the system under
consideration. This conclusion was drawn on
the basis of estimation of the (n — 1)-order
minors of matrix (8). In [4], this estimate was
defined as a lower estimate. In what follows,
we present the complete proof that the rank
of matrix (8) is equal to n — 1.

The determinant A of matrix (8) with

using (1), (6), and (9) can be written as

1

Ag=——A,, (10)
[1x;
i=1
where
Xi~%i=a; —X =X X
i -X; * =3, —d. -x, -X; 11
X -x;; -x, x;-x,—d, -X,; (D)
_‘rlﬂ _I.'r: _“'."n x" - I”” Y dra

With regard for (2), (5), and (6), we may
write

i=ln,

n
s
X =X =X —d; = Z Xji»

j=li#j

(12)

and, as a result, determinant (11) will take the
form

5
L[ Xu | ™ [ %n | ™%
il =x, | x, |-x, |—x,
_ li i Ji ni
Ae= - (13)
X j _x!'f x_,r':' Xy
s
xl n _xf'n _x_ jn xmr

It is reasonable to find the rank of
matrix (8) by means of the analysis of its
minors of dimension n— 1, obtained by
cancellation of the i-th row and column in
determinant (13).

We first perform this analysis for a system
of dimension n =4 with subsequent generaliza-
tion for arbitrary n. Determinant (13) for the
case n = 4 has the form

5
X —Xop | T3 | TXy
5

—Xx X —x —X
12 2 32 4
X3 | T X | Xz | T Xy

5

Xy | X | T X | X

After cancellation of the first row and col-
umn in (14), we arrive at the third-order
minor

Xy | =3 X4
Ax(4)m =1 7 X | Xaz | "Xz | (15)
“Xog | X34 | Xy
With the use of (2), we may represent
determinant (15) as follows:
.‘1'U
Xt X | —Xg —Xp
5"
Ax(d}m == —X3 Xy3 + X3 —Xg3 , (16)
50
X4 —X3y Xgg T X4
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where

S § e

Xi =Xi—Xy, i=2,4,

(17)

and here, as shown in [4], we obtain the prop-
erty

.ﬁ'[]
X | T4 | TXp
X“
Acymy = || %5 | *n | X ||=0. (18)
S0
Koy | TX3q | Xy

Determinant (16) can be calculated with
the use of relation given in [5]:

cy;
ay +by | a,+b, a, +b, ) | 9 a, by | by, b,
a, a a a a a a a L a
21 22 2n 21 22 2n 21 22 2n
= + . (19)
nl an 2 ' auu an 1 anE ’ am: ﬂ” 1 an 2 ' a:m

Applying successively equality (19) to all
rows of determinant (16), we arrive at the
calculating procedure for finding its value in
the general case, presented in Table 1.

In the first step of this procedure, we
remove element x,, from the first row of
determinant Ax(4)m, in the second, element
X5 1s removed from the second row, and, in
the third, element x5 from the third row.

As a result, we obtain the equality

8
A.\'(4)m = ZA; *
i=l

In this equality, the determinant A; = 0
because it has the structure of determinant
(18); further, the determinant A, is positive
since x50, x50, > x,,°x,,; by similar causes,
the determinants A; and Ag are also positive;
the determinants A,, A¢, A, and Ag are equal
to the products of their diagonal elements and
are positive by virtue of the positiveness of
elements X i,j = 1,n in structure (1).

Hence, the determinant Ax(4)m is positive
for arbitrary values of the elements of struc-
ture (1), and the rank of matrix (8) at its
dimension n =4 isequaltor=n—1=3.

It is important to note the following specif-
ic features of determinant Ax(4)m. All matrices

30

(20)

presented in the second and third tiers of
Table 1 also have positive determinants,
which can be seen from its structure. For the
positiveness of A ayms it is necessary and
sufficient that even if one of its elements x,,,
i =2, 4 should be positive.

Further, we prove that matrices (8) possess
this property » = n — 1 for arbitrary values of
their dimensions. For this purpose, we use the
method of complete induction, namely,
assuming that the rank of matrix (8) at n <m
is equal to

r=m-1, (21)
we prove that, if the dimension of matrix
(8) is n = m + 1, its rank will be equal to

r=m. (22)

In the case where the matrix K has a
dimension n = m, determinant (13) can be
transformed to the form

s
X1 —Xo | T X5 | TXn | T X
Y

X2 | Koo | =X32 | X | X0

A = &
x(m) —Xi3 | %23 X33 —Xi3 | A3

3
xli _x2:' _x3i xh’ —xuu'
s

xi " _x2 i _x3m _‘xim xnrm
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S
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it is equal to zero, and the corresponding
(m—1)-order minor, obtained by analogy with
the previous case, has the form

s
X | X | X | T2
s
A T | Xas | TR | s (24)
x(m)m — s :
Xy —Xy; Xii X i
s
_x2m _‘x.'im _xfm ‘xmm

After transformation of the determinant
Ax(m) ,» Similar to (16), we reduce it to the
form suitable for applying relation (19) in
order to estimate its properties (Table 2). In
this and subsequent tables, all tabular forms
for the simplification and better visualization
of the drawing should be perceived as deter-
minants.

According to the assumptions made by the
method of complete induction, all determi-
nants of this table (except A5, which is equal
to zero) are positive and possess properties
inherent in the determinants of Table 1, dis-
cussed above.

In the case where the dimension of matrix
(8) is n=m + 1, determinant (13) can be
reduced to the form

5
X X | T | T | X | T Feen
s i
—X2 X X | TN | TN | T2
b3
" _xl3 Xy x33 _'x.ij _"’m} _'rnr+13
n™ : 5 —1,(25)
i Lai X3 X i | "X
5
_xlm _‘rEm _‘r_'\m _"tr'rn ‘xamrr _‘rnﬁlm
3
_‘xlm{l _IEm 1 _xlfrn-l _‘rimli _xmru-il “orlm+]
it also is equal to zero and has a minor of the
m-th order:
5 -
X2 —X3; —Xi2 X2 | X2
5
—Xa3 33 —Xi3 Xz | T3 (26)
s
Ax(n:+l).1r T —Xy —X5; Xii ~Xomi Xt ||
8
—Xo X3 ~Xim Konm Xntlm
8
_‘xlun I _x.'im+ I _‘kimﬂ _‘xirmn ] ‘xm+1 m+1

After transformations of determinant (26),
similar to those performed in the previous
cases, we carry out the calculating process
presented in Table 3.

Here, as before, determinant (26) is equal
to a sum of determinants

6
Ax(m+l}.u = ZAJ ?

i=1

27

in which A¢ = 0.

The dimension of all determinants A,
i=1,5, in Table 3 is equal to n = m. They
have identical structure because are formed
by the multiplication of positive element x ,,
i =3,m + 1 by the determinant of (m—1)-th
order, obtained by the cancellation of i-th row
and column from the determinant Ax(m )m
with subsequent transformations similar to
those described above. Such determinants (of
order m—1) are positive by the condition of
the method of complete induction. Therefore,
determinant (27) is positive, the rank of
matrix (8) for its dimension n = m + 1 corre-
sponds to (22), and, at an arbitrary value of n,
its rank is

r=n-—1. (28)

Example. To verify the adequacy of trans-
formations (19) — (27), we apply them for the
tables «input-output» in Ukraine for 2012.
For this purpose, we use tables given in [4],
preliminarily aggregating them to four sec-
tors (Table 4).

According to data from Table 4, the deter-
minant Avy (14) has the form

123461 7454 11977 | -104030

A‘.( 5= -1282 188348 -25087 | -161979
k- -348 -35913 98801 —-62540
71006 | -286965 | -98986 | 456957

and determinant (15) is
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Table 2 — Calculating scheme of the analysis of properties of the determinant A

x(m)m
A
AJ\r(m].u 1
So
Xy Ty X3 X ) Xy 0 0 0
i X 0. X X
_x23 x33 + x]3 _xn _xm3 b 23 x33 x]3 i3 m3
Sn SU +
—X,; ~X;; X, tX, =X, Xy X5 Xi T X
% X X X xsﬂ +X
_x"-’.m _x3m _xr'm xmm it xlm 2m 3m im mm lm
AV Az
xsa -X -X -X )
22 32 i2 m2 xzv _x32 A _xm':!
/]
X3 X33 T X3 —Xi3 X3 > 0 b 0 0
S S
—X,, -x, | x +x, | -x, —Xyi Xy | K tXy | X
S o
_xim _x3m _x‘;m xmm +x]m _xlm _x]-m _xim xmm + x]m
Vv A3
%8 -X —-X -X 5o
2 2 i2 m2 X —X3 —Xi X
o sﬂ 2 - Su
X3 X33 Xis X3 ol ¥ X33 —Xi3 X3
So
—Xy =Xy Xy X X 0 0 Xy 0
S0 5
_x3m _xsm _xg'm mm + x] m _-xlm “x:im _xim xmm + x]m
\Y A4
S So
X X3 —Xi X Xoo X35 —X;s X2
5 So
Xy Xy —X3 X3 —Xo3 X33 —Xiz | T X3
SU -S'O
=Xy Xy Xii X i Xa; X3, X X i
So 0 0 0 X
_xEm _x3m _xim xmm & xi i L
\v As
So
X2 X3 —Xiz —X,2
So
X3 X33 Xi3 Xon3
So
Xy, —X3; Xii X i
So
x2m x3m _x.*'m mim
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Table 3 — Calculating algorithm of finding the properties of determinant Ax(m +

A

x(m+)m 1
Rl
Ty TXy | Xy X X2 X2 ) 0 0 0 0
S S
Xy [ Xy thy | Xy X ~Xpei3 Xy [ Xy T | X X X3
Sa [ S
Ly Lo [ T Xy Yol Xy, Xy |4 T X X
S 5o
x’m IS.ur _xfur xmm + xlm _xm+lm _xlur _x3m _I.im 'rmm + xlm _xm'-lm
S 5
“Yamal Lmet | Ximal Xt | Xnstmer T X “Nama | TXimu Limst Xt | Xostmet T X
v Ay
S 5
3 —X3 Xz X2 ~Xons2 X —Xy —Xi X2 Xz
S
Xy [ X FXy | X X3 X3 0 aE 0 0 0
S So
= i = = B | e = = L
Xai Xy | X TX, X Kot Xai Xy | X X L Kosi
So S
o X “Xim T “Xorsim Ko Xy "X e T X “Xilm
_x2m+l _x3m+l _xfm+| _'\’nmnl xm+1nf+l +)"'Im+1 _x2m+1 _x3m+1 _xf.ur+l _xmm+1 xm-lm+| + xlm—l
v A;
5 S
Xn —X5 ) X2 X1z X s X2 X1
S So
—Xy X33 R X3 X1 Xy X33 —Xi3 X3 X1
i >
“XEI. Hx]]' IJ'! + xh uxmr' umei 0 0 xll 0 0
So
_‘rlm _‘xjm _‘r:'m ‘xmm x x]m _xmﬂm _xlm _x.!m _xfm xmnr * x!nr _xm'ilm'
S
_I3m+[ _x_‘m+| _Il'm+l _‘rmm+l Im+|nr~| + ‘r|m+l I"m+[ ‘x3m+| _xim+l _xaur.!rAI xm+]m+| i x]m+]
v A4
So S
In X | TXn Y2 X2 ) X | % | X X2
S0 5o
X X33 —Xi X “Xma13 —Xy X33 X3 | X X1
Sy > S
—xli _xﬁ xii _xmi _me]I _‘in _x3|i xii' _xa'm _xnnh'
5o
_xlm _xﬁm X KXot + xinr _xnr+tm 0 0 0 Xim 0
So 5o
_xzmvl _xJnr+l _xr'm+| _xm»ml xm+|m+l + xlm+| _xlnr+l _IM*I _xmﬂl _xmm+l xm+|m+| A xhvr+l
v As
5 So
) —X3 iy X X1z X2z —X32 —Xi2 X2 X2
_ S _ _ _ So
X3 Y Xi3 X3 Xins13 Koz | Xaz | X | T Xs | T Xas
Sy > S
—Xy; —X3; Xis “Xomi "Xl Xy —X3 Xii X Xt
= o - So _ Sg
xlm x3m xim xmm xm+|m _xz i _x3 ] _xim xmm _xm+l "
Sp
_xlnﬂl _x3m+l _xa'm+l _xnwr{-] xm+|nr+l + xlm+| 0 0 0 O xlm+1
v Ag
5o
X2z X3 —Xp X2 “Xi12
So
X3 X33 —Xi3 Xz | "X
So
xZi x3r’ x:’r’ _xnu' _xa»m—hi
S0
_xzm _‘x3m _‘xim xmm _xm+ L
So
_x2m+! _x3m+l _xfm+i _xmm+l xm+I m+l
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Table 4 — Aggregated table «input-output» in Ukraine for 2012, millions of hryvnas, prices of 2012

L
A
r N c X
Intermediate consumption Final
No. Sector consump QOutput
1 E 3 4 tion
1 Agriculture etc. 80387 348 1282 71006 168160 321183
o | Extractive industry, power 7454 | 35013 | 155101 | 286965 |: | 46931 |; | 532364
engineering, building etc.
3 | Transport etc. 11977 19775 25087 98986 72596 228401
4 | Other sectors 104030 | 62540 161979 | 1218241 1171409 271899

Here, as earlier, we perform with the use
of (19) step-by-step cancellation of the sec-
ond term in diagonal elements of the initial
and newly formed determinants. As a result,
we arrive at the equality

8
Ax(y)M:;Af‘ (31)

In Table 6, we present the values of 8
determinants-terms of sum (31) and the
determinant A . . calculated according to
formula (31) as well as (for verification) by
the classical method. We observe here a prac-
tically complete coincidence between the
values of this determinant, calculated by dif-
ferent methods, which confirms the validity
of procedure (19) — (27).

ISSN 1562-8965. The Problems of General Energy, 2017, issue 2 (49)

2. System of equations for determining
output by the data of final demand. This
system of equations is based on the output

=x;, i=Ln. (32)

V.V. Leontief transformed system (32) to

| Added value | 117335 | 109845 | 188915 | 1043001 | g’
[Tota] input [ 321183 ‘ 228401 | 532364 |2718199 | 7
188348
aensesen| 20 161979
_ 98801 _
XO)m = 299 | meima 62540 . (30)
T balance
286965 89861 (385951+71006) .
2%t
Application of equality (19) to the deter- j=1
minant A leads to the process illustrated
in Table 5. matrix-vector form

(E-A)x=c, (33)
where
Xy g =
a.f,i s LJ= 13” (34)
%,

It is reasonable to represent the determi-
nant of matrix E — A from (33) in the follow-
ing way:

Av —— Ay s (35)
[1x
i=1
where
X —*i l Xy X
—X; Ko — X =X —X.
_ il i i if in
Axv g - _ = = 1 (36)
X i B i Xn
_xul _xm' _xar,l' xn i IJ'HI
35
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Table 6 — Values of determinants from Table 5, (x1015)

Determinant | Ay A, Aj Ay Ag As | A7 | Ag | Ax(pym | Verification
e 00
= & 3 N a “
(o] =
. 0 = = A 5 8 2 3 0
= 0 A S ~ I = S a a
v—i o = =t iy
] N a o - el ol — ~ =
> = % 5 S 2 = 3 a a
ey = = Y S o S o —_
— - =] =] =] =] o
= =) S S = <
= =
Subtracting and adding the quantities c;, As earlier, we represent the determinant of
i = 1,n, to the diagonal elements of (36), after | matrix E — Q by the product
transformations similar to those used in con- 1
structing (16), we obtain a determinant anal- Ay=——A4y, (41)
ogous by its value to (36): |BE?
i=1
Sy
X ta [ Xy ¥y —y where
Sy
_‘xr' ‘xﬁ + Ci _xi' _xm - A A e
A, = L - i , (37) X — Xy Xit X Xt
-x, —-x; X, +c,; -Xx, -X X —X, =X, -X .
J1 fi g f jn 1
. B =| PR L T (42)
X Xy _‘xnj X + c, _x[j _xu x_,f' B x)l_,f _xf_!}'
Where _xlr: X _x_ju X, _xam

. - Further, as in the derivation of (37), we

Xy =X—Xyp=C, i=Ln. (38) | transform relation (42), using, however,

instead of the vector ¢, elements of the vector
The structures of determinants (37) and | d. As a result, we obtain

(16) are identical, and, therefore, if the ele-

=
ments of the vector of final demand c,, i = 1,n 4 Tx' iad | ..
are nonnegative, then determinant (37) is | A , = ~Xi | % +d, ‘:x_,.,. ~ ,(43)
nonzero and positive for arbitrary values of —Xy Xy | xy+d, | —x,
the dimension »n of system (33), elements of i —Zun —X;, | X +d,
the matrix A4, and vector of final demand c. where

3. System of equations for determining x;f =x, —x; —d, fim 1,—?‘1 (44)

output by the data of added value. This
system is based on the input balance (2), Determinant (43), by analogy with deter-
which can be rewritten in matrix-vector form | minant (37), has the structure of determinant

as follows: (16). Therefore, the decomposition of Table 1
(E-Q)x=d, (39) | can be applied to (43). This fact gives us all
reasons to assert that determinant (43) is
where the elements of matrix Q are nonzero and positive for arbitrary values of
%, L the dimension n of matrix £ — Q and ele-
q; = L ij=1n. (40) | ments x,.and d,, i, j = 1,n, satisfying, natural-

&y ly, condition (2).
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4. Analysis and comments. All three prob-
lems considered above were solved with using
the same method, which can be called the
method of extrapolation to zero determinant.
We showed that the system of equations (4),
recommended in [1, 2] and by numerous other
authors for establishing the interrelation
between equilibrium prices and output vol-
umes in output units, is homogeneous and has
a spesific matrix (8). We proved that this
matrix has, as a minimum, »z positive minors
with a dimension » = n — 1, where n is the
dimension of matrix (8). This important fea-
ture envisions the fact that, from the continual
set of the solutions of system (7), it is impos-
sible to isolate even if a single vector that
would correspond to the meaning content of
tables «input-output». It is known from the
theory of homogeneous systems (see, €.g., [5])
that, in the case where the rank of matrix of the
system similar to (7) is less by one than its
dimension, the ratios between k-th and /-th ele-
ments of any vector of its solutions is deter-
mined rigidly and unambiguously. As shown
in [4], these ratios as applied to system (7)
have the form

b _x
SE ]

B x 49)
where P, x;, P, and x; are the equilibrium
prices and outputs in output units of the sec-
tors k and /, respectively. Obviously, the ratio
of equilibrium prices of two arbitrary sectors
cannot be equal to the ratio of their output vol-
umes in «physical» units. This means that the
system of equations (7) gives erroneous or
degenerate solutions. Therefore, it is impossi-
ble to use systems (4) and (7) not only for find-
ing equilibrium prices and outputs in output
units, but also for the solution of other prob-
lems of intersectoral balance.

The matrix E — A of system (33) for find-
ing output by the data of final demand has a

rank » = n, where » 1s 1ts dimension, and its
determinant is always positive for any
dimension of the matrix and the non-nega-
tiveness of elements of the final demand.
Note that the last condition, as can be seen
even from Tables 1 — 5, is necessary not
always.

The system of equations (39) for finding
output by the data of added value has the
matrix E — @, its rank is » = n, and its deter-
minant is positive for all values of x;, X d,
satisfying the condition of input balance (2).
Note that the property of positiveness of the
determinant of matrix E — Q was proved by
R. Bellman in [6] with the use of Gram deter-
minants. This proof is more compact than the
method of extrapolation to zero determinant,
but the latter can be applied to all problems
considered here and, which is quite important,
enables one to obtain not only the sign, but
also the values of determinants under study.

We should especially emphasize the
unique property of systems (33) and (39),
where the matrices £ — A and E — Q have
determinants whose values depend on the
right-hand sides of these systems, namely, on
the values of elements of the vectors of final
demand ¢; and added value d, i, j = L,
respectively. It is easy to make certain of this
by comparing the determinant Ax(m I from
Table 3 with determinants (37) and (43). The
initial cause of such property lies in the fact
that systems (33) and (39) are based on the
input (2) and output (32) balances. Balances
(2) and (32) are not taken into account in
proof of positivity of matrix E — Q determi-
nant, given by R. Bellman in [6], which is
therefore at least non-rigorous.
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