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MOAUDIKALIA CTPYKTYPU MOZEJ1I MOLLA B MDKTAJIYSBEBOMY AHANI3I

3anpornoHoBaHoO i gocnigxeHo moangikoBaHy MoAEesIb BUIMYCKY Yy CUCTEMI input-
output Ha OCHOBI aaHnx gogaHoi BapTocTi (MoangikoBaHa moaens lowa). [loseneHi
ii 36anaHcoBaHICTb Ta BifICYTHICTb METOANYHNX MOXNOOK. 3aBAsiku TOMY, LLIO MOAU-
¢ikoBaHa moaesib [OLla rpyHTYETbCS Ha A0AaHIVi BAPTOCTI, TOYHICTb ii MPOrHo3iB rno-
BUHHA OYTU He ripLiolo 3a TOYHICTb Kaacu4Hoi moaeni JIeoHTbeBa BU3HAYEHHSI BU-
nycKy Ha 6a3i KiHLIeBOIro CriOXNBAaHHSI.

3 BukopuctaHHsIM HOBOI matpuLi B MoangikoBaHivi mogeni lowa BCTaHOBEH| HOBI
MaremMaTuyHi 3a71eXHOCTI, SIKi 3B’93YI0Tb MOKA3HUKWN KiHLLEBOIro CrOXMBaHHS Ta A0-
JAaHoi BapTocTi B Mmoaesni JIeoHTbeBa Ta B MoANGIKOBaHii mogei lowa. BctaHoBe-
HO TakoX, LLO BiAnoBiAHI AiaroHabHi KOe@ilieHTn MaTpulb, BKJIOYa4Ym obepHe-
Hi, O BUKOPUCTOBYIOTbCS B Mogesi JleoHTbeBa 1a mogungikoBaHii mogeni lowa, €
INeHTUYHUMM.

KnwoyoBi cnosa: mognpikosaHa mogens lowa, input-output, mogesnb JIeOHTbE-

Ba, AoAaHa BapTiCTb, KiHLIEBE CMOXWBAaHHS.

MeTox Mixramy3eBoro OajaHCy 3aiiMae oco-
OnuBe Micie B €eKOHOMiuHIH Hayli. [Ipu meBHOMY
MOEAHAHHI 13 3ac00aMH MakKpoO- Ta MIKPOEKOHO-
MIYHOI'O aHali3y el anapar GopMye IiJTiCHY Me-
TOJIOJIOTiI0 Ta 3a0e3leuye KOMIUJIEKCHUH i1HCTpY-
MEHTapiii HayKOBUX Ta MPUKIATHUX AOCIiIKECHb
B €KOHOMIYHIH cdepi, U0 BXKE CHOTOIHI MPHU3BEIO
IO BHHSITKOBHX pe3ylbTaTiB. BukopucroByoun
METOJI MIXKIaay3eBOro OajlaHcCy, IOCIHIKYIOThCS 1
BHUPILIYIOTBCSI TPOOJIeMU YHKIIIOHYBaHHS Ta PO3-
BUTKY PI3HOPIIHUX, CKIaIHUX 00’ €KTIiB, CUCTEM Ta
SBUIL Y PEriOHAJIbHOMY Ta IUIAHETApHOMY aclekK-
Tax: EKOHOMIKa B IIJIOMY, EHEPreTUKa, COIliajbHa
cepa, ekosoris, 3MiHa KJIiMarTy, CTHXIiiHI JinXa,
TEXHOTeHHi KaTacTpodu Ta iH.

VY HUHIIIHBOMY CTaHi MeTOJ input-output oTpH-
MaB HaWIIWpIIe 3aCTOCYBaHHS Y HayKOBUX cdepax
yCiX MPOMHUCIIOBO PO3BUHEHHX KpaiH. ¥ TakuX Kpa-
fHaxX ypsAIOBi CTaTUCTHUYHI BiJjOMCTBa 3000B’s3aHi
¢dopmyBaru Tabnumi input-output 3a 3BiTHI mepio-
I1, 10 BKa3ye Ha 0coOJIMBe 3HAYCHHS, AKE Hallio-
HaJbHI YpSAIU HalaloTh oMY migxony. Kpim toro,
METOJH input-output aKTHBHO BHUKOPHUCTOBYIOTHCS
JUTSI BAKOHAHHSI IPOEKTIB Pi3HUX MIXKHAPOAHHUX Ta
HaIllOHAJIBHUX €KOHOMIYHMX, ()iHAHCOBUX, Oi3HEC-
CTPYKTYp Ta opraHizamii.

© M.M. KYJIVIK, 2020

MeTton Mixrany3eBoro OanaHCy 0a3yeTbcsi Ha
Cy4acHOMY MareMaThyHoMy amaparti. [lokazoBum
y LUbOMY BiJHOIIEHHI €, 30KpeMa Te, IO MaTpHII
(I-A) i3 Mozeni BUIYCKy input-output y ckiafi mif-
KJIaCy MaTpHIlb i3 CHEMIaJIbHUMH BJIACTUBOCTAMU
yBIAIIIA IO 3arajibHOT TEOpii MaTpuUIlb i HaA3BOIO
«marpuls JIeoHTbEBAY.

Xo4a 0CHOBH TEOPIii MiXKrajry3eBoro oajiancy oynu
3aroYaTKOBaHi Ta PO3pO0JICHI MalkKe CTONIITTS TOMY,
il akTyaJpHICTH Ta MOMYISPHICTH MOCHIIOIOTHCS Ye-
pe3 BUCOKY €(EeKTHBHICTh [LOTO IHCTPYMEHTapiIO.

[Ipotsrom ycboro vacy BiJj moyaTtky CBOTO PO3BH-
TKy 70 CHX Mip MaTeMaTUYHUM IiATPYHTAM amapary
input-output Oynu 1 3aJHIIAIOTHCS Bi HAJiiHI CHCTe-
MU PIBHSHB: MOJeNb JICOHThEBA BU3HAYCHHS BUITYC-
Ky 32 3aJaHUM KIiHLEBUM CIIOKUBAHHSIM Ta MOJAEIb
lNoma BU3HA4YEHHS BUITYCKY Yepe3 JOJaHy BapTiCTh.

Maroun y po3nopsuKEHHI MOJENbh BUIYCKY Ha
0a3i kiHmeBoro crnoxuBanus Jleonteesa [1], A. Tom
[2] po3pobuB y cucTeMi Mojenel input-output Mo-
JeTlb BUITYCKY, IO IPYHTYETHCS Ha BHKOPHCTaHHI
JIOZIaHOT BapTOCTi. 3 THX Mip AMCKYCIil HABKOJIO i€l
MOJIeTIi He IPUIUHSIOTHCS.

3a meit yac 3a momemno loma HampanboBaHa
Beinue3Ha JiTeparypa. OOroBopeHHs Ta TMpOIO-
3UINT BXKE HE OOMEKYIOThCS MOJCIUII0 BHUITYCKY Ha
0a3i goganoi Baptocti. De March Ta iH. [3] cTBep-
JDKYIOTh, 10 Mozeni [oma MoXyTh BUKOPHCTOBY-
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BaTUCh JUIA BUBYCHHS I[IHOBUX 1 BapTICHUX €(eK-
TiB 260 QopBapAHHX 3B’sA3KiB ramysell. Hanarorbes
JIOCUTh JKOPCTKI SIKICHI OLIHKHK Iii Momeni. 3o0-
kpeMma, Oosterhaven J. [4] migkpecntoe i Hempas-
JnonoAioHicTh. BignoeigHo mo nymku de Mesnarda
[5], monmenp Tomra B3arajgi HE BHUKJIMKAE IHTEp-
ecy. Dietzenbacher [6] poOuB cripoOu BCTaHOBUTHU
3B’S3KH MiX Mozeiutto [oma Ta [iHOBOK MOIEILTIO
JleonTnepa. Davar [7] 3amepeuye TaKy MOXKIUBICTS 1
CTBEP/DKYE, IO MoJeNb [omma He Moke OyTH piBHO-
3HAYHOI Mozei input-output JIeoHThERA.

Jlesiki 13 HaBeICHUX KPUTHYHUX OI[IHOK BHKJIMKA-
I0Th HaBITh TOJAMB CBOIM paauKaaizMoM. MOXIHBO,
YacTHHA 3 HUX Oylla 3yMOBIIEHa HaJIMIpHUMH Hali-
SIMH X aBTOPIB Ha BUKOPUCTAHHS Ii€i MOJeII s 1H-
IIMX 3a/a4 (HAlPHUKIIAJ], [[IHOBHX), 110 MMOTIM HE BH-
MPaBAWIACE. AJle B eKOHOMETPUIHOMY TUIaH1 MOJIEIh
loma € qBIHHUKOM 1 KOHKYPEHTOM MOJIEIi BUITYCKY
JleoHThEBA, 1| BAKOPUCTOBYBATH 11 MOXKHA 1 JIOLITBHO
JIMIIE JJIsl BU3HAYCHHS BUITYCKY. J{J1s1 BpiBHOBaYKEHUX
cTpykryp input-output (I0) mi mMomeni naroTh ajex-
BarHi (criBnaaaoui) pedynsraty (IuB. gaii). Y BpiB-
HoBaxkeHilt 10 cTpykTypi 3abe3meueHi 1Ba OanaHCH:
OayiaHc BUMYCKy 1 OanaHc BuTpar. B. JIeOHThEB BH-
KOpHUCTaB OaJlaHC BUITYCKY ISl TOOY/IOBH CBO€T KiTa-
CUYHOI HACHOTOAHI MOZEJl Ha 0a3i IMOKA3HUKIB KiH-
LIEBOTO CIIOXKKUBaHHS. L{iJIKOM JIOT1YHUM 1 HABITH MTPH-
POJIHUM 3 TOYKHU 30py EKOHOMETPii Oyiio moOymyBaTH
1Ie OJJHY MOJIENb BU3HAYCHHS BUIYCKY IPOMYKIIii B
IO cucrewmi, sika TpyHTyBajach OM He Ha KiHIIEBOMY
CIIOXKMBAHHI, a Ha JIOJAHId BapTOCTi, IO 1 3po0OUB
A. Tomr. Sx0Ou 1ie He OyJI0 peaii3oBaHO HUM, 1[I0 MO-
JieNb o0yIyBaB OU XTOCH IHIIIHIA.

Takuit MeToZl BU3HAYCHHSI OOCSTIB BHUITYCKY IPO-
IyKIii Mae HU3KY TepeBar MopiBHSIHO 13 KIACHYHUM.
[Toka3HUKK TIPOTHO3Y JOJAHOI BapTOCTI, HA BiaAMi-
HY BiJl KIHIIEBOTO CIIOYKHBAHHS, CUCTEMATHYHO PO3-
POOJISIOTHCSA IS JePKABHUX IIICH CTaTHCTUYHUMU
CITy’)KOaMU 1 MOXKYTh BUKOPHCTOBYBATHCh Y CTPYKTY-
pax input-output 6e3 3MiH a00 3 HE3HAYHOIO aJaNTa-
niero. TakuM YHHOM, Y pasi iX 3aCTOCYBaHHS Y MOJIEINi
T'omra HeMae HEOOXITHOCTI B JOJATKOBUX JIOCIIIKEH-
HSX Uit popMyBaHHS BXiJIHUX JTaHUX. Y TOHW ke yac
CTaTUCTUYHI CITy>)KOU HaBiTh Y PO3BMHEHUX KpaiHax
HE PO3POOJISIOTH MPOTHO3H MO0 KIHIIEBOTO CIIOXKH-
BaHHA. binbm Toro, iHQopMmaniiiHa 6a3a craTucTHY-
HUX CIYXO0 JeSKHX i3 IUX KpaiH He 3aBKIu Halaec
HaBiTh (haKTHYHI JaHi, HEOOXiaHI 1 popMyBaHHS
KIHIIEBOTO CIIOKMBAHHS ICHYIOYOI MOJIENI BHITYCKY.
[lro mpobnemMy HOBOAWTHCS BUPINITYBaTh (haxiBIsiM,
SKI BHUKOPUCTOBYIOTh IHCTPYMEHTH MiXKTally3eBOTO
Oanancy Uil BU3HAYCHHS BUITYCKY TPOAYKIIT uepes
KiHIIEBE CIOXUBaHHS. Lle MpU3BOAUTH 0 3HAYHOTO
301IbIIEHHS TPYIOMICTKOCTI Ta Yacy Ha JOCIIJIKCH-
Hs. AJIC 111e BaXKJIUBIIIMM € TOH (aKT, 1110 3Ha4HO 01j1-
Hillla CTATHCTHYHA 0a3a, 3aCTOCOBAaHA 0 KIACHYHOI
Mojieni JICOHThEBA, MOBUHHA MPHU3BOAUTU 1O OLIb-

IIMX MOXHUOOK y MPOTHO3aX KIHIICBOTO CHOXHBAHHS
MOPIBHSIHO 3 MPOTHO3aMH JAonaHoi BaptocTi. Lle, y
CBOIO Yepry, IPU3BOAUTH JIO TOTO, IO TOYHICTH MPO-
THO3YBaHHS BUITyCKY Jjisi moxeii [omma ouikyerbes
ITOMITHO BMIIIOIO, HI’K TOYHICTE Moei JIeonTheBa.
TakuM YUHOM, € MiJCTaBH CTBEPPKYBATH, 1110 Ma-
TeMaTH4YHa MOJIENIb BUITYCKY, MOOy10BaHa Ha 0a3i 110-
JTAaHOT BapTOCTI, NIOHANMEHIIIE HIYMM HE TIOBUHHA I10-
CTYIIATHCS MOJIEJIl Ha OCHOBI KiHIICBOTO CIIOXKMBAHHSI.

1. [diroua crpyxrypa moneai I'oma i mocrano-
Ka 3ajadi

Mopnens [omia, sik 1 Mmozens JIeoHTheRa, Oyina mo-
OyZ0BaHa Ha CTPYKTYypi MaTpuilb input-output, sika
HasiaHa Ha cxeMmi (1)

1 iZj n f x
1| %11 %1i <15 <1n N X1
i\ %1 % % %in | | Ji | | Xi O
iz zi T s || S| X
" Zp1 Zni Znj %nn fn X,
[vl v vj vn:l v’

[zl Z; Zj z,,] 7'=x'

Tyt i,j=1,n — HymMepallisi CEKTOPIB, 7, — CCMEH-
TH MaTpHUIli IPOMIXHUX Tpoaxis Z; f, X, v, 7 — BeK-
TOPH KIHIICBOTO CIIOKUBAHHS, 0OCSTY BHITYCKY, JO-
JIAHOT BApTOCTI Ta 3arajibHUX BUTPAT BIAMOBIAHO. Y
BpiBHOBaxkeHHX Tabmuisx (1) 3amxam 3abe3redeHi,
SIK BIJIOMO, 3aJIC)KHOCTI:

o =x; @)
n n
2 vi= 2 fi A3)
i=1 i=1
a TakoXX OajlaHC BUITYCKY
n
> 5+ fi=x; )
j=1
1 bamaHc BUTpaT
n
Zz,-j+vj=xj. (5)

i=1
[MpuBepracmMo yBary Ha HpPUHIMIIOBY HEOOXi[-
HiCTh 3a0e3mneueHHs 3anexxnocreit (2)—(5) mpu mody-
JIOB1 KOPEKTHUX MoJielel input-output.
Mopnens [oma y cyvacHiit gopmi Ta TpaHCKPUTIIiT
Miller, Blair [8] mae Bursia
(I-B)x=v, (6)

ne matpuus [oma

B=[b;|=[z/x;], ij=1n
ab0 B pO3ropHYTOMY CTaHi

(7
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1| Az %1j Zin
X1 X1 X1 X
il 21 Zii Zij  Zin
xX; X; X;
1 1 1 1
B= . 3
j j1 Zji %jj Zjn
Xj Xj Xj Xj
n Snl %ni z"f Znn
X X X X

n n n _|

s monmanpmioro HeoOXiTHO HAragaTtd, IO MO-
nenb JleoHTheBa BU3HAYEHHSA O0OCATIB BUITYCKY TpO-
IyKIii y MOHETapHii (GopMi Mae CTPYKTYpy

I-A)x=f, 9)
ne

4oy} 2i=Tn. a0

[NopiBHsHHS Monenel (6), (7) Ta (9), (10) Bukiu-
Ka€ 3alMTaHHs, YOMY X CTPYKTypa pi3Ko BiApi3Hs-
€THCSL Yepe3 BUKOPHCTAHHS TPAHCIIOHOBAHOI MaTpH-
ui B'. Inst yoro nmoTpiOHO opMmyBaTu MaTpuuo B,
SKILO BOHA HE BUKOPUCTOBYETHCS B CTPYKTYpi Moze-
ni [oma (6), (7). Biamosimaro mir 6u cimyryBatu Ton
(hakT, 110 iHAKIIIE HE MOXKHA TTOOYIyBaTH MOJEIh BU-
nmycKy Ha 0a3i JjomaHoi BapTocTi. Ane 1e He Tak, 00
CHUMETPHUYHICTh OasaHCiB BUIYCKY (4) Ta BUTpar (5)
TaKy MOXJIMBICTb HaJae.

Tomy mMeTo10 1aHOI cTaTTi € hopMyBaHHA MOTUDi-
koBaHOT Moneni [oma y BUIISAAi, aHAIOTIYHOMY MO-
nemi JleonTnena (9), (10), a came, y BUrIsAL

I-Q)x=7 (11)

Bukopucranus Mogeni [omra 31 CTpyKTyporo
(11) BukIIOYa€E MOXKJIUBY IUIyTaHHHY 3 (QOpMYy-
BaHHAM 1 BHKOpHCTaHHAM Marpuii ['oma (8) i (mo
OLNBII BaXKJIMBO) HaJa€ CIPOIICHHS 1 MEBHI mep-
CIIEKTUBH B TCOPETHYHMX TOCIIKCHHAX, PO JIe-
SIK1 3 HUX Oyae Jadi.

2. MoaudikoBana cTpykTypa moaeJi l'oma

MonudikoBana mozens [omra modymnoana 3 BUKO-
puctaHHAM piBHSAHHS (2) Ta Oamancy Butpart (5). Y
po3ropHyTiii hopmi OajaHC BUTPAT MA€ BUTIISII

Itz Tt em Ty =X,

i T2t T o Ty T X,

z1j+zij+zjj+znj+vj=xj, (12)
%1n +zin + Zjn T Zun T V0 = Xp-

Jns nepesenenns cucremu (12) 10 BEKTOpHO-Ma-

TpUIHOI GOPMHU KOXKHY 13 CYM MPOMIKHHX TIPOIAXKIB

Zp bi= 1,n HAZaMO y TOTOXKHOMY BHUTJISIII

RS R £ SR | Znl
mttiptin=—_—xt—xt-—x;t—x,,
X1 X; x]- Xy
RS TR R | Zni
Uittt =ttt
X1 X; x]' Xy
zl . z.- z.. . (13)
_4j ij Ji nj
X1 X; x]' X,
_%ln Zin zf” Znn
AUn +zin+zjn+znn_ Xt X+ xj+ Xn:
X1 X; xj Xy

[icns mporo cucrema piBHsHG (12) HaOyBae hopmy

211 %1 %j1 Zm
X1 V1 X1
X1 X5 xj X5
Z1: T < Zoi
X1 % ZJ' *ni X V. X
X1 xi xj X5 ! ! !
X + = .
217 Zii Zji Zni
J y J nj . . .
=] 2y Zh 2 X; v; x; | (14)
X1 X xj Xn
Zn Zin %jn Zun X, v, X,
X1 xi xj' X

Crpykrypa piBHsAHB (14) mo3BONsE€ MPEACTABUTH
cucreMy 3anexHocteil (12) y BeKTOpHO-MaTpUYHOMY
Bursiai (11), o € Metoro crarti, e Marpuils Q mae
€JIEMEHTH

(15)

Sxuio BUAUINTH j-T€ PiBHAHHS 13 cuctemu (14),
MU Bigpasy orpumyemo Oananc Butpat (5). ToOTo,
MoaugikoBaHa MOJIeNIb BUMTycKy [omia € 30amanco-
BaHOIO 1 TOMY HE MOBHHHA MAaTH METOJUYHHUX IO-
XUOOK.

Cucrema piBHsHB (11), (15) — ne mogudikoBana
MOjie)Ib BUITyCKy [omra B cuctemi Mopened input-
output, sika TPYHTYEThCS HE HAa KIHIIEBOMY CIIOXKH-
BaHHI, a HA JIOJIaHiil BapTOCTI.

Hpukaan. MoxiuBocTi MoaudikoBaHOT Moaei
BU3HAaYCHHs BUNTyCKy [omma Oyyu 10CIiKeH] 3 BU-
KOpUCTaHHSM (Tabn. 1) cucremMu 3BITHUX TaOIUIb
input-output (Himewyunna, 1995), sika HaBeneHa y
De March Ta in. [3, C. 483, 490 (Bepcis A)].

HocmigkeHo ABa BapiaHTH PO3pPaxyHKiB 00-
CATIB BUNYCKYy. BinmoBigHO 10 mepmioro 3 HHUX
MOKAa3HUKU TPOMIXKHUX TpOAaxiB Z, KiHIEBe
CHOXKMBaHHA f 1 3arajibHi BUTpaTH Z BBa)KaJuCh
BijoMuMHu. Bynu BU3HAYEHI MOKa3HUKU BHITYCKY
X, TOOTO, 0OCSTH BHIIYCKY BH3HAYaIUCh 33 JIOMO-
Moroto mozeni JleonteeBa (9), (10). IToka3sHuku
BEKTOpa X MayH 30iratucs moejxeMeHTHO 3 MoKa3-
HHUKaMM 3arajibHux Butpar z (tadu. 1). [lomepe-
IHBO oOumcieHi marpuili A i (I-A) Manu BUTIAL,
HaJaHWu# B Tad. 2.

qij=zjl-/xj, i,j=1,n.
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Tabnuuys 1. 3piTHa cucteMa input-output

Millions of Euro

Agricul- Mangfac- Coqstruc— Trade Busipess Other Final Output
ture turing tion services | services | demand
1 2 3 4 5 6 7 8
Intermediate sales Z f X
1 | Agriculture 1131 25480 1 607 710 762 15219 | 43910
2 |Manufacturing | 7930 304584 64167 41082 11981 30360 | 619342 | 1079446
3 | Construction 426 7334 3875 5296 23457 9155 | 196063 | 245606
4 | Trade 3559 72717 14190 74399 | 10835 21008 | 343355 | 540063
5 |Business 3637 96115 31027 65755 | 193176 | 34223 | 268554 | 692487
Services
6 |Other 1552 14986 1747 11225 | 15058 | 22070 | 442280 | 508918
services
| Value added | 25675 | 558230 | 130599 | 341699 | 437270 | 391340 |v’
| Input, total | 43910 | 1079446 | 245606 | 540063 | 692487 | 508918 |z’=x’
Tabnuuysa 2. Marpui A4 i (I-A)
| 1 | 2 | 3 | 4 | 5 | 6
Matrix 4
1 0,025757231 | 0,023604701 4,07156E-06 | 0,001123943 0,00102529 | 0,001497294
2 0,180596675 | 0,282166963 0,261259904 | 0,076068903 | 0,017301408 | 0,059655976
3 0,009701662 | 0,006794226 0,015777302 | 0,009806263 0,03387356 | 0,017989146
4 0,081052152 | 0,067365111 0,057775462 | 0,137759854 | 0,015646503 | 0,041279735
5 0,082828513 | 0,089041045 0,126328347 | 0,121754314 | 0,278959749 | 0,06724659
6 0,035345024 | 0,013883047 0,007113018 | 0,020784612 | 0,021744813 | 0,043366515
Matrix (I-A)
1 0,974242769 | —0,023604701 | —4,07156E-06 | —0,001123943 | —0,00102529 | —0,001497294
2 | -0,180596675 | 0,717833037 | -0,261259904 | —0,076068903 | —0,017301408 | —0,059655976
3| —0,009701662 | —0,006794226 | 0,984222698 | —0,009806263 | -0,03387356 | —0,017989146
4 | -0,081052152 | -0,067365111 | —0,057775462 | 0,862240146 | —0,015646503 | —0,041279735
5 | —0,082828513 | —0,089041045 | —0,126328347 | —0,121754314 | 0,721040251 | —0,06724659
6 | —0,035345024 | -0,013883047 | -0,007113018 | —0,020784612 | —0,021744813 | 0,956633485

V 1abmn. 3 HaBeaeHa cXeMa BU3HAYEHHS Ta 00CITH
BHUITYCKY BiJIIOBiIHO 710 Mojeii JleonTheBa [3].

3rilHO APYroro BapiaHTy MOKa3HUKU HPOMiXK-
HUX TPOJaxiB Z, TOaHOI BAPTOCTI ¥ Ta 3arajibHUX
BHUTPAT Z BBOKAIKMCS BiOMUMU. BUXIiHUI BEKTOP
X BU3HauaBcs 3a jgonomoror marpuii (I-Q)! i Bek-
Topa v, TOOTO 3a CXEeMOK MOIH(IKOBAHOT MOJIEi
loma. Matpuui Q i (I-Q) Oynu po3paxoBaHi Ta Ha-
BeJieHl B Ta0II. 4.

VY tabn. 5 npencrapiieHl BUXIIHI JaHI JJis BU-
3HAUEHHS BHUITYCKY X Ha ocHOBi marpuui (I-Q)! i
BEKTOpa v, To0TO, Oysa BUKOpHUCTaHa MOAU(iIKOBa-
Ha Mojaeib [oma.

Po3paxyHku moxasyioTh, 10 BUITYCKU X, OTPH-
MaHi 3 BUKOpUCTaHHSIM Mozeni JleoHTheBa Ta Mo-
nudikoBanoi moneni [omra, € ToroxxHuMu. BoHu
TaKOX MOBHICTIO 30iraloThcs 3 GaKTHYHUMU JaHU-
MU BUPOOHHUIITBA, siKi HaBeneHi B Tabu. 1. [ToxiOoHO
1o mojeni JleonTheBa MoaudikoBaHa Mojeb [o1a
He Mae MeToau4Hux moxubok. Lle nemoncrtpye ii
aJICKBaTHICTh T4 KOHKYPEHTHICTb.

Toit dakT, mo pi3Hi 32 CBOEIO MPUPOAOID MO-
nenb JleonTheBa Ta MomudikoBaHa Mmouenb [oima
OMKCYIOTh CHiNbHUKI Habip 3aco0iB input-output,
TOBOPHTH PO MOTEHIIHHY MOKJIHUBICTh ICHYBaHHS
MEeBHUX 3B’S3KiB MiK HUMH.
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Tabnuya 3. BusHaueHHs BUITYCKY X 32 MOJIeIUTIO JICOHTREBA

(I-A)?! f x
1,033872366 | 0,035030051 | 0,010021749 | 0,00508589 | 0,00302524 | 0,004423248 15219 43910
0,289644215 | 1,429151859 | 0,396130509 | 0,141973993 | 0,059632189 | 0,107342982 619342 1079446
0,020699544 | 0,019087986 | 1,028937758 | 0,02108126 | 0,050037004 | 0,024998564 196063 | =| 245606
0,126914744 | 0,121400291 | 0,106421353 | 1,178399633 | 0,035567713 | 0,063119829 343355 540063
0,1842067 | 0,207106708 | 0,250342948 | 0,223880455 | 1,412561607 | 0,126867916 268554 692487
0,049500711 | 0,029521911 | 0,021772349 | 0,033096857 | 0,034230316 | 1,051494704 442280 508918
Tabnuysa 4. Matpumi Q i (I-Q)
1 2 3 | 4 | 6
Matrix Q

1 0,025757231 0,007346361 0,001734485 0,006589972 0,005252084 0,003049607
2 0,580277841 0,282166963 0,029860834 0,134645402 0,138796829 0,029446787
3 2,27739E-05 0,059444382 0,015777302 0,026274712 0,044805173 0,003432773
4 0,01382373 0,038058411 0,021562991 0,137759854 0,094954851 0,022056599
5 0,016169437 0,011099212 0,095506624 0,020062474 0,278959749 0,029588264

6 0,017353678 0,028125538 0,037275148 0,038899165 0,049420422 0,043366515

Matrix (I-Q)
1 0,974242769 —0,007346361 —0,001734485 —0,006589972 | —0,005252084 —-0,003049607
2 —0,580277841 0,717833037 —0,029860834 —0,134645402 | —0,138796829 | —0,029446787
3 —2,27739E-05 —0,059444382 0,984222698 -0,026274712 | —0,044805173 —0,003432773
4 —0,01382373 —0,038058411 —0,021562991 0,862240146 —0,094954851 —-0,022056599
5 —0,016169437 —0,011099212 —0,095506624 —0,020062474 0,721040251 —0,029588264
6 —0,017353678 —0,028125538 —0,037275148 —0,038899165 | —0,049420422 0,956633485
Tabnuys 5. BusHaueHHs BUIYCKY X 3riHO Monu(ikoBanoi moaeni [oma
{I-9y' v x

1,033872366 [ 0,011782227 |0,003700712 | 0,010318845 [0,011680387 |0,004270975 25675 43910
0,861148918 |1,42915186 |0,083892291 |0,242647726 |0,322837119 {0,062617767 558230 1079446
0,056055609 |0,090131447 |1,028937758 |0,048397544 |0,088789725 {0,010507428 130599 | =| 245606
0,062552972 10,071031715 | 0,046355579 |1,178399633 |0,174601906 |0,035122334 341699 540063
0,047709843 |0,038255286 |0,141079514 | 0,045606122 | 1,412561607 |0,046577344 437270 692487
0,051265554 {0,05060816 |0,051799302 |0,059479759 |0,093236936 |1,051494704 391340 508918
3. BekTOpHO-MATPUYHHUIH 3B’A30K MiXK [104a- v=(I-Q)(I-A)'1f. (17)

HOIO BapTiCTIO TA KiHIEBUM CHOKUBAHHAM
HasBricts Momeneit (11), (15) ta (9), (10) 3
BUKOPHCTAHHSIM 3aJIe)KHOCTI (2) Jae MOXIUBICTD
BCTAHOBUTHU B3a€EMO3B’SA3KH MiXK BEKTOpamu f i v
B cucremi input-output (1). JlificHO, BAKOPUCTOBY-
toun criouatky (9), (10), a morim (11), orpumaemo
3JICKHICTD 14 f

f=(1-A)x=(1-4)(1-0)".

(16)

3anexHICTh Al Y OTPUMYETHCS aHAJIOT1YHO

10

3ayBaxkumo, 1o Bupasu (16), (17) 3amoBonbHS-
FOTB 3aIeKHOCTI (2), (3).

Bonu moB’s13y10Th BaXKIINBI TOKa3HUKH KiHIIEBOTO
CHOKMBAHHS Ta JIOJAHO BApTOCTI Y BEKTOPHO-Ma-
TpUIHIN GopMmi, IKi € BUXITHOIO iHPOPMAITIEID IS
Moneni JleonTreBa Ta MomudikoBanoi Moxem [orma,
1 Ile BU3HAYa€ B3a€MO3B’SI30K MK HUMH. L{i 3amex-
HOCT1 HEMOYKJIMBO OYyII0 OTpUMAaTH paHilie Yepes Bij-
CYTHICTB MaTpuili Q.
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4. ToroxHicTh OiaroHAJbLHUX eJleMEHTIB Ma-
Tpulb Moneai JleoHTheBa Ta MoaudikoBaHoi Mo-
nedi loma

[MopiBasaas marpunb A i Q, (I-4) 1 (I-Q),
(I-4A)' i (I-Q)!, saxi HamaHi y HaBeIEHOMY BHIIE
MPUKJIaAi, IEMOHCTPYE MTOBHE CITIBIAMiHHS 1X Bij-
MOBIMHUX JiarOHAJIBHUX KoedimieHTiB. Mu moka-
’KEMO, IO IS BJIACTUBICTh IPUTaAaMaHHA HE TITHKH
MaTpPUISIM, HaBEJACHUM y TPHUKJIaIi, a i ycim, 110
BimmoBimaroTh ymoBaMm (2)—(5) cuctemm input-
output (1).

s marputts A 1 Q Tipu i =j piBHICTH

i = bii (18)
aBTOMATHYHO BUILTHBAE 13 3anexuoctel (10), (15).

PiBHICTE BiIITOBITHUX MiarOHATLHUX CIIEMEHTIB Y
Matputsix (I-A) ta (I-Q) surusace 3 (18).

JloBeIeHHS TOTOKHOCTI JiarOHAIbHUX €JIEMEH-
tiB MaTpuis (I-4)! ta (I-Q)! nabaraTo cKiamHi-
e, BUMarae 6aratro Micims, i TOMy BOHO BUHECEHO
y JT0JIaTOK.

BUCHOBKH

Miroua momens T'omra (6), (7) 6a3yeThCcsl HA BHKO-
pHUCTaHHI MPOTHO3HUX JAaHUX AOAAHOI BapTOCTi. [Tpo-
THO3HW BaJIOBOTO BHYTPIIIHBOTO MPOAYKTY Ta TOJaHOT
BapTOCTi JTaBHO, TIIMOOKO 1 PETYISAPHO (SK TPABUIIO,
MIOPIYHO) PO3POONIAIOTECS PI3HUMH HaIliOHATLHU-
MH Ta MDKHAPOIHUMH €KOHOMIYHUMH 1 (hiHAHCOBH-
MU CTPYKTYpaMH, BKIJIIOYAIOUW JepkaBHI. Metoau
Ta TOYHICTH TaKWX IPOTHO3IB € BHIIOTO PIBHS TIO-
PIBHSIHO 3 MPOTHO3aMHU KIiHIIEBOTO CITOKHBaHHS, Ha
SKuX Oa3yerbes monenb JleonteeBa (9), (10). Tomy
3 GKOHOMETPHUYHOI TOYKH 30pYy TOUHICTH IPOTHO3IB
BHITYCKiB, 3p00JICHUX 3a JormoMororo momeni [orma,
MTOBWHHA OyTH IIOHAWMEHTIIIE HE TipIIoIo, HIX Ta, IO
3a0e3Meuy€eThes KIIAaCHYHO MOJIEITIO JIeOHThEBA.

MonudikoBana moxens loma (11), (15) dop-
MaJIFHO BiIPi3HAETHCS Bia Horo mitouoi Mozedi (6),
(7) masBHicTIO HOBOI Marpuili . OmHaK 1S Bif-
MIHHICTB € JIUIIE CTPYKTYPHOIO OCOOIMBICTIO, a B
MaTeMaTUIHOMY ITUTaHI 3a3Ha4eHI MOJIEI € TOTOX-
aumu. JlificHo, 3rigao (7) marpuns B (8) mae ene-
MEHT bﬂ =z Jx .. 3 1HIIOTO OOKY, €JIEMEHT q,; MaTpH-
i Q 3TiIHO (IIS) Ma€ Take caMe 3HaquH51 a came,
q; z/x Tob6T0, Mae micue 3anexHicte Q = B’,
1o anBepzmcye MaTeMaTHIHy TOTXKHICTh JIFOYOT
1 MomudikoBaHoi Mozaeni ['oma.

Pazom 3 TuM, Ha Ham TOTIAN, MOmHMQiKOBaHA
Mozens [oma € OimbII MPUBAaOIMBOIO 1 MEpCIEK-
THBHOIO Y TOPIBHSHHI 3 Jil0Y0I0 Yepe3 HACTYITHI
YUHHUKHA. Y Hil (birypye (BHKopHCTOByeTLcs{) omHa
MaTpHILs (Q) 3aMicTh nBOX (B 1 B'), sxi dirypy-
I0Th Yy Jirouiil Mozeni. MonudikoBaHa MOJENb Ma€e
CTPYKTYpy (Ha BiOMiHYy Bin mit04oi), aHAJOTIUHY
CTPYKTYpi knacuaHoi moxaeni Jleonteera. L{st oco-
OJIMBICTB € JIOT1YHOIO 1 HABITh MPUPOTHOIO 3 OTIISATY
Ha Te, 10 I1i JB1 MOJeJIi TPYHTYIOTHCS Ha M3EPKaTh-

HUX BJIACTUBOCTAX CTPYKTYpH input-output, SKUMH
€ DallaHCH BHITYCKY Ta BUTpAT. 3aBASKU LOMY MO-
nudikoBaHa MOJEIb € OUIBII 3pO3yMIJIOK 1 3pyu-
HOI0 B KOPUCTYBaHHI. AJie HaWOLIbII BaXKJIHMBUM
€ Te, 110 BUKOPHUCTaHHS MaTpuili @ CyTTEBO PO3-
HIMPIOE MOXKIIMBOCTI TEOPETHYHUX JOCIIIKEHb B
MEKax CTPYKTYp input-output.

YKe B MeKax JIaHOi CTATTI 3aBISKH MOOYI0BI HO-
Boi Marpulli Q y Mmonudikoaniit mojeni [oma Oynu
BUSIBJICHI HOBI 3aJIKHOCTI Mi’K BEKTOPaMH KiHI[EBOTO
CTIOKMBAHHS Ta JIOJIAHOI BapTOCTI, SIKi MOXYTh OyTH
e(EeKTHBHO BHUKOPHCTaHI MpH OallaHCyBaHHI CHCTe-
MU MaTpuilp input-output. BcTaHoBIIEHO TakoX, IO
BIJIMIOBI/IHI MaTpHIIi KJIacu4HOT Mozl JIeoHTheBa Ta
MoudikoBaHol Mozeni [omra momapHo MarOTh i7CH-
THUYHI JIIarOHANBHI €JIEMEHTH, 10 € KOPUCHHUM IIPH
PI3HOMAaHITHUX aHATITUYHHUX JIOCIIIKCHHSX.

TOJATOK

JloBe1eHHS TOTOKHOCTI JiaroHaJbHUX eJIeMeH-
tiB Mmarpuub (I-4)! ta (I-Q)!

I1lo6 moBecTH If0 TOTOXKHICTh, BUBHAYMMO CITO-

. . -0, . .
YaTKy Jl1aroHajbH1 €JIEMEHTH &4;; , 1, ] = l,n MaTpuil

. . G .
(I-A)", BignoBinHi enementu ¢; Marpuud (I-Q)'i
MOpiBHAEMO iX Mix coboro. Marpuito (I - 4) BuKo-
PHCTAEMO Y BHIVISII

1 i j n
ek VS TR V A 7Y
4 3 ij Zn
% %% % Fin
"u Tw Ty T (Al)
1 j j T
I1-A= ! J "l ij=Ln
J 3 3 ij n
7 R T A Rk
4 3 ij n

i matpuito (I-Q) — B aHanoriyHii popmi

1 i j n
1 R R ]
K 3 ij Zn
.. A2
P Tk AT ] (A2)
4 % i 1 L —
I'Q= l ! " ’ 19]=1’n
LR W 5t Ty
jl oL L
3 3 Zj 3n
Jn _Zin_Ein Znt
n
3 3 ij 2
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Crnouatky noBenemo, mo Marpuii (Al) ta (A2)
MalOTh OJHAKOBI jaerepMiHaHTH. [lificHO, merepmi-
HaHT MaTpulli (I-A4)

1
l1-Al=A,= |Bl, (A3)
D(z;)
Jc
-1 "% "% "%a
_z. z.—z.. —z.. —z. J—
B= il i~ %ii ij in , i,j=1,n, (A4)
I i 3t
~Znl “%ni "%j %n"Znn

D(zi)=zl.zz...zi...zn_l.zn‘ (AS)

Jns marpuni (I-Q) cipaBeyinBa 3aJ1eKHICTD

1
[1-0|=A, = cl, (A6)
D(z;)
B sikiit Marpuilsi C Mae BUIIISI
1 i n
1Z-%11 -%i1 -%j1 ~%m (A7)
_ Bt Lt T < T
C= . ’ l’]_lan
J| "%y T Bt e
n ~2n  “%n  “Zjn Tn~Tnn

[MopiBHstHHS MaTpulb (A4) Ta (A7) oKasye, o

C=B. (A8)
Tomy nerepminanTu Matpuis B i C 30iratoTecs
lcl=Bl, (A9)

i 3rigHo (A3) Ta (A6) nerepminanTu marpuilb (I-A)
i (I-Q) piBHi:
A a= A g (A10)

AHani3 Jga€ 3MOTYy BU3HAYMTH 3arajoM i MopiB-
HATH giaroHanbHi xKoedimientu marpuis (I-A)7 i
-0y

OCKiTbKM MH TOBOPHUMO TIIPO JiaroHaJIbHI Koe-
¢imieHTH 00epHEHUX MATPHIlh, TO B ONAIBIIOMY
aHaJi3i anreOpaivHi JOMOBHEHHS 10 IUX €JIEMEH-
TiB OyayTh 30iraTucs 3 BIANOBIIHUMH MiHOpa-
MHU. 3aJeXHICTh s eaementa il matpuii (I-4)?!
chopMyeMO, BUKOPUCTOBYIOUH KJIACUYHUN BHpa3
IS JOBUIBHOTO eJeMEeHTa O0OepHEHOi MarpH-
i, a came

v 1
a;; =X |F|,

a

(All)

Jie Matpuud F Mae BUIIISA

1 Jj n
115-211 _“j  _%n
1 <j in
T Zi-%i % (A12)
— J J Jn s s
F=j -— —=-—= i,j=1,n.
7 z; Zn
_Zm _zj" Zn = Znn
n
L 21 Zj Zn i
s minopa |F| cripaBeinBa 3anexxHiCTh
R TR VA (A13)
|F|=m' “Zj1 %%y tZyn | i,j=1,n,
i
“Znl "%j1 %n " Zan
TyT

P(z,-)=z1><---><z,-_1><z,-+1><---><z,,=D(z,-)/z,-. (A14)

Jlnst BU3HAYCHHs eneMeHTa i 00epHeHOi MaTpHIli
(I-Q)" BUKOpHCTAEMO 3aJICXKHICTD, aHANOTIYHY (A11)

(n_1
qii =A—|K|, (A15)
q
B sikiit MaTpulst K mae BUTIIsg
1 Jj n
11%1-%11 %1 _Zm
% i Zn (A16)
zl . z . - z . z . ..
K= - VAT R/ A R O g
21 Zj Zn
_%n _ Zjn Zn = Znn
"oy g Zn

Minop |K| BuzHauyaeThcst ananoriuHo (All), a
came

1 Q-1 "%jt "im __ (A17)
|K|=m S VRS Ry A i,j=1,n.
i
“%n “%jn %n " %nn

Ockinpky y TipaBUX yacTUHax BupasiB (A13) ta
(A17) € neTepMiHaHTH MaTPHIIb, OJHA 3 IKHX € TPAH-
CIIOHOBAHOIO JI0 1HIIOT, BUKOHYETHCS PIBHICTD

[F|=|K]|. (A18)

Buxopuctosyroun (AS5), (A10), (Al4), (A18),
BCTAHOBJTIOEMO KIiHIIEBI 3aJI€KHOCTI JIJIS JTiarOHAJb-
HuX eneMeHTiB Marpuils (I-4)! ta (I-Q)™!

a-i "%y o
GGt T [ BJ=hn (a19)

_ i
=
A-D (Zi) = Znl 'zjl Zn = Zan
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abo
1 j n

0 @ : Q-1 %41 "

-1 - i . T

W =Q; =————| "%; Zi-%ii -y lj—ll’l.

i il A-Dz(zi) JjocjTrj nj [0 b ) (A20)
“Un “Ljn Tn"m

TyT A=Aa=Aq.

TaxkuM YMHOM, BIAMOBIAHI JiaroHanbHI ele-
MenTH Marpunb (I-4)! i (I-Q)! € TOTOXKHUMHU ISt
JIOBUTBHUX PO3MIPIB IIUX MATPHIlb, SAKIIO MAaTPHIi
A i Q 3a70BONIBHAIOTE YMOBaM (2)—(5) cucremu
input-output (1).
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MODIFICATION OF THE GHOSH MODEL STRUCTURE IN INTER-SECTORAL ANALYSIS

A modified output model in the input-output system based on value added data
(modified Ghosh model) is proposed and investigated. Its balance and absence of
methodological errors are proved. Due to the fact that the modified Ghosh model
is based on value added, the accuracy of its output forecasts should not be worse
than the accuracy of output determination which based on final demand according
of the classical Leontief model.

Using a new matrix in the modified Ghosh model, new mathematical dependences,
that relate final demand in the Leontief model and value added in the modified
Ghosh model, have been established. It was also found that the corresponding
diagonal coefficients of the matrices, including the inverse ones, used in the Le-
ontief model and the modified Ghosh model, are identical.

K e y wo rds: modified Ghosh model, input-output, Leontief model, value added,

final demand.

The method of intersectoral balance occupies a
special place in economics. With a certain combina-
tion with the means of macro- and microeconomic
analysis, this apparatus forms a holistic methodol-
ogy and provides a comprehensive toolkit of scien-
tific and applied research in the economic sphere,
what has already led to exceptional results. Using
the method of intersectoral balance, the problems
of functioning and development of heterogeneous,
complex objects, systems and phenomena in re-
gional and planetary aspects are investigated and
solved, namely economics as a whole, energetics,
social sphere, ecology, climate change, natural di-
sasters, man-made catastrophes, etc.

In the current state the input-output method
has been widely used in the scientific fields of all
industrialized countries. In such countries, gov-
ernment statistical offices are obliged to compile
input-output tables for reporting periods, indicat-
ing the particular importance that national gov-
ernments distinguish to this approach. In addi-
tion, input-output methods are actively used to
implement projects of various international and
national economic, financial, business structures
and organizations.

The method of intersectoral balance is based
on a modern mathematical apparatus. Indicative in
this respect is, in particular, that the matrix (I-4)

© M.M. KULYK, 2020

from the output model of input-output as a part
of the subclass of matrices with special properties
entered the general theory of matrices entitled the
“Leontief matrix”.

Although the foundations of the theory of in-
tersectoral balance were initiated and developed
almost a century ago, its relevance and popularity
are enhanced permanently by the high efficiency
of this toolkit.

During all the time from the beginning of the
input-output apparatus development until now,
only two reliable systems of equations have been
and remain mathematical basis of this apparatus:
the Leontief model for determining output at a
given final demand and the Ghosh model for de-
termining output through value added.

Having at his disposal a model of output based
on Leontief’s final demand [1], A. Ghosh [2] de-
veloped own output model in the input-output
system which is based on the use of value add-
ed. Since then the debate over this model has not
stopped.

During this time, many publications have been
devoted to the Ghosh model. Discussions and sug-
gestions are no longer limited of the value-added
model. De March et al. [3] state that Ghosh model
can be used to study the price and cost effects or
forward links between industries. Quite harsh
qualitative assessments of this model are pro-
vided. In particular, Oosterhaven [4] emphasizes
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its implausibility. According to de Mesnard [5],
the Ghosh model is of no interest at all. Dietzen-
bacher [6] attempted to establish links between
the Ghosh model and the Leontief price model.
Davar [7] contradictes this possibility and insists
that the Ghosh model cannot be equivalent to Le-
ontief’s input-output model.

Some of these critical assessments are even
surprising in their radicalism. It is possible that
some of them were caused by the excessive hopes
of their authors for using Ghosh model for other
tasks (for example, determining prices), which
later did not come true. But from an economet-
ric point of view, the Ghosh model is a twin and
competitor to the Leontief model, and it can and
should be used only to determine the output.
For balanced input-output (IO) structures, these
models give adequate (matching) results (see be-
low). In a balanced IO structure two balances are
ensured: an output balance and a input balance.
V. Leontiev used the balance of output to build
his currently classic model based on indicators
of final demand. It was quite logical and even
naturally from the point of view of economet-
rics to build another model for determining out-
put in the input-output system, which would be
based not on final demand, but on added value,
as A. Ghosh did. If it had not been implemented
by Ghosh, this model would have been built by
someone else.

This method of determining the volume of
output has several advantages over the classical
method.

Value added forecast indicators, in contrast
to final demand, are systematically developed
for government purposes by statistical services
and can be used in input-output structures with-
out changes or with little adaptation. Thus, in
the case of their application in the Ghosh mod-
el, there is no need for additional research to
generate input data. At the same time statistical
services, even in developed countries, do not
develop forecasts for final demand. Moreover,
the information base of the statistical services
of some of these countries does not always pro-
vide even the actual data necessary for forma-
tion of final demand used in the existing out-
put model. This problem has to be solved by
specialists who use intersectoral balance tools
to determine output through final demand. This
leads to a significant increase of laboriousness
and time for research. But even more impor-
tant is the fact that the much poorer statistical
base, applied to the classical Leontief model,
should lead to greater errors in final demand
forecasts than in value added forecasts. This, in
turn, leads to the fact that the accuracy of out-

put forecasting for the Ghosh model is expected
to be significantly higher than the accuracy of
those for the Leontief model.

Thus, there is reason to believe that the math-
ematical model of output, built on the basis of
value added, at least should not be inferior to the
model based on final demand.

1. The present structure of the Ghosh model
and problem formulation

The Ghosh model, like the Leontief model,
was built on the structure of input-output matri-
ces, which is provided in Scheme (1)

1 iZj n f x
M ziajzaa| O] [*
i| % Zi % G | | Si| | X

AN ET

_znl Sni Snj znn_ fn X,

J| Zj1 Zji Zjj Zjn

|:V1 vl- Vj Vn \4

’

[zl Zi % z,,]z'=x’

Here i, j =1,n — sector numbering, z;— elements of
the matrix of intermediate sales Z; f, x, v, z — vectors
of final demand, output, value added and total input,
respectively. In balanced tables (1), dependencies are
always provided, as is known:

7= x;. 2
i Vi = i i 3)
i=1 i=1

as well as the balance of output

n
> 5+ fi=x; *)
Jj=1

and input balance
n
le,‘j+v]'=x]-. ®)]
i=

We draw attention to the fundamental need to en-
sure the dependences (2)—(5) in the construction of
correct input-output models.

The Ghosh model in its modern form and its tran-
scription by Miller, Blair [8] has the form

(I-B)x=v, (6)

where the Ghosh matrix

B={b; |=[z/xi], ij=1n

or in the expanded form

(7
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1 i Jj n

1| A 2 %1j Zin

X1 X1 X1 X

il %1 Zii % Zin

. x. x. x.

1 1 1 1

B= . (8)

G| 2L i Zi Zjn

Xj Xj Xj Xj
n Znl Zni z"f Znn

L Xn Xn Xp Xn ]

To further recall that the Leontief model of de-
termining the output volume in monetary form has
a structure

I-Ax=f, 9

where
4oy [sy /3], =T

A comparison of models (6), (7) and (9), (10)
raises the question why their structure is so drasti-
cally different (due to the use of the transposed ma-
trix B"). Why is it necessary to form a matrix B, if it
is not used in the structure of the Ghosh model (6),
(7). The answer would be the fact that otherwise it
would be impossible to build the output model based
on the value added data. But this is not so, because
the symmetry of the balances of output (4) and input
(5) makes it possible.

Therefore, the purpose of this article is to form a
modified Ghosh model in a form similar to the Leon-
tief model (9), (10), namely, in the form

(I-Q)x=7. (11)

The use of the Ghosh model in form (11) eliminates
possible confusion with the formation and use of the
Ghosh matrix (8) and (more importantly) provides
simplification and certain perspectives in theoretical
research, some of which will be discussed below.

2. Modified structure of the Ghosh model

The modified Ghosh model is constructed using
equation (2) and input balance (5). In expanded form,
the input balance has the form

Mtz Tt TV = X,
i T2 Y25 T2, TV T X,
R ty.=x. 12
jtetztz,tv,=xj, (12)
z1n+zin+zjn+znn+vn:xn‘

To convert system (12) to vector-matrix form,
each of the amounts of intermediate sales 3 hj= Ln
provide in identical form

Mttt im =Xt X5t s
X1 X; x]- Xy
Wi o B S i
1 i Jj n (13)
VI T
1 i Jj n

J

_%ln Zin zf” Znn
AUn +zin+zjn+znn__x1+_xi+_x'+ Xn-
X1 x,- xj Xy

After that, the system of equations (12) takes form

211 %1 %j1 Zm
X1 V1 X1
X1 X5 xj Xy
Z1: T < Zoi
X1 % ZJ' fni X V. X
X1 xi xj Xn ! ! !
2 2 2y i | " B - (14
1y %y Zj Fn s .
S v N xj VJ xj
X1 X xj Xn
Zin Zin %jn Zun X, v, X,
X1 xi xj' X

The structure of equations (14) allows us to repre-
sent the system of dependences (12) in vector-matrix
form (11), which is the purpose of the article, where
the matrix @ has elements

q,-j=zj,-/x]-, i,j=1,n. (15)

If we select the j-th equation from the system
(14), we immediately obtain the input balance (5).
That is, the modified Ghosh output model is bal-
anced and therefore should not have methodologi-
cal errors.

The system of equations (11), (15) is a modified
Ghosh output model in the system of input-output
models, which is based not on final demand but on
value added.

Example. The possibilities of a modified Ghosh
model for determining the output were investigated
using (table 1) a system of input-output reporting ta-
bles (Germany, 1995), which is given in De March et
al. [3, P. 483, 490 (version A)].

Two variants of calculations of output volumes are
investigated. According to the first of these, interme-
diate sales Z, final demand f and total inputs z were
considered known. Output indices x were determined,
i.e., output volumes were determined using the Leon-
tief model (9), (10). The indicators of the vector x had
to coincide element by element with the indicators of
total inputs z (table 1). Pre-calculated matrices A4 and
(I-A) had the form given in Table. 2.
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Table 1. Reporting system input-output
Millions of Euro

Agricul- Manyfac— Coqstruc- Trade Busipess Other Final Output
ture turing tion services | services | demand
1 2 3 4 5 6 7 8
Intermediate sales Z f X
1 | Agriculture 1131 25480 1 607 710 762 15219 | 43910
2 | Manufacturing 7930 | 304584 | 64167 | 41082 | 11981 | 30360 | 619342 | 1079446
3 | Construction 426 7334 3875 5296 | 23457 | 9155 | 196063 | 245606
4 | Trade 3559 72717 | 14190 | 74399 | 10835 | 21008 | 343355 | 540063
5 |Business 3637 96115 | 31027 | 65755 | 193176 | 34223 | 268554 | 692487
SE€rvices
¢ |Other 1552 | 14986 | 1747 | 11225 | 15058 | 22070 | 442280 | 508918
SE€rvices
| Value added | 25675 | 558230 | 130599 | 341699 | 437270 | 391340 |v’
| Input, total | 43910 | 1079446 | 245606 | 540063 | 692487 | 508918 |z’=x’
Table 2. Matrices A and (I-A)
| ! 2 [ 3 | 4 | 5 | 6
Matrix 4
1 0,025757231 | 0,023604701 | 4,07156E-06 | 0,001123943 0,00102529 0,001497294
2 0,180596675 | 0,282166963 | 0,261259904 | 0,076068903 0,017301408 0,059655976
3 0,009701662 | 0,006794226 | 0,015777302 | 0,009806263 0,03387356 0,017989146
4 0,081052152 | 0,067365111 | 0,057775462 | 0,137759854 0,015646503 0,041279735
5 0,082828513 | 0,089041045 | 0,126328347 | 0,121754314 0,278959749 0,06724659
6 0,035345024 | 0,013883047 | 0,007113018 | 0,020784612 0,021744813 0,043366515
Matrix (I-4)
1 0,974242769 | -0,023604701 | -4,07156E-06 | -0,001123943 -0,00102529 -0,001497294
2 | -0,180596675 | 0,717833037 | -0,261259904 | -0,076068903 | -0,017301408 | -0,059655976
3 | -0,009701662 | -0,006794226 | 0,984222698 | -0,009806263 -0,03387356 -0,017989146
4 | -0,081052152 | -0,067365111 | -0,057775462 | 0,862240146 -0,015646503 | -0,041279735
5 | -0,082828513 | -0,089041045 | -0,126328347 | -0,121754314 0,721040251 -0,06724659
6 | -0,035345024 | -0,013883047 | -0,007113018 | -0,020784612 | -0,021744813 0,956633485

The scheme of determination and output volumes
calculated according to the Leontief model is shown
in the Table 3 [3].

According to the second option, the indicators of in-
termediate sales Z, value added v and total inputs z were
considered known. The output vector x was determined
using a matrix (I-Q)! and vector v, that is, according to
the scheme of the modified Ghosh model. Matrices Q
and (I-Q) were calculated and listed in Table. 4.

In the table. 5 presents the source data for deter-
mining the output x based on the matrix (I-Q)! and
vector v, i.e., a modified Ghosh model was used here.

Calculations show that the output x obtained
using the Leontief model and the modified Ghosh
model are identical. They also completely coincide
with the actual production data, which are given
in table. 1. Similar to Leontief model, the modi-
fied Ghosh model has no methodological errors.
It demonstrates its adequacy and competitiveness.

The fact that the Leontief model and the modi-
fied Ghosh model are different in nature but de-
scribe a common set of input-output tools indicates
the potential possibility of certain connections be-
tween them.
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Table 3. Determination of the output x according to the Leontief model

(I-4)" S x
1,033872366 | 0,035030051 | 0,010021749 | 0,00508589 | 0,00302524 | 0,004423248 15219 43910
0,289644215|1,429151859 | 0,396130509 | 0,141973993 | 0,059632189 | 0,107342982 619342 1079446
0,020699544 | 0,019087986 | 1,028937758 | 0,02108126 |0,050037004 | 0,024998564 196063 | = | 245606
0,126914744 | 0,121400291 | 0,106421353 | 1,178399633 | 0,035567713 | 0,063119829 343355 540063
0,1842067 |0,207106708 | 0,250342948 | 0,223880455 | 1,412561607 | 0,126867916 268554 692487
0,049500711 | 0,029521911 | 0,021772349 | 0,033096857 | 0,034230316 | 1,051494704 442280 508918
Table 4. Matrices Q and (I-Q)
1 2 3 | 4 | 6
Matrix Q

1 0,025757231 0,007346361 0,001734485 0,006589972 0,005252084 0,003049607

2 0,580277841 0,282166963 0,029860834 0,134645402 0,138796829 0,029446787

3 2,27739E-05 0,059444382 0,015777302 0,026274712 0,044805173 0,003432773

4 0,01382373 0,038058411 0,021562991 0,137759854 0,094954851 0,022056599

5 0,016169437 0,011099212 0,095506624 0,020062474 0,278959749 0,029588264

6 0,017353678 0,028125538 0,037275148 0,038899165 0,049420422 0,043366515

Matrix (I-Q)

1 0,974242769 -0,007346361 -0,001734485 -0,006589972 -0,005252084 -0,003049607

2 -0,580277841 0,717833037 -0,029860834 -0,134645402 -0,138796829 -0,029446787

3 -2,27739E-05 -0,059444382 0,984222698 -0,026274712 -0,044805173 -0,003432773

4 -0,01382373 -0,038058411 -0,021562991 0,862240146 -0,094954851 -0,022056599

5 -0,016169437 -0,011099212 -0,095506624 -0,020062474 0,721040251 -0,029588264

6 -0,017353678 -0,028125538 -0,037275148 -0,038899165 -0,049420422 0,956633485

Table 5. Determination of the output x according to the modified Ghosh model
(I-0)! v X

1,033872366 | 0,011782227 | 0,003700712 | 0,010318845 | 0,011680387 | 0,004270975 25675 43910
0,861148918 | 1,42915186 |0,083892291 |0,242647726 | 0,322837119 | 0,062617767 558230 1079446
0,056055609 | 0,090131447 | 1,028937758 | 0,048397544 | 0,088789725 | 0,010507428 130599 | =| 245606
0,062552972 1 0,071031715 | 0,046355579 | 1,178399633 | 0,174601906 | 0,035122334 341699 540063
0,047709843 | 0,038255286 | 0,141079514 | 0,045606122 | 1,412561607 | 0,046577344 437270 692487
0,051265554 | 0,05060816 |0,051799302 | 0,059479759 | 0,093236936 | 1,051494704 391340 508918

3. Vector-matrix relationship between value v=( I-Q)( I- A)'l f. (17)

added and final demand

The existence of models (11), (15) and (9), (10)
together with use of the dependence (2) makes it
possible to establish relationships between the vec-
tors f'and v in the input-output system (1). Indeed,
using first (9), (10) and then (11), we obtain the
dependence for f:

f=(1-A)x=(1-A4)(1-0)"v.

(16)

Dependence for v is obtained similarly

18

Note that expressions (16), (17) satisfy the depen-
dences (2), (3).

They link the important indicators of final demand
and value added, which are the source information for
the Leontief model and the modified Ghosh model,
respectively, in vector-matrix form, and this deter-
mines the relationship between them. These depen-
dences could not be obtained earlier due to the ab-
sence of the matrix Q.
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4. The identity of the diagonal elements of the
Leontief model matrix and of the modified Ghosh
model matrix

Comparison of matrices 4 and @, (I-4) and (I-Q),
(I-A)! and (I-Q)", which are given in the above ex-
ample, demonstrates the complete coincidence of
their respective diagonal coefficients. We will show
that this property is inherent not only for the matri-
ces given in the example, but also for all matrices
that correspond the conditions (2)—(5) input-output
systems (1).

For matrices 4 and @ at i=j equality

i = 9qii (18)
automatically follows from dependencies (10), (15).
The equality of corresponding diagonal elements
in the matrices (I-4) and (I-Q) follows from (18).
Proving the identity of diagonal elements of ma-
trices (I-A)! and (I-Q)' much more complicated,
requires a lot of space, and therefore it is made in
the Appendix.

CONCLUSIONS

The current Ghosh model (6), (7) is based on the
use of forecast value added data. Forecasts of gross
domestic product and value added have long, deeply
and regularly (usually annually) been developed by
various national and international economic and fi-
nancial structures, including government. The meth-
ods and accuracy of such forecasts are of a higher
level compared to the forecasts of final demand, on
which the Leontief model (9), (10) is based. There-
fore, from an econometric point of view, the accuracy
of predictions of output made using the Ghosh model
should be at least not worse than that provided by the
classical Leontief model.

The modified Ghosh model (11), (15) formally
differs from current Ghosh model (6), (7) by the
presence of a new matrix Q. However, this differ-
ence is only a structural feature, and in mathematical
terms these models are identical. Indeed, according
to (7), the matrix B (8) has an element b] = z]/x On
the other hand, the element 4 the matrix Q@ accord-
ing to (15) has the same Value namely, 4, =% /x
That is, there is a dependence Q B’, which con-
firms the mathematical identity of the current and
modified Ghosh models.

However, in our opinion, the modified Ghosh mod-
el is more attractive and promising than the current one
due to the following factors. It contains (uses) one ma-
trix (Q) instead of two (B i B'), which appear in the
current model. The modified model has a structure (un-
like the current one), similar to the structure of the clas-
sical Leontief model. This feature is logical and even
natural considering that these two models are based
on the mirror properties of the input-output structure,
which are the balances of output and input. Due to this,

the modified model is more understandable and easy to
use. But the most important is that the use of the matrix
0 significantly expands the possibilities of theoretical
research within the input-output structures.

Already in this article, thanks to the construction
of a new matrix @ in the modified Ghosh model,
new dependencies between the vectors of final de-
mand and value added have been identified, which
can be effectively used in balancing the system of
input-output matrices. It is also established that the
corresponding matrices of the classical Leontief
model and the modified Ghosh model have identical
diagonal elements in pairs, which is useful in vari-
ous analytical studies.

ANNEX

Proof of identity of diagonal elements of matri-
ces (I-A)! and (I-Q)!

To prove this identity, we define in general the de-
pendence for diagonal elements al(l.'l), i, j=1,n ma-
trix (I-4)?, relevant elements qsl.'l) matrix (I-Q)" and

compare them with each other. The matrix (I - A) is
used as

1 i j n
o IR ek VS TR V A Y
3 3 ij Zn
il G %G Y T
Al)
T A P ¢
I1-A4= J , i, j=1n
J 3 3 Zj Zn
n _Zm Sni ‘i Ty Znn
4 3 ij Zn
and matrix (I-Q) - in a similar form
1 i j  n
a2 % 4
4 3 ij 2n
il Gt S i (A2)
| 3 Zj Zn L.
I'Q= ’ la.I:la”
N VA T B
J 2 3 Zj Zn
Jn _%n _Ein Tn %
n
4| 3 ij Zn
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We first prove that the matrices (Al) and (A2)
have the same determinants. Indeed, the determinant
of the matrix (I-4)

1-Al=A,=—1 B, (A3)
(%)
where
AT "M Ty T%n
B R B e B/ B C T
B_ 9 l?.’ 1’”7 (A4)

TLL TR YiTE o "L

“Znl “ni "% %n"%nn

D(zi)=z1-z2---z----z

i *n-1%n (A5

For the matrix (I-Q) the dependence is valid
_
D(z;)

in which the matrix C has the form

[I-0|=A,= Icl, (A6)

1 i Jj n
Z-2n -4t %1 ~Zm (A7)
i -zl. Lo =T =T:: =Z0; L. —
c=" i LT ji ni , Q,j=ln
J| w3t
nl =%n  “%in “%jn n~%nn

A comparison of matrices (A4) and (A7) shows that

C=B. (A8)
Therefore, the determinants of matrices B and C
coincide

lc|=|B, (A9)
and according to (A3) and (A6) are equal determi-
nants of matrices (I-4) and (I-Q)

A, = A " (A10)

The analysis makes it possible to determine in
general and compare the diagonal coefficients of the
matrices (I-4)! and (I-Q).

Since we are talking about diagonal coeffi-
cients of inverse matrices, in the further analysis
the algebraic additions to these elements will coin-
cide with the corresponding minors. Dependence
for element ii of the matrix (I-4)"' form using a
classical expression for an arbitrary element of the
inverse matrix, namely

n_1

i = 1P (ALD)

a

where the matrix F has the form

1 j n
1121211 _%1j  _Zn
1 Zj 2n
z.l z.-z.- z. .. —_—
F= | HLETE En 0 ioTa A1)
K| <j in
_Zm _zj" Zn = Znn
"oy g Zn
For minor |F] is a fair dependency
1 Q-1 "%y "% (A13)
|F|=m' 'zjl Zj'ij 'Zj,, ) ls]=19na
i
“Znl "%j1 Sn " Zan
here

P(z;) =2 x %2 X2y X% 2, = D(z;)/ z;. (A14)

To determine the element ii of the inverse matrix
(I-Q)" use a dependence similar to (A11)

n 1
qii =A—|K|, (A15)
q
in which the matrix K has the form
1 j n
11Z21-%21u _%j1  Znm
b4 Zj Zn (A16)
Z Z;i=%j; Z
K= j - U Zj"%j _*nw , Lj=ln
{1 Zj Zn
_%n _zﬂ Zn = %nn
"o g Zn

Minor |K] is determined similarly (A11), namely

1 -t %1 "im _(A”)
|K|=m 'Z]j Zj'ij 'Z,,j ) l,_]=1,n.
i
“%n  “%jn %n"%nn

Since in the right parts of expressions (A13) and
(A17) there are determinants which are determinants
of matrices, one of which is transposed to another,
equality takes place.

|Fl=IKl. (A18)

Using (AS5), (A10), (A14), (A19) we establish fi-
nal dependences for diagonal elements of matrices
(I-A)" and (I-Q)"
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I B TR T

l(ll)zqgi'l)—A.Dz;( ) "Lt Lt i s i,].=1a”’(Al9)
Yl -2a =%t Zninn
or
1 i n
D_ (D_ T, i ji=1,n
oV =gV = “Uj 3% Gy | bi=ln.(A20)

A-D*(z;
( ') “Un Ljn Tn
where A=A, =Aq.

Thus, the corresponding diagonal elements of
the matrices (I-4)' and (I-Q)"' are identical for
their arbitrary dimension, if the matrices A4 and Q
satisfy the conditions (2) — (5) of the input-output
system (1).
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