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Standing second sound wave in many-layer systems
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The variation of thermodynamic parameters of superfluid helium in standing second sound wave is studied.

Such double-layer systems as heater—helium and helium—detector are considered. Heat transfer in the heater and

the detector was described with usual thermal conductivity equation. Temperature and heat transfer in superfluid

*He was described with the system of equations for superfluid with taking into accounts both dissipative thermal

conductivity mode and second sound mode. Resonance frequency and amplitude dependence on dissipation at

the heater and the detector was studied. The unusual resonance was found in the double-layer system helium—

detector.

PACS: 67.60.-g Mixtures of *He and *He;

44.05.+e Analytical and numerical techniques;

43.20.Ks Standing waves, resonance, normal modes.
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Introduction

Superfluid *He possesses a number of unique features.
One of them is the existence of second sound [1]. Unlike
usual sound in the second sound mode not full momentum
(and pressure) fluctuates but temperature (and entropy)
fluctuations take place. Second sound provides heat trans-
fer and temperature relaxation in He II.

One of the experimental methodic to study second
sound is the generation of the standing wave of second
sound. This methodic was used in the first experiments
dealt with second sound [2,3], as well as in the latest ex-
periments [4], in which the possible electric properties of
second sound were studied. The latter experiments resulted
on theoretical consideration presented in this paper.

In this work the heat transfer model in the double-layer
systems [5,6] is presented. Such double-layer systems as
heater-helium and helium—detector are considered. The
nature of heat transfer in these layers is very different. Heat
transfer in the heater and the detector is determined by
dissipative process of thermal conductivity, so, it is de-
scribed by usual thermal conductivity equation. Heat trans-
fer in helium is determined by second sound and it is de-
scribed by the system of equations for superfluid with
taking into accounts both dissipative thermal conductivity
mode and second sound mode.
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2. Double-layer system heater—helium

At first we consider the double-layer system consisting
of a heater and helium (see Fig. 1,a). The first layer is a
usual substance of finite length /; and serves as a heater.
The second layer is superfluid helium of finite length /,.
The left end of the first layer is thermally isolated. Inside
the first layer heat sources are uniformly distributed.

To describe heat transfer in the first layer usual thermal
conductivity equation with external uniformly distributed
heat sources ¢(¢) is used

T =0T q(0), q(6)= 0y cos (o), (1)

where Y, is the temperature conductivity of the heater, 7}
is the temperature deviation of the heater from the equilib-
rium value Ty, Qp is the dimensionless (divided to heat
capacity) external heat sources amplitude, o is the frequen-
cy of external heat source.
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Fig. 1. The geometry of considered experiments: heater—helium
(a); helium—detector (b) systems.
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At the left end the boundary condition for the heat flow
in the heater has the form

000,1)=0 2
and at the right end of the heater we seek the heat flow as
o, )=0 cos((x)t+(1)), 3)

where /1 is the length of the first layer, Q01 and ¢ are pa-
rameters that are defined by equating temperatures and
heat flows at the layers boundary.

Heat transfer in the second layer is described with the
system of hydrodynamic equations for superfluids that
takes into account both second sound and dissipation [2]

. 2

v.n +uy T’ =0, @

T+v, =x,T".
Here u, is the second sound velocity, v, is the normal
fluid velocity, y» is the temperature conductivity of the
helium, 7 is the temperature deviation from the equilibrium
value Tp. The boundary condition at the right end of heli-
um has the form

I, =0, )
where [, is the length of the second layer. The heat flow in
helium is

q=STyv, —xT’, 6)

where § is the entropy of helium and x=Cp), is the
thermal conductivity coefficient of helium. Here we should
note that the second term in Eq. (6) almost at all tempera-
tures can be neglected.

3. Result of calculation

To solve the problem Laplace transform was used in
order to solve the problem about switching on [7,8] and off
the heat flow in future. Amplitude and phase of the heat
flow at the boundary of the layers were obtained by equat-
ing temperatures and heat flows at the boundary.

For temperature of the heater the following expression
was obtained

T (x. 1) = Ql\/sinh2 (7\,111)-{‘0052 (Aly) sin (O)t—oc)+
1\As8) =
\/cosh2 (M) =cos? (Mh) My Gyt

+=Lsin (1) . @)
(0]
Here A; =./®/2y; is the inverse thermal wavelength in
the heater, Oy = QyCyy/; is the normalized heat flow am-
plitude, o=¢—m/4+arctan (B(x)/4,(x)) is the phase
shift, and Cj/ is the thermal capacity of the heater. Values
A1(x) and B1(x) are determined by expressions

A (x) = cos (Ayx) cosh (Ax) cos (A7) ) sinh (A )+
+sin (A;x) sinh (A;x)sin (A4 ) cosh (A4 ),

®)
By(x) =sin (A;x)sinh (A;x) cos (A ) sinh (A7 ) -
— cos (Ayx) cosh (Ayx) sin (A4 ) cosh (A7 ).

Phase shift ¢ is given by

\/Ek +wCpc_
271 VS ’ )

¢ = — arctan
( N2ky, +0Cyg,

and heat flow amplitude Q1 takes the form

- QpuCy .
(Y2 c0s 0=, sin §)+ (Y| cos 0—7, sin HUCy®/v2
(10)

In Egs. (7)—(10) the following expressions were used:
Y1 =& ky cosh (2k1 )+ Ky cos (2ky05) .
Yy =& ky sinh (2kily ) —ky sin (2ky5 )],
E=MxiCy, [cosh2 (M) - cos? (M )J ,
G+ =M [ sinh (24,4 )£sin (24,4) ]
w = cosh (2kl, )+ cos (2k,1 ).

Here we introduced the values k1 and k>, which respect to
typical inverse lengths of the problem: k& corresponds to
dissipative thermal heat wave length:

2
]q:ﬁ 1 -2 , (11)
U\2 U?
and &, defines the wavelength of second sound:
2
=2 Lk | (12)
U\2 U2

The value U determines the velocity of heat propagation:

U=4us +o?x* . (13)

For the second layer, which is superfluid helium, the
dependence on coordinate was obtained

O [ 4y (x) sin (@t)+ B, (x) cos (o) |
ucy [cosh2 (kyly) — cos? (kllz)}

Ty(x,0) = (14)

The functions A>(x) and By(x) are

Ay(x) = % (K cos & —ky sin ) [s1(x)s3(1) + 52 (xX)s4 (1) |+

+ (ky cos @+ ky sin ) [s1(x)s4(l) = 55(0)s3(k) |,
(15)

and
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By =< (K €05 0=k 5in 6)[52(0)53(12) =31 () (1) +
+ (ko cos O +k sin &) [51(x)s3(h2) +55(x)s4(r) ]

(16)
In Egs. (15) and (16) we used the following relations:

s1(x) = cos (k2 (- x)) sinh (kl (L —x))
55(x) =sin (ky (1, = x)) cosh (k; (I, - x)),
53(x) = cos (kyx) cosh (k;x),
s4(x) =sin (kyx) sinh (kx).

Obtained expression (14) for temperature allows de-
scribing of temperature in helium at any coordinate point
inside the experimental device.

For the heat flow in helium layer we obtain the follow-
ing expression:

O | Ap(x)sin (0t )+ By (x) cos (ot
e - 2L AW @) Brg s on)] -
cosh” (kyly)—cos” (kl,)

where functions 4»q(x) and B2q(x) have the form
Ao (x) = =530k = 1)53(ly) +54(l = x)s4 (L) | sin ¢

18)
= [s4( =%)s3(1y) = 531 = X)s4(1) | cos ¢

and
By (%) =[53(1y = X)53(1y) + 54(x)s4 (L) ] cos ¢ —
~ [84( = 0)53(1) = 53 = )s4(l) | sin 6. (19)

These results allow determining of the heat flow both
inside the helium and at the right boundary of the vessel
with helium, i.e. in the point, where the bolometer is situ-
ated in experiments [4].

4. The problem of thermometer measurement

When carrying out experiments [4] temperature is
measured with the help of thermometer, which is situated
in the right side of the vessel with helium. Let’s show that
situation when thermometer measures not temperature but
heat flow is possible.

Using Eq. (17) heat flow at right side of helium at
x =1, can be written in the form

Q(l2’ ZL) = Q2 sin ((Dt + B)> (20)
where phase shift is
[izalrctan(s3 COS Q=54 s%nq)} @2n
S4 COS O — 53 sin O

and amplitude is equal to

0) \/532 +55 — 2535, sin (20)
cos (2ky1,) +cosh (2kily)

O = (22)

Let the thermometer does not change heat flow in heli-
um. Then thermal conductivity equation for the thermome-
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ter 7, =y g7y, can be written with the boundary conditions
Op(x=0)=0 sin (r+P), Op(x=13)=0 (because the
thermometer is heat insulated with non-conductor), where
lg is the thermometer length, ¥ pis the thermometer tem-
perature conductivity.

In this case the solution of the thermal conductivity
equation inside the thermometer has the form

cos (1/0)/)(3 (I - x))

\/XB(D sin (\/‘D/XBIB) .

(23)

TB(X, t)=Q2 sin (Q)t+B

From this expression we obtain the average temperature in
the thermometer:

Q(IZ’ Zt)

B

@m——j@und— (24)

So, under definite condltlons, when one side of a ther-
mometer is thermally isolated, the thermometer will show
the heat flow at its other side. In our case such thermome-
ter will show heat flow in helium atx =1/, .

5. Heat flow resonanses

It is known that under boundary conditions (3) in super-
fluid helium temperature and heat flow resonances appear.
This phenomenon was described in [7,8] where experi-
ments with given heat flow at both ends were carried out.
In such case temperature and heat flow resonances are ob-
served in all harmonics (Fig. 2,a). In this work it is shown
that such problem formulation when only odd resonances
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Fig. 2. Heat flow amplitude dependence on frequency excitation
when at the right end is constant heat flow [7] (a) or constant
temperature (Egs. (17)—(19)) (b).
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Fig. 3. First resonance dependence on the heater width.

appear is possible (Fig. 2,b). It is related with the diffe-
rence in boundary conditions. In classical case right end is
heat insulated (Q(/,, t) = 0) and in our case right end is at
constant temperature (7'(/,, ) =0).

Resonance frequency dependence on length of the first
layer was studied as well. It was found out that the longer

0y [ € (x) sin (ot )+ Cy (x) cos (o) |

the first layer is the less is resonance frequency. In Fig. 3
an example of such dependence for the first resonance is
given.

6. Double-layer system helium—detector

Let’s study the influence of the right wall of the vessel
on resonances characteristics. So, we consider the right
wall as a layer of 4 width (see Fig. 1,b). Heat transfer in it
we describe with the usual thermal conductivity equation.
Heat transfer in helium we describe with the system (4).
For simplicity we consider ), =0 and /; =0. We have
obtained the double-layer system (the first layer is super-
fluid helium and the second layer is the right wall of the
vessel) with the following boundary conditions:

O(x=0,1)=Qy cos (ot ), T(h, ) =0. 25)

Making temperatures and heat flows equal at the
boundary of the layers we obtain the following expression
for temperature in superfluid helium:

T(x,t)=

where functions C1(x) and Cy(x) are

Cy(x) = 4Chay, cos (ki ) sin (k(ly +x))by —402u3 sin (kly ) cos (k(ly +x)) by — Cy 200, 0ty cos k(2L +x)) by

C2 (x) = _CV \/20)’)( (XMZ COS (kx) b4.

The expression for the heat flow in helium is

oty | 4CT oy cos” (kly by + 40 u3 sin? (ki )by + Cy 20y cuy sin (2l ) by |

; (26)

Ox, 1) =

with functions C3(x) and Ca(x):

"(27)
Oy [ C3(x) sin (@t )+Cy(x) cos (o) |
2 2 2.2 2 ’ (28)
4C oy, cos” (kly )by +40 w5 sin” (kly )by + Cyy /200y 0wy sin (2kl, ) by
— 2 2.2 - . .
C3(x) = 4Cpwy, cos (ki ) cos (k(ly +x)) by + 40 uj sin (kly ) sin (k(ly +x)) by + Cy 20 0y sin (k(21, +x)) b3, 29)

Cy(x) = Cyy 200y 0ty sin (kx) by .

Hereinabove we used the following notations:

by =cos® (Mr) +sinh® (Mz), by =sin® (M)+sinh? (M4),
by =sinh (201)—sin (201), by =sin (2M1) +sinh (2A%), (30)
OC:YE)CVZ'

Here A =./®/2y is the inverse thermal wavelength in the
right wall of the vessel, y is the temperature conductivity
of it, k = ®/u, defines the inverse wavelength of second
sound.

Odd harmonics resonances of the heat flow appear and
characteristics of these resonances depend on 4. When /4 is
much less then the length of heat wave in the right wall of

the vessel we obtain the expression for resonance of the
heat flow:

Qotp '
lz\/(m—mo )2 +v2

Here o, is a resonance frequency and 7y is the width of
the resonance peak:

A(w) =

€2))

u3

- Cyxh
Temperature odd harmonic resonances of unusual form
appear (Fig. 4). When / is much less then the length of

heat wave in the right wall of the vessel we obtain the ex-
pression for resonance of the temperature:

Y (32)
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Fig. 4. An example of temperature resonance of unusual form
with y=0.030y (@), Y= 0.13w (b).

(33)

Such a behavior near a resonance frequency is much
unexpected. The nature of this phenomenon is connected
with the unusual type of the considered system. It consists
of two layers which have different type of heat transfer —
acoustic and dissipative. This frequency dependence could
be observed in future experiments. All the conditions under
which such resonances can be observed are presented in
this paper.
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6. Conclusions

In conclusion we should note that the double-layer
model of heat emission and propagation in helium is built.
We have considered two double-layer systems: heater—he-
lium and helium—detector. The model takes into account
both second sound mode and thermal conductivity in su-
perfluid helium and dissipative heat transfer in heater and
the detector.

Resonance frequency and amplitude dependence on
width of the heater and the detector was studied. The ex-
plicit expressions for temporal and spatial dependencies of
temperature (14) and heat flow (17) were derived. In par-
ticular, these equations allow demonstrating the depend-
ences of resonance frequency on the heater width (Fig. 3).
Conditions, under which thermometer measures not tem-
perature but heat flow, are determined and the expression
(24) for the temperature in this case was obtained.

Unusual heat flow resonances behavior (33) is found
out and experimental conditions under which such phe-
nomenon may be observed are defined. Resonance fre-
quency dependence on the heater length is found out. In-
fluence of the right wall of the vessel on resonance
characteristics is studied. Particularly, it was found, that
the resonance width in helium can be determined not by
dissipative properties of helium, but the dissipation in de-
tector (32).
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