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An exact diagonalization method is applied to solve the quantum-mechanical problem of spinless helium at-
om in an external electric field of arbitrary magnitude. The basis set for two-electron problem is built from dif-
ferent pair combinations yp,i,ma(0ra)Wnpipmp(ctrp) of orthonormalized single-particle hydrogen-like wave func-
tions y,m(r) belonging to any possibly bound states of the individual a- and b-electrons in the Coulomb central
field renormalized by the scale parameter o, > 0. Within the selected basis the matrix elements of the total Hamil-
tonian allows an exact analytical representation in the form of finite numerical sums. The diagonalization proce-
dure is performed by Jacobi algorithm for NxN square Hermitian matrix built on the basis of dimension N = 25.
The systematics and the numerical values of the low-lying energy levels at zero field are in good agreement with
known experimental data. The field dependences of low-lying levels (Stark effect) and polarizability in
the ground state of helium atom are presented. It is shown that even extremely high external fields lead only
to shifting or splitting of existing low levels, without disturbance of their systematics. Typically, no new low-
energy excitation can be created under external electric field of moderate intensity. Radical reconstruction
in spectrum of individual helium atoms can be expected in condensed helium phases where each atom is deeply
affected by interaction fields from neighbors. This result should be taken into account at interpretation

of electrodynamic experiments on superfluid helium.

PACS: 31.15.ac High-precision calculations for few-electron (or few-body) atomic systems.

Keywords: helium atom, two-electron shell, exact diagonalization.

1. Introduction

Unusual response of superfluid helium under external
electromagnetic exposure is a subject of intensive discus-
sions over last decade [1-8]. The most impressive thing is
detection of a certain low-frequency mode of ~180.3 GHz
which behaves like specific eigenstate of superfluid flow in
“He [7,8]. This mode can be splitted by an external sta-
tionary and uniform electric field, and such a splitting in-
creases linearly with applied field [7,8]. The nature of the
low-frequency mode is still not quite understood, but it is
evident that the corresponding phenomena can not be in-
terpreted properly without correct solution of the quantum
mechanical problem on helium atom in an external electric
field of arbitrary intensity. Standard approach for description
of Stark effect in helium based on perturbation theory [9]
does not allow us to accomplish the necessary treatment
because of restrictions on the magnitude of the external
field connected with typical conditions of the perturbation
smallness. The corresponding solution can be built within
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exact diagonalization method, and we realize this program
in the present paper.

Two-electron helium atom is the simplest three-body
atomic system absolutely stable at zero temperature. The
widest literature is devoted to the quantum mechanics of
two-electron atomic shell (the main part of this literature is
reviewed and discussed in the classical books [9,10], for
recent publications see also reviews Refs. 11, 12). From
the formally point of view the Schrédinger equation for
two mutually repulsive electrons in the central attractive
Coulomb field of the infinite heavy nucleus is a linear six-
variable differential equation of second order in partial
differentials. An exact analytical solution of this equation
is still unknown [12], so that this problem was treated by a
number of approximate approaches. Since the initial paper
of Hylleraas [13] the Ritz variational approach based on
artificial trial functions of different kind [14-22] predomi-
nates in the problem of helium states. It should be noted
that all these results are the conditional variational solu-
tions with reduced (as compared with initial six-coordinate
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statement) number of spatial variables, so that they are
approximate solutions whose accuracy should be estimated
by independent methods. The energy of the helium atom
ground state was also estimated by various approximate
methods as perturbation study with 1/Z-expansion [23-25],
semiclassical approach [26,27] and Hartree—Fock approxi-
mation [9,10,28-34].

Mathematically, the solution of a linear differential
equation can be built unambiguously as an expansion over
a complete orthonormalized basis. As the corresponding
basis it should be used any complete set of eigenfunctions
belonging to a suitable Sturm-Liouville problem [35,36].
Thus, the initial problem reduces to an algebraic problem
on eigenvalues and eigenvectors of an Hermitian matrix.
The algebraic problem can be solved by direct
diagonalization of the obtained matrix, and it is the essence
of exact diagonalization method. In this paper we apply
this method to the spinless helium atom in an external elec-
tric field.

In Sec. 2, we present the statement of the problem.
In Sec. 3, we describe the method to solve the problem in
general. Section 4 contains the diagonalization for the case
of zero field with basis of dimensionality N =25 to illustrate
the structure and classification of eigenstates of free heli-
um atom. In Sec. 5 we show the field dependences of low-
lying levels and polarizability of the ground state.

2. Statement of the problem

Helium electronic shell consists of two electrons which
we denote as “a” and “b” particle, and all the values be-
longing to corresponding particle will be labeled by the
corresponding index. In the spherical coordinate system
with origin at immobile nucleus the radius-vectors of parti-
cles are ry ={ry, 95,02} 1 ={fy, 9. @p}, and the Hamil-
tonian of the spinless helium shell (4 He) under external
stationary and uniform electric field E can be written using
the standard Hartree units [9,37] in the form

H=HO 4 E(ry +1p). Q)

Here H© is the Hamiltonian of the free (at E =0) helium
shell,

HO=H® HO b ©
where one-particle Hamiltonians H@ and H®) are

H® = —lAa + Z£ako . H®= —lAb ) ., (3)
2 ry 2 Iy

and the interaction term, Hjp,, is

ZaZb
|ra_rb|

(4)

I:Iint(ralrb) =

The nucleus charge is Zg = +2 and particle charges are
Z,=7,=-1
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An important property of the free atom (at E = 0) is that
the square of the total angular momentum of its shell,

2 = (L@ + ()2

and z-projection of the shell angular momentum,

obviously commutate with Hamiltonian (2) [38]. Thus, the
both dynamical variables are integrals of motion for field-
free problem which means conservation both of the total
angular momentum and its z-projection on an arbitrary
quantization axis. However, these variables have some-
what different meaning. To clarify this statement we intro-
duce, as the temporary variables, new azimuthal coordi-
nates

0
v,

D, =a+¢y, P_=0@z-9,, L,=-2i

and rewrite the angular-dependent part of the interaction
Hamiltonian, Hjy, in the form

HAint(ravrb,Qa,Sb,(D_) :{raz _|_rb2 _
—2r,1,(C0S 9,4 COS Yy, +5in Y, sin Jy cos@_)}—llzl (5)

It is seen that @, is a cyclic variable because the total
Hamiltonian H does not depend on @, so that its conju-
gate dynamical variable L, is an integral of motion. Eigen-
values of this operator,

M=m,+m, =0,£1,%2... (6)

(here m, and m,, are magnetic quantum numbers of indi-
vidual electrons) serve as good quantum numbers of the
general problem. It means that every pure eigenstate of the
Hamiltonian, Hy, can be represented as infinite superposi-
tion of pair compositions of single particle wave functions
with arbitrary m,, my, but only under condition (6). This
property will be used below for classification of the two-
electron shell states.

3. Exact diagonalization method

Mathematically, the spinless Schrédinger equation
H¥(r 1) = E¥(Fa. 1) @)

is the linear partial differential equation of second order
with six spatial variables ry, r,, and the variables can not
be separated due to the special form of H;,;. An exact ana-
Iytical solution of the two-particle equation (1) even at
E =0 is still unknown [12], let alone the case of nonzero
external fields. Up to now the problem of free helium atom
was analyzed with different approximate methods, among
them in the most common use are direct Ritz variational
approach [14-22], self-consistent (Hartree—Fock) approxim-
ation [9,10,28-34] and perturbation theory [9,10]. An ef-
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fect of external electric fields was discussed exclusively
within framework of standard perturbation theory with
computation methods based on a certain variational proce-
dure [39,40]. Here we shall build the formally exact solu-
tion of the problem Eq. (1) by exact diagonalization meth-
od which in our case is, in fact, standard Fourier procedure
of mathematical physics [35,36]. It provides derivation of
the solution in the form of an expansion over a basis built
of the selected complete set of orthonormalized functions.

Below, we consider only bound states of two-particle
Hamiltonian (1) with discrete spectrum £ <0. Let us find
the exact solution ¥(r,, 1) of the linear partial differential
equation (1) as an expansion [35,36]

Y (ra,n) = chup(ravrb) 8
p=1

over a complete set {u, (ry, ry)} of functions orthonormal-
ized with standard condition

(up [ug) :J' A3, d3r U (r, 1)U (Fa, 1) = 8 g, (9)

where 6pq is Kronecker delta. The solution should satisfy
the natural reciprocity relations, P(r,r,) = £¥(ry.ra).
which means the invariance relative to spatial permutations
of the equivalent shell electrons. To determine the solution
of Eqg. (1) unambiguously, the coefficients aj have to be
obtained by any reasonable procedure. If the elements of
the basis {u, (ra, 1)} are not eigenfunctions of the Hamil-
tonian H then determination of the coefficients ¢, by sub-
stitution of Eqg. (8) into Eq. (1) with regard to condition (9)
leads to infinite system of linear algebraic equations prin-
cipally coupled each other,

D (Hpg —E8pq)cq =0, (10)
4=1
where

Hpg = (up [ H 1ug) = [ d°r du (1 1) Fug (rau ). (11)

Thus, the problem is reduced to standard algebraic eigen-
value problem with infinite Hermitian matrix H pq-

The best way to solve the problem (10) is diagonali-
zation of Hpq by corresponding unitary transformation
[41,42],

0

0 _1 e

Z ZSip H pg Sq] = dlagij{sl,sz,...,sk...}, (12)
p=lg=1

where

> SipSp =8j;  DetS=1 (13)
p=1
The eigenvalues & <&, <...<g, <... are the spectrum of

the problem (10), including degenerated states. The j-column
of the unitary matrix S pj consists of the components of the
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infinite-dimensional eigenvector |e(pj)) of the matrix H pq
belonging to eigenvalue &,

D H el =ejel)). (14)
q=1

The eigenvectors |eE,j)> are naturally orthonormalized by
definition,

Sellel) =5, . (15)
p=1

The components of eigenvectors realize the representation
of corresponding eigenstates in the initial basis {u, (r,, )},

¥y (0 ty) = D ey (r, ). (16)
=

It is easy to check that Eq. (16) is an eigenvector of Hamil-
tonian H. As a result, the solution of Eq. (1) is reduced to
algebraic problem of eigenstates (14) with infinite Hermi-
tian matrix H q- A problem of such kind can be solved
with any desirable accuracy by different numerical me-
thods [41,42].

Practically, the solution of the infinite algebraic system
Egs. (10), (12) is usually built by successive approxima-
tions [41,43]. Let us suppose that the system is obtained
using the truncated functional basis {ug\')(ra, I,)} consist-
ing of first N functions of the complete basis {u,(ra, 1)},
so that

N
M () = > eMul (r, ). (17)
p=1

The corresponding algebraic system based on NxN Hermitian

submatrix Hga') of the complete matrix Hpg produces N

iN), sgN), e sg\‘N), and eigenvectors of dimen-
sionality N [41]. This system can be considered as N-ap-
proximate solution of the initial infinite-dimensional problem
of eigenstates. To prove the convergence of the procedure
we calculate (N +1)-approximate solution based on first

(N +1) basis functions, {u (ra, fp)}n -1, Which generate an

eigenvalues, €

(N +1)x(N +1) Hermitian matrix, H ga”l). The eigenvalues
: : : (N+1) _(N+1) (N+1)
of this (N+1)-approximation are e; 8y e BN

The described process leads to the following chain of ine-
qualities for successive approximate eigenvalues [41,43,44]

e <16 < ) (18)
where j=1,2,..,N, and ¢; is an exact j-eigenvalue, ob-
tained as a limit at N — co0. It means monotonic conver-
gence of the described procedure. The rigorous prove of
the convergence demands more detailed mathematical
treatment of the asymptotic behavior of the matrix ele-
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ments Hpq at p,q—oo. The analysis of corresponding
criteria [41,44] is far from goals of the present paper, it
will be a matter of special research. Eigenvalues and ei-
genvectors can be found for each submatrix Hga') and,
consequently, the main problem can be solved practically
with any desirable accuracy if the elements H g(\ll) are built
exactly at arbitrary N. The described approach reduces the
functional problem with differential equation to an infinite
algebraic eigenvalue problem whose spectrum and the func-
tional representation Eq. (16) of eigenvectors in the limit
N — oo coincides exactly with the spectrum and eigen-
states of the original Hamiltonian. Eigenvectors of the al-
gebraic problem give representations for eigenfunctions of
original Hamiltonian in the basis {u,, (ra, 1y)}-

4. Eigenstates of two-electron shellat E=0

Here we start from the solution for free helium atom
without external fields. We produce the spectrum and wave
functions of isolated helium atom (at E = 0) with Hamilto-
nian (2). It will make us below to explain corresponding
field dependences for arbitrary fields E = 0.

For our goals it is naturally to select the basis
{up (ra,1y)} as every possible direct products,

Up (ra:tp) = Wn,lamy (aravSa’(Pa)‘l/nblbmb (aty, Op. @p) =

na Ia ma (19)
N lp my/

of single-particle hydrogen-like functions [10,46],
Whnim (@) = Ry (@r)Yim (8, ¢) =[nlm), (20)

where Y, (8, ¢) are spherical harmonics in standard de-
termination [10,37], and radial function R (cr) depends
on radial coordinate renormalized by scale parameter

a>0,
32 [ [
(a0 = _2(22 | E?mll)!?“’! (erj "
x L2 (&j exp (—“—rj, (21)
n n

where L' (x) are Laguerre polynomials,

A1 1

1 1
H =Wy HO Jug) ?7@‘2*7} Bpg ~Ollp |- 1)+ Uy |

a

n-m k
M= (P2 S ) (22)
k=0

~ KI(m+K)I(n—m—k)!

Note, that functions R, of the set Eq. (21) are orthonor-
malized at any real positive a > 0. The case a =1 in sin-
gle-particle function corresponds to the simple hydrogen
atom. For two-electron helium shell we have o= Z, -o,
where 0 <o <1 is the screening parameter [9,37,45]. The
presence of the screening parameter c means that each of
the electrons moves in the nucleus field renormalized due
to influence of another electron. Physically, this fact can be
considered as an effective account of Hartree's self-con-

sistency.
Each basis function number
n, L, m
p— { a ‘'a a} (23)
N lp My

is determined in univocal correspondence to a double set of
single-particle hydrogen-like quantum numbers. The com-
plete basis must include all functions Un,lamg (ry) and
Uny Iy (r,) corresponding to all degenerate states with
different m, and my at given ny, ny, I, l,. The complete
basis must contain all m-dependent functions because azi-
muthal variables are connected directly with true quantum
number M of the general problem. Each function (19)
is the eigenfunction of the L,-operator (see Eq. (5)) with
eigenvalue M =m, +mj,. Consequently, all eigenstates of
the Hamiltonian (2) which are linear combinations of the
basis elements (19) with different m,, m, will be evidently
eigenfunctions of L, corresponding to determined M. Thus,
the total space of the basis functions is naturally separated
on subspaces from basis elements belonging to the deter-
mined M = m, +my. This property is principally important
for rigorous classification of two-particle states.
As a result, we will find the solution of the problem

HOw(r, ) =Qw(r,.n) (24)

in the form Eq. (8) with the basis (19). Matrix elements of
the Hamiltonian H © on the basis (19) are (cmp. Ref. 37)

lug) (Ng,ny =1,2,...). (25)

a [Ty =Ty |

The matrix elements of interelectron repulsion I-Alint can be obtained through cumbersome, but elementary integrals,

1
|ra_rb|

1 Ny lyy m
<Up| <al al al

_______|u =
=t | My lor Mg

1038

Naz laz My
N2 lho My

Na2, Iaz}q) lag Mag
|
Nh2, Ih2 Iy Mpyg

la2 maz}

L
3 Nat, a1
- Z R | |

= LRI b2 M2

(26)
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I m
Here @, { al el
Iy Mpy

lhz My

m+M |a2
Z -1 ( .

Ma2

where [Z b :j are Wigner 3 j -symbols [47],
e

M =mg +Mpy=myy + My =0,£1,£2, ...
is the shell quantum number (see Eq. (6)),
Ly = max{lly 1oz L —lo2 [} Lo = min{lyg + 155, Iy +1pp}
(max{a,b} or min{a,b} means maximal or minimal value
of two comparable integers, respectively). The Wigner sym-

ol |

bol | 1 2 =0 only if I, +1, +1 =25 >0 is even integer
000

and [a
d

Thus, nontrivial matrix elements exist at the compatibility of
the conditions —mg; + myo —m=0and —my; + My, +m =0,
as well as the conditions 1y +1,, +1=2p and Iy +1l,, +1=2q,

p and g are positive integers. The first pair of the equalities
reduces to the identity M =M, whereas the second pair
gives (I —Ipy) + (a2 —lp2) = 2(p—q) Which means that both
of Iy —ly, and ;5 -1y, are odd or even simultaneously

(zero is considered as the even integer). Consequently, at
any determined M the total space of solutions separates

onto 2(2|M|+1) subspaces corresponding to each
0<|M’|£|M | and divided additionally at any determined

b
:] #0 only if d+e+f =0 (see Refs. 46-48).

M’ on two subspaces with a certain parity of |1, Iy |.

Function F as double integral over radial variables can be

represented in the form of multiple finite numerical sums
(see Appendix 1).

la2 mﬂ}:J@gruxmﬂ+nQ%ruxmm+n(%1'? éI%ng é]x

Py lr l2 | 27)
-m\-my my, m/

Matrix elements of the nucleus-electron interaction are

wo Loy = (M lag Mag | 1] Mz lap Map)\ _
p 9’ = — =
fa Mot Dbt Moz |fa| M2l My
= B2 Sl Oy Ol Smggma,
x Z_1(Naa, a1 1 Na2.1a2), (28)
Nar lar Mar|1|Na2 la2 Ma2\ _
<up | |uq> | | | -
Mpr 'b1 Mp1 || M2 o2 Mp2
= Onggna2 Olatla Omarmag Olyglns Smygmpy X
x Z_1 (g1 Ioa [ Np2,1p2), (29)

where integral Z is presented in Appendix 2. Thus, all
matrix elements (26), (28), (29) can be obtained as observ-
able analytical expressions and calculated with any desira-
ble accuracy.

The total angular momentum L =L@ 4+ ®) of the shell
is a dynamic variable which conserves due to central sym-
metry of the two-electron system relative to center on
the nucleus. The angular and translational variables can not
be separated in the Schrédinger equatlon (24), so that there
are not a simple quantization rule for L as we have for L
However, the matrix elements (u, | |ug) can be calcu-
lated easily, so that we have an average value of this opera-
tor in each eigenstate with number j,

CF () G to) | 221 Gy (o)) = D > eelD cu (r i) | L2 ug (7 1)) =
p=10=1

§'48

p=1g=1

0
Yeells Bna1.039 90012 O1g 10 Olg o Tlla2 (lag +1) + 152 (2 +1) +2MaoMpo 18 m o 8m m,, +

+\laz (laz +1) = Map (Maz +1)\/lpz (lhz +1) ~Mpz (Mpz —1) 8 > 18my m 1+

+\laz (laz +1) = Map (Maz ~1) Iz (lhz +1) ~Mpy (Mpz +1) 8 o -18my 413+ (30)

with correspondence between p, g and others indexes giv-
en by Eq. (23).

After diagonalization H|(o%) (25) we have spectrum and
eigenstates of the two-electron atom. In our calculations, as
usual, o will be considered as an additional nonlinear vari-
ational parameter (cmp. with Refs. 9, 37, 45) which is de-
termined from direct optimization of the ground state energy

(0 (o) obtained with truncaded basis of dimensionality N,

Low Temperature Physics/Fizika Nizkikh Temperatur, 2014, v. 40, No. 9

881(_0) ()

oo (1)

In our statement, it can be proved that o — Z; (or c — 0)
with N — oo, as the approximate solution tends to its exact
form. Of course, the problem can contain a set of nonlinear
parameters (see, for example, Refs. 21, 22) with corre-
sponding modification in conditions for their optimization.
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Here we use the basis set formed by pair combinations
of five single-particle hydrogen-like states corresponding
to n=1,2. Nomination of this two-particle basis functions
is given in Appendix 3. As a result, we obtain the Hermi-
tian matrix H, of the 25x25 dimensionality with spec-
trum 8(1_0) (1< j £25) and eigenvectors e(pl). The diagonal-
ization of this matrix is fulfilled by Jacobi method [49]
with an absolute accuracy (for energy levels and eigenvec-
tors orthonormality) of 10713 The spectrum of the problem
(at screening constant ¢ =0.23231) is shown in Table 1.
The wave function of state with number j is

25
Yy (ra, 1) = Ze%j)up(ra'rb)- (32)
p=1
Table 1. Helium spectrum in the truncated basis N = 25
Level ep, au | M la Iy (ﬂz) S);TST;LW
e | -285688 | 0 | 0 | 0 0 s
e | -205239| 0| 0 |0 0 s
e | -213341| 0| 0 |0 0 a
e | -206874| 0| 0 | 1| 2 a
9 20138 0| 1 |0 2 s
e | -206882 | -1| 0 |1 2 a
e 20314 1| 1 [ 0| 2 s
e | -206882| 1| 0 |1 2 a
e | 20114 1| 1 |0 2 s
&9 | -076609 | 0 | 0 |0 0 s
9 | -064193 0| 0 |1 2 s
& |-074991| 0 | 1 |0 2 a
&9 | -059086 | -1| 0 |1 2 s
&9 | -080144 | 1| 1 |0 2 a
e® | -059057 | 1| 0 |1 2 s
&® | -080144| 1| 1 |0 2 a
&9 | -os4766| 0| 1 | 1| 0 s
& | -069679 | -1 | 1 |1 2 a
&9 | -065%63 | -1| 1 |1 6 s
¢ | -069679 | 1 | 1 |1 2 a
¢ | -065963 | 1 | 1 |1 6 s
e | -065%3 | 2| 1 |1 6 s
e | -065%3| 0 | 1 |1 6 s
e | -069679| 0 | 1 |1 2 a
e | -065%3 | 2 | 1 |1 6 s
1040

It can be seen that total space of eigenstates decompos-
esto 2(2| M | +1) independent subspaces corresponding to
each quantum number O0<|M |<(I; +1ly). The ground
state W3y (ra.Ty) (with &) = -2.85688285585356) is
composed of basis functions v, (ry.1y) satisfying the con-
dition of quantum number M =m, +m, =0 atl, =1y,

¥ (1)(ra,1p) = 0.91428u (ry, 1) — 0.0892[u; (ra, 1) +
+Uz(ry, )] —0.0223uy o (ry, 1y ) —0.0145u 7 (g, 1y ) +
+0.0145[uy3(ry, y) +Usg (ra, 1y (33)

Within the system of two fermions in the central field of
spinless nucleus (atom 4He) it should be completed by
antisymmetric singlet spin function [37]. The average square
of the shell angular momentum Eg. (30) in the ground states
is equal to zero (see Table 1) despite the eigenstate (33) is
a superposition of basis elements with I,m = 0. Thus, the
ground state 8£0) is the spatially symmetric level of lslslso
nomenclature (para-helium) [50].

The second on the energy scale is the spatially
antisymmetric level 8&0) = -2.13340673120655 with wave
function

¥ (5 (. Tp) = —%{uz(ra, ) —Us(rap)].  (34)

In the case of spinless “He nucleus it should completed by
the triplet spin function [37], and it has to be nominated as
the 1523381 state (the ground state of ortho-helium) [50].
The third level, &) = —2.05239223447308, is spatially
symmetric state 1525180 with

¥ () (Fa, 1) = 0.12818uy (1, 1y ) +0.6992[u, (ry 1) +

+U3(rg, )]+ 0.07092uy (ry, 1y )+ 0.0167uy7 (1, 1) —

~0.0167[Uyg (s, 1y ) +Ung (3, Ty )] (35)

The most impressive result is that the next on the energy
scale is spatially antisymmetric triplet 152 p3RY, , of levels
60 = 2.06874256496409 and ) = %) = _2 06874256496454.
Lower state is doubly degenerated, but in reality it is
slightly splitted and the distance between upper and lower
sublevels is higher due to spin-orbital interaction [50].
Three wave functions, ¥ (4),'¥' ) and ‘¥'(g), are presented
in Appendix 4. No more comparisons with experimental
spectroscopic data could be made because the used basis is
restricted by only single-particle states with ny,n, =1,2.
As it can be seen, even without taking into account any
possibly nonrelativistic and relativistic corrections [9] our
theoretical calculations agree with experiment on a good
quantitative level. Our approximate solution reproduces
correctly the real nomenclature of low-lying states of
the real helium shell [50].
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5. Two-electron shell under uniform static electric field

In this section we apply the above-described procedure
to the total Hamiltonian (1). Let us suppose that electric
field E has the only component E, = Ey. Then, in the basis
of Sec. 4

(Up 1(Za +25) [Uq) = Bnyy Byl Smggmap gy N

4 (|a2 — maz)(laz + maz)
(2|a2 _1)(2|a2 ""1)

Hpq = H + Egup 1 (za +25) lug), (36)

where

(lag —Mgp +1)(I32 + Myo +1)
(2145 +1)(21,, +3)

+
latla2+1

6|a1|a2—1 }Zl(nalv lag [Ma2.la2) +

+0

(Ip2 =Mp2 +1)(Ipp +myy +1)

Na1Ma2 6|a1|a2 8mblme 8malmba l:\/

+\/(|b2 —My2)(lp2 +My2)
(2ly2 —1)(2lp2 +1)

After diagonalization according to the procedure of Sec. 3
we have spectrum & j(EO) and eigenvectors with compo-
nents eg) (Ep). Itis easy to prove that the spectrum ¢ (Ep)
does not depend on a mutual orientation of the field E and
z axis. Indeed, let us suppose that ®; is an angle between
E and z direction. We can reduce the problem to above-
described when rotate the coordinate system on angle ©g
to superposition of z axis with E. Under such an operation
each single-particle basis function |nlm) transforms as a
linear combination of functions |nim’) with different
—I<m’ <1 [47]. As a result, although components of ei-
genvectors efo” are functions of ®, both spectrum &; and
average values of dynamical variables are independent on
the angle ®, between z and E. In this connection, we can
put E={0,0,Eq}.

It should be noted that our consideration is not a pertur-
bation, but exact diagonalization approach. In this connec-
tion we obtain results which are correct at arbitrary Eg.

Ok
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s _15F
%) I €y
-2.0& Lo &8
25+ &5
k 81
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Fig. 1. Spectrum of “He lowest states vs external electric field.
All values are given in atomic units.
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Figure 1 shows the field dependences of the several lowest
levels in helium spectrum. The ground-state energy &; (Eg)
(1515150) decreases slightly with Ej. Decrease in e3(Eg)
(the ground state 1523381 of ortho-helium) within the same
field interval is more essential, so that the levels g (Ey) and
e3(Eq) approach each other when E; decreases. The behavior
of 152p3P0?1'2 triplet levels is quite different. The highest
level of the triplet increases with field, whereas two lowest
levels remain degenerated and field-independent. For illust-
ration, we show the behavior of ;1 (Ey) level which rapidly
decreases with Ey and becomes zero at Ey = 0.18443425.
However, this fact can not be interpreted surely as the shell
instability in view of finite dimensionality of the used ba-
sis. Anyway, we can conclude that helium spectrum could
be sufficiently reconstructed under electric field of rather
high intensity, comparable with intra-atomic fields. In real-
ity, such fields can be produced by neighboring atom
placed in the immediate vicinity of the actual shell.

Atomic polarizability a.,(Eg) in each p state is deter-
mined by standard way [46],

(dz)p =ap(Eg)Ey, (38)
through average dipole moment in the corresponding state,

(d2)p =¥ (p) [ (Za+2p) ¥ (p))s (39)

which can be calculated from Eq. (37). Field dependence
of “He polarizability o4 (Eq) in the ground state (1515130)
is presented in Fig. 2. The calculated low field value
o(0) =1.517 is a bit higher than experimentally observed
o =1.383 [50], but this result should be considered as quite
satisfactory in view of the fact that our calculation does not
take into account neither nonrelativistic, nor relativistic
corrections [9]. More essential is the fact that oy (Eg) re-
mains constant up to extremely high fields and demon-
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Fig. 2. Polarizability o; of 4He isolated atom in the ground state
vs external electric field Eq (atomic units).

strates an essential nonlinearity only at approximately
Ey > 0.01.

6. Conclusions

Our results are obtained within standard concept of
mathematical physics [35] based on Fourier expansion for
the solution of linear partial differential equation depend-
ing on six spatial variables (exact Schrddinger equation
describing two-electron shell in the nucleus central field).
Owing to exact analytical representation for any matrix
elements of interaction Hamiltonian, the problem reduces
to standard algebraic diagonalization of infinite Hermitian
matrix which gives the spectrum and eigenvectors (wave

functions of eigenstates) with any desirable accuracy. As
one can see from our solution, the determined value of
M = m, +m, and correspondence between I, and I, in any
guantum state means that both electrons of the shell are
strongly correlated during their “motion” around nucleus.
The ground state of the helium shell with m, = -m, and
I, =1, means that two individual electrons are in equiva-
lent quantum states, and z projections of their angular
momenta are oriented strongly oppositely. The wave func-
tion of the ground state is spatially symmetric, so that spins
of the electrons in this state are in opposite orientations.
This situation can be characterized exactly as pairing of the
equivalent electrons within the unitary shell.

No low-energy excitations appear under external elec-
tric field. No nonlinear polarization effects up to atomical-
ly high fields can be predicted. Helium atom (as any other
electrically neutral system) responds to external field by
formation of intrinsic dipole moment which is a function of
external electric field through field-dependent polariz-
ability. However, a radical reconstruction of spectrum is
inevitable in condensed helium phases (liquid and solid)
because of an essential effect from fields of neighboring
atoms. Thus, we can expect an appearance of low-energy
excitations in helium condensed phases. Such excitations
should be manifested through details of interatomic inter-
actions in liquid and solid helium. To describe this effects
theoretically we need to solve corresponding many-particle
qguantum-mechanical problem. This program will be a sub-
ject of further researches.

Appendix 1

After integration over radial variables we have

N1, ot
R |
Np1s o1

Tal Tfa2 1 W2

v Na2y la o
D> z¢<Ka1,Kaz,Km,sz>n[”al L

Ka]_:O Ka2=O Kb1=0 Kb2=0

Here 1, =ng -1, -1, g =ny—ly =1, va =ng +ly, vy =y +1y, where v, =n, +1,,

2 Kal 2 Kaz
0(Ka1, Ka2, Kpg, Kpo) = (—j [—j (
Na1 Na2

| |
Na2, Iaz}: 160 [ijal[ 2 jaz[
M2, 2| nZnZ,n4nZ \ na Na2

Np1

o Yo/ 5 b2
il il \/VIV 1yl v |\/‘E|‘E B E
al* Va2: Vbl Vb2:v ‘tal* ‘a2 ‘bl* 'b2-

Np1 Ny2

KaviaZ’Kbvibz)- (40)

Mt Mo2r oy 2

Vp :nb+lb,

2 ]Kbl (i]'{bz (_1)Ka1+Ka2+Kb1+Kb2

X

Nyo Kal! Kaz! Kbl! sz!

(41)

>< )
(M1 +xa1)! (Maz +152)! (Mg +151)! (A2 +1p2)! (Tar —Ka1)! (Taz —%a2)! (Thy — Kp1)! (Th2 —Kp2)!

with A, = 2l +1, 2y =2l +1, and

_ (Ng+xg +1+)!H (N +xp =)

N+, +l1+1
ata@" gk (Np K —1+K)!

I Na1, Na2s Iall I612
Kal:Ka2: Kp1, sz) =

Nt No2s lots T2
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(Ng +1ca =01 a8 ™k (Np 4y +1+K+D)!_ (Np +ip +1+D)1 | (N 1, =11 NP 0K (N, e, — 1K)
aNa+Ka—|+1 brd k! (a+b)Nb+Kb+I+k+2 bNb+|<b+I+2 aNa+‘<a_|+1 hrd k! (a+b)Na+Ka—I+k+l
(N + i — 1)t 0D Bk (N i, 14k +1)! @)
bNb+1<b—l+1 = k! (a+b)Na+Ka+l+k+2 !
where
1 1 1 1 _ _ _ _
a—aﬂ'a, b—n—bl'f'nb—z, Na —|a1+|a2 +1, Nb = Ib1+|b2 +1, Ka —Ka1+Ka2, Ky —Kb1+Kb2.
a
The result (42) is invariant relative to simultaneously replacement a < b in all factors and indexes.
Appendix 2
We have
T 4 2\1( 22
Zs(n1,|1|n2,|2):I drr2+SRnl|1(ocr)Rn2|2((xr):mqvl! vol 1! 1)l (—j (—J X
0 a’nins M) \N
i TZZ 2)4( 2 Y2 ()72 (kg +ky +ly 1 +5+2)! 1 )
k=0 kp=o\ M) (N2 ky! k! artkathtlarst3 (i +kg)! (Rag +Ko)! (tag —kg)! (a2 —ko)!
The integral is regular at s > 2.
Appendix 3
The functions of the basis set are
100 21 0 2 1 -1
Uy (fa: ) = Uoo (@Fa)Uroo (@fb) = |, O>' u18(ra!rb):‘2 1 _1>’ Uo(farTo) =, 4 O>'
100 2 00 210 211
Uz(ra’rb):‘z 0 0>' Us(fa o) =1, g o) Uzo(ra,"b)=‘2 L 1>, Uar(farTo) =1, 4 0>'
100 2 10 2 1 -1 21 -1
u4(ravrb):‘2 1 0>’ Us (g, 1p) = 1 0>, U22(ra!rb)=‘2 1 -1/ Upz(ra,1p) = 51 1>v
100 2 1 -1 211 2 11
ut-,(ra,rb):‘2 1 _1>, Uz (ra.1rp) = 10 0>’ u24(ra’rb):‘2 1 _1>, U25(ravrb):‘2 1 1>'
u(Irr)_loo u(rr)_211 (44)
8avb_21l’ 9a1b‘1 0/’ .
Appendix 4
2 00 2 00 ; ; ; ; —oE
- - The rest of eigenfunctions for solution with N = 25 is
Uolia s 1p) = , Upq(rg, ) = ,
10(Fa: 1h) ‘2 0 O> 11(Fa:Tp) ‘2 1 O>
¥ (4)(ra, 1) = 0.7066[u4 (ra, 1) — s (Fa, 1y )] +
210 2 00
Uo(ra,1p) = - Uz (ry,Ty) = s 1 1) +0.02696[uy 1 (ry, 1) — g2 (2, 1)1,
" 20 0 ¥ (5)(ra, 1h) = 0.70538[Uy (ra, 1) + U5 (Fa, 1y )] +
U14(rav"b):‘2 0 0>, u15(ra!rb):‘2 L 1>, +0.0494[ug (g, 1y ) + Uy 1y, 1),
21 1 210 ‘P(G)(ra,rb):O.70655[u6(ra,rb)—u7(ra,rb)]+
Ug(ry, 1) = , Upr(ry, ) = ,
16 (% 1b) 100 17 (% 1) 210 +0.02806[Uy3 (s, ) — Uy (Fa, )],
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+0.04762[uy3(ry. 1) + Uga (ra, 1p)]s

¥ (g)(ra, Iy) = 0.7065[ug (ry, 1) —Ug (ra, 1p)] +
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+0.04762[uy5 (g, 1) +Upe (Fa, 1p)1

A.S. Rybalko, Fiz. Nizk. Temp. 30, 1321 (2004) [Low Temp.
Phys. 30, 994 (2004)].

A.S. Rybalko and S.P. Rubets, Fiz. Nizk. Temp. 31, 820
(2005) [Low Temp. Phys. 31, 623 (2005)].

A. Rybalko, S. Rubets, E. Rudavskii, V. Tikhy, S. Tarapov,
R. Golovashchenko, and V. Derkach, Phys. Rev. B 76,
140503 (2007).

A. Rybalko, S. Rubets, E. Rudavskii, V. Tikhy, V. Derkach,
and S. Tarapov, J. Low Temp. Phys. 148, 527 (2007).

A.S. Rybalko, S.P. Rubets, E.Ya. Rudavskii, V.A. Tikhy, S.I.
Tarapov, R.V. Golovashchenko, and V.N. Derkach, Fiz. Nizk.
Temp. 34, 326 (2008) [Low Temp. Phys. 34, 254 (2008)].

A.S. Rybalko, S.P. Rubets, E.Ya. Rudavskii, V.A. Tikhy,
S.1. Tarapov, R.V. Golovashchenko, and V.N. Derkach, Fiz.
Nizk. Temp. 34, 631 (2008) [Low Temp. Phys. 34, 497 (2008)].
A. Rybalko, S. Rubets, E. Rudavskii, V. Tikhiy, Y. Poluec-
tov, R. Golovashchenko, V. Derkach, S. Tarapov, and O. Usa-
tenko, Fiz. Nizk. Temp. 35, 1073 (2009) [Low Temp. Phys.
35, 837 (2009)].

A. Rybalko, S. Rubets, E. Rudavskii, V. Tikhiy, Y. Poluec-
tov, R. Golovashchenko, V. Derkach, S. Tarapov, and O. Usa-
tenko, J. Low Temp. Phys. 158, 244 (2010).

H.A. Bethe and E.E. Salpeter, Quantum Mechanics of One-
and Two-Electron Atoms, Plenum, NY (1977).

P. Gombas, Theorie und L&sungsmethoden des Mehrteil-
chenproblems der Wellenmechanik, Basel (1950).

G. Tanner, K. Richter, and J.-M. Rost, Rev. Mod. Phys. 72,
497 (2000).

G.W.F. Drake, in: The Hydrogen Atom, S.G. Karshenboim et
al. (eds.), Springer-Verlag Berlin—Heidelberg (2001), p. 57.
E.A. Hylleraas, Z. Phys. 54, 347 (1929).

T. Kinoshita, Phys. Rev. 105, 1490 (1957).

T. Kinoshita, Phys. Rev. 115, 366 (1959).

G.W.F. Drake, Nucl. Inst. Meth. Phys. Res. B 31, 7 (1998).
P. Walsh and S. Borowitz, Phys. Rev. 115, 1206 (1959).

C.L. Pekeris, Phys. Rev. 112, 1649 (1958).

C.L. Pekeris, Phys. Rev. 115, 1216 (1959).

E.R. Davidson, J. Cem. Phys. 39, 875 (1963).

G.R. Taylor and R.G. Parr, Proc. Natl. Acad. Sci. U.S. 38,
154 (1952).

1044

22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

33.
34.

35.

36.

37.
38.

39.

40.

41.

42.

43.
44,

45.

46.

47.

48.

49.

50.

A.M. Frolov, Sov. Phys. JETP 65, 1100 (1987).

E.A. Hylleraas, Z. Phys. 65, 209 (1930).

R.E. Knight, C.W. Scherr, Phys. Rev. 128, 2675 (1962).
C.W. Scherr and R.E. Knight, Rev. Mod. Phys. 35, 436 (1963).
J.G. Leopold, I.C. Percival, and A.S. Tworkowski, J. Phys.
B: At. Mol. Phys. 13, 1025 (1980).

J.G. Leopold and I.C. Percival, J. Phys. B: At. Mol. Phys. 13,
1037 (1980).

D.R. Hartree, Proc. Cambr. Phil. Soc. 26, 89 (1928).

V. Fock, Z. Phys. 61, 126 (1930).

V. Fock, Z. Phys. 62, 795 (1930).

V. Fock and M.J. Petrashen, Phys. Zs. Sowjetunion 6, 368
(1934).

F. Seitz, Modern Theory of Solids, McGraw-Hill Co., NY
(1940).

H. Mitler, Phys. Rev. 99, 1835 (1955).

D.R. Hartree, The Calculation of Atomic Structures, John
Wiley, New York (1957).

R. Courant and D. Hilbert, Methods of Mathematical
Physics, Interscience Publishers, NY (1953).

P.M. Morse and H. Feshbach, Methods of Theoretical
Physics, McGraw-Hill, NY (1953).

S. Fliigge, Practical Quantum Mechanics I, Springer (1971).
W.R. Johnson, Lectures on Atomic Physics, Univ. of Notre
Dame, Indiana, USA (2006).

A.D. Buckingham and P.G. Hibbard, Symp. Faraday Soc. 2,
41 (1968).

J.E. Rice, P.R. Taylor, T.J. Lee, and J. Alm, J. Chem Phys.
94, 4972 (1991).

B.N. Parlett, The Symmetric Eigenvalue Problem, Prentice-
Hall, Inc., NY (1980).

J.H. Wilkinson, Algebraic Eigenvalue Problem, Oxford
Univ. Press, London (1965).

J.K.L. MacDonald, Phys. Rev. 43, 830 (1933).

S.H. Gould, Variational Methods for Eigenvalue Problems,
Oxford Univ. Press, London (1966).

J. Frenkel, Einflhrung in die Wellenmechanik, Julius Sprin-
ger, Berlin (1929).

L.D. Landau and E.M. Lifshitz, Quantum Mechanic: Nonre-
lativistic Theory, Pergamon Press, Oxford (1965).

D.A. Varshalovich, A.N. Moskalev, and V.K. Khersonski,
Quantum Theory of Angular Momentum, World Scientific,
Singapore (1988).

A. Messiah, Quantum Mechanics 1, North Holland, Amster-
dam (1961).

J.H. Wilkinson and R. Reinsch, Handbook for Automatic Com-
putation: Linear Algebra, Springer, Berlin (1971).

A.A. Radzig and B.M. Smirnov, Handbook for Atomic and
Molecular Physics, Atomizdat, Moscow (1980) [in Russian].

Low Temperature Physics/Fizika Nizkikh Temperatur, 2014, v. 40, No. 9



	1. Introduction
	2. Statement of the problem
	3. Exact diagonalization method
	4. Eigenstates of two-electron shell at
	5. Two-electron shell under uniform static electric field
	6. Conclusions
	Appendix 1
	Appendix 2
	Appendix 3
	Appendix 4

