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The state of particles injected onto the surface of the Fermi sea depends essentially on the temperature. The pure

state injected at zero temperature becomes a mixed state if injected at finite temperature. Moreover the electron

source injecting a single-particle state at zero temperature may excite a multi-particle state if the Fermi sea is

at finite temperature. Here I unveil a symmetry of the scattering amplitude of a source, which is sufficient to pre-

serve a single-particle emission regime at finite temperatures if such a regime is achieved at zero temperature.

I give an example and analyze the effect of temperature on time-dependent electrical and heat currents carried

by a single-particle excitation.

PACS: 73.22.Dj Single particle states;

73.23.-b Electronic transport in mesoscopic systems;

73.63.—b Electronic transport in nanoscale materials and structures.

Keywords: single-electron state, quantum transport, time-dependent heat current, Floquet scattering matrix.

1. Introduction

Often the theoretical models are formulated at zero
temperature while the experiment is always carried out at
finite temperatures. Nevertheless sometimes a zero-tempe-
rature model can be used successfully to explain what is
going on in experiment. Here I bring an example of how
the symmetry of a system promotes a zero-temperature
model to work at finite temperatures. Namely, I show that
a certain symmetry of an electron source protects a single-
particle emission regime against a possible disruptive im-
pact of increasing temperature.

Implementation of high-frequency on-demand single-
electron sources is a major step towards solid-state quan-
tum information processing with fermions [1-3]. It has
also a more practical impact, for example, it is promising
for realization of the SI unit ampere [4—6].

One approach to achieve a single-electron emission is
to use a very small dot with a quantized electron spectrum.
The examples are a quantum capacitor [7,8] used in Ref. 9,
a dynamical quantum dot used in Refs. 10, 11, or even a
single donor atom used in Ref. 12.

Alternative approach is to use a voltage pulse of a defi-
nite shape to excite a single-charge quantum directly from
a metallic contact, as it was suggested in Refs. 13, 14 and
first experimentally realized in Ref. 15. The corresponding
excitations were named levitons.
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The single-particle nature of electrons injected on-de-
mand was demonstrated by using several ways. First, the re-
gime with a minimal high frequency noise was identified as
a single-particle emission regime [16]. Such an identifica-
tion was supported by the simple quasi-classical model [17]
as well as by the full quantum-mechanical calculations
based on the Floquet scattering matrix approach [18]. Fur-
ther, the electronic analogue of the famous Hanbury Brown
and Twiss (HBT) effect in optics [19] was used to count
particles emitted by the source. It was demonstrated that no
spurious electron-hole pairs were excited during injection
of single electrons [15,20]. In addition, the electronic coun-
terpart of the Hong—Ou—Mandel (HOM) effect for pho-
tons [21] demonstrated an anti-bunching expected for fer-
mionic single-particle excitations [15,22].

Here 1 am interested in the sources, that inject single
electrons close to the surface of the Fermi sea. The examp-
les are the source based on a quantum capacitor driven by
a harmonic potential, the source of levitons, to name a few.
In this case one could expect that the ambient temperature
would affect significantly the properties of the state emit-
ted by a single-particle source, since the energy of injected
particles is comparable with the energy of thermal excita-
tions of the Fermi sea.

Indeed, for a quantum capacitor the experiment demon-
strates that the HBT shot noise depends on temperature, it
deceases with increasing temperature [20]. This effect was
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attributed to fermionic antibunching of injected particles
and thermal excitations present in the Fermi sea at finite
temperatures [20,23,24]. The same effect also takes place
for levitons [25].

An alternative explanation was put forward in Ref. 26,
where the HBT shot noise reduction was related to the fact
that the state emitted by the source of levitons at finite
temperatures is a mixed state while the one emitted at zero
temperature is a pure state. The mixed state is less noisy
compared to a pure state.

The outcome of Ref. 26 is that the state emitted by a
single-particle source remains quantum coherent but it is
modified by a finite ambient temperature. For instance, two
fermionic states emitted at finite temperatures preserve
their ability for perfect antibunching during collision (the
electronic analogue of the HOM effect in optics). A non-
damaging role of temperature (from the point of view of
a quantum coherence) is also demonstrated by the fact that
for single-charged levitons the entire shape of the electron-
ic HOM-like signal as a function of the time delay between
two colliding particles is not modified by temperature any-
more (though the magnitude decreases with increasing
temperature) [25,27,28] even for a random injection [29].

In the present paper I generalize the analysis carried out
in Ref. 26 to a wider class of electron sources, namely to
those whose scattering amplitudes possess the time-energy
translation symmetry. I show that such a source emitting
single particles at zero ambient temperature works as a
single-particle source at finite temperatures as well. The ef-
fect of finite temperatures is reduced to the fact that a pure
state emitted at zero temperature is turned into a mixed
state emitted at finite temperatures.

Note that electrons injected from a dynamical quantum
dot [30] have energy far above the Fermi energy [31].
Therefore, one can expect that finite temperatures have no
direct effect on the wave function [32,33] of injected elec-
trons.

The paper is organized as follows. In Sec. 2 the excess
correlation function of particles emitted by a single-elec-
tron source is introduced. Then using the Floquet scattering
matrix approach [34] I show how a correlation function at
finite temperature can be related to a correlation function at
zero temperature. Given such a relation one can see that
a pure single-particle state emitted at zero temperature be-
comes a mixed state if emitted at finite temperature. The
time-energy translation symmetry of a scattering amplitude
of a source is discussed in Sec. 3. A few examples of a
source, that preserves a single-particle emission at finite
temperatures, are presented in Sec. 4. The effect of tem-
perature on time-resolved electrical and heat currents is
discussed in Sec. 5. I conclude in Sec. 6. The Appendix A
contains some auxiliary calculations. In particular, the scat-
tering amplitude of a quantum level raising at a constant
rapidity calculated in Ref. 36 is derived from the scattering
amplitude of a quantum capacitor calculated in Ref. 36.
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2. Excess correlation function

The state of a system of non-interacting electrons is ful-
ly characterized by the first-order correlation function
5(1)(1;2) = <‘i’T(1)‘i’(2)>, where ‘i’(j) is a single-particle
electron field operator in second quantization evaluated at
space-time point j =1, 2. In a one-dimensional case of in-
terest here the p()int J i§ characterized by its coordinate X;
and time ¢;, so W(j) = ¥(x;t;). The system I have in mind
consists of a periodically driven quantum system, a single-
electron source, which is connected to a chiral electron
waveguide. The waveguide in turn is connected to an elec-
tron reservoir, a metallic contact. The examples of chiral
electron waveguides are the edge states in quantum Hall
conductors or in topological insulators [37]. The electrons
in a metallic contact are supposed to be in equilibrium. The
quantum statistical average ( . ) is performed over the equi-
librium state of electrons in the contact they are coming
from.

A working source disturbs an electron system in a wave-
guide. To characterize this disturbance it is convenient to
introduce the excess first-order correlation function [38—40],
which is defined as the difference of the correlation func-
tions evaluated with the source on and off,

G(l)(tl;fz):%(r})(flétz)—go(flf)(fl;fz), (D

where the subscript denotes the status of the source. Since
all the correlation functions are evaluated at the position of
the source (just behind it down the electron stream), we
keep only time arguments.

It is convenient to consider the excess correlation func-
tion for electrons in the waveguide as the correlation func-
tion for particles injected by the source into the otherwise
unperturbed waveguide. Below I will adopt this terminology.

The excess correlation function G can be expressed
in terms of the scattering amplitude of the source S;, (¢, E),
which is a quantum mechanical amplitude for an electron with
energy E in a waveguide to pass by the source at time ¢ [41].
While passing by the source an electron can enter the
source, stay there during some time, and then come back to
the waveguide. During its stay within the source an electron
is subject to a time-dependent force driving the source. This
is a reason why the scattering amplitude S;, depends on time.

The relation between the excess correlation function
and the scattering amplitude is the following [26]:

1
GRICHY :%_‘- dL""f(E)e"TE(I1 ) {Si*n(tl’E)Sin(th)_l}-
p
2
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is the Fermi distribution function with p and 6 being the
Fermi energy and the temperature, respectively, for elec-
trons in a reservoir the waveguide is connected to; kp is
the Boltzmann constant. Note that an asterisk in S{; (t,E)
denotes the complex conjugation.

2.1. Zero temperature

At zero temperature the Fermi distribution function is
the step function, f(E)=0(E —p), which is zero at £ > p
and one at £ < p. For convenience I introduce a new vari-
able € = £ —p and denote the correlation function at zero
temperature by the subscript 0. With this notation we have

*u(tl 1) ( 1)
G0 () =S— j dosh (S (1,851 (12,0) -1},
3)
where I introduced a short notation S, (¢,€) = S, (f,e+ 1) =
=8, (L E).

The equation above can be used as the starting point for
the analysis of the state of particles injected by an electron
source on the top of the Fermi sea at zero temperature.

For instance, if the excess correlation function can be
represented as the product of two factors dependent on a
single time each,

M ;0 )= " o
Gy (:02) =Y (n)¥(12), W(t)=e ™ w(r), &

then the disturbance of the Fermi sea produced by a work-
ing source looks very like as if an electron source would
emit a single particle state with wave function ¥ (¢) and no
a multi-particle state is excited [42,43].

This interpretation goes in line with expectation based
on a picture, where an occupied quantum level of the
source raises above the Fermi level of electrons in a wave-
guide, see, e.g., Ref. 9.

The specific form of Eq. (4), when it is factorized, is
dictated by the symmezry of the correlation function,

G (hitr) = [G( (1 tl):|

2.2. Finite temperatures

At non-zero temperature the Fermi function is not a step
function anymore. Therefore, the energy integral in Eq. (2)
runs not to zero as in Eq. (3) but to +o. Nevertheless one
can bring G(l), Eq. (2), into the form resembling G(()l).

For this purpose let us use the following identity:

€)= J‘ds’[—%} @)

change the order of integration in the double integral,
which occurs in Eq. (2),
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and finally make a shift € > e +¢'. As a result, Eq. (2) be-
comes

W (;t) =

i
—u(f—ty) o i
h —&'(f—t
e : fdg'(‘ 8f’jehs(1 2)
v
n

i
—g(f—t N
xjdaehg(l 2){Sin(tl,8+8’)Sin(t2,8+s’)—1}. %

—00

Now we make a crucial step. Let us suppose that the
scattering amplitude of the source possesses the following
time-energy translation symmetry:

Sin (t,€+8¢e) = S;, (1—-8¢/c,¢), (3)

where c is a constant. Using this equation and Egs. (7) and (3)
we can express the correlation function at finite tempera-
ture, G(l), in terms of the correlation function at zero tem-
perature, G(gl), as follows:

of (f1 fz) 1 g’ g’
J G(()) tl—?;tz - .

M _
GV (t:t) = jda[a -

©)
This is the central result of the present work.
The relation above admits an intuitive interpretation in
the case if a single-electron emission takes place at zero
temperature. Substituting Eq. (4) into Eq. (9) we obtain

V()= j ds( 6fj‘{’ ()W (B),
e (10)

Yo (t)= e_g(w‘S )t\u (t—¢'/c).

The correlation function above describes a mixture of sin-
gle-particle states with component wave functions ¥,/ (¢)

appearing with probability density —0f / dg’, which is ap-
parently properly normalized, Jm de'(—0f / 0e")=1. Note,
—0

the different components, W,/ (¢) have the envelope func-
tion of the same shape, y, but shifted in time. An emitted
particle looks like it is blurred in time.

At zero temperature —of /g’ =8(g'), where 3(g') is

the Dirac delta function. As a result only the component

1
—H . . .
Wo(t)=e " (1), ie. the one with &’ =0, survives.

At non-zero temperature there are many components V.,
of a mixed state. They can be interpreted as follows. Let
the wave function W(¢) describes a particle emitted at
time ¢ = ¢, on the top of the Fermi sea filled up to the ener-
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gy u (i.e., the Fermi sea is at zero temperature). Then the
wave function W/ (¢) can be interpreted as the one, which
describes the same particle (the same envelope function)
but emitted at another time, ¢y’ =¢;, +¢&'/c, and on the top
of the Fermi sea filled up to another energy, p'=p+e¢’.
In fact, we do not need to think p’ as the Fermi energy
of some effective (or fictitious) Fermi sea. Better to say,
that p' defines the lower bound of energy for an emitted
electron. This energy enters the corresponding phase factor
in Eq. (10). Note that the state of an emitted particle is a
superposition of states with different energies [44—46],
which can deviate from the lower band p’'. This deviation
is encoded into a time dependence of the envelope function
() [47].

The shift of the emission time for different components,
ty'=ty+¢€'/c, is consistent with the interpretation of
p'=u+¢" as the minimal energy. To illustrate it let us con-
sider a source consisting of a single occupied quantum le-
vel £(t), which is elevated up in energy. An electron can
leave the source when unoccupied states in the Fermi sea
outside become available.

At zero temperature, the edge of the Fermi distribution
function is sharp and the unoccupied states become availa-
ble only when the energy of a quantum level will exceed
the Fermi energy p. Thus, at zero temperature the time of
emission ¢ is defined by the following equation £(¢)) = p.

In contrast, at non-zero temperature the edge of the
Fermi distribution function is smeared out. Therefore, an
electron can escape from the source even when £ <p. In
addition, an electron can stay in the dot even when & >,
since the partially occupied levels outside hamper its es-
cape. Therefore, there are many possibilities to escape, that
results in many contributions in Eq. (10). Each component
describes an emission process, which starts when the ener-
gy of a level becomes larger than some definite energy p'.
If an electron escapes at p'# p, then the time of emission
is defined as follows: £(#;) = ', where ¢ # ¢,. The differ-
ence #,—1f, is exactly the time necessary to change the
energy of a level £(¢) from u to p'. Note, that all the com-
ponents in question are mutually incoherent — hence they
constitute a mixture state — since they are well distin-
guishable by their time of emission.

Note that in Eq. (10) the difference #) —¢; is linear in
¢'=p'—u. This property is a direct consequence of the
symmetry of the scattering amplitude given in Eq. (8).

Now we discuss the conditions, which can lead to such
a symmetry of the scattering amplitude.

3. Time-energy translation symmetry of the scattering
amplitude

Simple analysis shows that Eq. (8) is satisfied if the
scattering amplitude depends on a single argument, € —ct,
rather than on time ¢ and energy € separately,

Sin (1,€) =Sy (e—ct). (11)
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In this case the scattering amplitude is invariant under the
simultaneous translation in energy by an amount of 3¢ and
in time by an amount of 8¢ / ¢ in full agreement with Eq. (8).

To clarify conditions for such invariance to hold let us
proceed as follows. For the source side-attached to a one-
dimensional electron waveguide, the scattering amplitude
is expressed in terms of a phase ¢(¢,€) accumulated by an
electron during its stay within the source, S, (1,€) ~ ¢/9(:%).
The source is driven by the time-dependent potential U (¢).

To relate U(¢) and ¢(¢,€) let us consider a simple model:
The source is a one-dimensional ballistic loop of length L.
For a ballistic motion inside the source, the phase ¢ can be
effectively represented as follows:

t
o(t,e) ~ k(e)L—(e/ h) I ar'u(t’),
-tp

where k is an electron wavenumber and 1, is the dwell
time — an effective time, during which an electron stays
within the source.

The next step, we linearize the dispersion relation. If the
Fermi energy is the largest energy scale in the problem, we
can write k(g) = k(0)+¢/ (v,), where Vu is a velocity of
an electron with Fermi energy.

And finally, we suppose that the potential U(¢) changes
not too fast, such that it can be linearized within the rele-
vant time interval (the time interval of duration tp),
eU(t) = eUy +ct, where ¢ = dU / dt is the rapidity.

Within these approximations the phase becomes,
o(t,€)  ¢g +(e—ct)(tp / h), where @ is independent of
both € and ¢. It is clear that the phase ¢ — hence the scat-
tering amplitude S;, — is of the form required by Eq. (11).
Recall that we used both a linearized energy spectrum and
a linearized in time driving potential.

Below I analyze some models of a single-electron source
known from the literature and discuss the temperature effect.

4. Examples

4.1. Single quantum level raising at a constant rapidity

In Ref. 35 an electron transfer between a localized state
and the Fermi sea at zero temperature was analyzed. It was
shown that if the energy of a localized state increases line-
arly in time, £ = ct, then such a transfer is noiseless. That
is, when a localized state raises at a constant rapidity above
the Fermi level, an electron is emitted into the Fermi sea
while no additional electron-hole pairs are excited. The
scattering amplitude, describing such a process, is [35]

° & i.érD(s—ct) iézé
S (t,6) =1~ [dge 2en e 4,
0

(12)

where a parameter C = 201:%) /h.
Obviously the amplitude Sl(g ) is of the form given in
Eq. (11). Therefore, one can conclude that, according to
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Eq. (10), such a source remains a single-electron source
even if the temperature of the Fermi sea is non zero.

At zero temperature an electron emitted is in a pure
state with wave function [35]

——put ® _ €

2
: |l €
gy (]
e dse 280, 1" g 260 . (3)

where gy =7/ (2I";) is the expectation value of energy of
an emitted electron whose extent in time is 2", = 1/ (ctp).

At finite temperatures an electron emitted is in a mixed
state, see Eq. (10), with component wave functions

4 2

1

DT e ’{ 8]@

7 L P
‘Pg‘f)(t):—e I—ds e 20g n\ ) \Z0) (14)

Inl vy 280

4.2. Quantum capacitor as a single-electron source

An on-demand single-electron source based on a quan-
tum capacitor [7,8] was realized experimentally in Ref. 9.
The quantum capacitor was made of a short circular edge
state of a two-dimensional electron gas being in the integer
quantum Hall effect regime. The nearby metallic gate —
which is used to change position of quantum levels —
screens effectively electron-electron Coulomb interactions.
This is a reason why the theory of non-interacting electrons
has proved useful to describe this source and properties of
an emitted electron quantum state [36,48].

Note that the effect of electron-electron interactions on
the properties of a quantum capacitor is also discussed in
the literature, see, e.g., Refs. 49, 50. In particular, the effect
of finite temperatures in presence of interactions is ad-
dressed in Refs. 51, 52.

Here a quantum capacitor is modeled as a one-dimen-
sional ballistic quantum dot, which is connected to the Fermi
sea via a quantum point contact with reflection/trans-
mission amplitude 7 /7 [8]. The circumference of a dot is
L. A periodic in time electrical potential U(¢) =U(¢+T),
applied to a nearby gate, is used to change energy of quan-
tum levels in the dot. The corresponding scattering ampli-
tude reads [36]

g i\ qk(E)L-® (¢
Si(rfap)(t,E):r+t22rq_lel{q() o}, (15)
q=1

where k(E) is a wavenumber of an electron in the Fermi
sea, which enters a dot and, after g revolutions along the
circumference of a dot, accumulates a time-dependent phase

t
@, (1) :g j aru(t). (16)

t—qt(E)

Here t(E)=L/v(E) is the time of a single revolution,
v(E) is an electron velocity.
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Notice, each term in Eq. (15) describes a partial pro-
cess, when an electron with energy E enters a dot, makes
g revolutions, and leaves a dot at time ¢ [41]. The first
term corresponds to an electron reflected back to the
waveguide without entering the dot. Note that the dwell
time for this model is defined as 1, =1/7T, where T = |f |2
is the transmission probability of a quantum point contact
connecting the dot and the waveguide.

Below we discuss several protocols of drive U(¢), that
guarantees a single-particle emission.

4.2.1. A harmonic potential

In Appendix A we show that in the case of a harmonic
drive, U(r) = U, cos(Qt), and under the following condi-
tions:

u>elUy ~A>hQ, 5 a7
(p is the Fermi energy, A is the level spacing, 6 is the level
width), the scattering amplitude Si(;ap), Eq. (15), can be cast
into the form of amplitude Si(IlC) , Eq. (12). This fact allows us
to use the results of Sec. 4.1 to describe the state emitted
by a harmonically driven quantum capacitor. In particular,
the state emitted by a quantum capacitor at zero tempera-
ture is a pure single-particle state with wave function ‘I‘(c),
Eq. (13). At not very high temperatures, k30 < A, the emitt-
ed state remains a single-particle state but becomes a mix-
ed state with correlation function given in Eq. (10) and
component wave functions given in Eq. (14).

Let us briefly comment on the inequalities given above.
The inequality p > eU, ~ A, guaranties that we can line-
arize the dispersion relation for electrons injected from
the source into the waveguide. The next inequality,
A > 8,kp0, ensures that only a single level is involved
into the process of emission. In addition, since eU, > &
then throughout the emission process the rapidity of a
quantum level, ¢ =edU / dt, can be regarded as constant.
Note that the time characteristic for emission is the cross-
ing time, during which the quantum level of width 26
crosses the Fermi level.

The rapidity c is useful to define working regimes of a
source, adiabatic and non-adiabatic. Roughly speaking, the
adiabatic regime is realized at vanishingly small rapidity,
¢ — 0, while the non-adiabatic regime is realized at finite
rapidity. To be more specific, with increasing rapidity the
crossover from adiabatic to non-adiabatic regime occurs
when the dwell time tp =7/(28) becomes of the order of
the crossing time 2I", = 26/ ¢ [53].

A harmonically driven quantum capacitor in the adia-
batic emission regime at zero temperature was analyzed in
Refs. 40, 48. It was found there that the wave function of
an electron emitted adiabatically is

(18)
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This wave function (up to an irrelevant phase factor) is a
limit of ¥, Eq. (13), at {=1p /Ty —> 0. Therefore, the
parameter £ = 201% /h=ch/(28%) in Eq. (13) can be con-
sidered as the adiabaticity parameter.

Importantly, the inequalities (17) do not put any re-
strictions on the adiabaticity parameter (. Moreover, if these
inequalities are satisfied then even at arbitrary, not neces-
sarily harmonic, drive a quantum capacitor can work as a
single-particle source. Note that at arbitrary drive the fre-
quency related to a periodicity, Q=2n/Z7 , should be re-
placed by the frequency Q’, which characterizes how fast a
driving potential changes during the crossing stage.

4.3. The source of levitons

Not only the energy-time symmetry of a scattering am-
plitude, which is expressed in Eq. (8), enables to relate
finite-temperature and zero-temperature correlation func-
tions of the state emitted by an electron source. Another
possibility arises in the case of energy-independent scatter-
ing amplitude.

For example, a metallic contact with electrical potential
different from that of the other contacts can be effectively
described by an energy-independent scattering amplitude.
Let us denote the corresponding potential as V' (¢) (in the
case of a dc bias, V' is independent of time ¢). The effec-
tive scattering amplitude reads

.t
U2y R
SV (1) = exp hjdt vt |.

Using this amplitude we can easily relate a finite-temper-
ature correlation function G(l), Eq. (7), and the correlation
function at zero temperature Gé] , Eq. (3), as follows [26]:

O ; fz)_jda( af) e . (9)

This relation is of the form of Eq. (9), where we formally
set ¢ — o0,

With some specific choice of a time-dependent poten-
tial 7(¢) the metallic contact can serve as a single-electron
source. As it was predicted theoretically long ago [13,14]
and recently was confirmed experimentally [15,54], at zero
temperature the Lorentzian in shape voltage pulse
eV(t)=n*(200,)/ (1> +T2) (with integer n* =1,2,...)
excites a particle carrying an integer charge g = en™ with
the Fermi sea remaining intact (no electron-hole pairs are
excited). An excitation with n* =1 was named a leviton [15].
The wave function of a leviton, ‘P(L)(t), is the one given
in Eq. (18) [25,44].

As it is clear from Eq. (19), the source of levitons re-
mans a single-particle source even at finite temperatures.
The only new ingredient arising at finite temperatures is
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that the state of a leviton becomes a mixed state with the
following component wave functions [26]:

7i(p+8’)t

B y=cn v ). (20)

Here
1 1

,mrtv“ t/T, =i

is the envelope wave function. Notice the absence of a time
shift in the argument of the envelope function in Eq. (20).
This is in contrast with Eq. (10), where the shift in time in
the envelope function for a particular component ‘¥, is
inversely proportional to the rapidity, ~ &'/ c.

v =

5. Temperature effect on single-electron transport
characteristics

As we showed above, the finite temperatures (in many
cases) does not ruin a single-particle emission regime.
Therefore, the fact, that in real experiment the temperature
is not zero, does not compromise a single-particle source
emitting particle even close to the surface of the Fermi sea.
A remarkable property of such sources is that they put an
electron onto the surface of the Fermi sea in a very gentle
way, in a way, which allows to create states, which can
demonstrate subtle quantum effects.

An example is a state emitted by a harmonically driven
quantum capacitor. As we already mentioned, a corre-
sponding scattering amplitude S (cap) , Eq. (15), is the sum
of partial amplitudes correspondlng to different time inter-
vals (of duration ¢t). Interference of these amplitudes, can
cause oscillations of physical quantities, such as, for ex-
ample, single-particle electrical and heat currents [55].
Therefore, one can say that these oscillations are manifes-
tation of the interference in time. Close related phenome-
non is the diffraction in time [56,57].

Below we investigate how finite temperatures — un-
avoidably present in experiment — modify these oscillations.

5.1. Time-dependent electrical current

An electrical current is expressed in terms of the corre-
lation function as follows (see, e.g., Ref. 55):

(1) = e, G (5;0). Q21

Equation (9) allows us to relate a current at finite tempera-
tures, /g, to a zero-temperature current /,(t) = ev“G(()l) (t;1)
as follows:

Iy(t) = Ids( Gf(‘g')) 0[ %) 22)

Note that in the case of a leviton — the corresponding
correlation function is given in Eq. (19) — the current is
not affected by finite temperatures at all, IéL)(t) = I(()L) 0.
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This fact emphasizes an essential difference between a
leviton and an electron emitted by a quantum capacitor
working in the adiabatic regime [though the envelope func-
tion looks the same, please, compare Egs. (18) and (20)].
Such a difference also manifests itself in a high-frequency
noise, present in the case of a quantum capacitor [58] but
absent in the case of the source of levitons.

5.1.1. Single quantum level raising at a constant rapidity

Let us analyze a current carrying by an electron emitted
onto the surface of the Fermi sea from a quantum level,
whose energy increases at a constant rapidity, £ = ct.

At zero temperature an electron state is described by the
wave function ¥ (r), Eq. (13) [35]. Using Eq. (4) for a
zero-temperature correlation function we find a corre-
sponding current [55],

e+e’
2 e 7 dede’ e,
Iy(t)=ev “P(C)(t)‘ — [ e, 2
. TCFT I'([ 48%
(e'—¢)t & —(8')2
X COS +C 3 (23)
h 480

This current is shown in Fig. 1, the left panel for several
values of the adiabaticity parameter (.

In the adiabatic emission regime, { = 0, when the ener-
gy of a level changes very slow, ¢ — 0, an electrical cur-
rent [(¢) is a smooth function of time. With increasing
rapidity (and, therefore, with increasing the non-adiaba-
ticity parameter, since £ ~ ¢) some oscillations develop.
These oscillations demonstrate redistribution of an electron
density probability in time due to interference of ampli-
tudes describing the emission process.

To understand why oscillations vanish in the adiabatic
emission regime and are present in the non-adiabatic emis-
sion regime we need to recall two time scales important to
our problem.

0T,

I,, e/nl’

. 0.20

The first one is the dwell time 1, which characterizes
the duration of escape of a quantum state with given ener-
gy [59,60]. The initial state of an electron in the dot is a su-
perposition of states with energies within the interval 23.
As we already mentioned, the time, after which the unoc-
cupied states become available outside, is different for dif-
ferent components of this superposition. Therefore, the dif-
ferent components of the initial superposition start to
escape at different times and their escape leasts 1.

The second important time is the crossing time
2I'; =28/c¢ — a time during which the quantum level of
width 28 crosses the Fermi level. Let us emphasize the
difference between the dwell time t, and the crossing
time I": The crossing time characterizes an extent in time
of the entire emitted state, which is a superposition of
states with different energies. In contrast, the dwell time
characterizes how fast a component of the initial wave
function with definite energy escapes the dot.

The adiabatic emission regime is realized when
I'; > 1p [48,53]. In this case the energy of a level almost
does not change on the scale of the dwell time. Therefore,
the components of the wave function, which have different
energies before escape, so to say, leave the dot at different
times and, therefore, do not overlap after the escape. No
interference in time pattern arises. In the adiabatic emis-
sion regime the time profile of an electrical current /;(¢)
(see Fig. 1, the left panel, a black dashed line) reflects
merely the Breit-Wigner density of states profile of a quan-
tum dot level (the rapidity ¢ plays a role of the transform-
ation factor).

With increasing rapidity ¢ the crossing time 2I", =28/c
decreases. When I'; becomes of the order of the dwell time,
I'. ~ 1p, a non-adiabatic regime of emission is established.
The main feature of this regime is that the escape dynamics
on the time-scale of the dwell time, 1, becomes essential.

To clarify the escape dynamics in a non-adiabatic re-
gime, let us take a component of initial wave function with

0.30f T 0=0

0.25

0.15
0.10
0.05

Fig. 1. (Color online) Left panel: A time-dependent electrical current at zero ambient temperature o (¢), Eq. (23), is shown for the
adiabaticity parameter { =0, { =0.5, and { =1 (in the order of decreasing maximum). Right panel: A time-dependent electrical current
Ig(?), Egs. (22) and (23), is shown for different temperatures, 6 =0, 6 =0.1 0%, 0=0.150", and 6 =0.2 6" in the order of decreasing
oscillations. The effective temperature 0" =n/ (kpI'7). The adiabaticity parameter £ =1.0.
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some energy £. It starts to escape at time #, (when
E(ty) = 1) and (almost) finishes to escape at ¢y + T . How-
ever, after time 1, the energy of a quantum level increas-
es by a noticeable amount of ctp ~cl'; ~ 6. As a result,
many components of the initial wave function — namely
those with energy & —ctp <& < &y — are already started
to escape. So, since the escape process takes a finite time,
Tp, there are many components of the wave function that
are in the process of escaping and that are overlapping at the
exit of an electron source. This overlap causes interference.

Let us repeat, the partial states interfering at a given time
at the exit of a source started to escape at different times.
While the spatial places, where the escape starts and ends,
are the same for all partial states. Therefore, the interfering
states differ by the paths in time they took to escape the
source. This is why I use a term interference in time.

Interference in time results in time-oscillations of phys-
ical quantities. For instance, a time-dependent current /(¢)
shows such oscillations, see Fig. 1. These oscillations are
noticeable at later times — positive times on Fig. 1, when
the intensity of what remains to escape (from the states,
which started to escape earlier) is of the order of the inten-
sity of states that are starting to escape.

The scenario outlined above remains valid for finite
temperatures as well. Therefore, the oscillations caused by
interference in time can be also observed at non-zero tem-
peratures, see Fig. 1, the right panel. However the ampli-
tude of oscillations decreases with temperature. The explan-
ation is the following. At finite temperatures, as we already
mentioned, the pure state becomes a mixed state, whose
components are more spread in energy. This enhanced
spread in energy is accompanied by an enhanced spread in
time that diminishes oscillations.

Naturally the energy of an emitted electron sets a scale
for temperature. In the case of a quantum level raising at a
constant rapidity, see Eq. (13), we define the characteristic
temperature as kBO* =2g) = 0" = n/(kgl';). From Fig. 1,
the right panel we find that the oscillations are noticeable if
0<0.10". Therefore, to observe oscillations of a time-de-
pendent electrical current due to interference in time for
electronic temperature 0 =30 mK the width of a wave-
packet should be not larger than 2I') <0.27/(kg) =
~5107! =50 ps.

5.2. Time-dependent heat current

Interference in time has even more striking effect on
a heat current. While a single-particle electrlcal current is
positive definite at any time, /(¢) = evu|‘I’(t)| [we used
Egs. (21) and (4)], the heat current has no such a constrain.
In terms of the correlation function the heat current
reads [55]

0., |]=ih ﬁ_ij_ By
I#({)=v H (at P u}G (t,t)}lﬂ.

24
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For a single-particle state it becomes
12(6)= v h Tm { V() (z)}

which indeed does not look like positive definite. This fact
illustrates that a heat current is fundamentally different
from a charge current not only for interacting systems, see,
e.g., Ref. 61, but even for the system on non-interacting
fermions, see, e.g., Refs. 62—64.

The heat current caused by injection of a single electron
with wave function ‘I‘(C), Eq. (13), was analyzed in
Ref. 55. It was rather a surprise, that at intermediate values
of the adiabaticity parameter { — when interference in
time manifests itself the most — the heat current can be-
come negative for short times. A negative heat current ap-
peared also in calculations of Refs. 65, 66. In this context
negative means that a heat current is directed not from the
electronic source into a zero-temperature reservoir but
back.

This fact puts in focus the issue of interpretation of a
heat current in quantum systems and, in particular, of a
heat current associated to a single-particle excitation.

The nave classical-like interpretation of a heat current
direction as the direction where heat runs to is completely
unphysical. In fact, the heat current characterizes how heat
content of a quantum system changes in time. In the case
of a freely moving singe particle under consideration here,
the heat current gives the rate of change of (a strictly posi-
tive) heat carried by such a particle. A negative heat cur-
rent means that heat decreases with time. In other words,
for those times, when a heat current is negative, the meas-
urement performed at later times would reveal lesser (but
still positive) heat carried by a particle.

This sound counterintuitive. Indeed, due to the energy
conservation the heat is nothing but the work done by a
dynamic force driving the source. It is natural to expect
that this force performs more work when it acts longer on
an emitted particle. On the other hand, when we perform a
measurement on a particle, we break the connection be-
tween a particle and a driving force. As a result, an earlier
measurement is expected to show a lesser heat associated
to a particle.

A negative heat current, which is counterintuitive ac-
cording to classical expectations, is a result of quantum-
mechanical interference. Therefore, a negative heat current
witnesses a quantum state that has no underlying classical
model.

Here I explore whether a negative heat current persists
at finite temperatures. Let us use the general Eq. (9) and
express a finite-temperature heat current IGQ (¢) in terms of
a zero-temperature heat current I (t) and a zero-tem-
perature charge current (%),
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)= Ids’(——aj;(:)jlg (r—%j+

L2l

Note that the second term in Eq. (25) comes from the phase
factor in Eq. (9), which reflects renormalization of the ef-
fective Fermi energy for different components of the mixed
state at finite temperature, see Eq. (10).

Likewise as an electrical current, the heat carried by
aleviton is not affected by finite temperatures,
IGQ(L) = IOQ(L)(t), see a remark after Eq. (22).

(25)

5.2.1. Single quantum level raising at a constant rapidity

The wave function \P(C)(t), Eq. (13), substituted into
Eq. (4) and then into Eq. (24) results in a zero-temperature
heat current,

e+e’
© ’ [
IOQ(t)= hzjjdsdza €+¢g . 2e0
TEFT 0 480 280
(e'—¢)t 82—(8’)2
X COS +C 5 (26)
h 480

This current is shown in Fig. 2, the left panel for different
values of the adiabaticity parameters {. In the adiabatic
emission regime, { = 0, the heat current IOQ (?) is a smooth
and positive function of time. As we discussed above, no
interference in time occurs in this regime.

With increasing ¢ the heat current becomes oscillating
in time. Since these oscillations are due to interference
(interference in time), their existence is a manifestation of
the quantum nature of a carrier. A distinctive feature of
heat current oscillations is that they fall below zero. This
fact has no classical explanation. With increasing tempera-

1.0 A

2
T

12 h/al

6T,

ture, when a pure state becomes a mixed state, the ampli-
tude of oscillations and the time interval, where heat is
negative, are diminished, see Fig. 2, the right panel.

6. Conclusion

I found the general condition, which guarantees that an
electron source, which injects single particles onto the sur-
face of the Fermi sea at zero temperature, works as a sin-
gle-particle source at finite temperatures as well. Accord-
ing to this condition the scattering amplitude of a source,
S;, (2,€), has to possess the time-energy translation sym-
metry, S;, (¢,€) = S;, (# —de/c,e —d¢), Eq. (8), where c is a
constant. In this case the temperature effect boils down to
the fact that the injected single-particle state becomes a
mixed state whose components have the same in shape but
shifted in time envelope functions, see Eq. (10). The prob-
ability density is given by the energy derivative of the
Fermi distribution function.

A particular case, when S;, is energy independent, falls
into this category as well. The recently realized source of
levitons, see Ref. 15, is characterized by an energy-inde-
pendent scattering amplitude. Therefore, at finite tempera-
tures it emits a single-particle mixed state.

I analyzed a few theoretical models of a single-electron
source whose scattering amplitude does possess the time-
energy translation symmetry. In particular, under quite
general conditions a single-electron source based on a
quantum capacitor of Ref. 9 is described by such a model.
To be specific, it is described by the model of a single
quantum level raising at a constant rapidity, which was put
forward in Ref. 36. An analytical expression for the wave
function provided by this model allows to analyze in detail
the properties of states produced at adiabatic as well as at
non-adiabatic emission regimes.

The non-adiabatic emission regime of a quantum capac-
itor driven by a fast harmonic potential is particularly in-

0.67
---- 0=0 i
0.5 —— 0=0.100,
— 0=0.1596
vy 04 — 0=02006
€ 03
<
s 0.2
~
0.1
0 -
1 | 1 | 1 |
6 7 8

Fig. 2. (Color online) Left panel: A time-dependent heat current IOQ (¢) at zero ambient temperature, Eq. (26), is shown for different
values of the adiabaticity parameter, {=0, {=0.5, and {=1 shown in the order of decreasing maximum. Right panel: A time-
dependent heat current IOQ (t), Eq. (25), with [ from Eq. (23) and ]()Q from Eq. (26), is shown for different temperatures, 6 =0,
6=0.10%,0=0.1560", and 6=0.2 0" in the order of decreasing oscillations. The effective temperature 0" =n/ (kpI'7). The adiabaticity

parameter £ =0.5.
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teresting. In this regime the interference of partial ampli-
tudes corresponding to processes that last different time
(the interference in time) manifests itself in oscillations of
time-dependent electrical and heat currents associated with
a single-particle excitation. Moreover, a time-dependent
heat current can temporarily even change a sign, that is
forbidden from the classical point of view. Therefore, a
time-resolved heat current (when it is negative) can witness
a quantum state that has no underlying classical model.

The last finding reveals two interesting points. First, the
transport measurements can be used instead of the Wigner
function measurement [67] to provide evidence of quantum
states with no classical interpretation. Second, a single-
electron source can be used to generate such quantum
states.

Appendix A: A harmonically driven quantum
capacitor: The Floquet scattering matrix formalism

In this appendix we derive the scattering amplitude Si(nc),
Eq. (12), found in Ref. 35 as the limiting case of the scat-
tering amplitude of a quantum capacitor Si(rfap), Eq. (15),
found in Ref. 36.

First, we use the wide band approximation and linearize
k(E) in Eq.(15) around the Fermi energy p. In this
case the kinematic phase @(E)=k(E)L becomes
O(E) =, +rh_1s, where @, is a phase calculated at the
Fermi energy, t= L/v(n) is the time of a single revolution
calculated for an electron with Fermi energy, and e = E —p
is an electron energy counted from the Fermi energy p.

Second, we go to the limit of a large level spacing,
A = h/7 (to unsure that only one level contributes to emis-
sion), while keeping the dwell time finite, tp =1/T:
HA—>0=1->0,(ii))0<t/T =T —> 0. Remind that 7
is the transmission probability of a quantum point contact
connecting the dot and the waveguide.

Third, we suppose that the amplitude of a driving po-
tential U(¢) = Uy, cos (€t) is of the order of the level spac-
ing, eUy ~ A. In this case the time interval 2I';, during
which a quantum level of width 26=TA/(2n)="#%/1p
crosses the Fermi level, is small compared to the half-
period 7 /2 =m/CQ, during which the energy of a level
changes by 2U, ~A> 8. If so, we can linearize U(¢)
close to time #j, when a quantum level crosses the Fermi
level: eU(t)=eU(ty)+c(t—ty), where the rapidity
¢ =edU / dt is calculated at ¢ = #,. Without loss of general-
ity we put £, = 0.

The approximation of a constant rapidity allows us to
simplify a time-dependent phase, ® ¢ Ea. (16), as follows:

2.2

c q°T

@, ()= qDy +—| tgT— , Al
q()qoh(q 2} (A.1)

where @, = eU,t/#. In the equation above the first term,
gDy, is a phase picked up by an electron during ¢ revolu-

Low Temperature Physics/Fizika Nizkikh Temperatur, 2017, v. 43, No. 7

tions at a constant potential U,. The second term accounts
for the change of potential in time.

Using these approximations we rewrite the scattering am-
plitude in Eq. (15) as follows [\ (£, +&) = S (1,¢)],

o © .
S (1,6) = VR 1- L3 (VR)' 0 L, (a2)
R =
where
2

0=0, +%(8—Ct)+£

o (A3)

is the total phase accumulated during a single revolution
and ©g =0, + ¢, —P,. The constant contribution © can
be eliminated if we redefine the origin of time. In what
follows we put ®; =0, which means that a raising quan-
tum level crosses the Fermi level at £ = 0.

In Eq. (A.2) we introduced the modulus R =1-T and
the phase 0, of a reflection amplitude, » = x/Eeler . In addi-
tion we use 7/r=-i"/r", which follows from the
unitarity of the scattering matrix of a quantum point con-
tact connecting a capacitor and a waveguide.

Next, we replace the sum over the number of revolu-
tions ¢ in Eq. (A.2) by the corresponding integral. We can
do this, since the time of a single revolution t is small
compared to other relevant time scales, such as the dwell
time tp, the crossing time 2I", =28/ ¢, etc. We introduce
& =¢qT =qt/tp and replace

Ty > | dz

g=l 0

(A.4)

Finally, since 7 — 0 we can transform
q T g
Slog(1-T)  —¢—~  —=
(x/ﬁ)q:ez ~e 2=e 2.
In the two additional factors, in front of the sum and in
front of the curly brackets in Eq. (A.2), we put R =1 and
obtain
0 € i 220G
—= —&tpl(e—ct) iE°=2
r I—J-d&,e 2¢h pl )e 40
0

0

SEP) (1,6) = ¢’ (A.5)

where we introduced the parameter { = ZC‘EZD / h.
Apparently the equation above in nothing but the
Eq. (12) up to the irrelevant phase factor e

Al. Unitarity

The scattering amplitude Si(gap) (t,E), Eq. (15), is uni-
tary. The proof is rather simple and it can be found, for
instance, in Ref. 34. Let us check the unitarity of the trans-
formed amplitude to be sure that we missed nothing essen-
tial on the way from Eq. (15) to Eq. (A.5).
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The unitarity condition for the scattering amplitude of a
periodically driven scatterer in the mixed energy-time rep-
resentation reads [41]

7
2
dt 2
j7 m (t,E)‘ -1, (A.6)
7
T2

where 7 is the period of drive.

When we went over from the sum over ¢ in Eq. (15) to
the integral over § in Eq. (A.5), we supposed that the am-
plitude of a driving potential is large, eUy ~ A — . To-
gether with the assumption of a finite rapidity, ¢ < o, this
means formally that the period of a drive is large, 7~ — oo.
Therefore, we rewrite the equation above as follows:

() -1

7
B3 0 E i 2¢€
— —&tple—ct) iE°=
= lim jﬂ l—jdée 2¢h nl )el 4 Ly
2
®© g 28
— Etple—ct) —i&"=
x1- [ dee 2¢ 7 R
0
where
7
5 0 g i 28
—= —&tiple—ct) &=
= 2Re! lim jﬂjdge 200 Pl (A.8)
7 > 7-70
2
z
2 o 26
—= —&tple—ct) "=
B= tim | L[dze 2 PR
7 —w 770
2
© g i, 28
-2 e (e—ct) —i(E')*2
x[dee e plemen) &) (A.9)
0
We need to show that A+ B =0.
First of all we integrate out ¢ in 4,
z
2 D
dr —itg 21 h
lim [ e M = 1im Z2—-5(2), (A.10)
7 - 77' 707 ctp
2
and in B,
z
2 (g
dr i(&-8)—= 2n h
li —e h = lim ——38§(&'-£€). (A.11)
Tli)noo ~[77 711>anch ( )
2
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Then we evaluate A4, Eq. (A.8). We substitute Eq. (A.10)
in Eq. (A.8), evaluate the integrand at £=0, use

jjdg&@) —1/2, and get
(A.12)

To evaluate B we substitute Eq. (A.11) into Eq. (A.9).
Then we use 3(&'—&) and integrate out &'. Since &' =&,
the oscillating factors cancel each other. After evaluation

of the remaining integral, j d &e =1, we find
2n h
B= lim ———. (A.13)
Tow I cTp

Comparing Egs. (A.12) and (A.13) we see that indeed
A+ B =0, as expected. So, the scattering amplitude Si(rfap),
Eq. (A.5), does satisfy the unitarity condition Eq. (A.6).

A2. Single-electron wave function

For completeness, let us derive the wave function ‘P(c),
Eq. (13), directly from the excess correlation function G(l),
Eq. (2), using the scattering amplitude S-(Ifap), Eq. (A.S).
Note that originally the wave function ¥(©) was calculated
in Ref. 36 using another approach.

We substitute Eq. (A.5) into Eq. (2) and replace

0
JOO def (E) —> I de at zero temperature. Then, for the
—00 —00

sake of convenience, we change ¢ — —¢ and go over to di-
mensionless variables. We normalize ¢ by 2I'. =7/ (ctp)

and p and e=E—p by gy =7/(2I';). In addition we in-
troduce the adiabaticity parameter { =1, /I, and finally

obtain (the subscript “cap” indicates that we use the scatter-
ing amplitude of a quantum capacitor)

(1) ei},l(tl—tz) 3
Geap (1312) = Sy, (A4
4nl’ov, =
where
0 .2GC o
: = _% ich ~i5 % —igty igty g‘i%
Yl(tlstz)——J dée 2ele J.ds , (A.15)
0 0
2 ’@2 %OO ) "'3‘?%
vz(rl,mf—j de 2¢792¢" 4 dse e 2 (A16)
0 0
o0 0 U 2§ C_,
—7 : —_ ey — a 8&
Y3(11;12)=Id3e lgtle"gtzjd&/e zelﬁtle i(g') 4el 2 &
0 0
© g C 4
- _j § = —zaif
xj die 2e752¢" 4g 2, A7)

0

To find a wave function we need to factorize Eq. (A.14)
and then to use Eq. (4). To this end we, first, need to get
rid of the third integral in the equation above.
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A2.1. Evaluation of y5

We make the following change of variables:

R
E=z 4+

(A.18)

O — 8
Q
m

S — 8
QU
v

S — 8
QL
gy

o—8
&

g —8
S

g —8
=5
~~
>
—
O
N

|X|+X= X, X>0,
0, X<0,

A.20
| X|-x {o, X >0, (320
X = =

-X, X<0,

and get
e=z+y, +x_,

&' =z+x,, (A.21)

E=z+y_+x_.

The factors entering Eq. (A.17) are modified as follows:

—igt —izty —iy ty —ix_t
e 1 1_)6 lZle ly+le lx_l’

et iztn 1y, ly IX_t
el 2 _)6122ely+2elx_2’

g _z X

e 2 e e 2,
ié’tl iZ[l ix+tl
e>l >e le"+1,

R T TSN Y 1

- -1z —le+ —lx+
e 4 5e  4e 2¢ 4,

iaé’5 iz25 izy_*_5 izx+S izx_5 z'y+x+S 1'x+x_E
e 2—9e 2¢e Ze 2¢ 2¢ Z¢ 2

>

& z  Yy_ X

e?2—e2e 2e 2,

e—iétz N e—izt2 e—iy_tz e—ix_t2 ,

iézg 26 € . C .28 9 2C

iz°2 izy_ 2 izx_ 2 iyS2 iy x_2 ixZ
e 4—oe 4e 2e 2e 4e 2e

)

e 2C G g ¢
—ig€> —izy, 2 —izy_ 2 _ -y y_ 2
e 2 _5e 2e t2g T27imx Gy 2 x
iy x € iy & ;28
x e 2e 2e 2,

(A.22)
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Substituting Eqs. (A.19) and (A.22) into Eq. (A.17) we
obtain

—z 7 . ixt —ix_%g _ing
y3:Idze I dee 2e7le "4e  4x
0 —00
0 y_ 20 . C
- _; L Iy x>
X,[ dye 2 e H1e?2e T4e T2 (A.23)

—0

Here we used X, X_ =0.

The integral over z is trivial. This allows us to represent
Y3 as a double integral like v, and y,, that facilitates factor-
ization,

2 A . —lx25 —1x2§
+ —
Y3 = j dee 2e™e T4e T4 x
—00
0 - 26 ¢
w22 iy x>
j dye 2e Mg T4 2 (A24)

—0

A2.2. Evaluation of y,

To rewrite Eq. (A.16) for y, we use the following coor-
dinate transformation:

E=X+Y,,

E=x+y_, (A.25)
o0 o8] 0 0

[ag[de— [ax [ a.

0 0 0 —o

The respective exponential factors become the following:

e—i&l‘l N e—ixtl e—iy+l1 ,

eiat2 N eixt2 eiy+l2 ,

& x )

e2e e 2,
e—iétz N e—ixtz e—iy_tz ,

i§2§ .ZC 28 4

ix iye2 ixy_
e 4 oe 4e 4e 2,

—iség N R
€

e 2-oe 2e Ze 2. (A26)
As aresult, we get
0 X . 2 0 Y_ . 2(; : C
-= . —ix _ i y_— Ty,
Vs =—J. de 2e M I dye 2 e VIV T4 T2,
0 -0
(A.27)
Here we used that X, X_ =0.
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A2.3. Factorization

Now we show that the contributions v, and y, are can-
celed by the part of y3 and what remains is a factorizable
equation.

Easy to see that —y; is cancelled by the part of vy,
which arises from the integration area in Eq. (A.24) corre-
sponding to x > 0 and y > 0. Indeed, for this area we have

—ix

26
4

N ixt T it iyt iyxg
V4 =jdxe 2e le j e Vigh2e” 2 (A28)
0 0

Remember that X_ =0 and X, =X for X >0. The
equation above is exactly —y;, see Eq. (A.15), where we
identify £ ~ xand e ~ y.

In addition one can see that —y, is cancelled by the part
of y3, which arises from the integration area in Eq. (A.24)
corresponding to x <0, where X, =0:

0 L L = ; iygg —ixy 9
vh = I dxe 2e"e 4 J dye 2e W+egM2g 4 T2
—00 00
(A.29)
Here we change additionally x — —x and obtain,
« X xZC @ Y- 25 —ixy 5
Idxe 2¢ Mg T 4 Idye 2 ¢ Wiltghi2g" 4g T2,
0 —00
(A.30)

which is exactly —y,, see Eq. (A.27).

Therefore, the sum of all three y’s is given by the part
of Eq. (A.24), namely that part, which is defined by the
area x>0and y <0,

26

28w X

2 5 ixty X
4I xe 2e71le 4,
0

ZYJ I dyeze'ytze
=1 —o0

(A31)

This equation is represented as the product of two factors,
each of which depends on a single time only.

As the final step we change a sign x — —x in the equa-
tion above and substitute it into Eq. (A.14). After restoring
proper dimensions of time and energy we find that the cor-
relation function G(%p, Eq. (A.14), is cast into the form of
Eqg. (4) with a wave function given in Eq. (13).
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