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Vortex molecules in thin films of layered superconductors
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The seminal work of A.A. Abrikosov on the vortex lattices in type-II superconductors has triggered the crea-

tion and rapid development of the whole new field of condensed matter physics, namely, the physics of vortex

matter in a large variety of superfluid and superconducting systems. Among these systems and compounds the

layered superconductors are known to form a very important class which is associated with a number of fascinat-

ing new discoveries in vortex physics. The phenomenon of the vortex attraction in tilted magnetic fields provides

one of the examples of such findings which affected theoretical and experimental research in the field for almost

two decades. In our paper we review some recent advances in this direction focusing on the intervortex interac-

tion and equilibrium vortex structures in thin films of layered superconductors in magnetic field tilted with re-

spect to the layers. In such a case the magnetic field penetrates superconductor in the form of tilted vortices or a

crossing array of Josephson vortices and pancake stacks. We study the interplay between two different long-

range potentials: (i) attraction of tilted vortices or deformed stacks; (ii) the Pearl's repulsion. This interplay is re-

sponsible for the formation of the minimum in the total interaction energy and resulting decay of vortex chains in

clusters. The number of Abrikosov vortices in these clusters (or vortex molecules) depends on field tilting angle

and film thickness.

PACS: 74.25.Ha Magnetic properties including vortex structures and related phenomena;

74.25.Uv Vortex phases;

74.78 —w Superconducting films and low-dimensional structures.

Keywords: Abrikosov vortices, layered superconductors, vortex chains.

1. Introduction

A.A. Abrikosov contributed to many domains of theo-
retical physics: condensed matter, plasma physics, physics
of high pressure, and quantum electrodynamics. However,
the Nobel Prize in Physics 2003 was awarded to A.A.
Abrikosov for his theoretical discovery of vortices and the
theory of type-II superconductivity. These vortices are now
often called Abrikosov vortices and the understanding of
the properties of the mixed state of type-II superconductors
is ultimately related to the paradigm of “vortex matter”.
Thermal excitations, vortex pinning, crystal anisotropy,
spatial and time dependent magnetic field, all these reveal
panoply of different transitions in the vortex matter, which
makes its physics very rich [1].

Both the equilibrium and transport properties of the vor-
tex matter are essentially affected by the behavior of the
potential of the interaction between vortices. In isotropic
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bulk superconductors the intervortex interaction potential is
well known to be always repulsive [2] and screened at
intervortex distances R greater than the London penetration
depth A. As a result, in perfect crystals quantized Abrikosov
vortices (vortex lines) form a triangular flux lattice [3]. The
magnetic flux through the unit cell of such flux line lattice
equals to the flux quantum ¢ = whc/e , and each unit cell is
occupied by the single vortex.

This textbook picture is known to change drastically in
layered superconductors in tilted magnetic field due to the
phenomenon of the long-range attraction between tilted [4—8]
or deformed [9,10] vortex lines composed of two dimension-
al 2D pancake vortices (PVs). For bulk layered superconduc-
tors with a moderate anisotropy (like NbSep, YBaCuO), the
low magnetic field penetrates mainly in form of the tilted
vortex lines which are arranged in chains (Fig. 1(a)). These
vortex chains have been observed experimentally by the dec-
oration technique in YBayCu3O7 [11], scanning-tunneling
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Fig. 1. (Color online) Schematic representation of a layered superconductor with tilted (a) and crossing (b), (c) vortex structures, s is a

distance between the layers, N is the number of layers, D = (N — 1)s is the total thickness of the structure.

microscopy in NbSep [12], and Lorentz microscopy meas-
urements in YBapCuzO7 [13] (see [14] for a review). For
strongly anisotropic superconductors like BipSroCaCuyOg+g
(BSCCO) the chain consists of a lattice of in-plane Josephson
vortices (JVs) crossing with pancake stacks perpendicular to
the planes (Figs. 1(b),(c)). The attraction between PVs and
JVs [15] leads to the deformation of the pancake stacks de-
tected by the modern vortex imaging methods such as Lo-
rentz microscopy [13], high-resolution scanning Hall probe
[17], Bitter decoration techniques [18], and magneto-optical
measurements [19] (see also Ref. 14 as a review). A lot of
other ground-state vortex chain configurations and phase
transitions between them were studied in detail in Ref. 20.
The potential of the interaction between vortices in layered
superconductors depends on the internal structure of vortex
lines and is determined by two different kinds of interac-
tion between pancake vortices in different layers: magnetic
and Josephson interactions. The relative strength of these
two interactions depends on the anisotropy parameter
I' = A./A,, and interlayer spacing s, where A is the pen-
etration depth for currents along the ¢ axis and A, is the
penetration depth for currents in the ab plane (parallel to
the layers). The distinctive feature of anisotropic super-
conductors is known to be an unusual attractive part of the
vortex—vortex interaction potential in tilted magnetic field
[4-10]. Tilted or deformed PVs stacks attract each other in
the plane defined by the anisotropy axes and vortex line, and
the value of the attractive force is controlled by the tilting
angle of the vortex line with respect to the anisotropy axis.
Certainly, the interaction between vortex stacks at small dis-
tances R ~ A remains repulsive. Interestingly, the attractive
long-range intervortex potential has the same asymptotic
behavior U, ~ ~1/R? (R> ) for both cases: for tilted
vortex lines [4-8] and for deformed stacks [9,10]. Note, that
the attractive interaction between any two vortices in the
chain (except the nearest neighbors) provides the stability of
the whole vortex chain.

In thin films of layered superconductors, however, such
van der Waals type potential appears to be strongly modified
by the long-ranged Pearl’s repulsion [21] which could mask
the subtle attraction of vortices. The Pearl’s potential Up(r)
of intervortex interaction is always repulsive, decays ex-
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tremely slowly (Up ~1/R for R>1) and always domi-
nates at large distances R > R,, > A. It means that the re-
pulsion between two vortices is restored at intervortex dis-
tance R > R,, and stability of the vortex chain of a length
L 2 R, is destroyed. As a result, the formation of an infi-
nite vortex chain becomes unfavorable. Adding vortices one
by one we can find an optimal number of vortices which can
be arranged in a chain of a finite length. As a result, there
appears an intriguing possibility to form a vortex structure
consisting of finite size chains, i.e., of vortex molecules. By
varying either the film thickness or the tilting angle we can
modify the balance between the attractive and repulsive in-
teractions, which should determine the size of the energeti-
cally favorable vortex configurations.

Modern vortex imaging techniques provide a possibility
to observe the crossover between different intervortex inter-
action regimes in thin film samples. In particular, the mag-
netic field distributions induced by vortices in thin films can
be probed by the penetrating electron beam used in Lorentz
microscopy measurements [22,23]. This technique, owing to
the low penetration power of the existing 300-kV field-
emission beam, permits us to work with films of thicknesses
smaller than 0.5-1 um. It is, therefore, “par excellence” an
ideal tool to study the peculiarities of the vortex structures in
thin films. In Ref. 24 it was demonstrated how the Lorentz
microscopy technique permits to discover the special charac-
ters of the intervortex interaction in YBaCuO films of thick-
ness d = 0.5 um, placed in a tilted magnetic field. The vor-
tex structure changes qualitatively for a fixed external
magnetic field B, direction by increasing absolute value of
the field B, . The increase in the field value B, causes an
increase in the tilting angles of vortex lines. Therefore, the
vortex attraction prevails at higher B, values, while at low
fields the attraction force is overcome by the repulsive force
due to Pearl's effect, and the vortex chains are expected to
disappear. Indeed, such a qualitative change in the vortex
structure is confirmed [24] by the experimental data: at low
fields, which correspond to small tilting values, the vortex
chains are completely absent, while at rather high fields
By > B*, where B” is the critical field, the formation of
vortex chains is clearly observed.
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In this paper we focus on the calculations of the pair po-
tential of the intervortex interaction in thin films of layered
superconductors. Our calculations are based on the
Lowrence—Doniach theory [25] which is simplified neglect-
ing the effects of weak interlayer Josephson coupling. This
approximation of Josephson-decoupled superconducting
(SC) layers [26] is known to be useful in studies of the vortex
lattice structure for very weak coupling of the layers
Ay =Ts>A,,, where the Josephson length A; =Ts is
the in-plane size of the Josephson core radius [27]. The equi-
librium shape of a single vortex line depends on the in-plane
magnetic field By = Bx, distribution and can be very dif-
ferent. Without the in-plane field, the pancakes form a verti-
cal stack. If the in-plane field By is rather small
(BH < Hy = /l"sz) and does not penetrate inside super-
conductor in form of Josephson vortices, then screening
Meissner currents tilt and bend the vortex line. Bending of
the vortex line is essential only near the surface of the SC
film and often can be neglected [28]. In Sec. 2.2 we study the
interaction between two straight stacks of PVs tilted at a cer-
tain angle 7y with respect to the ¢ direction, as shown in
Fig. 1(a). In fact in layered superconductors with very weak
interlayer coupling the Josephson vortices will appear at
much lower field. As a result, at tilted magnetic field, cross-
ing lattice of pancakes, formed by Abrikosov vortices, and
Josephson vortices is more energetically preferable than a
lattice of tilted vortex stacks [15-17]. The interaction be-
tween pancakes and in-plane field in the form of Josephson
vortices produces zigzag deformation of the stack of the pan-
cakes [30]. This deformation is responsible for a long-range
attraction between such stacks [9] which is quite similar to
the case of tilted vortex lines. In Sec. 2.3 we study the ex-
treme case when the in-plane magnetic field B> H, cre-
ates the dense triangular lattice of JVs which are strongly
compressed along the ¢ axis due to a very high anisotropy
I' > 1. This dense triangular lattice of JVs produces zigzag
displacement of PVs [30] along the x axis, so that the pan-
cake centers for each vortex line are positioned along the
broken line (see Fig. 1(c)). We calculate the interaction po-
tential between two zigzag lines in a thin SC film. In Sec. 2.4
we compare these two extreme cases and discuss qualitative-
ly the condition of the vortex attraction if the in-plane mag-
netic field is relatively small (B~ Hyp) and the crossing
points between JVs and PVs are rare. In Sec. 3 we discuss the
condition of vortex cluster formation and phase transitions
between the vortex lattices with different number of vortices
per unit cell.

2. Interaction potential for two stacks of pancakes

As a model of a film of strongly anisotropic supercon-
ductor we consider a finite set of N thin SC layers with
the thickness d much smaller A located at a distance s
from each other, so that the nth SC layer coincides with the
plane z=z,=ns (1<n<N). The field component per-
pendicular to the layers creates the vortex line which pierc-
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es the film as a stack of PVs centered at the points
r, = Xx,Xo+,yo in the nth layer. We derive general ex-
pressions for interaction potential of two identical stacks of
PVs taking into account both long-range attraction and
repulsion phenomena. We study both the limits of weak
(B < Hy) and strong (B> H,) in-plane magnetic
field. The shape of the interacting vortex lines is assumed
to be fixed and not affected by the vortex—vortex interac-
tion potential. Certainly, such assumption is valid only in
the limit of rather larger distances between the vortex lines
when the effect of interaction on the vortex shape can be
viewed as a small perturbation.

2.1. Basic equations

Within the model of the set of Josephson-decoupled SC
layers, pancakes interact with each other only via magnetic
fields. General equation for the vector potential A distribu-
tion in such system reads

N
rot rot A = % N I )d(z-z,). (1)

n,m=1

The sheet current at the nth layer created by the pancake at
mth layer takes the form

=] @8, -A"wz) | @

where A=M\?/d = kﬁb /s is the effective penetration depth
in a superconducting film, A" (r,z) is the vector potential
induced by the only pancake vortex located in the mth layer.
The vector ®(r) in the Eq. (2) is given by the expression

z(p_O[ZO Xr]

®(r) =T 3)
r

For the layered system without Josephson coupling a general
expression for the free energy can be written in the form

F=Lfar|(rota)? +(4_’°)2 AT @8- | @)
8n ¢ n=1 ! !

The total vector potential A(r,z) and the sheet current in
the nth layer J, (r), produced by an arbitrary vortex line
are the sum of the contributions induced by N pancakes:

N N
A(r,z)= Y A"(r,z), J,(r)= Y I (),
m=1 m=1

and can by found from Egs. (1)—(3) using an approach simi-
lar to that proposed in Refs. 32, 33 (see Ref. 28 for details).
Using the gauge divA =0 and the Fourier transforms

Aq.k) = [dPrdze T A, 2), )
A, (@ = [@*rdA(r,z,), I, (@)= [a’rd® T, 1), (6)
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one can rewrite the basic Eq. (1) for each vortex line in the
momentum representation as follows:

(¢* +k*)A(q. k) = %Z[Wq)—An(q)]e"""S . ()

n

where

®,(q) = D(q)c',  ®(q)=-ip,

(20 xq]
TR
q
These equations can be reduced to the scalar form
L ln-mlas iqr,
+——>De =e ", 8
n*n % I ®)

where we introduce the new functions f,,(q) :

HO-A, @)= ——0q)f,(@) . ©)

n(q)_ 4TA

4n A(
The solution of the linear system (8) for a fixed configura-
tion of pancakes r, determines the distribution of the vec-
tor potential A(r,z) which is created by an arbitrary vor-
tex line in a finite stack of superconducting layers.

For two vortex lines we can write the total vector poten-
tial and the total sheet current as superpositions of contri-
butions coming from the first (A(l), J S,l)) and second
(Ag), J 5,2)) vortices. Calculating the interaction energy
€;,; of vortex lines we should keep in the free energy only
the terms which contain the products of fields correspond-
ing to different vortex lines. As a result, in the momentum
representation the general expression (4) for the free ener-
gy of the layered system without Josephson coupling reads

iy 2l (o @-aP @)oo+

€int =

32 3A
HoP@-aP@)e 0| a0

For the particular case of two identical (parallel) vortex
lines which are shifted at the vector R = r,(,z) - r,(ll) (n=1-N)
in the xy plane we get following general expression for the
interaction energy via the scalar functions f, (q) [28]:

l r

eim(R)—16 : J cos(qR)an@e no(1n)

p2 20—k [ k(1- p*)sinh L + (k2 — p2)(cosh L — cos(pL)) + 2kp sin( pL)]

The expression (11) and equations (8) determine the inter-
action energy of two identical vortex lines.

2.2. Interaction potential of tilted stacks of pancakes

In the limit of weak in-plane magnetic field (B < H)
we neglect the vortex line bending and restrict ourselves to
the case of straight vortex lines parallel to the plane xy and
tilted at a certain angle y with respect to the anisotropy axis ¢
(z axis) as shown in Fig. 1(a). Let us evaluate the interaction
energy (11) of two tilted parallel vortex lines taking

(1) =nstanyxg, r’§2) = rr(,l) +R .

For the case of a large intervortex distance R >>s, the
solution of the problem (8) may be simplified, because for
the relevant wave vectors ¢ ~1/R the conditions of the
continuous limit are satisfied: gs <1 and g, stany <«1.
Introducing a continuous coordinate z =ns and continu-
ous function Jq(2), the linear system of Eq. (8) reduces to
the following integral equation

D/2

[ dzre = p ()=

q ab -D/2

2 tany

fy@)+ (12)

The Eq. (12) can be rewritten as a differential one

d2

J;q —(7»;13 +q2)fq(z) = —(q%tanzqu)eiqu” (13)

z

at the interval —D/2 < z < D/2 with the boundary conditions

df,
=

where D= (N —1)s is the thickness of superconducting
film. Skipping the details of the solution of Egs. (13), (14),
we get the following expression for the interaction energy
(11) in the continuous limit [28]:

= (ig, tany £ g)e L EIY2 (g

+D/2

€int = WITCOS(qR)S (), (15)

where the expression for the kernel S(q) takes form

S@=pZ "5+

1+ p A2+ pY) [2kcoshL+(1+k2)s1nhL:|

; (16)

L=D\g*+Xgs, k=qig*+Xzi, p=qctany/\g®+g.

The first term in the kernel (16) describes the intervortex
interaction in the bulk system, while the second term is
responsible for the Pearl effect due to film boundaries.
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The minimum energy configuration corresponds to the
case R, =0.1In Fig. 2 we present some typical plots of the

1nteract10n energy €;n(R,, R, =0) vsthe distance R, = R
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Fig. 2. (Color online) Typical plots of the interaction energy per
vortex [Egs. (15) and (16)] vs the distance R between two vorti-
ces for a film of thickness D = 3A,; and different tilting angles
y=70°,75°,78°, 80° (g0 = G3/16TA ;) .

for D =3A,, which corresponds to the Lorentz microscopy
experiments in YBCO [24] and Bi-2212 [13] samples. Ana-
lyzing the dependence ¢€;,,(R), one can separate three con-
tributions to the energy of vortex—vortex interaction: (i) a
short-range repulsion which decays exponentially with in-
creasing intervortex distance R (for R>A,,); (i) an
intervortex attraction which is known to be specific for tilted
vortices in anisotropic systems; this attraction energy term
decays as R~2 and strongly depends on the angle y be-
tween the vortex axis and the ¢ direction; (iii) long-range
(Pearl) repulsion which decays as R~ and results from the
surface contribution to the energy. Note that the third term
does exist even for a large sample thickness D (see Ref. 29)
although in the limit D> A, it is certainly masked by the
dominant bulk contribution. At R > A, the short-range
interaction term vanishes and the interaction energy vs R
takes the simple form

2
_ 0 [ Degrtan®y 2
£int - P - 2 +—1,
8 R R

where D = D—2A,;, tanh(D/2h ;) is the effective
film thickness. One can observe here an interplay be-
tween the long-range attractive (first term in Eq. (17))
and the long-range repulsive (second term in Eq. (17))
forces. Note that the A, value increases with an increase
in temperature, thus, the effective thickness decreases and
the long-range attraction force appears to be suppressed
with increasing temperature. For large R the energy is
always positive and corresponds to the vortex repulsion
similar to the one between the pancakes in a single layer
system. With a decrease in the distance R the attraction
force comes into play resulting in the change of the sign
of the energy. Such behavior points to the appearance of
the minimum in the interaction potential.

)
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2.3. Interaction potential of zigzag stacks of pancakes

In the limit of strong in-plane magnetic field (B > H)
the tilted magnetic field penetrates in the form of the crossing
lattice comprising the in-plane Josephson vortices and per-
pendicular to the layers stacks of pancakes (see Fig. 1(c)). In
high-field limit, B > Hy = @q/sA;, all interlayer junctions
are homogeneously filled with Josephson vortices, which
form the dense triangular lattice. The period of the lattice in
z direction is equal 2s which is much less than the period
along the y axis a = @ /Bs < A ;. The interaction between
pancakes and in-plane field in the form of JVs is known to
produce zigzag deformation of PV stacks (see Fig. 1(c))
[15,20,30]. The zigzag deformation is somewhat larger near
the surface (due to the decrease of the stifness of the PVs
stack) but for simplicity we neglect this relatively small ef-
fect. The amplitude of the zigzag deformation

x’ab
Binp’

is assumed to be the same for all N layers and corre-
sponds to the equilibrium form of the zigzag vortex in a
bulk (N — o) layered superconductor [9,30]. In this case
the centers of pancakes for both vortex lines are positioned
at a zigzag line

Hok g,

lu, |=u= B= > 1,

(18)

rD=1"lux, @ =rV+R, (19)

and the Eq. (8) with respect to functions f, (q) looks dif-
ferently for odd and even n. Introducing two new func-

tions fi,(q) and f5;(q)

[ iTn—odd, k=02
" A\ for, ifn—even, k=n/2,

the Eq. (8) can be rewrited as follows:

1 —2lk—ml|gs
f12k+_2A g2kl Jiom+

2 AZ —(2)k— m\+1)q3f i :eiiqx”. (20)
q

The interaction energy (11) expressed in terms of the scalar
functions f1;(q) and f,;(q) reads

2
_ %o
€int (R) - 161'C3A

N » :
x 3| fie(@e ™ + f(@e | 1)
k

The expression (21) and the system of algebraic equation
(20) determine the interaction energy of two identical zigzag
vortex lines which are shifted at the vector R in the xy plane.
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For the case of a large intervortex distance R >> s, u,
we may use the continuous limit for the solution of the
problem (20) because for the relevant wave vectors
gs <1 and g,u < 1. We introduce a continuous coordi-
nate z=2ks and continuous functions f} 5(q,z) defined
at the interval | z|< D/2, where D is the total thickness
of superconducting film. Thus, the linear system of
Egs. (20) reduces to the following integral equations:

D/2
fia(g.2)+ [ @z f (g,
’ 4qAS )
-D/2
e—qs D/2
t [ et g = @)
925 _pa

Using the solutions of Egs. (22), we may rewrite the ex-
pression for interaction energy (21) as follows (see Ref. 34
for details):

lIlt (R)

+

where

2 2 2 2
pi=q +Vhgy, pZ

2
_[dzqcos(qR){ {COS (2%‘“) +

= ng Ly

: (23)

sinz(qxu)] N
q

2qcos(q,1)
hapPt(1+q/ p, tanh L,)

= p,D/2. (24)

Performing in (23) the necessary integration, we finally obtain the following expression for the interaction energy of two
identical zigzag pancake stacks which are shifted at the vector R = Rx, in the xy plane:

Eint (R) =

R-2u

2
(p—g D ZKO(i)JrKO(
32n%As Aab

_ 2_ 2
J+K0(R+2u)+ln[R 24u ] .
7"azb 7"ab R

2Jo(qR) +Jo(q(R —2u)) + Jo (q(R + 2u))

q
§b£<q +A)” 1+qlfq? + A% tanh " (DJg? + A2 12)

where J, and K, are the Bessel and modified Bessel
functions of zero order, respectively. The first term propor-
tional to D in Eq. (25) describes the interaction between
the zigzag stacks in the bulk layered system [9], while the
last term is responsible for the influence of film bounda-
ries. In Fig. 3 we present some typical plots of the interac-
tion energy per one layer €;,,/N vs the intervortex dis-
tance R for different thickness of the film D and the in-
plane magnetic field B, = H.

At long distances R > A, the modified Bessel func-
tions decay exponentially, and a bulk short-range repulsion
between two PVs stacks is negligible small. The leading
bulk contribution comes from the logarithmic term in (25),
which describes an attraction between the zigzag PV lines.
The last term in (25) describes long-range Pearl's repulsion
which decays as 1/R and results from the surface contribu-
tion to the energy. Assuming that the effect of the zigzag
deformation u <« A, is small, the long-range part of inter-
action energy (25) for R > A, can be written as

¢Ol Du? +2+4u ] 26)

€.(R)=
" gn?| a2,R? R OB

One can observe an interplay of the long-range attractive
and the repulsive forces between two zigzag deformed PV

(25)

stacks, similar to the one between two tilted vortices in ani-
sotropic SC films [24,28]. The last term in (26) describes a

10 Rih 20 30 40 50

Fig. 3. (Color online) Typical plots of the interaction energy per
layer €;,(R)/2Ney [Eq. (25)] vs the distance R between two zigzag
deformed stacks of pancakes for in-plane magnetic field B|/Ho = 1.
The numbers near the curves denote the values of film thickness
D/\yp. The dashed line shows the interaction energy between two
zigzag vortices in bulk (D — o) layered SC. Dotted lines show the
long-range part of interaction energy (26). Here g, = (p(z) /32m%h ab>
5= 0.01A45, 7= 300.
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modification of long-range Pearl’s repulsion due to zigzag
deformation of the PVs stack. Certainly, in a bulk sample
(D — o) the Pearl’s term in (26) vanishes, and at long dis-
tances the dominant interaction between the zigzag PV lines
is an attraction [9]. As a result, in a bulk sample there always
exists the minimum of the interaction potential, which reali-
zes with logarithmic accuracy at R, =2A,, In(A,,/u).
However the second term in (26) is very important even for
a rather thick films: for large R the energy e, is always
positive and corresponds to the vortex repulsion. With a
decrease of the distance R the attraction force comes into
play and can result in the change of the sign of the energy at
Ry = Du?/ 27»%1, > Ay, while short-range repulsion is still
weak. Such behavior should be accompanied by the appear-
ance of the minimum in the interaction potential. The condi-
tion Ry > R,, gives us a rough estimate of the critical film
thickness D for which the minimum in the interaction
potential can exist and the formation of vortex chains can be
energetically favorable:

2
4003 ( B
D.. ~ 4o .B2(1 3_ M1 21 , 27
cr Y abl3 (HB) }\'ab [HO ( )

where the constant G is of the order unity. The more accu-
rate criterion of attraction of zigzag PVs stacks should be
based on the expression for the interaction energy (25) and
may be found from the conditions

Eint (R) = &{y (R) = 0.

The typical dependence of the critical film thickness D,
as a function of in-plane magnetic field B is shown in
Fig. 4. So, in the presence of a dense lattice of Josephson
vortices, the AVs penetrate in the form of chains only for a
large film thickness D > D, . Otherwise, if D < D, the
formation of the usual Abrikosov lattice of zigzag de-

B\/H,
1 05 3
T T 1 T T 1 T T 1 T T 1 T T T T T 7]
10°E _—®
: o
B Y /4”’
< 10°F g
ST g
- I
d
®
102
:I Loy b
3 4 5 6 7 8 9

Fig. 4. Critical film thickness D, as a function of in-plane mag-
netic field By (—®—). The dashed line shows the estimate of the
critical film thickness (27). Here B = BjA/HoAgp, s = 0.01Aqp, ¥ =
=300, Ay=3Ay, 6 =2.
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formed stacks of PVs occurs. It is interesting to note that
following (26) the intervortex attraction increases near the
critical temperature of the superconducting transition 7,
when A, becomes large (except for the region very close
to 7, where the condition A,, <A, is not satisfied). This
behavior is in contrast with the moderately anisotropic case
[28] when the critical thickness for intervortex attraction to
be observed decreases near 7, and the repulsion between
vortices prevails.

2.4. Interaction potential of two stacks in the crossing
lattices

In the high in-plane field limit By > H, considered in
Sec. 2.3 the triangular lattice of JVs is so dense that the cur-
rents of adjacent JVs ovrlap setrongly and the amplitude of
the zigzag deformation decreases [30]. As a result, the criti-
cal thickness D_. grows rapidly with an increase of the in-
plane field B (see Fig. 4). Also the potential dip in the
intervortex interaction energy (25) strongly decreases with
an increase of By [9]. Optimal regime for the long-ranged
attraction corresponds to B ~ Hy . If the magnetic field B
is small, the crossings between JVs and PVs are rare and the
distance between Josephson vortices along the z axis be-
comes much larger than 2s, as well as the distance between
the deformed parts of the PVs line (see Fig. 1(b)). Let us
estimate the attraction between two deformed stacks in this
limit. The Josephson vortices are well separated and posi-
tioned at the distance

V3Y00/28) = 5\Ho /B > 5

along the z axis. As has been demonstrated in Ref. 9, the
contribution to the attraction from one crossing is

2
} ; (28)

where A =3.5 (see Ref. 15). Neglecting the effect of a
zigzag deformation on the Pearl's repulsion, the long-
ranged part of interaction energy €;,,(R) in low-field limit
B < H, atdistances R > L, may be estimated as

2 ~2
B =20 -2k 2 o)
8| ApR- R

E(®y= 290 o
at R2 | Ay In(AN, /hy)

where the effective displacement [9,15]

1/4
S W2 Moy (B G0)
7LJ hl(A)LJ/}\,ab) HO
grows slowly with increasing in-plane magnetic field B;.
The expressions (29), (30) result in the following estimate
of the critical film thickness D,

~1/2

) G n2(4hy ) ( B 31

oo, \Hy) 1)
2hap 0
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As before, the case B ~ H is optimal for observation of
intervortex attraction and this case corresponds to the
crossover between the regimes described by formulas (27)
and (31). For typical experimental value of the in-plane
magnetic field [17] B = 20-30 G we obtain ﬁcr ~70 um.

Thus, the relations (27), (31) give us the estimate of the
threshold value of the thickness

D> Dy,
D

cr»

if By < Hy,
if By > Hy,

for which the minimum in the interaction potential can
exist and the interplay between the long-range attraction
and repulsion between zigzag vortex stacks lines in the
films of layered superconductors takes place. We should
note that the Pearl's interaction plays an important role
even for rather thick film. Indeed, for the most favorable
case B ~ H this interaction completely masks the attrac-
tion for the film thicknesses smaller than ~50-200 Ap.

3. Vortex molecules

The vortex attraction in bulk layered superconductors is
known to result in the formation of infinite vortex chains.
But even in the regime when the intervortex attraction ex-
ists, the formation of infinite chains can be questioned for
rather thin films. The point is that, despite the fact that two
vortices attract each other, further increase in the number of
vortices arranged in a chain can be energetically unfavorable
because of the slower decay of the long-ranged Pearl's re-
pulsive force compared to the attractive one. Therefore, for
rather thin samples, there appears an intriguing possibility to
observe vortex chains of finite length, i.e., vortex molecules
or clusters. The calculations [24,28] confirm this and indeed
the number of vortices energetically favorable in a molecule
grows as we increase the film thickness and/or the tilting
angle because of the increasing attraction term in the pair
potential g;,, (15), (16). In Ref. 28 the intervortex interac-
tion has been also calculated and analyzed taking account of
the equilibrium shape of tilted vortex lines.

Figure 5 shows schematic pictures of vortex matter con-
sisting of dimeric (Fig. 5(a)) and trimeric (Fig. 5(b)) mole-

cules, indicating that the vortex lattices contain more than
one vortex per unit cell. The transitions between different
multiquanta vortex lattices should occur with the change of
the tilting angle and field strength [28]. Finally, for rather
thick samples with d > A, we get a standard infinite chain
structure typical of bulk systems (Fig. 5(c)). Note that the
formation of an infinite vortex chain may be considered in
some sense as a polymerization of the vortex molecules.
Certainly, the crossover from the vortex molecule state to
the infinite chain structure is strongly influenced by the in-
crease in the vortex concentration governed by the compo-
nent of the external magnetic field perpendicular to the film.
Indeed, one can expect such a crossover to occur when the
mean intervortex spacing approaches the molecular size.

The experiments [24] were performed at constant orien-
tation of the applied magnetic field. Therefore, by varying
the magnetic field, changes of both the tilting angle and vor-
tex concentration were realized. As the vortex concentration
was relatively high, we could not expect to observe the mol-
ecules (in this regime the average distance between vortices
must be much larger than the size of the molecule). To ob-
serve the vortex molecules (or multiquanta vortex lattices) it
would be preferable to change only the parallel component
of the magnetic field, by varying the vortex tilting angle
while not affecting the vortex concentration, which must be
very low to avoid the inter-molecule interaction.

Qualitatively all conclusions of references [24,28] are ap-
plicable for the case of crossing lattices. Similarly, the zig-
zags of PVs stacks can be arranged in vortex molecules. To
estimate the size of such molecule let's find the cohesion en-
ergy of equidistant chain of deformed PVs stacks. The per-
pendicular component of the magnetic field B, fixes the
number M of AVs in the film, so that in the square film
W xW it should be M =B W? /@ vortices. We consider
the case of small concentration of vortices when at large dis-
tances the intervortex interaction is given by Pearl’s term. For
roughly uniform vortex distribution (usual vortex lattice) the
energy per one vortex can be estimated as € ~ ¢yB J_W/4TC2.
If vortices form clusters with m vortices each, it may be
demonstrated that interaction between clusters gives the same
contribution g, per one vortex. The remaining energy origi-

0. 0 0
0 U 0
v, '
0
0
0 0 L 0
0 0 0
. o
0 (a) 0

. s
0
C H
(]
(]
0
[]
: :
(] 0
. ‘
0
(b : (©

Fig. 5. Schematic pictures of vortex matter consisting of dimeric molecules (a), trimeric molecules (b) and infinite vortex chain (c). Vor-

tex positions are denoted by filled ellipses.
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nates from the interaction between vortices inside cluster, and
for the case of a low in-plane magnetic field B < H, it
may be expressed via the long-ranged part of interaction en-

ergy €, (29):

1&.
el = ;Zeim (R;). (32)

>

where R;; are the distances between ith and jth vortices in
the chain molecule. Taking the characteristic distance be-
tween vortices in a cluster R, =2, In(A,/A,;,) we find

Dii* 2
L L mml (33)

2
m Do _
87t2 }\’ibjél’%l Rm

int ~

€

Certainly the cluster formation occurs if €l5, <0 and the

number of vortices in the cluster is given by the expression

Dii®

m=exp| ————
MR,

(34

The condition m>1 (Dii” /27‘§me >1) gives us the low
boundary of the in-plane magnetic field restricting the in-
terval of vortex molecules existence
B 213 ?
B | ATIn Ay Aap) (39)
Hy, 2D\,
For D=100A,,, A; =3\, and H;=3T we obtain
B >60 G. Note that the number of vortices m in the

molecules rapidly increases as the in-plane magnetic field

B‘ grows.
Naturally this scenario realizes only for low concentra-
tion of AVs when the average distance between vortices

N /(PO /B, is much larger than the intervortex distance in the

chain R, . In the opposite case we may expect the existence

of multiquanta flux lattice with several vortices per cell
similar to the case of tilted vortices considered in Ref. 28.

4. Conclusions

To sum up, we have analyzed some distinctive features
of the vortex matter in thin films of layered superconduc-
tors focusing mainly on the effects caused by the tilted
magnetic field. The interplay of electrodynamic interac-
tions inside and outside the film results in a very peculiar
behavior of the intervortex interaction potential which in-
cludes both attractive and repulsive terms. This interplay
can change essentially the structural properties of the vor-
tex matter which become quite different from the ones
suggested in the original work by A.A. Abrikosov. In par-
ticular, we predict the possible formation of vortex clusters
or molecules which can be also viewed as the multiplica-
tion of the unit cell for a regular vortex array.
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