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We consider contribution to the phonon scattering, in the temperature range of 1 K, by the dislocation kinks 
pinned in the random stress fields in a crystal. The effect of electron-kink scattering on the thermal transport in 
the normal metals was considered much earlier [1]. The phonon thermal transport anomaly at low temperature 
was demonstrated by experiments in the deformed (bent) superconducting lead samples [2] and in helium-4 crys-
tals [3,4] and was ascribed to the dislocation dynamics. Previously, we had discussed semi-qualitatively the pho-
non-kink scattering effects on the thermal conductivity of insulating crystals in a series of papers [5,6]. In this 
work it is demonstrated explicitly that exponent of the power low in the temperature dependence of the phonon 
thermal conductivity depends, due to kinks, on the distribution of the random elastic stresses in the crystal, that pin 
the kinks motion along the dislocation lines. We found that one of the random matrix distributions of the well 
known Wigner–Dyson theory is most suitable to fit the lead samples experimental data [2]. We also demonstrate 
that depending on the distribution function of the oscillation frequencies of the kinks, the power low-temperature 
dependences of the phonon thermal conductivity, in principle, may possess exponents in the range of 2–5. 

PACS: 72.10.–d Theory of electronic transport; scattering mechanisms; 
72.15.Eb Electrical and thermal conduction in crystalline metals and alloys; 
66.70.–f Nonelectronic thermal conduction and heat-pulse propagation in solids; thermal waves; 
61.72.Lk Linear defects: dislocations, disclinations; 
67.80.–s Quantum solids. 
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1. Introduction

It was in the middle of 1983, soon after my PhD thesis 
defence, that my thesis supervisor Prof. A.A. Abrikosov 
had introduced me to the head of the Quantum crystals 
laboratory in Chernogolovka Prof. L.P. Mezhov-Deglin 
saying: “Sergei, Leonid has a mystery for you to solve”. 
Thus, our collaboration with Leonid Pavlovich has started, 
and soon evolved into my first publication on the “scatter-
ing of electrons by kinks on the dislocation line of a metal” 
[1]. The major challenge was to find a source of an effi-
cient inelastic spin-conserving scattering of electrons in 
pure crystals at such a low temperatures (≤ 1 K), that the 
density of the thermal phonons would be already vanish-
ing. Since the kinks [7,8] are topological defects on the 

dislocation lines in the crystal lattice (Peierls) potential, 
their density is not vanishing when the temperature goes to 
zero, unlike the density of the thermal acoustic phonons 
and/or of the dislocation lines long-wavelength vibrations. 
The density of kinks, manifesting a topological sector dis-
tinct from the ground state of the crystal, depends on the 
mechanical treatment (‘history’) of a particular sample. 
Hence, e.g., annealing the crystal should remove the low-
temperature source of inelastic scattering and change the 
temperature dependence of the thermal conductivity of the 
same sample when cooling it down again. This idea pro-
posed in my JETP paper [1] was, indeed, in accord with a 
particular effect observed by Prof. L.P. Mezhov-Deglin 
and co-workers, who found that the thermal transport 
anomalies had disappeared after wearing a sample crystal 
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inside the jacket’s pocket for a week or so [2]. Some years 
after the paper in JETP was published, blown by the wind 
of ‘Perestroika’, we met with Prof. L.P. Mezhov-Deglin in 
the Leiden University, were I served as a postdoc in the 
group of Prof. Jos de Jongh at the Kammerlingh Onnes 
Laboratory. Prof. Mezhov-Deglin then drew my attention 
to the just published paper by the Belgian experimentalists 
D. Fonteyn and G. Pitsi [9] who had measured torsion-de-
pendent heat transport in pure copper single crystals in the 
He-3 temperatures range and found the idea of kinks being 
a source of low-temperature inelastic scattering in solids 
the most plausible one. But, only long after the end of ‘Pe-
restroika’ we had met again with Prof. Mezhov-Deglin 
and, in that time my Dutch PhD student, Jan van Ostaay at 
the quiet Chernogolovka premises in the autumn of 2011 
and decided to revitalize the investigation of the kink sce-
nario, but now also for the description of the thermal 
transport anomalies in the crystals with dominating phonon 
rather than electron thermal flow [3,4]. This ignited our 
most recent activities [5,6]. The present work is a new log-
ic step in the ongoing research. Namely, we had considered 
kink-on-dislocation picture in a more fine detail, paying 
attention to the distribution of the local microscopically 
‘frozen’ stresses in the crystal that provide effective pin-
ning of the kinks motion along the dislocation lines. This 
effect is described below by an introduction of the distribu-
tion function for the kink oscillation frequencies in the 
random potential of the frozen stress fields in analogy with 
the introduced long ago by Anderson and co-workers [10] 
distribution of energy splittings of the two-level systems in 
glasses and in spin-glasses [11]. As a result, we found that 
the power law temperature dependences of the phonon 
thermal conductivity would possess exponents in the range 
of 2–5 depending on the power law exponent of the fre-
quency-dependent pre-factor in the Wigner–Dyson-like 
distribution function for the kink oscillation frequencies. 
Another source of randomness related with the kinks 
comes from the strong anisotropy of the phonon-kink scat-
tering form factor. Namely, a dislocation line breaks trans-
lational invariance of the crystal in the plane perpendicular 
to its axis, while the kink breaks translational invariance 
along the dislocation axis itself. Correspondingly, the de-
formation field in the perpendicular to a dislocation axis 
plane is long ranged and scatters phonons with the wave 
vectors in the interval {0,1/ }a  (a is a characteristic radius 
of the dislocation core). On the other hand, along the dislo-
cation axis only phonons with wave vectors of the order of 
 1/l  are scattered efficiently (l  is the kink’s length), see 
Fig. 1. When a kink moves along the dislocation axis the 
deformation field in the perpendicular plane becomes time 
dependent and causes inelastic scattering of the phonons 
with the different in-plane wave vectors, provided the con-
servation laws are obeyed. Simultaneously, phonons with 
wave vectors  1/l  along the dislocation axis can be scat-
tered inelastically by a kink as long as their frequency 

/s lω ≈  is close to the kink vibration frequency Ω  (s is an 
acoustic phonon velocity). Since dislocation lines in a 
crystal may lay along the different crystal axes, the de-
scribed above anisotropy in the phonon-kink scattering 
must be averaged over the different orientation angles of 
the dislocation lines in a crystal lattice frame. This dis-
tribution of the angles depends on the, e.g., peculiarities 
of the deformation process that induces dislocations in a 
crystal sample [1,2,4]. Another complication, that should 
be taken into account is the intrinsic renormalisation of 
the phonon and kink frequencies caused by the phonon-
kink interaction via the dislocation line itself. Hence, 
the mathematical description of the physical phenome-
non investigated in this work proves to be straightfor-
ward but rather involved. We'll try in the next sections 
to avoid as much as possible the technical details of the 
bulky analytical derivations in favor of the description 
of the physically meaningful results. 

The paper is organized as follows. In Sec. 2, following 
the general method of Ninomiya [12], we introduce atomic 
displacement field in a crystal caused by a kink on the edge 
dislocation line and derive effective mass and bare Hamil-
tonian of mobile kink. We also derive Hamiltonian of the 
phonon-kink anisotropic scattering purely from kinematics 
of the crystal lattice with a dislocation. In Sec. 3 kinetic 
equation for the phonon thermal transport allowing for the 
phonon-kink scattering is solved and corresponding contri-
bution to the thermal conductivity is calculated. In Sec. 4 
different distribution functions for the random kink pinning 
potential are applied and corresponding different tempera-
ture dependences of the thermal conductivity are derived. 
Theoretically calculated exponents characterising power 
law temperature dependences of the thermal conductivity 
due to phonon-kink scattering are compared with experi-
mental curves and the most relevant version of the distribu-

Fig. 1. (Color online) Kink on a dislocation line (red) in the 
Peierls potential in the crystal (black). 
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tion function is selected. In Sec. 5 general possibility to 
‘read’ deformation history of pure crystals by measuring 
their thermal transport anomalies is discussed. 

2. Classical kinematics 

To derive Hamiltonian of the phonon-kink anisotropic 
scattering based on the kinematics of the crystal lattice with a 
dislocation we use the procedure formulated in Ref. 12. For a 
dislocation line along the axis z , carrying the multiple kinks, a 
displacement of the dislocation core from the straight line in 
the glide plane, ( )zξ , can be decomposed as follows:  

 ( ( ))00( ) = ( )e ( , )e ,
ni z z t i z

n
z tκ − κ

κ κ
ξ ξ κ + ξ κ∑ ∑ ∑  (2.1) 

where 0 ( )nz t  is the time-dependent position of the nth kink 
on the dislocation line, ( , )tξ κ  is the Fourier transform of 
the shape of the dislocation line and 0 ( )ξ κ  is the Fourier 
transform of the shape of the dislocation line near a kink 
(see, e.g., [1]): 

 0 0
0

2 2( ) = arctan exp ( ( )) ,az z z t
a E

  π α ξ ± −  
π     

 (2.2) 

where 0 = ( 0)zE T k ≈  is the line tension that characterizes 
dislocation line bending energy (see (2.22) below), α is the 
height of the crystal lattice Peierls barrier (the dimension is 
energy per unit of length); a is the period of the valleys in 
the Peierls potential, 4

0/ 10E −ν ≡ α   (for copper). A 
corresponding Fourier transform is 

 0
0

2 | |( ) exp .
2

Eia a
L

 π κ
κξ κ ≈ −  α 

 (2.3) 

The Cartesian components of the lattice displacement vec-
tor, ju , around the dislocation line can be thus decomposed 
into three constituents:  

 ph= ,k d
j j j ju u u u+ +  (2.4) 

where small displacement of the lattice d
ju , induced by 

dislocation line vibration, and an incident phonon induced 
lattice displacement ph

ju , linearly superimpose with the 
finite kink induced displacement k

ju . By the virtue of 
Eq. (2.1), the kink contribution k

ju  can be written as  

 ( ( ))00= ( : ) ( )e ,
ni z z tk

j j
n

u f κ −
⊥

κ
κ ξ κ∑∑ r  (2.5) 

where ( : )jf ⊥ κr  is a form-factor of the dislocation in the 
crystal lattice that linearly translates a deformation of the 
dislocation line into deformation of the lattice around it in 
the whole crystal. The abbreviation ⊥r  indicates ( , )x y . 
Real-valuedness of k

ju  implies  

 0 0( ) = ( ), ( : ) = ( : ).j jf f∗ ∗
⊥ ⊥ξ κ ξ −κ κ −κr r  (2.6) 

The dislocation line contribution d
ju  equals 

 = ( : ) ( , )e ,d i z
j ju f t κ

⊥
κ

κ ξ κ∑ r  (2.7) 

where real-valuedness of d
ju  implies ( , ) = ( , )t t∗ξ κ ξ −κ . 

The phonon contribution ph
ju  can be expressed as a super-

position:  

 ph

,
= ( , ) ( , )e ,i

jj
s

u q s e s ⋅∑ k r

k
k k  (2.8) 

where s indicates the phonon polarization and e the po-
larization vector. Since ph

ju  is real, the following identi-
ties hold:  

 ( , ) = ( , ), ( , ) = ( , ).j jq s q s e s e s∗ ∗− −k k k k  (2.9) 

The kinetic energy equals 

 ph 2= ( ) ,
2

d k
j j j

j
T u u u dVρ

+ +∑∫     (2.10) 

where ρ is the (constant) mass density of the crystal and 
the volume integral runs over the whole sample. The kinet-
ic energy could be then grouped into four distinct terms:  

 mixed= .q d kT T T T T+ + +  (2.11) 

The kinetic energy solely due to phonons equals 

 
,

= ( , ) ( , ).
2q

s

VT q s q s∗ρ ∑
k

k k   (2.12) 

Here, the closure conditions,  

 *( , ) ( , ) = ,j l jl
s

e s e s δ∑ k k  (2.13) 

have been used. The kinetic energy for the dislocation line 
is found to be 

 1= ( ) ( , ) ( , ),
2d z z z

kz

T m k k t k t∗ξ ξ∑    (2.14) 

where the mass per mode, ( )zm k , is given by  

 2 2( ) = | ( : ) | .z j z
j

m k L f k d r⊥ ⊥ρ ∑∫ r  (2.15) 

The kinetic energy of the kink is equal to 

 2
0= ( ) ,

2
n

k
n

MT z∑   (2.16) 

where the kink's mass M  equals to  

 2 2
0= | ( ) | ( ).z z z

kz

M k k m kξ∑  (2.17) 
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The smallness of parameter 0= / 1Eν α   in (2.2) 
makes kink a ‘light mass’ particle: the mass M  of the kink 
is much less than atomic mass in a crystal. This, in turn, 
provides the smallness (of order 1 K) of the frequencies of 
the kink oscillations with respect to the Debye frequency in 
the crystal (e.g., ~ 100 K) and importance of the inelastic 
kink scattering for the low temperature ~ 1 K heat transport 
anomalies. The interaction part that follows directly from the 
kinematic derivation (2.4)–(2.10) consists of three terms:  

 mixed , , ,= ,d k q d q kT T T T+ +  (2.18) 

where the terms from left to right describe the following 
interactions: of the kinks with the dislocation vibrations, 

between the dislocation and the phonons, and between the 
phonons and the kinks, respectively. For the reference pur-
poses we define a complete Fourier transform of the dislo-
cation line form-factor ( : )j zf k⊥r : 

 2
2

1( ) e ( : ) ,i
j j zF f k d r

L
− ⋅⊥ ⊥

⊥ ⊥≡ ∫ k rk r  (2.19) 

where = ( , )x yk k⊥k . With this definition, after somewhat 
bulky but straightforward algebra one arrives at the follow-
ing general expression for the total kinetic energy of the 
crystal lattice vibrations: 

____________________________________________________ 

2
1 1

, ,

1= ( , ) ( , ) ( ) ( , ) ( , ) ( ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2 2 2

n
z z z z z

s k n sz

V MT q s q s m k k t k t Z s k t q s s k t q s∗ ∗ ∗ ∗∗ρ
+ ξ ξ + + φ ξ +φ ξ +∑ ∑ ∑ ∑

k k
k k k k k k   

     

 ( ) ( )
2 2

, ,
( ) ( , ) ( )e ( , ) ( , ) ( )e ( , )

n nik Z t ik Z tn n n nz z

n s
i s Z t q s s Z t q s−∗ ∗ 

+ φ − φ + 
 

∑
k

k k k k 

    

( ) ( )
1 2 1 2

, ,

2 ( , )( ) ( , ) ( )e ( , ) ( , ) ( , ) ( )e ( , ) ,
n nik Z t ik Z tn n n nz zz z

n s

i s s Z t k t s s Z t k t
V

−∗ ∗ ∗ 
+ φ φ ξ − φ φ ξ 
ρ  

∑
k

k k k k    (2.20) 

________________________________________________

where 0,
0 0( ) = ( )n n nZ t z t z− , with 0,

0
nz  the equilibrium posi-

tion of the kink n. The new functions 1( , )sφ k  and 2 ( , )n sφ k  
are defined as follows:  

 1( , ) = ( ) ( , ),
2 j j

j

Vs F e s∗ρ
φ ∑k k k   

 
0,
02 0 1( , ) = ( )e ( , ).

nik zn z
z zs k k s∗φ ξ φk k  (2.21) 

The only model dependent ad hoc parameters are in-
cluded in the expression for the potential energy U  of 
the lattice. The latter is represented with the sum of con-
tributions of the lattice phonon modes (phonon modes 

0 ( , )sω k  characterize the pure lattice), of the dislocation 
line vibrations (the latter contains the line tension ( )zT k  
[12]), and of the kink 1D oscillations (the latter contain 
oscillation frequency Ω  of the kink in the pinning po-
tential [1]): 

2 *
0

,
2

2 2

= ( , ) ( , ) ( , )
2

( ) ( ) ( , ) ( , ).
2 2

s

n
z z z z

n kz

VU s q s q s

M LZ k T k k t k t∗

ρ
ω +

Ω
+ + ξ ξ

∑

∑ ∑

k
k k k

 (2.22) 

The normal coordinates are defined as follows: 

 12 ( , )
( , ) = ( , ) ( ),z

sQ s q s k
V

∗φ
+ ξ

ρ
kk k  (2.23a) 

 12 ( , )
( , ) = ( , ) ( ),z

sQ s q s k
V

∗ ∗ ∗φ
+ ξ

ρ
kk k  (2.23b) 

and the respective conjugated momenta to the coordinates 
( )nZ t  and ( , )Q sk : n

ZP  and ( , )QP sk , are introduced. Then, 
the total Lagrangian of the crystal can be reconstructed as 

=L T U− . The Legendre transformation leads to the fol-
lowing Hamiltonian of the crystal lattice:  

 , ,= .Q Z Q Z Q QH H H H H+ + +  (2.24) 

Here the different terms in the sum (2.24) are equal to 
____________________________________________________ 

 
2

2 2
0

,

ˆ( ( , ))1 ˆ= ( , )( ( , )) ,
2

Q
Q

s

P s
H V s Q s

V

  +ρ ω 
ρ  

∑
k

k
k k  (2.25a) 

 
2

2 2ˆ( )1 ˆ= ( ) ,
2

n
nZ

Z
n

PH M Z
M

  + Ω 
  

∑  (2.25b) 
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ˆˆ † †
22

, 2 2
, , 0 0

ˆ ˆˆ ˆ ( , ) ( , )e( , ) e ( , )ˆ = ,
1 ( , ) ( , ) 1 ( , ) ( , )

nn ik Z nik Zn zz ZZ Q Q
Q Z

n s

s P s Ps P P siH
VM s s s s

−∗ 
φφ 

− 
ρ −Ξ ω −Ξ ω 

 

∑
k

k kk k

k k k k
 (2.25c) 

2 2 † †
, 0 0 1 1 1 1

,
, ; , 2 2 2 2

0 1 0
,

ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
ˆ =

4(1 ( , ) ( , )) ( ) | ( , ) | ( , )

k kz z
Q Q

s s
z z kz s

s s s s Q s Q s s s Q s Q s
H

s s m k s s
V

∗ ∗
′

′ ′

⊥

 ′ ′ ′ ′ ′ ′ ′ ′ ′ ′δ ω ω φ φ + φ φ 
 
 −Ξ ω Ω + φ ω
 ρ
 

∑
∑

k k

k

k k k k k k k k k k

k k k k

, (2.25d) 

________________________________________________

where 2 2( ) / ( )z z zkz
LT k k m kΩ ≡ , and the resonant denomi-

nators in (2.25c), (2.25d) are 

 
2 2

2 0
0 0 2 2 2

, 0

4 | ( , ) | ( , )
( , ) = ,

( ( , ) )s

s s
s

VM s i
φ ω

Ξ
ρ Ω ω −ω + δ

∑
k

k k
k

k
 (2.26) 

and  

2 2
1 0

0 0 2 2 2
, 0

4 | ( , ) | ( , )
( , ) = ,

( ) ( ( , ) )
z

s z kz

s s
s

Vm k s i
⊥

φ ω
Ξ

ρ Ω ω −ω + δ
∑

k

k k
k

k
 (2.27) 

where = 0+δ  is used to regularize the expressions and 
0 0 0( , )k sω=ω . Hence, we have derived the phonon-

phonon and phonon-kink scattering Hamiltonians in the 
crystal with the kinks on the dislocation lines, by using 
only general kinematic approach of Ninomiya [12], that 
takes into account the topological nature of these defects. It 
is straightforward now to formulate kinetic equations for 
the crystal under a temperature gradient and find contribu-
tions to the thermal conductivity from the phonon-
dislocation and phonon-kink scattering mechanisms. Cer-
tainly, it is no need to say, that in the expressions entering 
(2.24) all the coordinates and momenta must be understood 
as the second quantized operators, which is achieved using 
the following relations [13]:  

( )

( )

†
,,

0

†0
,,

ˆ ˆ ˆ( , ) = ,
2 ( , )

( , )ˆ ˆ ˆ( , ) = ,
2

ss

Q ss

Q s c c
V s

V s
P s i c c

−

−

+
ρ ω

ρ ω
−

kk

kk

k
k

k
k





 (2.28a) 

( ) ( )† †ˆ ˆˆ ˆ ˆ ˆ= , = .
2 2

n n
n n Z n n

MZ a a P i a a
M

Ω
+ −

Ω
   (2.28b) 

Here it is important to mention how we deal with the sums 
over the kinks, n∑ , in the equations like (2.25c). Namely, 
we use averaging over the kinks positions in the same fash-
ion as the impurity averaging is done in the Feynman dia-
grammatic technique of metal alloys, see, e.g., [14]. Hence, 
probability of the phonon scattering by kinks is propor-
tional to the density of kinks multiplied by a single kink 
scattering cross section. The interaction Hamiltonian is 
assumed to be a small perturbation to the lattice Hamilto-
nian, since the density of dislocations and also the linear 

density of kinks along the dislocation lines are considered 
to be small enough. Furthermore, when taking into account 
the interactions, we will ignore mixing of the terms ,

ˆ Q ZH  
and ,

ˆ Q QH , thus disregarding the processes that lead to a 
finite relaxation time kτ  of the kink oscillations. The latter 
is introduced below as a phenomenological constant. 

3. Kinetic equation for the heat transport 

The number of phonons in a state described by the 
wave vector k  and polarization s is indicated by sNk . This 
number changes due to interaction of the phonons with the 
dislocations or with the kinks on the dislocation lines. 
Therefore  

 
dislocations kinks

= .s s sdN dN dN
dt dt dt

   +   
   

k k k  (3.1) 

As was mentioned above, we assume that the dislocations 
and kinks random positions average out, meaning that we 
can write the rates of changes as a sum of independent sin-
gle scattering events:  

 dislocations

kinks

= ,

= ,

s s
d

d

s s
d k

k

dN dN
N

dt dt

dN dN
N N

dt dt

   
   
   

   
   
   

k k

k k
 (3.2) 

with dN  being the number of dislocations in the crystal, 
kN  being the average number of the kinks per dislocation. 

For both events, scattering on a dislocation or scattering on 
a kink, we can write the scattering rates:  

( )
,

= ( , ; , ) ( , ; , ) ,s
j j

j s

dN
w s s w s s

dt ′ ′

  ′ ′ ′ ′− 
 

∑k

k
k k k k  (3.3) 

where = ,j d k  mark the dislocation or kink as a scattering 
source, and the scattering rate ( , ; , )jw s s′ ′k k  is the proba-
bility per unit time for one phonon with wave vector 'k  and 
polarization s′  to scatter into one with wave vector k  and 
polarization s. 

The scattering cross sections could be inferred from the 
Hamiltonian (2.24)–(2.25d) and equal: for the scattering on 
a dislocation: 
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( )3 3 2
0 0 1 1 , 0 0

2
22 2 2 2

0 1 0
,

( , ; , ) = ( , ; , ) ( 1), with
( , ; , ) =

8 | ( , ) ( , ) |
.

1 ( , ) ( ) 4 | ( , ) |

d d s s

d

k kz z

z z kz s

w s s s s N N
s s

s s

s Vm k s

′ ′

′

⊥

′ ′ ′ ′ +
′ ′

′ ′ ′ ′πω ω φ φ δ δ ω −ω
=

 
 −Ξ ω ρ Ω + φ ω
 
 

∑

k k

k

k k k k
k k

k k

k k


   

  (3.4) 

and for the phonon scattering on a kink: 

2 2 2
0 0 2 2

2 2 2 2 2
0

0 0 2
0 0 0

| ( , ) ( , ) |
( , ; , ) =

|1 ( , ) |
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 (3.5) 

where we introduced the short-hand notation 0 0= ( , )sω ω k  
and 0 0= ( , )s′ ′ ′ω ω k , and wrote the 0 ( )N ω  for the Bose–
Einstein distribution, 0 1( ) = (exp( / ) 1)BN k T −ω ω − . 

Now we are in a position to derive the kinetic equation 
for the case of a small temperature gradient in a crystal 
sample with dislocations and kink in order to find phonon 
based thermal conductivity. Adding the rates of change of 
the number of phonons in the crystal due to the different 
scattering sources we find 

 = ,s s s
d d k
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where for both the kinks and the dislocations we can write 
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k
k k k k  (3.7) 

where now we can use (3.4) and (3.5) for ( , ; , )dw s s′ ′k k  
and ( , ; , )kw s s′ ′k k . On the other hand, in a dynamic equi-
librium with a small constant temperature gradient across 
the sample the time derivative of sNk  has to be read as 

0
0

0 00 0
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  (3.8) 

where 0 ( , )/s∂ω ∂k k  is the phonon velocity. Here the phonon 
distribution function sNk  is substituted with its unperturbed 
value of the Bose–Einstein distribution, 0

0( ( , ))N sω k  in the 
linear approximation with respect to the temperature gradient 
and to the small deviation sN Tδ ∇k   defined as 

 0
0 0( ( , )) = ( ( , )) .s sN s N s Nω ω + δk kk k  (3.9) 

These small fluctuations typically do not contribute to the 
spatial derivative of the phonon distribution function. 
When there is a temperature gradient present in the system, 
that will cause it. For the purpose of the following deriva-
tion it is useful to prove that 

0 0
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  (3.10) 

The proof of this goes as follows. In ( , ; , )jw s s′ ′k k  the 
reverse process with respect to ( , ; , )jw s s′ ′k k  is consid-
ered, therefore, the ( , )sk  and ( ', )s′k  states have to be in-
terchanged. For the kink-part this interchange implies that 
now E  plays the role of the original energy, while E′ plays 
the role of final energy. As w  includes energy conserva-
tion: 0 0( ( ( , ) ( , )) ( ))s s E E′ ′ ′δ ω −ω + −k k , the thermal av-
eraging for ( , ; , )jw s s′ ′k k  can be written as  
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  (3.11) 

where ( , )f E E′  is some function. As the thermal averaging 
demands that the initial energy is put in the exponential, 
the last term in the expression above has to be used in 

( , ; , )jw s s′ ′k k , thus, explaining the exponential arising in 
Eq. (3.10). 

Using this equality we end up with a kinetic equation 
that we are going to use in the next section:  
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  (3.12) 

4. Thermal conductivity 

The calculation of the thermal conductivity will be done 
in analogy with [1]. We start with the kinetic equation, that 
is derived in the previous section. The right-hand side of 
Eq. (3.12) is strictly zero for the Bose–Einstein distribu-
tion. Therefore, keeping only terms linear in sNδ k  we find  
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  (4.1) 
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This can be rewritten as  
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with  

 0 0
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and  
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  (4.4) 

The heat flow Q  is given by  

3
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03
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s
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∂ω

ω δ ≈ −χ∇
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  (4.5) 

where χ̂ is the matrix of the thermal conductivity tensor. For 
simplicity, we will assume that this matrix only has two dis-
tinct diagonal elements and no off-diagonal elements: 
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 (4.6) 

This implies that there are two distinct heat flows: one 
along the dislocation line:  

 = ( ) ,zQ T−χ ∇
 

 (4.7) 

and one perpendicular to it:  

 = ( ) ,T⊥ ⊥ ⊥−χ ∇Q  (4.8) 

with ( ) = (( ) , ( ) ,0)x yT T T⊥∇ ∇ ∇ . 
By multiplying both sides of Eq. (4.2) with 
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  (4.9) 

Due to the double integral over both k  and 'k  in the ex-
pression above, it can also be written as  
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  (4.10) 

Combining this result with Eq. (4.5), we find the general ex-
pression that we’ll use to calculate the thermal conductivity: 
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  (4.11) 
where = ,j ⊥  for a particularly oriented dislocation axis. 

Using a variational approach [16], we write sNδ k  and 
sNδ k  as  
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 (4.12) 

where sΨk  is a trial wave function. For χ


, we choose 
0 ( , )s zs kΨ ωk k  and for ⊥χ , we choose 0 ( , )s xs kΨ ωk k . 

The denominator j  for both cases is given by 
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  (4.13) 

We use the short-hand notation 0 0= ( , )sω ω k  and 
0 0= ( , )s′ ′ ′ω ω k . 

Using spherical coordinates and repressing the k  and s 
dependence of 0ω , one finds  

( )

2
2

2 3 02
0 2

0

=

exp( / )
sin ,cos

exp( / ) 1
s B

Bs B

c k T
dkd d k

k T k T

 ω = ϑ ϕω ϑ ϑ
 ω − 
∑ ∫
 






  (4.14) 
and  
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  (4.15) 
We used for the dispersion relation, 0 ( , ) = || ||ss cω k k , 

where sc  is the speed of sound in the crystal. At the tem-
peratures that are much smaller than /D Bkω , with Dω  the 
Debye frequency, we then find 
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where =1
1( ) = n ss
n

∞
ζ ∑  is the Riemann zeta function. Nu-

merically, (5) = 1.03692ζ . The numerator j  of Eq. (4.11) 
can be written as 
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  (4.19) 

In both equations it holds that for =j ⊥ =j xk k  and for 
=j  =j zk k . Since we use isotropic dispersion for sim-

plicity: 0 = || ||scω k , we can switch to spherical coordi-
nates in the following way:  
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4.1. Heat conductance: phonon-dislocation scattering 

Plugging in the expression for ( , ; , )d s s′ ′k k  and using 
spherical coordinates, after tedious but straightforward 
calculations we arrive at the following final result for the 
phonon-dislocation scattering:  

 , = 0,d  (4.21) 
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where = cosu ϑ, 2= /d dn N L  is the dislocation density, 0 0= / Bk Tω ω
  and:  
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Here we also defined: = / = /D s D B Dc k k T T Tω  , and DT  
is the Debye temperature. Now, taking into account that 
for lead:  

 
2

2 4= 0.106,
(1 ( / ) )

t

t

c
c c c

α ≈
+

 

 (4.24) 

and averaging over the orientations of the dislocation 
lines with respect to the temperature gradient: 

1 1 1
, ,= (1 ) ,d d d

− − −
⊥χ γχ + − γ χ



 with [0,1]γ ∈ , we perform the 
integrals numerically. The result is shown in the graph Fig. 2, 
where temperature-dependent contribution to the heat con-
ductance due to the phonon-dislocation scattering is plotted. 

4.2. Heat conductance: phonon-kinks scattering 

Now, allowing for the energy conservation in the process: 
absorbed phonon-excited kink-emitted phonon, as expressed 
by the delta functions present in Eq. (3.5), we find for the 
phonon-kink scattering the following expressions: 
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where  
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Here we assumed that ,t D Dc k c k Ω
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 , and that typically 
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  [1]. In reality, as we out-

lined in the Introduction, all the kinks have a slightly dif-
ferent vibration frequencies due to local stress variations. 
Therefore, we cannot use a fixed Ω  for the kink and in-
stead have to take a probability distribution for the differ-
ent frequencies into account. We will use normalized prob-
abilities based on random matrix theory [19],  
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where /kB∆   1 K [1], =β  1, 2, 4, and [20] 1 = /2b π , 

1 = /4a π , 2
2 = 32/ 3.24b π ≈ , 2 = 4a π, 4 =b
3262144/729 11.6= π ≈  and 4 = 64/9 2.26a π ≈ . The Ω  

averaged numerator   is therefore:  
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and  
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where  

 
2 2

2 2= .Bk Taβ βδ
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 (4.32) 

Fig. 2. Temperature dependence (in units of the Debye tempera-
ture) of the thermal conductivity (arbitrary units) due to phonon 
dislocation scattering. 
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As = /j j jχ   , we thus find  
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and  
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In reality no sample is dominated by either only purely 
parallel or perpendicular scattering. Therefore we need to 
average over both parallel and perpendicular scattering. As 
conductances add inversely, this implies that the total con-
ductance kχ  is found from 1 1 1

, ,= (1 ) ,k k k
− − −

⊥χ γχ + − γ χ


 with 
[0,1]γ ∈ . Therefore,  
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  (4.35) 

where = /k kn N L  is the linear kink density. Plugging in 
realistic values allows us to perform a numerical evalua-
tion of Eq. (4.35). Regardless of the value of β, kχ  will 
scale as 6T  for / 1Bk T ∆  . For / 1Bk T ∆   the thermal 
conductivity will scale as 2.0T  for = 1β , as 3.9T  for = 2β , 
and as 4.8T  for = 4β . Therefore, the value = 2β  coincides 
the most with the experiments [2], see Fig. 3, where the 
different, corresponding to = 1, 2, 4β , temperature de-
pendencies of the thermal conductivity due to the phonon-
kinks scattering are plotted in arbitrary units.  

5. Conclusions 

In the forthcoming detailed publication the above theo-
retical results will be compared in detail with the vast 
available experimental data, see [2,4] and references there 
in. Here we merely mention the major result of the present 
work. Namely, topological defects created on the disloca-
tion lines in the form of kinks prove to be responsible for 
the dominant contribution to the inelastic phonon scatter-
ing at low temperatures, where the phonon-phonon scatter-
ing is vanishing. The reason for this is that unlike the 
thermal phonons, the kinks on the dislocation line in a 
crystal form non-vanishing density of mobile defects in the 

0T →  limit, making vibration spectrum dependent on the 
sample cooling history. The history is 'inscribed' by the 
random pattern of the local frozen irregular stresses in the 
crystal. This glassy state behavior becomes a measurable 
'historic imprint' when the density of kinks overcomes 
some characteristic value. Namely, for dominated by the 
phonon-kink scattering heat flow we find, that the theory 
predicts comparable with the experiments thermal conduc-
tivities when the density of kinks in a crystal is enough to 
obey the following estimate: 11 33 10 s/m .k d kn n τ ≥ ⋅  
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Fig. 3. (Color online) Temperature dependences of the thermal 
conductivity (in arbitrary units) due to the phonon-kinks scatter-
ing as function of temperature in units of characteristic kink 
oscillation frequency / Bk∆ 1 K. The blue points represent 

= 1β , the purple points represent = 2β  and the brown yellow 
points represent = 4β , with parameter β taken from the random 
matrix theory [19]. 
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