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We consider contribution to the phonon scattering, in the temperature range of 1 K, by the dislocation kinks
pinned in the random stress fields in a crystal. The effect of electron-kink scattering on the thermal transport in
the normal metals was considered much earlier [1]. The phonon thermal transport anomaly at low temperature
was demonstrated by experiments in the deformed (bent) superconducting lead samples [2] and in helium-4 crys-
tals [3,4] and was ascribed to the dislocation dynamics. Previously, we had discussed semi-qualitatively the pho-
non-kink scattering effects on the thermal conductivity of insulating crystals in a series of papers [5,6]. In this
work it is demonstrated explicitly that exponent of the power low in the temperature dependence of the phonon
thermal conductivity depends, due to kinks, on the distribution of the random elastic stresses in the crystal, that pin
the kinks motion along the dislocation lines. We found that one of the random matrix distributions of the well
known Wigner—Dyson theory is most suitable to fit the lead samples experimental data [2]. We also demonstrate
that depending on the distribution function of the oscillation frequencies of the kinks, the power low-temperature
dependences of the phonon thermal conductivity, in principle, may possess exponents in the range of 2-5.
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1. Introduction

It was in the middle of 1983, soon after my PhD thesis
defence, that my thesis supervisor Prof. A.A. Abrikosov
had introduced me to the head of the Quantum crystals
laboratory in Chernogolovka Prof. L.P. Mezhov-Deglin
saying: “Sergei, Leonid has a mystery for you to solve”.
Thus, our collaboration with Leonid Pavlovich has started,
and soon evolved into my first publication on the “scatter-
ing of electrons by kinks on the dislocation line of a metal”
[1]. The major challenge was to find a source of an effi-
cient inelastic spin-conserving scattering of electrons in
pure crystals at such a low temperatures (<1 K), that the
density of the thermal phonons would be already vanish-
ing. Since the kinks [7,8] are topological defects on the
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dislocation lines in the crystal lattice (Peierls) potential,
their density is not vanishing when the temperature goes to
zero, unlike the density of the thermal acoustic phonons
and/or of the dislocation lines long-wavelength vibrations.
The density of kinks, manifesting a topological sector dis-
tinct from the ground state of the crystal, depends on the
mechanical treatment (‘history’) of a particular sample.
Hence, e.g., annealing the crystal should remove the low-
temperature source of inelastic scattering and change the
temperature dependence of the thermal conductivity of the
same sample when cooling it down again. This idea pro-
posed in my JETP paper [1] was, indeed, in accord with a
particular effect observed by Prof. L.P. Mezhov-Deglin
and co-workers, who found that the thermal transport
anomalies had disappeared after wearing a sample crystal
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inside the jacket’s pocket for a week or so [2]. Some years
after the paper in JETP was published, blown by the wind
of ‘Perestroika’, we met with Prof. L.P. Mezhov-Deglin in
the Leiden University, were | served as a postdoc in the
group of Prof. Jos de Jongh at the Kammerlingh Onnes
Laboratory. Prof. Mezhov-Deglin then drew my attention
to the just published paper by the Belgian experimentalists
D. Fonteyn and G. Pitsi [9] who had measured torsion-de-
pendent heat transport in pure copper single crystals in the
He-3 temperatures range and found the idea of kinks being
a source of low-temperature inelastic scattering in solids
the most plausible one. But, only long after the end of ‘Pe-
restroika’ we had met again with Prof. Mezhov-Deglin
and, in that time my Dutch PhD student, Jan van Ostaay at
the quiet Chernogolovka premises in the autumn of 2011
and decided to revitalize the investigation of the kink sce-
nario, but now also for the description of the thermal
transport anomalies in the crystals with dominating phonon
rather than electron thermal flow [3,4]. This ignited our
most recent activities [5,6]. The present work is a new log-
ic step in the ongoing research. Namely, we had considered
kink-on-dislocation picture in a more fine detail, paying
attention to the distribution of the local microscopically
‘frozen’ stresses in the crystal that provide effective pin-
ning of the kinks motion along the dislocation lines. This
effect is described below by an introduction of the distribu-
tion function for the kink oscillation frequencies in the
random potential of the frozen stress fields in analogy with
the introduced long ago by Anderson and co-workers [10]
distribution of energy splittings of the two-level systems in
glasses and in spin-glasses [11]. As a result, we found that
the power law temperature dependences of the phonon
thermal conductivity would possess exponents in the range
of 2-5 depending on the power law exponent of the fre-
quency-dependent pre-factor in the Wigner-Dyson-like
distribution function for the kink oscillation frequencies.
Another source of randomness related with the kinks
comes from the strong anisotropy of the phonon-kink scat-
tering form factor. Namely, a dislocation line breaks trans-
lational invariance of the crystal in the plane perpendicular
to its axis, while the kink breaks translational invariance
along the dislocation axis itself. Correspondingly, the de-
formation field in the perpendicular to a dislocation axis
plane is long ranged and scatters phonons with the wave
vectors in the interval {0,1/a} (a is a characteristic radius
of the dislocation core). On the other hand, along the dislo-
cation axis only phonons with wave vectors of the order of
Ul are scattered efficiently (I is the kink’s length), see
Fig. 1. When a kink moves along the dislocation axis the
deformation field in the perpendicular plane becomes time
dependent and causes inelastic scattering of the phonons
with the different in-plane wave vectors, provided the con-
servation laws are obeyed. Simultaneously, phonons with
wave vectors 1/l along the dislocation axis can be scat-
tered inelastically by a kink as long as their frequency
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Fig. 1. (Color online) Kink on a dislocation line (red) in the
Peierls potential in the crystal (black).

o ~ s/l is close to the kink vibration frequency Q (s is an
acoustic phonon velocity). Since dislocation lines in a
crystal may lay along the different crystal axes, the de-
scribed above anisotropy in the phonon-kink scattering
must be averaged over the different orientation angles of
the dislocation lines in a crystal lattice frame. This dis-
tribution of the angles depends on the, e.g., peculiarities
of the deformation process that induces dislocations in a
crystal sample [1,2,4]. Another complication, that should
be taken into account is the intrinsic renormalisation of
the phonon and kink frequencies caused by the phonon-
kink interaction via the dislocation line itself. Hence,
the mathematical description of the physical phenome-
non investigated in this work proves to be straightfor-
ward but rather involved. We'll try in the next sections
to avoid as much as possible the technical details of the
bulky analytical derivations in favor of the description
of the physically meaningful results.

The paper is organized as follows. In Sec. 2, following
the general method of Ninomiya [12], we introduce atomic
displacement field in a crystal caused by a kink on the edge
dislocation line and derive effective mass and bare Hamil-
tonian of mobile kink. We also derive Hamiltonian of the
phonon-kink anisotropic scattering purely from kinematics
of the crystal lattice with a dislocation. In Sec. 3 Kinetic
equation for the phonon thermal transport allowing for the
phonon-kink scattering is solved and corresponding contri-
bution to the thermal conductivity is calculated. In Sec. 4
different distribution functions for the random kink pinning
potential are applied and corresponding different tempera-
ture dependences of the thermal conductivity are derived.
Theoretically calculated exponents characterising power
law temperature dependences of the thermal conductivity
due to phonon-kink scattering are compared with experi-
mental curves and the most relevant version of the distribu-
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tion function is selected. In Sec. 5 general possibility to
‘read’ deformation history of pure crystals by measuring
their thermal transport anomalies is discussed.

2. Classical kinematics

To derive Hamiltonian of the phonon-kink anisotropic
scattering based on the kinematics of the crystal lattice with a
dislocation we use the procedure formulated in Ref. 12. For a
dislocation line along the axis z, carrying the multiple kinks, a
displacement of the dislocation core from the straight line in
the glide plane, &(z), can be decomposed as follows:

62 =Y S F O LS e e, (2.1)

where 28 (t) is the time-dependent position of the nth kink
on the dislocation line, &(k,t) is the Fourier transform of
the shape of the dislocation line and &g (k) is the Fourier
transform of the shape of the dislocation line near a kink

(see, e.g., [1]):

&o(2) :éarctan{exp[iﬁ(z—zo(t))\/E}}, (2.2)
Y a EO

where Ey =T (k, ~ 0) is the line tension that characterizes

dislocation line bending energy (see (2.22) below), a is the
height of the crystal lattice Peierls barrier (the dimension is
energy per unit of length); a is the period of the valleys in

the Peierls potential, v =,/a/E, ~107 (for copper). A
corresponding Fourier transform is

2mia a| |E
KEg () = 27 exp{—% ;0].

(2.3)

The Cartesian components of the lattice displacement vec-
tor, u;, around the dislocation line can be thus decomposed
into three constituents:

up =uk +ud +uPh

] J J I (2.4)

where small displacement of the lattice u‘jj, induced by
dislocation line vibration, and an incident phonon induced
lattice displacement u';-)h, linearly superimpose with the
finite kink induced displacement uk By the virtue of

j .
Eg. (2.1), the kink contribution u¥ can be written as

]

K =33 £ 05 B0 25

where f;(r; :x) is a form-factor of the dislocation in the
crystal lattice that linearly translates a deformation of the
dislocation line into deformation of the lattice around it in
the whole crystal. The abbreviation r, indicates (x,y).
Real-valuedness of u'j< implies
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Eo(x) = Eo(-x), f(r i) = fi(r :=x).  (26)
The dislocation line contribution u? equals
ud = f(r, gk e, 2.7)
K

where real-valuedness of u? implies &"(i,t) = &(—xk,t).
The phonon contribution u?h can be expressed as a super-
position:

uP" = > q(k, s)e; (k,s)e’ ", (2.8)
k,s

where s indicates the phonon polarization and e the po-
larization vector. Since u'}’h is real, the following identi-

ties hold:
q"(k,s) = q(-k,s), ej(k;s)=¢ej(-k,s). (29)

The Kkinetic energy equals

. . .ph
T:%JZ(u?+u‘§+u§? )2dv, (2.10)
J

where p is the (constant) mass density of the crystal and
the volume integral runs over the whole sample. The Kinet-
ic energy could be then grouped into four distinct terms:

T= Tq +Tg + Ty + Trixed- (2.11)
The Kinetic energy solely due to phonons equals
Tq = %Zq(k,s)q*(k,s). (2.12)
ks
Here, the closure conditions,
D ej(k,s)ef (k,s) =3, (2.13)
S

have been used. The kinetic energy for the dislocation line
is found to be

1 . g
Ty =5 2 mk, )k, DE" (ky ), (2.14)
kZ
where the mass per mode, m(k, ), is given by
m(k,) = pLZj| fi(r k)P d%r. (2.15)
j
The kinetic energy of the kink is equal to
M .
Ty = Z?(zg)z, (2.16)
n
where the kink's mass M equals to
M =3 kZ & (k) [P m(k,). (2.17)
kZ
749
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The smallness of parameter v=,a/Ey <1 in (2.2)
makes kink a ‘light mass’ particle: the mass M of the kink
is much less than atomic mass in a crystal. This, in turn,
provides the smallness (of order 1 K) of the frequencies of
the kink oscillations with respect to the Debye frequency in
the crystal (e.g., ~ 100 K) and importance of the inelastic
kink scattering for the low temperature ~ 1 K heat transport
anomalies. The interaction part that follows directly from the
kinematic derivation (2.4)—(2.10) consists of three terms:

:Td,k +Tq,d +Tq,k! (218)

Tmixed

where the terms from left to right describe the following
interactions: of the kinks with the dislocation vibrations,

between the dislocation and the phonons, and between the
phonons and the kinks, respectively. For the reference pur-
poses we define a complete Fourier transform of the dislo-
cation line form-factor f;(r, :k,):

1 ¢ —ik,-
Fj(k)EFje MLTLE (r tky)d?r,  (229)

where k= (ky,ky). With this definition, after somewhat
bulky but straightforward algebra one arrives at the follow-
ing general expression for the total kinetic energy of the
crystal lattice vibrations:

T =Ll 9 9+ Mk, kg DE G0+ 3 22 4 X b (K 9 (ki D(KS) 41 (k. 5)Eky DG (9)+
k,s k, n k,s

nk,s

up> {(¢2)*(k,s)2"(t)e"k 22" 4

q* (k,s) - 03 (k,5)Z" (t)e'? Z”‘”q(k,s)}+

+pz_\i/ > {¢1(k,s>(¢2>*<k,s)z'“(t)e“kzzn‘”&*<kz,t)—¢1‘<k,s)¢2 (k,s)z'”(t)e‘kzzn‘%(kz,t>}' (2.20)

nk,s

where 2" (t) = z (t)—z0 , with z " the equilibrium posi-

tion of the kink n. The new functions ¢ (k,s) and ¢5 (K, s)
are defined as follows:

o (K,S) = %Z Fi(k)e; (k,s),
j

i 50N
0Bk.9) = kg5 )e 0 Grks).  (221)
The only model dependent ad hoc parameters are in-
cluded in the expression for the potential energy U of
the lattice. The latter is represented with the sum of con-
tributions of the lattice phonon modes (phonon modes
g (K, s) characterize the pure lattice), of the dislocation
line vibrations (the latter contains the line tension T (k,)
[12]), and of the kink 1D oscillations (the latter contain
oscillation frequency Q of the kink in the pinning po-
tential [1]):

——Z {(PQ(k )’

H, _EZ{(PEA) MQZ(ZA”)Z},

n

750

me%(k,s)(é(k,s»z},

:%kz 5 (K, 5)a(k, $)q" (k, ) +

(2.22)
+Zn; 'V'TQ(z“)2 +Ekz K2T (k)E(Ky DE" (Ky 1),
The normal coordinates Zare defined as follows:
Qlk,9) = a(k,s) + 20 ¢1 Wete), 2
Q*(k,s)=q"(k,s)+ 2‘1’1’)(" S)g (k,), (2.23b)

and the respective conjugated momenta to the coordinates
Z"(t) and Q(k,s): P/ and Py (k,s), are introduced. Then,
the total Lagrangian of the crystal can be reconstructed as
L=T-U. The Legendre transformation leads to the fol-
lowing Hamiltonian of the crystal lattice:

H= HQ + HZ + HQ,Z + HQ,Q (224)

Here the different terms in the sum (2.24) are equal to

(2.25a)

(2.25h)
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) * 5n.-ik, 2" 5 k. 5)P! (k,s)ek22 pnt
for=—t Y ¢2(k,s)_Pze : Po(kis) s)_Q< S)f ) 225
pPVM T 1-2(k, s)wf (K, s) 1-2(k, s)of (K,Ss)
. 81, k, @5 (K, 9)0p ('8 g1k, 907 (€', 5)Q(K, 9)QT (K',8) + 7 (K, )iy (€', 8)Q(K',5)Q" (K, 9) |
. (2.25d)

Hoo= 2.

k,s;k',s’

where QZ =LT(k, )k /m(k,), and the resonant denomi-
nators in (ﬁ 25c¢), (2.25d) are

_ _ 4195 (k,9) P 0f(k,s)
=2k, =
(ko.%) kz;‘ PVM Q2 (R (K,5) — 2 +i5)

, (2.26)

and

2 2
2,(Ko.S0) = . 41 ¢y(k,9) |~ wg(K,S)

2 [ 2 7 o (227)
o pVmiko)0E (@h(k,s)—o? +i)

where 8=0" is used to regularize the expressions and
o=0q(Kg, Sgp). Hence, we have derived the phonon-
phonon and phonon-kink scattering Hamiltonians in the
crystal with the kinks on the dislocation lines, by using
only general kinematic approach of Ninomiya [12], that
takes into account the topological nature of these defects. It
is straightforward now to formulate kinetic equations for
the crystal under a temperature gradient and find contribu-
tions to the thermal conductivity from the phonon-
dislocation and phonon-kink scattering mechanisms. Cer-
tainly, it is no need to say, that in the expressions entering
(2.24) all the coordinates and momenta must be understood
as the second quantized operators, which is achieved using
the following relations [13]:

2 _ h ~ ~
Qkis) = ooy (Chks +s).

By (k) =i /hpv+°(ks)(
2”2‘/2;Q(ég+én), PY =i /%(a —~ ) (2.28D)

Here it is important to mention how we deal with the sums
over the kinks, Zn, in the equations like (2.25c). Namely,
we use averaging over the kinks positions in the same fash-
ion as the impurity averaging is done in the Feynman dia-
grammatic technique of metal alloys, see, e.g., [14]. Hence,
probability of the phonon scattering by kinks is propor-
tional to the density of kinks multiplied by a single kink
scattering cross section. The interaction Hamiltonian is
assumed to be a small perturbation to the lattice Hamilto-
nian, since the density of dislocations and also the linear

(2.28a)

Cks)
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(1-E, (k. 9)o (k. 9))| (k)% +piV PIIACOIREIC

kJ_,S

density of kinks along the dislocation lines are considered
to be small enough. Furthermore, when taking into account
the interactions, we will ignore mixing of the terms HQ 7
and HQ . thus disregarding the processes that lead to a
finite relaxation time t, of the kink oscillations. The latter
is introduced below as a phenomenological constant.

3. Kinetic equation for the heat transport

The number of phonons in a state described by the
wave vector k and polarization s is indicated by Nyg. This
number changes due to interaction of the phonons with the
dislocations or with the kinks on the dislocation lines.
Therefore

deS:(desJ +(desj e
dt dt dislocations dt kinks

As was mentioned above, we assume that the dislocations
and kinks random positions average out, meaning that we
can write the rates of changes as a sum of independent sin-
gle scattering events:

[deS) N, EdeSJ
dt dislocations dt d

(des) :Nde(deSj'
At Jyinks dt )y

with Ny being the number of dislocations in the crystal,
N being the average number of the kinks per dislocation.
For both events, scattering on a dislocation or scattering on
a kink, we can write the scattering rates:

(dN_kSJ => (Wj (k,s; K',s)—w; (k'8 k,S)),
dt J k',S'

(3.2)

(3.3)

where j =d,k mark the dislocation or kink as a scattering
source, and the scattering rate wj (K, s; k',s") is the proba-
bility per unit time for one phonon with wave vector k' and
polarization s’ to scatter into one with wave vector k and
polarization s.

The scattering cross sections could be inferred from the
Hamiltonian (2.24)—(2.25d) and equal: for the scattering on
a dislocation:
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wy (K, s; K',8") = Ay (K, s; K',s) Ny (N +1),  with
Ay (K,s;K',8") =

8rog g |9y (k', )0 (K. 5) 8y, 1, 8(wp ()

.
2
1-2, (k90| | V()0 +4 3 161(,) [ of
z kL,S
(3.4)
and for the phonon scattering on a kink:
1 Q2 000p | b (K' Vo (K. 5)
M2p2V 2 |1-Z(K, s)w3 |2
x [3+8N° () +8(N°(€2))*18(w — )30 — ),

A (ks k', s') =

(3.5)

where we introduced the short-hand notation oy = g (K, s)
and op = wg(k’,s), and wrote the No(m) for the Bose-
Einstein distribution, No(co) = (exp(hoo / kgT) —1)_1.

Now we are in a position to derive the kinetic equation
for the case of a small temperature gradient in a crystal
sample with dislocations and kink in order to find phonon
based thermal conductivity. Adding the rates of change of
the number of phonons in the crystal due to the different
scattering sources we find

Wis =Ny [Dis | ngn [ D] (36)
dt dt ) dt ),

where for both the kinks and the dislocations we can write

st L ! I gl
[d_tkjj:g;‘r(wi(k’s’k's)_wj(k’s’k's))'

(3.7)
where now we can use (3.4) and (3.5) for wy (k,s; k',s")
and w (k,s; k’,s"). On the other hand, in a dynamic equi-
librium with a small constant temperature gradient across
the sample the time derivative of N, has to be read as

ANy _ ONys o 6N0 vT. owg (k,s) _
dt or oT ok
- 200069 0 g , a-+ N g, T - 220S)
kgT? ok
(3.8)

where day (K, s)/ok is the phonon velocity. Here the phonon
distribution function N, is substituted with its unperturbed
value of the Bose—Einstein distribution, No(coo(k, s)) in the
linear approximation with respect to the temperature gradient
and to the small deviation 3N ~ VT defined as

Nis (@0 (k,5)) = N% (g (k,8)) + Ny, (3.9)

These small fluctuations typically do not contribute to the
spatial derivative of the phonon distribution function.
When there is a temperature gradient present in the system,
that will cause it. For the purpose of the following deriva-
tion it is useful to prove that

752

w; (k',s";k,s) =
=wj (k,s;K’,s") exp{fi(wg (K, 5) — g (K',s")) kg T }x

Nis (00 (K,9))(1+ Ny (e (K',5)))
Nis (g (K',))(1+ Nis (@ (K, 5)))

The proof of this goes as follows. In wj(k’,s"k,s) the
reverse process with respect to w;(k,s;k’,s’) is consid-
ered, therefore, the (k,s) and (k',s") states have to be in-
terchanged. For the kink-part this interchange implies that
now E plays the role of the original energy, while E’ plays
the role of final energy. As w includes energy conserva-
tion: 8(7(wg(K,s)—wq(k',s"))+(E—E")), the thermal av-
eraging for w; (k’,s";k,s) can be written as

(3.10)

Z e_(E'+f)/kBT - z e—(E—h(wo(k,S)—mo(k',s’))+f)/kBT -
E,E’ E,E'
_ eh(mo(k,s)—mo(k"sr)/kBT z e—(E+f)/kBT’
E,E’

(3.11)

where f(E,E") is some function. As the thermal averaging
demands that the initial energy is put in the exponential,
the last term in the expression above has to be used in
w;(k',s"k,s), thus, explaining the exponential arising in
Eg. (3.10).

Using this equality we end up with a kinetic equation
that we are going to use in the next section:

hog (K, S)
kgT?

dwg(K.S) _

NO (g (k, 5))(1+ N (g (K, S))VT - o

3,
- Ndvg‘j (27:;3 (Aqg (k,s;K',s") + N Ay (K, 5K, 8)) x
X {Nyis (g (K', 8"))(L+ Nis (g (K, 5))) —exp{fi(ag (K, S) —
g (K',5))/kgT Ny (g (K, 8))(1+ Niergr (009 (K, )}
(3.12)

4. Thermal conductivity

The calculation of the thermal conductivity will be done
in analogy with [1]. We start with the kinetic equation, that
is derived in the previous section. The right-hand side of
Eq. (3.12) is strictly zero for the Bose—Einstein distribu-
tion. Therefore, keeping only terms linear in 8N, we find

ho (K, S)
KgT 2

dwg(k.S) _

NO (g (K, 5))(1+ N (g (K, S))VT - ™

3 ’
_ Ndvzj (‘ln‘; (Aqg (K, 5:K',8) + N A (K, 51K, )%
S

0 r r
x{—SN ANCIILSTY Y
N (g (K, )

- N2(wy(k,s) +1
SN (wp (K s +1 ]

(4.1)
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This can be rewritten as

K,
%N (wp(K,$))(1+N (0o k, ) VT - — -

= Zjﬂp(k 5;K',8")[8N}s — SNy 1,
(4.2)
with
_ SNis
N® (e (k, )1+ N° (wp (K, 5)))

4.3)

and
P(k,s;K',8") = NgV (Ag (K, s;K',8") + Ny A (K, 5K, 8)) x
xNO (g (', 8))(1+ N (g (K, 9))).
(4.4)
The heat flow Q is given by

~ d3k o0 (k 5)
Q_g (2n)° F

og (K, ) —=—=8Ns ~ —% VT, (4.5)

where % is the matrix of the thermal conductivity tensor. For
simplicity, we will assume that this matrix only has two dis-
tinct diagonal elements and no off-diagonal elements:

xt 00
x=| 0 x, O] (4.6)

This implies that there are two distinct heat flows: one
along the dislocation line:

Q=% (VT),, 4.7)
and one perpendicular to it:
Qp =—x1(VT)y, (4.8)
with (VT) ;| =((VT)x,(VT)y,0).
By muItipIying both sides of Eq. (4.2) with
J—SNks, one finds
(VT)-Q=

3 ’
:—kBTZZ” d’k &6Nks73(k 5;K',8) SNys —SN |

@n)* 2n)°
(4.9)

Due to the double integral over both k and k' in the ex-
pression above, it can also be written as
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dwg(K,5) _

_ kBT d*k d* oo
(VT)-Q= Zj | o (Zn)gL s Ny |
xP(k,s;k’,s)[SNKS—SNW].
(4.10)

Combining this result with Eq. (4.5), we find the general ex-
pression that we’ll use to calculate the thermal conductivity:

1 kgT? I N T
0= ZHd kd k' P(k, 5;K',8)[ 3Ny — 8Ny | x
S,S

-2
( jd khag (K, s)(%:'s)] aNkSJ

(4.11)

where j 2L for a particularly oriented dislocation axis.
Using a variational approach [16], we write 5N, and
0Ny, as

0
- :_FN (Coo(k,s))}l,ks,
dag (K, )
SNis
N (g (K, 8))(1+ N° (g (K, 5))) kBT

(4.12)

8Nks Fis

where Wy is a trial wave function. For y, we choose
W ~ og(K,s)k; and for y | , we choose W ~ g (K, S)ky.
The denominator D; for both cases is given by

2
dwg ) N ()
[Zjd3kh ( Ol 6@00 (ookj] .

We use the short-hand notation oy = og(k,s) and
oy = og(k',s").

Using spherical coordinates and repressing the k and s
dependence of wg, one finds

D=

(4.13)

2
:£ h CS J.dded(P(DOKSCOSZSS”] Q exp(h(l)olkBT) ) } ’
1
S

(exp(fog kgT) -
(4.14)

and
2
exp(fiog /kgT)
(exp(hog /kgT)-1)

{2
(4.15)

We used for the dispersion relation, mq(k,s) =cs || K],
where ¢ is the speed of sound in the crystal. At the tem-
peratures that are much smaller than zop /kg, with op the
Debye frequency, we then find
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D, =80°C% (5)n’h? (chJ (kZTj . (4.16a)

S
1) (kT 1O
D, =160°¢°B)n°h? | Y~ (Lj , (4.16b)
h
s Cs
where (S) = Z:_lis is the Riemann zeta function. Nu-
—n

merically, ¢(5) =1.03692. The numerator A j of Eq. (4.11)

v 3, 431, Lo enn 0/
Nig :%Ndznd kd“k’"Aqg (k,s;K',s)N” (0p) x
s,s'

x(1+ N (@p))(@ok } — k)2,

(4.19)

In both equations it holds that for j=1 k; =k, and for
j=ll kj =k,. Since we use isotropic dispersion for sim-
plicity: oy =¢g || k||, we can switch to spherical coordi-
nates in the following way:

. 271 T ©
can be written as j d3k=1 5 [ [ [0§sinodogdade.  (4.20)
Nj=Njx+Njqg. (4.17) 3 % 000
h . . .
where 4.1. Heat conductance: phonon-dislocation scattering
N k= k Nd kZ”d kd 3k A (k,s;K', s )N (og) x Plugging in the expression for Ay (k,s;k’,s") and using
2 spherical coordinates, after tedious but straightforward
x (1+ N () (@ok i — wpk’)?, calculations we arrive at the following final result for the
! ! phonon-dislocation scattering:
(4.18) Njq =0 (4.21)
and lha == '
N 4.4 | ~9 ~
L1d _ zdL - Gt C | [ das moeXp[(’)o]z (1-u?)?
Dy 160057 (5)kpks [ 1] o (exp[@g]-1)
3
s Cs
ing &
min(1,—)
C/ 2 2_2 2.2
1 1 1 " du G +C —2CU
x Zjdu(l u?)® 1 —1{~ — +—— }+ I 611(ct2—cf2u)2{ — }
Ct gz(coo,U,t) gz((’)O’ulg) 0 C/C gz((’)O'u’t)
min(l,ct)
G du {ct +c€ thu }
+ f T 6(c/ qu ) , (4.22)
5 GG g2 (®,u, )
where u = cos 9, ng = Ny /L is the dislocation density, ®p = hog/kgT and:
S e G il i K ol B s <l
gZ((DO7u’S)_ 4 + ) 2 2
4c; 2 farsy | —(oocs /(:t | u cz | mocS /cé|
4ct Inj —=
ou
2
c;‘ csz—uzct2 |632D (I)(ZJCSZ/Ct | c -u cf | Gagcszlcz |
* 2 2 N7 232,2]" In > 7
4?2 farsy ucc |c00 —®pCs /(;t | | —@MpCs /cé|
G)éuz
2 cz—uzct2 _uey uzc2 _uc, ?
u“c Cs uc, Cs
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Fig. 2. Temperature dependence (in units of the Debye tempera-
ture) of the thermal conductivity (arbitrary units) due to phonon
dislocation scattering.

Here we also defined: @p = Acskp /kgT =Tp /T, and Tp

is the Debye temperature. Now, taking into account that
for lead:

2
o= Gt

= ~0.106,
¢ (1+(c/e,)”)

(4.24)

and averaging over the orientations of the dislocation
lines with respect to the temperature gradient:
xalzyxﬁ +(1—y)xfd, with y e[0,1], we perform the
integrals numerically. The result is shown in the graph Fig. 2,
where temperature-dependent contribution to the heat con-
ductance due to the phonon-dislocation scattering is plotted.

4.2. Heat conductance: phonon-kinks scattering

Now, allowing for the energy conservation in the process:
absorbed phonon-excited kink-emitted phonon, as expressed
by the delta functions present in Eq. (3.5), we find for the
phonon-kink scattering the following expressions:

320278ty (1+ (o /e, ) )% .
a?VkgE,

Nd Nk eXp[hQ/kBT] 34 86Xp[hQ/kBT]
9(Q) (exp[nQ/kgT1-1)% | (exp[Q/kgT1-1)% |

Nk

(4.25)

and

4%t (1+ (e /e)* +(cfe,)® + (o /e, ) )QG
N = X
1.k VCtsz
Ng Ny exp[Q/kgT] 34 8exp[rQ/kgT]
9(Q) (exp[rQ/kgT]1-1)? | (exp[nQ/kgT1-1)% |

(4.26)
where
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2
4 242
9(Q) = Z—M\/E—T’— 1+[&] nXe™o |
pb%aV a ¢ h2Q?
42
+n2{1+(&J J .
Cy

Here we assumed that ¢;kp,c,kp > Q, and that typically

}E fE .
@ =0 s1and E 01 [1]. In reality, as we out-
C[ o C( o

lined in the Introduction, all the kinks have a slightly dif-
ferent vibration frequencies due to local stress variations.
Therefore, we cannot use a fixed Q for the kink and in-
stead have to take a probability distribution for the differ-
ent frequencies into account. We will use normalized prob-
abilities based on random matrix theory [19],

B 2
=35 e 2] |

where nA/kg ~ 1 K [1], B= 1, 2, 4, and [20] by = =/2,
b, = 32/n° ~3.24, b, =
= 262144/7297° ~11.6 and a, = 64/9t~2.26. The Q
averaged numerator N is therefore:

(4.27)

q = 75/4, a, = 4,

N = j dON (Q)P(Q). (4.29)
0

We then find, switching to the variable Q = #Q/kgT, the
following expressions:

~ _ 32bBNd NkTCShZ’Ck (1+(CI/CZ)8)G'(|(BT jﬁ+5x
Ik~

a?VkgAPHIE, h
~ ~2 -
Q-8pQ
o0 . B Q
<[ aaapt £ 2{3+ ge 2],
0 g(Q)(e" -1 (" -1
(4.30)
and
L A NN (L (el + (e leg)® + (e, ')
Nik= VeZkgaP *
Y .
B+7 Q-33Q Q
["B_Tj [dnare £ {3+ Be ]
h 0 g(ME2-1?[ (e -1)?
(4.31)
where
_ . kgT?
Sp = ap H2A2 (4.32)
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As yj = Dj //\7j, we thus find

1 bﬁTCeNd Nka(l+(C[/C[)8)OL (kBT ]BSX

Ak = 2\ aA
20022 (5)a2Vkg AP Ey [Z 13]

s Cs

(4.33)

. Q—SBQZ 8o
x[ Qb+t 34— |,
0 g -9 (?-1?
and
NG Ny (L (elen) + (e /) + (el
XLk = 5 X
2 2, A4 1
64006 (5)Veikg A (23]
s Cs
Q—SBQZ

x(kB—TJB_BTdQQB*‘S e PR |
hA ) g()E*-1?|  (*-1?

(4.34)

In reality no sample is dominated by either only purely
parallel or perpendicular scattering. Therefore we need to
average over both parallel and perpendicular scattering. As
conductances add inversely, this implies that the total con-
ductance 7y, is found from xgl = yxﬁ +(1—y)xfk, with
v €[0,1]. Therefore,

S
Xk = Y X
bﬁn6nd Nk Tk a2A2 EO

2
2 4 i
200¢° (5)kgA Eo[zcgJ (1+(Ct/Ce)8)°‘

A-5,02

B-5 o)
e s
hA ) g@E? -9 (-1

Lt (c/e))* +(cife))’ + (o)’

+(1-7) >
32¢
KaT B-3 O-5,02 8 o) -
(Lj [aqare ¢ 2[3+ o 2]
LA g@E?-1%|  (?-1
(4.35)

where n, = N, /L is the linear kink density. Plugging in
realistic values allows us to perform a numerical evalua-
tion of Eq. (4.35). Regardless of the value of B, y, will
scale as T° for kgT/hA > 1. For kgT/hA < 1 the thermal
conductivity will scale as T2 for B=1,as T39 for =2,
and as T*8 for B = 4. Therefore, the value B = 2 coincides
the most with the experiments [2], see Fig. 3, where the
different, corresponding to B =1, 2, 4, temperature de-
pendencies of the thermal conductivity due to the phonon-
kinks scattering are plotted in arbitrary units.
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Fig. 3. (Color online) Temperature dependences of the thermal
conductivity (in arbitrary units) due to the phonon-kinks scatter-
ing as function of temperature in units of characteristic kink
oscillation frequency 7nA/kg ~1 K. The blue points represent
B =1, the purple points represent =2 and the brown yellow
points represent = 4, with parameter 3 taken from the random
matrix theory [19].

5. Conclusions

In the forthcoming detailed publication the above theo-
retical results will be compared in detail with the vast
available experimental data, see [2,4] and references there
in. Here we merely mention the major result of the present
work. Namely, topological defects created on the disloca-
tion lines in the form of kinks prove to be responsible for
the dominant contribution to the inelastic phonon scatter-
ing at low temperatures, where the phonon-phonon scatter-
ing is vanishing. The reason for this is that unlike the
thermal phonons, the kinks on the dislocation line in a
crystal form non-vanishing density of mobile defects in the
T — 0 limit, making vibration spectrum dependent on the
sample cooling history. The history is 'inscribed' by the
random pattern of the local frozen irregular stresses in the
crystal. This glassy state behavior becomes a measurable
‘historic imprint' when the density of kinks overcomes
some characteristic value. Namely, for dominated by the
phonon-kink scattering heat flow we find, that the theory
predicts comparable with the experiments thermal conduc-
tivities when the density of kinks in a crystal is enough to
obey the following estimate: n,ngty = 3-10'ts/m?,
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