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In this review we consider theoretical and experimental results related to the properties of two-dimensional 
spin-wave (SW) solitons, so-called SW bullets and SW droplets. Such nonlinear self-localized SW modes pos-
sess very interesting physical properties, and could have practical applications in modern and future magnonics 
and spintronics. The experimental and theoretical results presented in this review have undeniably proven the ex-
istence of SW bullets in magnetic films and confined magnetic nanostructures (magnetic nanocontacts), and have 
elucidated the essential distinctions between the properties of the one-dimensional nonlinear SW solitons, two-
dimensional nonlinear SW bullets and linear spin wave packets, as well as the possibility of self-generation, par-
ametrical excitation, and phase-conjugation of the SW bullets, similar to the case of the conventional linear spin 
waves. Also, in this review we presented experimental results demonstrating the nucleation, dynamics, and anni-
hilation of two-dimensional strongly nonlinear SW “droplets” in spin-torque-driven magnetic nanocontacts. The 
properties of these exotic nonlinear objects are analyzed using recently developed theoretical models and illus-
trated by micromagnetic numerical simulations. 

PACS: 75.30.Ds Spin waves; 
85.75.–d Magnetoelectronics; spintronics: devices exploiting spin polarized transport or integrated 
magnetic fields; 
72.25.–b Spin-polarized transport; 
73.50.Jt Galvanomagnetic and other magnetotransport effects (including thermomagnetic effects). 

Keywords: magnetic soliton, spin-wave bullet, spin-wave droplet. 
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Preface 

This review paper describes magnetic bullets and drop-
lets — novel types of two-dimensional spin-wave solitons, 
which are the objects of intensive study in modern magno-
nics, and are interesting for the emerging field of applied 
spintronics. The paper was purposely written for the spe-
cial issue of the “Low Temperature Physics” devoted to 
the 90th jubilee of Professor Arnold M. Kosevich, who made 
a series of seminal theoretical contributions to the deve-
lopment of magnonics, spintronics and nonlinear theory of 
solids. The authors would like to express their deep respect 
and gratitude to Professor A.M. Kosevich, whose theoreti-
cal work laid the foundation for the modern nonlinear mag-
netization dynamics, and made possible the theoretical and 
experimental work that is reviewed in this paper. 

1. Introduction 

As the magnetism of solids has a purely quantum na-
ture, considerable progress in understanding the dynamical 
properties of such systems occurred after the publication of 
the article [1] by L. Landau and E. Lifshitz, where a simple 
quasi-classical phenomenological theory of magnetic exci-
tations in solids was proposed. A decade later, after E. Za-
voisky [2] and J. Griffiths [3] independently discovered in 
experiment the phenomena of ferromagnetic resonance 
(FMR), the stage of active study of magnetic dynamics at 
microwave frequencies began. In particular, the theory of 
ferromagnetic and antiferromagnetic resonances was de-
veloped [4–6], the properties of spin waves in bulk mag-
netic samples and magnetic films were studied [7–10], and 
various microwave magnetic devices were developed and 
used for practical applications [6,11,12]. A natural step in 
the study of spin waves was the transition from the investi-
gation of linear spin waves to nonlinear waves [8,9] and, in 
particular, to the study of magnetic solitons. 

A solitary nonlinear spin waves possess many interesting 
and unusual properties. Although solitons are known in 
physics for more than 180 years [13], their active study be-
gan only in the last third of the twentieth century [14–16]. 

A significant contribution to the theoretical description of 
magnetic solitons was made by Professor A.M. Kosevich, 
who published several key papers [17–19] in this field, 
which were also summarized in several reviews [20–22] 
and books [23–25]. 

In this review, we consider theoretical and experimental 
results related to the excitation, propagation and practical 
application of two types of two-dimensional magnetic or 
spin-wave (SW) solitons: magnetic bullets and droplets. 
Both these types of nonlinear solitonic SW excitations are 
now considered as promising “working objects” in modern 
magnonics and spintronics, and could be used for the de-
velopment of a new generation of microwave information 
processing devices. 

The review consists of the introduction, three main sec-
tions and conclusions. Section 2 contains a brief descrip-
tion of the physics of magnetic solitons, methods of their 
analysis, and conditions of their existence. Section 3 pre-
sents some theoretical and experimental results on magnetic 
bullets in magnetic films and magnetic layered nanostruc-
tures. Section 4 presents the results on the properties of 
recently experimentally discovered magnetic droplets. 

2. Spin-wave soliton modes in magnets 

The traditional approach to the description of the mag-
netization dynamics in magnetic systems is the use of the 
modified Landau–Lifshitz–Gilbert equation [6,26]: 

 [ ]eff= .G

St M t
α∂ ∂ γ × + × + ∂ ∂ 

M MH M M T  (1) 

Here the first term in the right-hand side of the equation 
describes the conservative motion of the magnetization 
vector M  in the effective magnetic field effH , the second 
term describes the magnetic damping in a system, and the 
last term T describes any possible additional external in-
fluences on the magnetization M  dynamics, for instance, 
the influences caused by a bias spin-polarized (or pure spin) 
current; γ  is the gyromagnetic ratio, Gα  is the Gilbert damp-
ing constant and = | |SM M  is the saturation magnetization. 

Following A.M. Kosevich [22], it is natural to identify 
any localized in space stable solution of dynamical equa-
tion (1) as a magnetic soliton. In this review, however, we 
will restrict ourselves only to the dynamic SW envelope 
solitons, which can be naturally described using the stand-
ard Hamiltonian SW formalism [8]. In the framework of 
this formalism, Eq. (1) can be reduced to the nonlinear 
Schrödinger (NLS) equation with phenomenologically add-
ed term describing the magnetic damping in the considered 
system. For two-dimensional SW envelope solitons this 
(2 1)+ -dimensional NLS equation is usually written in the 
following form [9,27,28]: 

2 2
2

2 2
1 | | = 0.
2g r

U U U Ui D S N U U i U
t z z y

∂ ∂ ∂ ∂ + + + − + ω ∂ ∂  ∂ ∂
v  

  (2) 

Here 0 0( , , ) = ( , , ) exp [ ( )]zU U y z t y z t i t k z≡ Ψ ω −  is the 
slowly varying envelope function of the SW packet, 0ω  
and 0zk  are the angular frequency and longitudinal wave 
number of the soliton at some selected working point 

0 0( ; )zkω  in the SW spectra, = /g zk∂ω ∂v  is the group 
velocity, 2 2= / zD k∂ ω ∂  and 2= / ( )yS k∂ω ∂  are the disper-
sion and diffraction coefficients, 2= / (| | )N ∂ω ∂ Ψ  is the 
nonlinear coefficient, =r Hω γ∆  is the dissipation parame-
ter proportional to the FMR half-linewidth H∆ , and 

2( , ,| | )y zk kω Ψ  is the nonlinear dispersion law of a spin 
wave propagating in the film. 
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Also, the self-excitation of two-dimensional SW soli-
tons Eq. (1) can be described in the framework of general 
nonlinear auto-oscillator model developed by A.N. Slavin 
and V.S. Tiberkevich in the context of the SW generation 
by spin-polarized currents [26,29]: 

 ( ) = 0.c i c c c c
t + −
∂

+ ω +Γ −Γ
∂

 (3) 

This approach turned out to be rather fruitful, and was 
successfully verified in many experiments [30–32]. Also, 
in recent years it was frequently used for the description 
of nanoscale magnetic oscillators, detectors and other de-
vices [33–46]. 

In Eq. (3) ( , )c c t≡ r  is the dimensionless complex SW 
amplitude which has a meaning similar to that of the enve-
lope function U  in (2), ( )cω  is the nonlinear angular fre-
quency of the magnetic excitation (in case when this exci-
tation is a nonlinear propagating wave — the expression 

( )cω  contains the information about the wave dispersion D  
and nonlinearity N ), +Γ  is the conventional SW damping 
rate proportional to the Gilbert damping parameter Gα , 

2= (1 | | ) ( )I c f−Γ σ − r  is the “negative” damping rate caused 
by the spin-polarized or spin current I traversing the sys-
tem, σ  is the coefficient characterizing the spin-transfer 
torque (STT) [47,48], and the dimensionless scalar func-
tion ( )f r  describes the spatial distribution of the current 
[26,29]. It is worth noting, that Eq. (3), when it is applied 
to a current-induced excitation of a propagating spin wave, 
can be reduced to a driven and damped version of the NLS 
equation (2), while in the case when both damping and bias 
current are absent ( = = 0+ −Γ Γ ) — it is reduced to the 
conservative version of the NLS equation [28]. 

The major condition for the soliton existence is the con-
servation of its integrals of motion, such as energy, angular 
momentum, number of magnons, etc. [22]. However, usu-
ally, the necessary conditions for the soliton existence are 
formulated in terms of balance between the influence of 
nonlinearity, dispersion, diffraction and dissipation of a 
studied medium on the soliton formation [49]. 

There are several different approaches to the classifica-
tion of solitons. The first and most simple classification is 
based on the dimensionality of the considered physical prob-
lem and its solution. In the scope of this approach solitons 
can be qualified as quasi-one-dimensional, two-dimen-
sional (mainly considered in this review) or three-dimen-
sional. 

Another classification is based on the concepts of dy-
namic and topological solitons. Dynamic solitons can evolve 
in time and are stabilized due to the conservation of their 
total energy, total SW angular momentum or other integ-
rals of motion [22,28]. In particular, dynamic solitons in 
conservative systems with no positive or “negative” damp-
ing ( = = 0+ −Γ Γ ) can be stable only when their dispersion 
law is balanced by their nonlinearity (the Lighthill criterion 

< 0ND ) [49]. If a small perturbation disturbs the integrals 
of the motion, then the conservative dynamic soliton vanish-
es (a transition to the magnetization ground state occurs), 
or it transforms to the dissipative dynamic soliton, which 
can exist in a dissipative system, and has the modified in-
tegrals of motion. 

Another type of solitons are topological solitons; they 
were studied in details by A.M. Kosevich and his co-
authors [19,20,22,24,25]. They are special solutions of the 
equation of magnetization dynamics (or equivalent equa-
tion (3)), which are generated by the structure of the equa-
tion itself, and related to the overall symmetry of the con-
sidered problem [22]. Topological solitons can be divided 
into two groups, according to the magnetization localiza-
tion: if the magnetization distribution does not depend on 
the coordinates far from the soliton it is called localized 
soliton, otherwise it is called nonlocalized soliton [22]. 

In this review we will restrict our attention to only one 
type of solitons — to the quasi-one-dimensional and two-
dimensional SW envelope solitons [50], which were first 
experimentally observed in yttrium–iron–garnet (YIG) 
films [51] just after its theoretical prediction [52] for mag-
netostatic spin waves [53]. Such solitons are, usually, de-
scribed by the NLS Eq. (2), and can exist when the Light-
hill criterion < 0ND  [49] is fulfilled, while their stability is 
limited by the criterion > 0SN  (when < 0SN  these 
solitons can split into solitons in the direction perpendicu-
lar to the direction of its propagation) [9,27]. 

SW envelope solitons has been studied since the 1990s, 
using experimental observation of nonlinear dipole-exchange 
spin waves, backward-volume spin waves and spin waves 
in other geometries in YIG films [54–58]. 

The theory of SW envelope solitons has been developed 
in [59–63], parametric interaction of SW solitons using 
electromagnetic pumping and wave front reversal of SW 
envelope solitons has been studied in [64,65], generation 
of magnetic solitons trains has been observed in [66,67], 
amplification and compression of SW envelope soliton has 
been observed in [68,69], while formation of SW envelope 
solitons in periodic magnetic film structures has been studi-
ed in [70]. The majority of the obtained results were sum-
marized in the reviews [59,71] and books [9,27,72–74]. 

In this review we will discuss in detail two particular 
type of the two-dimensional SW envelope solitons that are 
non-propagating and that are excited in magnetic films and 
nanostructures either by an external microwave signal, or 
by a spin-polarized or pure spin current. These are the 
spin-wave bullets and spin-wave droplets. 

Spin-wave bullets (SW bullet) are the two-dimensional 
SW soliton pulses strongly localized in space and time by 
self-focusing. 

The existence of wave bullets, which are stabilized by 
the saturation of the nonlinearity at high wave amplitudes, 
has been suggested in optics (“light bullets”) by Y. Silber-
berg [75]. Wave bullets have been observed for light waves 
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in nonlinear optics and for nonlinear Langmuir waves in 
a plasma [76]. In magnetism, the SW bullets were experi-
mentally observed in [77], and, then, have been intensively 
studied in magnetic films and nanostructures. 

The spin-wave droplets (SW droplets) are the dissipa-
tive or conservative magnetic solitons existing in a system 
with perpendicular magnetic anisotropy (PMA) due to a 
balance between their nonlinearity, dispersion, and positive 
and “negative” damping [78]. Although they were predicted 
and theoretically studied by B.A. Ivanov and A.M. Kosevich 
as early as in 1977 [17], the first experimental observation 
of these interesting nonlinear excitations was reported only 
in 2013 [79] when the technique of SW excitation using 
spin-polarized currents was sufficiently developed. Since 
their theoretical prediction, the SW droplet type of magnet-
ic solitons have been primarily studied theoretically or 
numerically by M.A. Hoefer and others [80–85] until re-
cently, when they became a subject of intent look of experi-
mentalists. 

3. Spin-wave bullets in magnetic films 
and nanostructures 

3.1. Spin-wave bullets in continuous YIG films 
and film stripes 

Nonlinear self-focusing of wave beams and pulses result-
ing in the formation of a bullet is an important and well-
known phenomenon in physics [86], experimentally observ-
ed for light waves in nonlinear optics, and for nonlinear 

Langmuir waves in a plasma [76]. However, the first ob-
servation of spatiotemporal self-focusing of SW beam, and 
the formation of a SW bullet was done only at the end of 
twentieth century [77]. The experimental results (Figs. 1, 2) 
were obtained for dipolar spin waves in YIG films by 
means of a space- and time-resolved Brillouin light scatter-
ing (BLS) technique [71]. The authors of [77] demonstrat-
ed self-focusing of a moving SW pulse in two spatial di-
mensions, and formation of a strongly localized SW bullet, 
the collapse of which is stopped by dissipation. 

It is important to note, that in YIG films the diffraction 
to dispersion ratio is much smaller than in optical fibers, 
which makes it possible to observe in magnetic films a 
simultaneous self-focusing of a propagating SW packet 
along the both in-plane directions (see Fig. 1). In particu-
lar, in the experiment [77] the SW bullets were formed as a 
result of a spatiotemporal self-focusing, similar to the self-
focusing effect in optics [75], as the two-dimensional input 
SW packets were self-focused for both in-plane directions 
( y  and z ), while propagating along z  direction. The self-
focusing of dipolar SW bullets in YIG films was stabilized 
by dissipation, rather than by saturation of nonlinearity, in 
contrast with the light bullets described in [75]. 

Fig. 1. Two-dimensional ( ,y z ) distributions of normalized inten-
sity in propagating dipolar SW packets, corresponding to five 
different values of the propagation (delay) time as indicated in the 
figure. The distributions were experimentally measured by space- 
and time-resolved BLS technique for T = 29 ns and in = 46 .0 mWP  
The cross sections of the propagating wave packets taken at half-
maximum power are shown on the ( ,y z ) plane below. From [77]. 

Fig. 2. Widths yL  (a) and zL  (b) at half-maximum power, and 
normalized peak power (c) of the propagating SW packet shown 
as functions of the propagation (delay) time t  for T  = 29 ns and 

in = 460P  mW. Symbols: experiment; lines: numerical simula-
tion. From [77]. 
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It is well-known [87], that in the absence of dissipation, 
two-dimensional self-focusing of an initial wave packet 
leads to the packet collapse only if the packet’s amplitude 
is sufficiently large for nonlinearity to overcome the ef-
fects of diffraction and dispersion. Such a two-dimensional 
collapse is a threshold process, and it has an amplitude 
threshold even in a conservative medium. In the presence 
of dissipation, the amplitude of a self-focusing wave pack-
et decreases exponentially with time, and with the decrease 
of the amplitude, the focusing effect of nonlinearity also 
decreases. This leads to a collapse stabilization, and a sub-
sequent defocusing of the packet when its amplitude be-
comes smaller than the collapse threshold [87]. 

The influence of dissipation on SW bullets in YIG films 
is much stronger than the similar dissipative effect on light 
pulses in optical fibers. Thus, the two-dimensional collapse 
of dipolar spin waves in YIG films is rapidly stabilized 
by dissipation, and a quasi-stable SW bullet is formed. Such 
a bullet propagates for a certain distance without changing 
its spatial sizes (but constantly losing energy due to dissi-
pation). Then, at some point it starts to diverge in space, 
when its amplitude is not anymore sufficient for self-focus-
ing. We stress, that an SW bullet is not a stable two-dimen-
sional envelope soliton [51], but a quasi-stable self-focus-
ing wave packet, the collapse of which has been stopped 
by dissipation. 

The evolution of a spectrally narrow two-dimensional 
(y and z) SW bullet propagating along the z direction in 
YIG film can be described in the framework of a (2 1)+ -di-
mensional NLS equation with dissipation (2) (see also 
[9,27,28,73] and references therein). 

In experiment [77] a large (1.8 2.6 cm)×  sample of a 
high-quality epitaxial YIG film (thickness = 7 md µ , FMR 
half-linewidth (at 8 GHz) = 0.3H∆  Oe, saturation magnet-
ization 4 = 1750SMπ  G) magnetized to saturation by a tan-
gential bias magnetic field of = 2098H  Oe was investigat-
ed. A standard delay-line structure with two short-circuited 
microstrip antennas (length 2.5 mm, width 50 mµ ) oriented 
along the y  axis, and separated by the distance 8 mm 
along the z  axis, was used for excitation and detection of 
backward volume magnetostatic spin-wave (BVMSW) pa-
ckets, as for these waves the magnetic film is a focusing 
medium along both in-plane directions ( < 0SN  and > 0).DN  
The carrier frequency of the input BVMSW packet was 
chosen at = 7.97cf  GHz, 30 MHz lower than the upper 
boundary of the BVMSW spectrum, to allow propagation 
of the input pulses of duration > 28T  ns without signifi-
cant distortions to their frequency spectra. The carrier wave 
number of the BVMSW packet at this frequency point was 
estimated to be 1

0 = 50 cmzk − . 
In experiment [77] a rectangular microwave input pulse 

of duration = 29T  ns and input power in = 10–700P  mW 
was applied at the input antenna, which excited a two-
dimensional SW packet with an almost cosinusoidal wave 
amplitude distribution along the y axis, and a maximum 

amplitude near the center of the antenna. The initial sizes 
(at half-maximum power) of the input wave packet along 
the y  and z  directions were determined by the temporal 
duration T  of the input microwave pulse 1.2gT ≅v  mm, 
and by the length of the input antenna. The distributions of 
SW intensity were measured by a space- and time-resolved 
BLS technique, used in the forward scattering geometry. 
The spin waves were created in the YIG film by the propa-
gating wave packets, and are proportional to the squared 
amplitude of instantaneous microwave magnetization. The 
two-dimensional distributions of propagating SW bullet in-
tensity, corresponding to each delay time, were reconstruct-
ed from these time-resolved BLS data collected at each 
spatial point of the sample. 

The experimentally measured two-dimensional distribu-
tions of BVMSW intensity for a propagating wave packet 
obtained with in = 460P  mW, and corresponding to five 
different delay times, are shown in Fig. 1. The cross sec-
tions of the wave packets at the level of half-maximum are 
shown in the lower part of Fig. 1. The data clearly demon-
strates the existence of spatiotemporal self-focusing of the 
propagating wave packet with the focal point situated near 

= 2 2.5z −  mm ( = 50 60t −  ns), where the peak amplitude 
of the wave packet has a maximum, and the packet width 
along the y  axis is at a minimum. This effect is further 
illustrated in Figs. 2(a) and 2(b), where the experimentally 
measured in-plane sizes zL  and yL  of the BVMSW packet 
cross sections (at half-maximum power) are shown as a 
function of the propagation time t  for the same input pow-
er in = 460P  mW. 

For < 40t  ns, the BVMSW packet, generated by the 
microwave field of the antenna, is entering the region of 
the film accessible by BLS. Therefore, the visible size of 
the wave packet is linearly increasing with time. For 

= 40–4 ,5 nst  a rapid collapselike self-focusing of the packet 
is observed along both in-plane directions. Subsequently 
the collapse is stabilized by dissipation, and in the time in-
terval 50 < < 100t  ns both in-plane sizes of the propagat-
ing packet are almost constant; i.e., a quasi-stable SW bul-
let is propagating in the film. For > 100t  ns, the transverse 
size yL  of the packet starts to increase rapidly due to the 
influence of diffraction. The dependence of the normalized 
peak power max

peak peak/P P  of the wave packet on the propa-
gation time for the input power in = 460P  mW is shown in 
Fig. 2(c). The above-described spatiotemporal self-focus-
ing effect was observed for in > 100P  mW. For lower input 
powers, a monotonous decay of the packet peak amplitude, 
and also a monotonous increase of both packet sizes yL  
and zL  with the increase of propagation time are observed. 

The next step in the investigation of the nonlinear SW 
packets was a study of their collision properties [88,89]. In 
these papers it was demonstrated both experimentally and 
by numerical simulations that SW solitons retain their 
shapes after collisions with other SW solitons only in a 
one-dimensional case. In contrast, in the two-dimensional 
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case the SW bullets loose this solitonic properties and suf-
fer an almost complete destruction in a collision with a si-
milar SW bullets. 

In [88] SW bullets were experimentally observed and 
visualized in a system of BVMSW propagating along the 
direction of the bias magnetic field in a tangentially mag-
netized YIG film. The experiment shows that in a wide 
YIG film sample, where the transverse size of the medium 
is essentially unrestricted, a strong two-dimensional self-
focusing of propagating SW packets takes place. With the 
increase of the propagation time, the initially elliptical 
cross sections of the propagating SW bullet becomes much 
narrower, and almost circular (Fig. 3(b)), which is a well-
known feature of wave packets approaching collapse. The 
collapse, however, is stopped by dissipation, and a quasi-
stable two-dimensional SW bullet is formed (Fig. 3(b)). At 
the collision point the increase of the combined intensity in 
the two colliding SW packets leads to a catastrophic self-
focusing and collapse (Fig. 3(c)) that cannot be stabilized 
by dissipation. Thus, the equilibrium between the self-
focusing and dissipation, responsible for the quasi-stability 
of two-dimensional SW bullets shown in Fig. 3(b), is bro-
ken, and both SW bullets are destroyed in the collision 
process. The intensity of the two initial SW packets is 
spread across the whole measurement area (see Fig. 3(d)). 

The qualitative difference between the collision proper-
ties of quasi-one-dimensional SW envelope solitons in the 
YIG waveguide, and two-dimensional SW bullets in a 
wide YIG film is further illustrated in Fig. 4 where the 
transverse ( yL ) and longitudinal ( zL ) widths of propagat-
ing SW packets are presented as functions of t , the propa-
gation time. The first 100 ns is a period of soliton for-
mation (Figs. 4(a) and 4(b)), during which the shape of the 
propagating SW packet becomes elliptical and elongated 
along the y  direction ( / 2.5y zL L ≈ ). It is clear that after 
the initial period of soliton formation, the spatial sizes of 
the resulting SW soliton remain nearly constant and are not 
significantly affected by the collision with the other 
soliton, which takes place at = 165t  ns. The behavior of 
the two-dimensional SW bullet in a wide film (Figs. 4(c) 
and 4(d)) is quite different. By the end of the initial period 

< 80t  ns, during which a strong two-dimensional self-
focusing leading to SW bullet formation takes place, the 
propagating two-dimensional SW bullet becomes very 
narrow and almost circular ( / 1y zL L ≈ ). A subsequent 
collision with the other bullet at = 120t  ns leads to a dra-
matic increase of the bullet’s sizes along both in-plane di-
rections, and to the bullet’s destruction at = 140t  ns (see 
Figs. 4(c) and 4(d)). 

Thus, the above presented experimental data and nu-
merical study results clearly demonstrate that while a two-
dimensional SW bullets in a wide YIG film sample appear 
to be stable and preserve their size and shape in a certain 
range of propagation distances, in reality they are only 
quasi-stable, as they suffer almost complete destruction in 
a collision with another SW bullets. 

Fig. 3. Formation and collision of two-dimensional self-focused 
SW bullets in a wide YIG film sample. The upper frames ((a), (b)) 
show the two-dimensional intensity distribution of the propagating 
wave packets, corresponding to four different values of the propa-
gation time as indicated. The lower frames ((c), (d)) show the pack-
et’s cross sections at the half-maximum level. The black stripes 
in (a) show the positions of the microstrip antennas. From [88]. 

Fig. 4. Widths zL  and yL  of the SW packets propagating from 
left to right, measured at half-maximum level, as functions of the 
propagation time: (a) and (b) in YIG waveguide; (c) and (d) in a 
wide YIG film. Note, that the collision moments shown by verti-
cal broken lines are different in a waveguide (165 ns), and in a 
wide film (120 ns). Experimental results are shown by symbols 
with error bars, while numerical results are shown by solid lines. 
From [89]. 
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The experimental observation of self-generation of SW 
bullets in an active ring was performed in [90]. The ring 
was composed of an YIG film with two antennas for wave 
packets excitation and detection, and a microwave amplifier 
connecting the antennas and closing the ring. The system 
forms a transmission line for two-dimensional BVMSW 
wave packets, and no external coherent input signal was 
applied to the antennas. The transmission line itself plays 
the role of a resonator in a feedback loop of a standard 
microwave generator. The resonance frequencies of a ring 
are determined by standard phase matching conditions. 

To achieve stable generation of a SW pulse sequence, it 
is necessary to fulfill several conditions. First, the frequen-
cy passband of the ring (which includes the amplifier and 
the YIG film transmission line) must be larger than the width 
of the central lobe of the frequency spectrum of a single 
generated pulse. Otherwise, the shape of the pulse will be 
distorted due to the filtering properties of the ring. It is 
known [77] that the duration of a SW bullet formed from a 
coherent nonlinear input pulse of about = 15–20τ  ns. Thus, 
a transmission line with a passband of = 150F∆  MHz is 
used, providing 2Fτ∆ ≥ . 

Second, the amplification gain of the external amplifier 
must be large enough to compensate for the losses in the 
ring and to allow for self-generation. Finally, for the gen-
eration of substantial nonlinear pulses in the ring, it is nec-
essary to choose a distance between the antennas larger 
than the characteristic nonlinear length in the medium [90]. 
This will allow for the development of both longitudinal 
and transverse focusing. The nonlinearity also provides a 
phase-locking mechanism for the generated harmonics. 

Space- and time-resolved BLS technique in the forward 
geometry is used to monitor the propagation of the nonlinear 
wave packets. This allows us to obtain two-dimensional 
distribution of the SW intensity (proportional to the squared 
amplitude of the local dynamic magnetization in the film) 
of the propagating wave packet with a spatial resolution of 
0.1 mm and a temporal resolution of 2 ns. 

A peak power of generated wave packet is achieved 
when the input antenna is driven at 1 = 220P  mW. At this 
power, there is clear self-focusing in both in-plane direc-
tions of the generated wave packet, and a formation of 
a SW bullet. The experimentally measured parameters of 
this bullet (width, length, peak power) are very close to the 
parameters of a BVMSW bullet formed under coherent 
excitation by an external input microwave pulse [77]. 

The time evolution of the self-generated SW packets 
shows that for the case of the weak nonlinear regime, 

1 = 1P  mW, after a small initial self-focusing of the packet 
taking place for < 45t  ns, the packet is only weakly spread 
by diffraction in its further propagation. In contrast, in the 
strongly nonlinear regime, just before the onset of the cha-
otic behavior, when 1 = 220P  mW, a significant transverse 
self-focusing is observed for < 52t  ns. For 55 < < 70t  ns 
the wave packet propagates as a well-formed bullet exhib-

iting an almost constant transverse width of about 0.65 mm. 
This is the region where the self-focusing two-dimensional 
SW packet becomes quasi-stationary due to the loss of ener-
gy to linear dissipation. With the further increase of the prop-
agation distance dissipation continues to reduce the bullet’s 
amplitude (thus reducing the focusing action of nonlineari-
ty), and, in the end, diffraction uncompensated by nonline-
arity spreads the wave packet in the transverse direction 
and causes the increase in width yL . The dispersion acting 
in the direction of propagation has a similar (but weaker) 
effect on the packet’s length zL . This behavior of the self-
generated SW bullet is very similar to the behavior of co-
herently excited SW bullet [77]. 

Thus, the observed self-generation process provides un-
ambiguous evidence that SW bullets are intrinsic excita-
tions of a two-dimensional nonlinear magnetic medium 
with dissipation that is focusing in both directions. 

After detailed studies of generation, propagation and in-
teraction of SW bullets, a parametric interaction of two-
dimensional SW packets with quasi-uniform pulsed pump-
ing was performed in [91] using the same BLS experi-
mental technique as in [90] combined with a spatially local-
ized SW parametric amplifier embedded in the YIG-film 
waveguide [64,92–94]. Two-dimensional maps of the SW 
intensities (proportional to the local values of the squared 
dynamic magnetization in the film) were recorded with 
spatial resolution of 0.1 mm and temporal resolution of 2 ns 
(Fig. 5). The upper panel of Fig. 5 demonstrates the evolu-
tion of a two-dimensional wave packet of duration  = 30 nsτ  
after it has been launched from the antenna and before it 
reaches the pumping area. The initial width of the packet 
(determined by the antenna length and the carrier wave 
number) was  = 0.4yL  mm, the power of the initial micro-
wave pulse defining the intensity of the packet was 

in  = 146P  mW. As it can be seen in Fig. 5 the packet spreads 
along the transverse (y) direction during propagation due to 
the strong diffraction in the film. 

The lower panel of Fig. 5 demonstrates the propagation 
and evolution of the reversed ( ' = −k k) wave packet form-
ed as a result of the parametric interaction [64,92]. It is 

Fig. 5. (Color online) The spatial distributions of the SW pulse 
intensity captured at successive moments of time both for inci-
dent (upper part) and for reversed (lower part) SW packets. 

in = 146P  mW. From [91]. 

Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 7 781 



O.R. Sulymenko, O.V. Prokopenko, V.S. Tyberkevych, A.N. Slavin, and A.A. Serga 

clear that the strongly amplified reversed wave packet ex-
periences a pronounced nonlinear two-dimensional self-
focusing, which leads to the formation of a SW bullet (see 
frames corresponding to 191, 200, and 208 ns). The same 
effect was observed for the strongly amplified initial SW 
packet, which passed through the pumping area in the for-
ward direction. 

One can see from Fig. 5 that the reversed packet under-
goes a wave-front reversal (phase conjugation). The wave 
front of the incident pulse that is slightly concave immedi-
ately before the interaction with pumping (frame corre-
sponding to 78 ns) becomes clearly convex after the inter-
action (156 ns) (note the change of direction of propagation 
between these two frames). This effect of two-dimensional 
wave-front reversal, which was realised in this experiment 
for the first time, was even more pronounced for a linear, 
low-power input wave packet, where it was not superim-
posed by the bullet formation process. 

Thus, paper [91] revealed that the SW bullets, being 
two-dimensional intrinsic excitations of a nonlinear dif-
fractive and dispersive medium with dissipation, can be ge-
nerated parametrically in magnetic films from linear input 
wave packets. They are formed from both the forward-
propagating and reversed wave packets, and their proper-
ties are similar to the properties of SW bullets generated by 
other means. 

In contrast to the SW bullet in continuous YIG film, the 
SW bullet in a narrow YIG film stripe (playing the role of 
a bullet waveguide) was investigated in [95]. The for-
mation of a quasi-2D nonlinear guided SW bullet in longi-
tudinally magnetized stripes of YIG film was experimen-
tally observed by using time- and space-resolved BLS spec-
troscopy and confirmed by numerical simulation. It was 
revealed that such SW bullet represent stable SW packets 
propagating along a waveguide structure, for which both 
transversal instability and interaction with the side edges of 
the waveguide are important. The experiments and the nu-
merical simulation of the evolution of the SW excitations 
have shown that the shape of the formed packets and their 
behavior are strongly influenced by confinement condi-
tions. Namely, a specific magnetostatic effect — the effec-
tive dipole pinning of the magnetization at the edges of the 
stripe, the width-mode group velocity matching of differ-
ent discrete waveguide modes, and the extension of the 
width-mode spectrum due to nonlinear mode-mode energy 
transfer are essential for the nonlinear evolution of the ini-
tial SW excitation. Both the experimentally detected prop-
erties of the evolution and the theoretically revealed mech-
anism of formation show that the observed “guided spin-
wave bullets” are specific for laterally confined magnetic 
films. 

A detailed study of a collapsing SW bullets in a YIG 
film was done in [96]. It was shown that a (2 1)+ -dimen-
sional wave packet, like SW bullet, in a medium with cu-
bic nonlinearity and a two-dimensional dispersion is intrin-

sically unstable, and undergoes nonlinear narrowing lead-
ing to collapse as nonlinearity overcompensates linear 
broadening due to 2D parabolic dispersion. Weak magnetic 
losses in a real magnetic film may balance the nonlinear 
narrowing. This results in a quasi-2D spatially localized 
bell-shaped waveform called a bullet and ensures its stabil-
ity for some distance of propagation. The stable bullets are 
observed in a certain range of initial powers for the wave 
packets. For larger input powers, waveform collapse is 
unavoidable. 

In the experiment [96], when the power increases beyond 
the range of bullet stability, the wave packet collapses, and 
the most prominent feature of a wave collapse are seen. 
A pair of rays irradiated from the packet in the backward 
direction (second panel in the lower row of Fig. 6). It was 
revealed that the rays have narrow apertures and are di-
rected at well defined angles to the longitudinal axis of the 
ferromagnetic stripe (the value of the angle between the 
rays is 64°). The performed numerical simulation proves 
that the observed effect is the fundamental phenomenon of 
wave emission from collapsing packets in materials with 
cubic nonlinearity and 2D dispersion of an order higher than 
parabolic. In addition, since the ferromagnetic-film medi-
um used in the present study is also characterized by a uni-
axial anisotropy, the observed radiation takes the form of 
narrow-aperture beams of continuous waves at very spe-
cific angles to the bullet propagation direction. This specif-
ic effect of radiation of untrapped waves along the caustic 
directions may exist for other 2D media as well, provided 
uniaxial anisotropy of dispersion is available or induced in 
the medium [97–101]. 

3.2. Spin-wave bullets in nanoscale oscillators 

At almost the same time when SW bullets were ob-
served in magnetic films [77] another important discovery 
was made. It has been theoretically predicted [47,48] and 

Fig. 6. Snapshots of SW packets measured at different input 
powers and at 50 ns time intervals. Arrows show the bullet prop-
agation direction. It coincides with the direction of the bias mag-
netic field H and the coordinate axis z. From [96]. 
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experimentally observed [102–109] that spin-polarized cur-
rent passing through a thin “free” magnetic layer (FL) of 
a magnetic bi-layered structure, can excite microwave mag-
netization oscillations. So, a concept of a spin-torque nano-
oscillator (STNO) has been developed. 

A theory explaining many experimentally observed fea-
tures of this phenomenon was developed in a series of theo-
retical papers [110–113], but the physical nature of a dy-
namic SW mode excited in an in-plane magnetized magnetic 
current-driven nanocontact was determined in [29]. 

In [29] a spatially nonuniform nonlinear theory of SW 
excitations driven by a spin-polarized current in an in-
plane magnetized magnetic nanocontact (NC) was devel-
oped, and it was found that such an excitation is an SW 
bullet. It was assumed that the free ferromagnetic layer of a 
nanocontact is infinite in the y z−  plane, and has a finite 
thickness d  in the x  direction (d  is assumed to be suffi-
ciently small to consider that the magnetization M  is con-
stant along the FL thickness, and that the dipole-dipole 
interaction can be described by a simple demagnetization 
field). It was also assumed, that the internal magnetic field 
consisted of the bias and the interlayer exchange fields 
applied in the z direction in the film plane. Using a standard 
Hamiltonian SW formalism [8], an approximate Eq. (3) for 
the SW excitation amplitude was obtained. In the consid-
ered case of an in-plane magnetized FL the nonlinear coef-
ficient N  is negative, and the nonlinearity and dispersion 
satisfy the Lighthill criterion < 0ND . Thus, Eq. (3) had 
a nonlinear self-localized radially symmetric solitonic so-
lution in the form of a standing SW bullet: ( , ) =c r t

0= ( / ) exp [ ]C r i tψ − ω , where the dimensionless function 
( )xψ  describes the profile of the SW bullet, and has to be a 

localized solution of the equation 1 3 = 0x−′′ ′ψ + ψ +ψ −ψ . 
0C , , and ω are the characteristic amplitude, characteristic 

size, and frequency of the bullet, respectively. 
Among these three parameters only one is independent. 

Taking the amplitude 0C  as an independent parameter, one 
can express the two other parameters as 2

0 0 =   NCω ω + , 
0 = | / | /D N C . 

It should be stressed, that the frequency of the SW bul-
let lies below the linear frequency 0ω  of the FMR, i.e., 
outside the spectrum of the linear spin waves. 

This is the main reason for the self-localization of the 
SW bullet, as the effective wave number of the SW mode 
with the frequency ω lying below the FMR frequency is 
purely imaginary. 

The developed theory shows that the frequency of the 
SW bullet is shifted by the nonlinearity below the spectrum 
of the linear spin waves, and, therefore, this nonlinear 
mode has an evanescent character with the vanishing 
radiative losses, which leads to a substantial decrease of 
the threshold current thI  of its excitation in comparison to 
the threshold current necessary to excite a linear propagat-
ing SW mode [110]. 

In the main panel of Fig. 7 the comparison of the pre-
dictions of the developed bullet model [29] with the results 
of the experiment [108] for the magnitude of the SW fre-
quency generated at the threshold as a function of the ap-
plied magnetic field was demonstrated. It is clear, that the 
bullet model gave a quantitative description of the experi-
ment. In the inset of Fig. 7, the theoretical dependence of 
the generated frequency on the bias current calculated from 
the bullet model in the above-threshold regime, was com-
pared with the experimental data taken from [108]. It can 
be seen, that the theoretical curve was nonlinear, and agreed 
with the experiment, demonstrating a qualitative linear de-
crease of frequency with current. This was attributed to the 
fact, that the developed model was correct only at a thresh-
old and slightly above it, and a more sophisticated nonline-
ar model containing higher-order nonlinearities is needed 
to achieve a full quantitative agreement with experiment in 
the strongly nonlinear above-threshold regime. 

Detailed micromagnetic simulations [114] have proven 
that a current-driven in-plane magnetized magnetic NC can 
support at least two different types of microwave SW 
modes: a quasi-linear propagating “Slonczewski” mode [47] 
and a subcritically-unstable self-localized nonlinear SW 
bullet mode [29]. In [115] it was shown that in a spin-torque 
microwave oscillator based on a magnetic NC, the nature 
of the microwave SW mode generated at the threshold cri-
tically depends on the angle between the external bias 
magnetic field and the plane of the FL. When the external 

Fig. 7. (Color online) Dependence of the frequency ω, generated 
at the threshold, on the applied magnetic field appH . Solid line — 
frequency of the nonlinear bullet, dashed line — frequency of the 
linear mode, symbols — experiment. The inset shows the de-
pendence of the generated frequency on the bias current for 

appH =  1 kOe: solid line — nonlinear bullet, symbols — exper-
iment. The parameters are: 04 Mπ  = 8.0 kG, appH  = 1 kOe, 

ex 0,H =  601.4 1A −⋅=  erg/cm, Gα  = 0.02, d  = 5.0 nm, cR  = 
= 20 nm, ε  = 0.25, spectroscopic Lande factor g  = 2. From [29]. 
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bias field rotates from normal to in-plane orientation, an 
abrupt transition from a propagating cylindrical wave with 
a frequency higher than the frequency of the linear FMR to 
a self-localized standing nonlinear SW bullet with the fre-
quency lower than the FMR frequency takes place at a 
certain intermediate angle. This transition manifests itself 
as an abrupt jump (of the order of several gigahertz) in the 
generated microwave frequency (Fig. 8). This mechanism 
of the mode switching might explain abrupt jumps of the 
generated microwave frequency observed in recent exper-
iments on spin-torque oscillators. Additionally, in [116] it 
was shown that the maximum angle of the external bias 
magnetic field from the film plane at which the nonlinear 
bullet mode can exist is inθ  = 77° in the analytical ap-
proach, and inθ  = 62° in the micromagnetic simulations. 

Experimentally the angular dependence of the SW exci-
tations in NC-based spin-torque oscillators was studied in 
[33,36]. There were, however, some notable differences 
between the theory [29] and experiments [33]. The most 
striking feature was the simultaneous excitation of both 
linear and SW bullet modes (Fig. 9). Such a co-excitation 
was not supported neither by the theory [29,115], nor by 
the micromagnetic simulations [114,116]. In contrast, a 
hysteresis between the two modes was predicted by the 
theory. The effect of the mode coexistence can be ex-
plained by taking into account the large Oersted field gen-
erated by the bias current flowing through the NC, which 
was ignored in the analytical theory [29,114–116], but was 

accounted for in the micromagnetic simulations in [33,117] 
which demonstrated a good agreement with the experi-
mental results [33,36]. 

An additional experimental evidence showing the exist-
ence of SW bullets was provided by V.E. Demidov and co-
authors using the BLS technique, which allowed them to 
perform a direct observation and mapping of spin waves 
emitted by a STNO [34]. These results were also extended 
in the recent paper [118]. 

The investigations of SW bullets in spin-Hall nano-oscil-
lators (SHNOs) were carried out in recent papers [119–121]. 
In [119] it was found, that a synchronization of an SW bul-
lets to an external driving microwave signal exhibits a 
threshold determined by the magnetic fluctuations pumped 
above their thermal level by the spin current. This process 
was significantly influenced by the nonlinear self-localized 
nature of the auto-oscillatory mode. 

To characterize the synchronization process in [119], 
the dependence of the synchronization frequency interval 

Sf∆  was measured as a function of the dynamic microwave 
magnetic field h, which is proportional to the square root 
of the driving microwave power P . The dependence of Sf∆  
on 1/2P  obtained at different values of dc current are 
shown by symbols in Fig. 10(a). 

No synchronization was observed at microwave powers 
below th = 0.03 mWSP , regardless of the dc current value. 
At a current = 18I  mA (which is significantly above the 
oscillation onset), Sf∆  exhibits an approximately linear 
dependence on 1/2P  above the threshold th

SP  (circles and 
solid straight line in Fig. 10(a)), while at the smaller cur-
rents (close to the oscillation onset), a rapid increase of 

Fig. 8. (Color online) Main panel: Dependence of the frequency 
generated at the excitation threshold on the out-of-plane angle of 
the internal bias magnetic field intθ . The dashed line shows the 
frequency of the linear mode, the dash-dotted line the frequency of 
the nonlinear bullet. Vertical dashed lines show magnetization 
angles crθ  and inθ . The parameters are 4 0Mπ  = 8 kG, ext = 10 kOeH
, exλ  = 5 nm, L = 5 nm, Gα  = 0.02, ε  = 0.3. Inset: Dependence 
of the frequency jump ∆ω at inθ  = crθ  (see main panel) on the 
magnitude of the external bias magnetic field extH  for two dif-
ferent nanocontact radii: cR  = 20 nm (solid line) and cR  = 30 nm 
(dashed line). From [115]. 

 

Fig. 9. (Color online) Measured frequencies of the observed SW 
modes as a function of the applied field angle eθ  at I  = 14 mA 
and 0 = 1.1 TeHµ . Left inset: theoretically calculated frequencies 
of the propagating (upper curve) and bullet (lower curve) modes 
at the current threshold, for nominal parameters of the nanocon-
tact STNO. Right inset: power spectrum at  = 30eθ

, I  = 14 mA. 
From [33]. 
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Sf∆  at small microwave power is followed by a saturation 
(squares and diamonds in Fig. 10(a)). 

The observed behavior of the synchronization frequen-
cy interval Sf∆  is not described by the theory of synchroni-
zation of nonlinear single-mode oscillators [26], which 
predicts a universally linear dependence of Sf∆  on 1/2P . 
Also [119] shows that the observed synchronization thre-
shold could be explained by the effects of the thermal noise 
enhanced by the spin current on the self-localized SW bul-
let. This analysis was based on the theory of auto-oscillator 
synchronization developed in [26], applying it to the bullet 
oscillation mode of the SHNOs [29], and analytically tak-
ing into account the effect of thermal noise that was intro-
duced numerically by Georges et al. [122]. 

It was noted in [119] that the synchronization (or injec-
tion-locking) of a well-developed SW bullet observed at dc 
currents close to CI  (see  = 16I  and 17 mA data in Fig. 10(a)) 
cannot be quantitatively described by the theoretical de-
pendence of Sf∆  on 1/2P . 

The authors in [119] identify two mechanisms respon-
sible for this disagreement. First, the assumption of the SW 
mode rigidity used in the analysis of [119] does not hold 
for small oscillation amplitudes, since the external pertur-
bations can make a significant contribution to the energy 

balance of the bullet mode. Second, the approximation of 
the uncorrelated white noise is not valid in this regime, as 
the non-equilibrium populations of the magnetic modes 
deviate significantly from the thermal distribution in the 
vicinity of the damping compensation point. On the other 
hand, at larger currents one can expect that the stronger 
nonlinear effects result in more efficient thermalization of 
spin waves. 

Another experimental observation of the mutual synchro-
nization of the SW bullet-based magnetic nano-oscillators 
driven by a pure spin current generated by nonlocal spin 
injection was reported in [121]. It was shown there, that 
the oscillators efficiently synchronize due to the direct spa-
tial overlap of the dynamical modes excited by the spin 
current, which was facilitated by the large size of the auto-
oscillation area inherent to these devices. The synchroniza-
tion occurred within an interval of the driving current val-
ues determined by the competition between the dynamic 
nonlinearity. The demonstrated synchronization effects can 
be utilized to control the spatial and spectral characteristics 
of the dynamical states induced by the spin currents. 

A strong SW localization in the center of the YIG sample 
was recently observed in [120], indicating the formation of 
a nonlinear, self-localized SW bullet. It was demonstrated, 
that the concept of a spin-torque-FMR can be extended to 
the magnetic insulators, where the formation of a nonlinear, 
self-localized SW modes driven by an alternating current 
can be observed. The authors of [120] used an electrically-
driven spin-torque-FMR excitation and detection scheme 
in a bi-layered structure YIG / heavy normal metal (Pt), 
that was originally developed for the all-metallic systems. 

4. Droplets in magnetic films and nanostructures 

After A.M. Kosevich’s pioneering works [17,22], where 
the first prediction of conservative droplet solitons was made, 
droplets in magnets were not experimentally observed until 
2013 [79]. This first droplet observation has been carried out 
using NC–STNOs based on orthogonal pseudo-spin-valve 
stacks, where the magnetization of the Co fixed layer lies 
in-plane at a zero applied field, and the magnetization of 
the FL (made of a Co/Ni multilayer) is along the film nor-
mal, because the perpendicular magnetic anisotropy (PMA) 
in the FL is sufficiently strong to overcome the demagneti-
zation field. 

The field dependence of the microwave signal from a 
NC–STNO with 63-nm NC diameter in low to moderate 
perpendicular fields (Fig. 11(A)) have shown, as expected, 
a linear FMR-like field dependence [79]. However, at a 
critical field of 0 droplet = 0.65 THµ  ( 0µ  is the vacuum per-
meability), the precession frequency exhibited a dramatic 
drop to a frequency between the Zeeman and FMR frequen-
cies, with a simultaneous jump in the integrated power (P). 
A similarly dramatic transition can be observed (Fig. 11(B)) 
as a function of current in a constant 0.8 T field with simi-
lar changes in frequency and power. The field-dependence 

Fig. 10. (Color online) Dependence of the synchronization inter-
val on the dynamic field. (a) Measured synchronization interval 
versus 1/2P , at the labeled values of dc current I . Solid line is a 
linear fit of the I  = 18 mA data. (b) Symbols: measured synchro-
nization interval versus 1/2P , at I  = 18 mA. Solid curve: calcu-
lated synchronization interval in the presence of noise. Dashed 
curve is the same dependence calculated in the absence of noise. 
The experimental data were obtained by BLS. From [119]. 
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of the magnetoresistance MR = [ ( ) ( = 0)] / ( = 0)R H R H R H−  
(R is the device resistance) was also measured both at 

A6 m−  and at a lower current of –1 mA (inset in Fig. 11(A)). 
With the aid of the dissipative droplet theory [80,81] 

and micromagnetic simulations, the authors of [79] studied 
a complex magnetization dynamics with different dynam-
ical wave states, including quasi-periodic and periodic os-
cillations (Fig. 12). A dramatic drop in frequency at the 
droplet nucleation, was identified as a point of droplet 
formation [80], when all the spins in the droplet precess 
uniformly at a single fixed frequency substantially lower 
than the frequency of the linear excited mode (Fig. 12(a)). 

In [80], a droplet drift instability was identified, when a drop-
let was ejected from the area of a nanocontact (NC), even-
tually succumbing to damping, and leaving room for the 
nucleation of a new droplet in a periodic fashion. This pro-
cess occurs on a nanosecond time scale, which is consistent 
with the experimentally observed modulation sidebands. 
The drifting droplet may experience a restoring force lead-
ing to gyrotropic-like motion of the droplet within the NC 
area with a characteristic 1  GHz frequency (Fig. 12(b)). 
Depending on the system parameters, micromagnetic simu-
lations also reveal asymmetric droplets that “spin” at the 
edge of the NC area, while emitting spin waves (Fig. 12(c)). 

Fig. 11. (Color online) (A) Frequency, power P , and magnetoresistance MR as a function of perpendicular field at dcI  = –6 A (and also 
–1 mA for the MR data) for a 63 nm NC–STO. Below 0.65 T, the FMR-like signal increases linearly as 28.7 GHz/T, whereas MR de-
creases with —0.25%/T. At 0 dropletHµ  = 0.65 T, the frequency drops by 10.3 GHz, modulation sidebands appear, and P  jumps from 5 
to 200 pW in two steps. MR experiences a jump at the same field followed by an increasing trend of +0.17%/T. (B) Current sweep of 
the same device at 0Hµ  = 0.8 T. At dropletI  = –5.8 mA, the frequency again drops by 10 GHz, modulation sidebands appear, and P jumps 
from 5 to 200 pW. The modulation frequency shows a stronger current dependence, and a faint second-order lower band becomes visible 
at –8 mA. (C) NC–STO on Co/Cu/Co-[Ni/Co 4]×  orthogonal spin-valve with a cross section of a reversed magnetic droplet shown on 
top. Arrows surrounded by dotted circles indicate precession mechanism of droplet perimeter. (D) dropletI  determined from MR meas-
urements for three different NC diameters NCd : 63, 88, and 110 nm. Dashed lines indicate fit for dropletI  = ( ) (1 / )NCd Hβ ⋅ . Inset: 

( )NCdβ  versus NC area together with a linear fit. From [79]. 

786 Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 7 



Bullets and droplets: Two-dimensional spin-wave solitons in modern magnonics 

For a strong canting of the polarizer away from the film 
normal (weak bias magnetic fields), the authors of [79] 
observed periodic dynamics with signals at 1/2 and 3/2 of 
the fundamental droplet frequency (Fig. 12(d)). These 
characteristic signals can be identified with a breathing 
mode whose observed breathing frequency is half the pre-
cessional frequency in the droplet. The authors of [79] be-
lieved that the observed magnetic droplet may have an 
impact on applications, in particular, it may have an influ-
ence on the emerging fields of STNOs, domain-wall elec-
tronics, and magnonics. The authors of [79] mentioned, 
that for STNOs the dramatic frequency drop enables ultra-
broadband frequency-shift keying, in which the carrier 
frequency can be switched by 10  GHz by varying the 
drive current a fraction of its absolute value. 

In the time period between the droplet prediction [17,22] 
and the experimental observation [79], there were several 
theoretical studies of magnetic solitons. The theoretical 
papers by M.A. Hoefer and co-authors played an important 
role in these studies. A general theory of conservative and 
dissipative droplets in NCs was developed in [80], and per-
turbations and nucleation of the dissipative droplets were 
also considered. This theory was, then, applied to the ana-
lysis of propagation and control of nanoscale magnetic-
droplet solitons [81,82]. The modulation of magnetic drop-
let solitons, attraction, merger, reflection, and annihilation 
in their scattering were considered in [83] and [84], respec-

tively, while the drift instability and stochastic thermal 
perturbations of magnetic dissipative droplet solitons were 
considered in [123]. Also, a mathematically strict perturba-
tion theory for propagating magnetic droplet solitons was 
presented in [85]. Using this theoretical basis, a simple 
theory for the conservative droplet soliton was also de-
veloped in [124]. In addition, during this time several pa-
pers involving micromagnetic simulations of droplets were 
made [125–127] which agree quite well with experiments 
[79,126–131]. 

In [129], it was shown that at low temperature a reversal 
of the droplet magnetization can occur. However, room-
temperature measurements proved, that there is an abrupt 
threshold in both current and field at which the droplet 
excitations occurred, and showed that spin-precession fre-
quencies in droplets were substantially below the FMR 
frequency [79,126]. However, there was no direct experi-
mental evidence for a fully reversed magnetization state 
beneath the current-driven NC. 

In [128] the annihilation of droplet excitations was 
studied through a dc measurements of resistance. The ap-
plied field was fixed perpendicular to the film plane while 
sweeping the applied current. The measurements showed 
an abrupt increase in the resistance when a droplet forms 
with the increase of current, and an abrupt decrease in the 
resistance when the droplet annihilates with the current de-
crease. Figure 13(a) shows the resistance curves as a func-
tion of the current at different fields. At each field, the cur-

Fig. 12. (Color online) Time sequences of out-of-plane, zM  (in 
color), and in-plane (vector field) magnetization component of 
free layer from micromagnetic simulation. (Right) The power 
spectrum associated with the NC averaged projection of magneti-
zation onto the polarization layer. Parameters are given as triples 
(field, NC diameter, and current). (a) Stationary droplet preces-
sion with a single spectral peak for large field (1.1 T, 80 nm, and 
–12 mA). (b) Droplet oscillation leading to prominent sidebands 
for moderate field (0.8 T, 63 nm, and –8 mA). (c) Spinning of an 
asymmetric droplet for moderate field (0.9 T, 50 nm, and –
9 mA). (d) Droplet perimeter deformations (breathing) with peri-
od twice the precessional period (0.5 T, 80 nm, and –8 mA). 
From [79]. 

(a) 

(b) 

(c) 

(d) 

Fig. 13. (Color online) (a) Measured normalized resistance 
= / PR R R  as a function of applied current for fields ranging 

0.5 1.1−  T. Curves are offset for clarity. (b) Stability map of the 
droplet soliton: in the hysteretic area, triangles show creation of 
the droplet, and dots annihilation. From [128]. 
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rent was swept up to 35 mA, and, then, back down to 0. 
Although the authors detected the onset of the excitations 
at fields 0.5 T 0< < 0.9Hµ  T, it was not until larger field 
values, 0 > 0.9Hµ  T, that a hysteresis phenomena was 
observed: while sweeping the current up, the droplet crea-
tion occurred at higher currents than the annihilation when 
sweeping it down. Figure 13(b) is a state map plot repre-
senting creation and annihilation currents for all measured 
fields. 

In contrast with the hysteresis observed and characterized 
at low temperature [129], the room-temperature measure-
ments showed much smaller hysteretic effects [79]. The 
authors of [128] noted, that, although the onset maps for 
the droplet excitations were almost identical, the hysteretic 
responses were considerably different: all samples showed 
hysteresis at larger fields, 0 > 0.9Hµ  T, but the size of the 
hysteresis varied between 0.5 and 5 mA. 

The size of the resistance jumps, represented by Rδ  (the 
difference between no excitation and droplet excitation), 
were found to be field dependent, as can be seen by the in-
creasing field, and, thus, by the increasing the polarizer 
magnetization angle. The measured maximum magnetore-
sistance is = / 0.08%PR R Rδ ≈  for fields above the satu-
ration of the FL magnetization (≈1 T), and smaller than the 
maximum total change of 0R  = 0.2% for the antiparallel 
configuration (being only 0/ 1/ 3R R ≈ ). Thus, the authors 
[128] conclude, that the spins are not fully reversed during 
the measurement, which is a time-average measurement of 
the NC resistance. One hypothesis is, that the magnetiza-
tion of the FL precesses, on average, at an angle of about 
70° in the NC region. Another possibility is, that the exci-
tation is smaller than the NC size, or that the excitation 
moves beneath the NC during the measurement time (drift 
instabilities [80]). 

In another work [126], results similar to that of [79] 
were described: the NC–STNO resistance and microwave 
signal generation were measured simultaneously as func-
tions of the drive current and applied perpendicular mag-
netic field. Both experiments exhibited a dramatic transi-
tions at a current-dependent critical field value. In this 
transition the microwave frequency was dropped 10 GHz, 
modulation sidebands appeared, and the resistance exhibit-
ed a jump, while the magnetoresistance sign was changed. 

The behavior of the same NC device in moderate-to-
high fields is shown in Fig. 14. At a critical field of 

0 droplet = 0.65Hµ  T, five distinct transitional phenomena 
can be observed: (i) precession frequency exhibits a dra-
matic 10 GHz drop from about 30 GHz to 20 GHz, (ii) in-
tegrated microwave power (P) increases 40 times from 5 pW 
to a maximum of about 200 pW, (iii) device resistance ex-
hibits a jump, (iv) magnetoresistance changes sign, and 
(v) modulation sidebands appear around the main preces-
sion frequency. All the five above mentioned features are 
clear signatures of the nucleation of a magnetic droplet 
soliton. The sharp drop in frequency is related to the soliton 

finding a balance the between exchange, anisotropy, STT, 
and the non-linear damping. As explained in detail in [132], 
a conservative (zero linear damping) magnetic droplet can, 
in principle, have any frequency between the FMR frequen-
cy and that given by replacing the effective field with only 
the applied field (called the Zeeman frequency in [132]). 

The 33%  reduction in the excitation frequency can be 
seen in Fig. 14. From the magnitude of the frequency drop, 
one can predict that the experimentally observed droplet 
should have a partially reversed core. The sharp increase in 
the generated integrated microwave power, of as much as 
40 times, as observed in [126], provides a further strong 
indication that a droplet has been formed. 

If the core of the droplet is, indeed, partially reversed, a 
large fraction of the droplet will have precession angles 
close to the equator, and, hence, make much better use of 
the available giant magnetoresistance of the material stack. 
The jump in resistance indicates that the magnetic state has 
changed into a more antiparallel orientation. As shown in 

Fig. 14. (Color online) Frequency, integrated power P, and mag-
netoresistance MR as a function of perpendicular magnetic field 
at a constant current of – 6 mA through an OrthoNC–STO with 
63 nm NC diameter. Below a droplet nucleation field of about 

0 droplet = 0.65Hµ  T, the ordinary FMR-like signal is observed, 
increasing linearly with a 28.7 GHz/T slope. The dc MR shows a 
linear decrease of –0.25%/T. At 0 dropletHµ  the frequency drops 
by about 10 GHz and modulation sidebands appear. MR experi-
ences a simultaneous jump by 0.1% and its field dependence 
changes sign to a positive linear slope of 0.17%/T. The integrated 
power jumps from 5 pW to 200 pW in two steps. From [126]. 
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the inset of Fig. 14, the resistance of the device, first, de-
creases linearly with field, as expected for a slow out-of-
plane tilting of the Co fixed layer. Without the reversal, the 
MR would still be negative, albeit with a weaker slope. 
The sign change, and the significant positive MR above the 
critical field, points to a substantially reversed droplet core. 

Finally, the observation of the appearance of equidistant 
side bands can not be easily explained by the droplet nu-
cleation alone. The sidebands indicate that an additional 
dynamic phenomenon modulates the original precession 
frequency. Micromagnetic simulations in [126] show, that 
one such possible phenomenon might be related to the, so-
called, drift instability [132] where, under certain condi-
tions, the droplet can escape the NC, and, as it leaves the 
region of the strong STT, it, eventually, succumbs to high 
non-linear and linear damping. By modifying the simula-
tion parameters, it is possible to realize a situation where 
the droplet never leaves the NC region but instead carries 
out a periodic translational movement. 

In the paper [123] by P. Wills and co-authors it was 
shown that an environment with a large NC radius, low 
field, modest current, and large anisotropy is less suscepti-
ble to drift, and, thus, leads to a much narrower generation 
linewidth of the excited magnetic droplet. Also, in this 
paper the conditions for the droplet existence were investi-
gated and the state diagram was calculated (Fig. 15). The 

left (red) area corresponds to the condition min<σ σ , 
where the droplet cannot exist. This approximately linear 
relation for the droplet existence boundary has been proved 
by experiment [129]. Also, there is the right region (blue 
area) where the velocity of the droplet increases until it 
drifts away from the NC area, and damping destroys it. 
The remaining white area represents the parameter space 
where the droplet exists, and is stable. It was also ob-
served, that such a region shifts to lower applied fields and 
increased current for smaller NC radii (dashed lines). 

The conditions of the droplet stability obtained in [85] 
were further studied in [123], and the following stability 
condition was obtained: 

 0
1 1(2 ) > tanh
2

h   αω ω+ ρ−  ω  
, (4) 

where ω is the precessional frequency, ρ is the dimension-
less NC radius, α is the damping constant, 0h  is the per-
pendicular external field, and σ  is the dimensionless current. 

Fig. 15. (Color online) Droplet existence and linearly stable pa-
rameter space for a droplet nucleated in a NC of normalized radi-
us ρ  = 15. The droplet cannot exist in the left region (filled red) 
where min<σ σ , whereas the droplet is linearly unstable in the 
right region (filled blue). The border for white/blue region is given 
by (4). Therefore, the droplet is stable in the remaining white 
region. The numerical simulations were provided for with 

0 = 1.5h , = 0.03α , and = 2σ α  (black circle) and exhibited 
linear stability. The dashed lines are boundaries for droplet exist-
ence and linear stability with reduced NC radius ρ  = 5. From [123]. 

Fig. 16. (Color online) Comparison of micromagnetic simulations 
with experimental data on droplet PEM. Experimentally meas-
ured phase diagram of NC–STO on Co/Cu/Co-[Ni/Co 4]×  ortho-
gonal spin valve with an applied magnetic field of (a) 0.8 and 
(b) 0.9 T with a tilt angle of 7.5. Simulated phase diagram of the 
same device with slightly different field strengths and tilt angle as 
compared to the experimental data: (c) H = 0.7 T, (d) H = 0.8 T at 
a tilt angle of 3°. Other material parameters used in the simulation 
include cR  = 60 nm, exA  = 30 pJ/m, K = 447 kJ/ 3m , and sM  = 
= 716 kA/m. From [127]. 
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The authors of [123] state, that the inequality requirement 
for the droplet stability (4) was not identified previously 
in [85], although it is essential for the understanding of the 
droplet dynamics [123]. 

In the paper [127] it was demonstrated, that at a suffi-
ciently large driving currents and for a spin polarization 
direction tilted away from the NC plane normal, the circu-
lar droplet soliton can become unstable against the excita-
tions in the form of periodic deformations of its perimeter. 
Also, it was shown in [127], that the perimeter excitation 
modes (PEMs) can be excited parametrically, when the 
fundamental precession frequency of the droplet soliton is 
close to the double frequency of one of the PEMs. The re-
sults of experiments [127] are presented in Figs. 16(a) and 
16(b), while the results of the corresponding numerical si-
mulations are presented in Figs. 16(c) and 16(d). These fi-
gures show the experimental and numerically calculated 
microwave power of a NC–STNO based on a Co/Cu/Co-
[Ni/Co] 4×  orthogonal spin valve obtained at different ap-
plied magnetic field strengths and tilt angles. In the exper-
iment, the PEM was excited in a field of 0.9 T tilted 7,5° 
from the film normal. These parameters are reasonably 
close to the parameters used in the numerical simulations, 
which were performed at a bias field of 0.8 T tilted 3°, 
with all the other material parameters being similar to the 
corresponding parameters in experiments [79]. 

At a sufficiently large driving dc current the main auto-
oscillation mode, corresponding to the formation of a mag-
netic droplet soliton, appears at the frequency around 24 GHz, 
and continues to exist at the same frequency with the fur-
ther increase of the driving dc current [see Figs. 16(a) and 
16(c)]. 

For the analytical treatment presented in [127], both 
damping and STT were ignored, and the perimeter dynam-
ics was derived for a conservative magnon drop with 
the fundamental precession frequency 0ω  given by the fol-
lowing approximate expression [17,80]: 0 ( ) = HHω ω +

ex 0/M H+ λ ω ρ ω , where 0=H Hω γµ , =M sMω γ , H  is 
the magnitude of the perpendicular bias magnetic field, 0ρ  

is the effective radius of the drop, ex ex= /A Kλ  is the 

exchange length, K  is the magnetic anisotropy and exA  is 
the exchange constant. 

The characteristic frequencies of PEMs obtained in [127] 
were: 0 ex= (2 / )( / )s sK M MΩ γ −µ λ ρ  then the PEM eigen-

frequency is given by: 2= 1n n nΩ − Ω. 

In [127] is was shown that that PEMs are only excited 
when the droplet precession frequency is close to twice 
that of the PEM. This parametric process has the energy 
conservation law: 0 ( ) = 2 nHω Ω . 

When, with the increase of the bias magnetic field, the 
frequency of the magnetic droplet soliton of 28 GHz [see 

0 ( )Hω ] coincides with the double frequency of the PEM 

with the index n = 5 (equal to 14 GHz), in both experi-
mental and numerical simulations the parametric excitation 
of this PEM takes place [see Figs. 16(b) and 16(d)]. With 
the further increase of the driving dc current in the experi-
ment, the PEM disappears at 11 2> 5.65 10  A/mj ⋅  [see 
Fig. 16(b)], while in the numerical modeling it also disap-
pears, but at a larger magnitude of the bias current density 

11 2> 6.3 10  A/mj ⋅  [not shown in Fig. 16(d)]. The compa-
rison of the theory and experiment presented in Fig. 16 
from [127] demonstrates that theoretical model gives a full 
qualitative and partly quantitative description of the inter-
nal nonlinear dynamics of the self-oscillating magnetic 
droplet solitons. 

5. Conclusions 

The pioneering works of Professor A.M. Kosevich de-
voted to the theoretical study of magnetic solitons led to 
the development of new areas in modern magnetism and to 
the formation of modern magnonics, where specific two-
dimensional magnetic solitons, the spin-wave (SW) bullets 
and droplets, are widely investigated and utilized for many 
promising applications in magnonic and spintronic systems. 
In this review we summarized experimental and theoretical 
advances in modern magnonics and spintronics involving 
the magnetic bullets and droplets since their prediction and 
initial study by A.M. Kosevich. We briefly described the 
theoretical models of the bullets and droplets, and consid-
ered the key experimental results in this area of modern 
magnetism. We presented experimental results obtained 
using the Brillouin light scattering technique, that undeniab-
ly proved the existence and unusual properties of the SW 
bullets in magnetic films and 2D confined magnetic struc-
tures. For instance, unlike quasi-one-dimensional SW enve-
lope solitons, the two-dimensional SW bullets are destroy-
ed in collisions with other bullets. 

We also showed that the SW bullets can be self-ge-
nerated, parametrically excited and phase-conjugated like 
conventional spin waves, while their collapse leads to 
the formation of narrow SW caustic beams. We have also 
demonstrated that SW bullets, as standing self-localized 
SW modes, can be excited in magnetic nanocontacts driven 
by a spin-polarized or pure spin current. 

In this review we considered the key experiments, simu-
lations and theoretical results involving excitation, existence, 
transformation and collapsing of such bullets in spin-torque 
nano-oscillators. 

In the last part of this review we discussed the experi-
mental results that clearly showed the nucleation (including 
the case of parametric auto-excitation), internal dynamics 
and annihilation of SW droplets in spin-torque-driven mag-
netic nanocontacts, and analyzed recent theoretical papers 
that describe the magnetic droplet properties. The reviewed 
theoretical, numerical and experimental results show that 
SW droplets have several unusual properties due to their 
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strongly nonlinear nature, which, we believe, makes them 
suitable for applications in modern spintronic signal pro-
cessing systems. 
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