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We investigate the collective density oscillations and dissipationless drag effect in bilayer structures of ultra-
cold bosons in the presence of counterflow. We consider different types of inter-particle interactions and obtain 
the drag coefficient and effect of counterflow on the sound velocity. We observe that counterflow enhances 
(suppresses) the energy of symmetric (asymmetric) density mode and drives the homogeneous system towards 
instability. The dependence of the drag coefficient on the spacing between two layers is determined by the form 
of particle-particle interaction. 
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1. Introduction

Experimental advances in trapping and cooling atoms 
and ions in low dimensional geometries together with the 
ability to manipulate different system parameters have 
provided a unique playground for the simulation of exotic 
model systems [1–3]. In particular, the possibility of hav-
ing different types of particle-particle interactions together 
with their tunability has made it possible to hunt for inter-
esting physical phenomena, hardly observable in natural 
conditions [4]. 

If trapped particles are bosons, at low enough tempera-
tures one would expect Bose–Einstein condensation (BEC) 
[5,6] to take place. Interesting phenomena are expected in 
multi-component condensates due to the interplay between 
superfluidity and inter-particle interactions. 

In this paper, we have considered a bilayer system of 
Bose gas at zero temperature. Bosons in each layer are in 
the BEC state. Particles in two separated layers are coupled 
through the interlayer interaction. The interaction induced 
depletion of the condensate is not significant, as long as the 
interlayer and intralayer interactions are not too strong. As 
a two-component system, two collective density modes are 
expected for the bilayer structure corresponding to the in-
phase and out-of-phase oscillation of density in two layers. 
If the inter-particle interaction is long-ranged the in-phase 
collective mode is a plasmon mode with the usual qω∝  

long-wavelength dispersion [7], while the out-of-phase mode 
is acoustic with the qω∝  dispersion. For short-range interac-
tions both modes become acoustic. Driving one of the two 
layers with a uniform background velocity, supercurrents flow 
in both layers [8–18]. The relative velocity between two lay-
ers modifies the dispersions of collective modes, enhancing 
the energy of in-phase oscillations and softening of the out-of-
phase mode. If the counterflow is strong enough, the energy 
required to excite the out-of-phase mode becomes zero, indi-
cating the instability of homogenous Bose gas towards a den-
sity wave or a phase-separated state. 

The rest of this paper is organized as follows. In Sec. 2. 
we introduce our model of double-layer Bose gas and ex-
plain how it is possible to obtain its collective density 
modes and superfluid drag response. In Sec. 3. we present 
our results for the collective modes and drag effect consid-
ering three different forms of particle-particle interactions, 
namely Coulomb, dipolar, and soft-core interactions. Final-
ly, we summarize and conclude our main findings in Sec. 4. 

2. Density-density response function and collective
modes 

We consider two identical two-dimensional planes of 
ultra-cold bosons, separated by a distance d  (see, Fig. 1). 
No tunneling is allowed between two layers. Therefore, 
layers are coupled together only through the inter-particle 
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interaction. The density fluctuations ( , )inδ ωq  in layer 
= 1, 2i , is given by [7] 

 ext( , ) = ( , ) ( , ),i ij j
j

n Vδ ω χ ω ω∑q q q  (1) 

where ext ( , )jV ωq  is the external potential applied to layer j  
and ( , )ijχ ωq  is the density-density linear response func-
tion, written in the matrix form as   

 
1eff( , ) = ( , ) ( , ) ( , ).I W
−

 χ ω − ω Π ω Π ω q q q q  (2) 

Here, I  is a 2×2 identity matrix, and eff ( , )ijW ωq  and 
( , )ijΠ ωq  are the elements of the dynamical effective poten-

tial and non-interacting density-density response function, 
respectively. The exact form of the effective potentials are 
not known, and one has to resort to some approximations. 
Within the random phase approximation (RPA) [7], one 
replaces the effective interaction with the bare one ( )ijV q . 
For a symmetric bilayer we have ( , ) = ( , )ij ijΠ ω δ Π ωq q  and 

( ) = ( ) (1 ) ( )ij ij S ij DV q V q V qδ + − δ , where ( )SV q  and ( )DV q  
are the bare interaction between bosons in the same and dif-
ferent layers, respectively. Eigenvalues of the density-density 
response matrix ( , )χ ωq  are 

 ( , )( , ) = ,
1 ( ) ( , )

RPA
V q±
±

Π ω
χ ω

− Π ω
qq

q
 (3) 

where ( ) = ( ) ( )S DV q V q V q± ±  are the symmetric and 
antisymmetric components of the interaction, and the non-
interacting density-density response function of a two-
dimensional system of bosons at zero temperature is ana-
lytically known 

 2 2

2
( , ) = ,

( 0 )
q

q

n
q

i +

ε
Π ω

ω+ − ε

 (4) 

with n the particle density in each layer and 2 2= /(2 )q q mε   
the single-particle energy dispersion of bosons with mass 
m. The dispersion of the collective modes could be ob-
tained from the singularities of the density-density re-
sponse functions ( , )q±χ ω  at finite frequency. Using the 
analytic form of the non-interacting density-density re-

sponse function, it is possible to find analytic expressions 
for the collective modes’ dispersions   

 2 2 2( ) = 2 ( ),q qq n V q± ±ω ε + ε  (5) 

which correspond to the in-phase (+) and out-of-phase (–) 
oscillations of the particle density in two layers. 

2.1. Counterflow 

If we consider background velocities of 1v  and 2v  in the 
first and second layers, respectively the collective modes in 
the presence of these background velocities could be easily 
obtained from the poles of the total density-density re-
sponse, after replacing ω with iω− ⋅v q  in the non-
interacting density response of layer i: ( , )i qΠ ω . The back-
ground flows could be decoupled into the center-of-mass 

1 2= ( )/2+V v v  and counterflow 1 2= ( )/2−v v v  compo-
nents. As the effect of the center-of-mass flow could be 
simply understood in terms of a Galilean boost, we focus 
on the counterflow part, and look for the solutions of the 
following equation 

1

1

( , ) ( ) ( )
= 0,

( ) ( , ) ( )
S D

D S

q V q V q

V q q V q

−

−

Π ω− ⋅ − −

− Π ω+ ⋅ −

v q

v q
 (6) 

which after some straightforward algebra, for the disper-
sions of collective modes in the presence of finite counter-
flow result in 

 ( )22 2 2 2( , ) = 1 ( )q S
q

nV q±
 

ω ε + + ⋅ ± 
ε  

q v v q    

 ( )22 2 22 ( ) 1 ( )  .q D S
q

nn V q V q
 

± ε + ⋅ + 
ε  

v q  (7) 

We note that the dispersions of collective modes become 
anisotropic in the presence of finite counterflow and for 
small counterflow velocities, to leading order in v we find 

 21( , ) ( ) ( , ) ,
2

q q± ± ±ω ≈ ω + φq v   v  (8) 

where 

 
2 2( ) 2cos( , ) = 1 1 ( ) .

( ) ( )
q

S
D q

q nM q V q
q nV q±

±

  εφ  φ ± +  
ω ε    

  (9) 

Here, ( )q±ω  are the dispersions of collective modes in the 
absence of counterflow, as given by Eq. (5) and φ is the 
angle between the flow direction and the direction of wave 
vector q. 

2.2. Zero-point energy and drag effect 

With the full dispersion relations of collective excita-
tions, we are able to find the change in the zero-point ener-
gy (per unit area), due to the finite counterflow [9] 

Fig. 1. Cartoon of two identical layers of ultra-cold bosons sepa-
rated by distance d. Particles in each layer interact through ( )SV r , 
while ( )DV r  is interaction between two particle from different 
layers, r being the in-plane distance between particles. 
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 [ ]Z
, =

( ) = ( , ) ( ) ,
2P

q
E q

A α α
α ±

∆ ω −ω∑ q vv  (10) 

in which the difference between collective modes with and 
without counterflow are summed and A is the sample area. 
For small counterflow velocities, we can write   

 2
Z ( ) 2 ,P DE∆ ≈ − γv v  (11) 

where 

 
, =

1= ( , ).
8D

q
q

A α
α ±

γ − φ∑   (12) 

As we will see in the next section, the zero-point energy 
Z ( )PE∆ v  is negative which means that finite counterflow 

lowers the free energy. We now construct the zero-
temperature free energy F, by adding the kinetic energies 
of the bosons in each layer 

 2 2 2
1 2 1 2

1= ( ) ( ) ,
2 2

DF nm
γ

+ − −v v v v  (13) 

where we have reverted to use the individual velocities in 
each layer. We find the current densities in layer 1 and 
layer 2, calculated from = /i ij F∂ ∂v  (i = 1, 2), to be 

 
( )

( )
1 1 2

2 1 2

= ,
= .

D D

D D

j nm
j nm

− γ + γ
γ + − γ

v v
v v

 (14) 

The expressions given in Eq. (14) demonstrate that the 
superflow in the first (second) layer depends on the superflu-
id velocity on the same layer as well as that of the second 
(first) layer. This is the dissipationless superfluid drag effect 
well known in two-component superfluids [8–14,17,18] 
which has been discussed for a variety of related systems. 

In the following, we will investigate the long-wave-
length dispersion of collective modes and the drag coeffi-
cient Dγ  for dipolar systems of bosons interacting with 
different forms of interactions. 

3. Results 

3.1. Charged bosons 

Bilayers of charged bosons interacting through Cou-
lomb potential has been extensively explored in the litera-
ture. Here, we reconsider this system as a matter of com-
pleteness and to compare its results with the ones we find 
for other forms of interaction. For charged bosons, in the 
real space, we have 

 

2

2

2 2

( ) = ,

( ) = ,

S

D

eV r
r

eV r
r d+

 (15) 

where r  is the in-plane distance between two bosons and 
d  is the layer separation. The Fourier transform of the 
bare interactions read 

 

22( ) = ,

( ) = ( )e .

S

qd
D S

eV q
q

V q V q −

π
 (16) 

The full dispersion of collective modes in the presence 
of counterflow is obtained from Eq. (7), after replacing the 
specific form of intralayer and interlayer interactions there-
in. In Fig. 2 we have compared the dispersions of in-phase 
and out-of-phase collective density modes at finite 
counterflow with the ones in the absence of counterflow. 
The dimensionless coupling strength is defined as 

2
C Bg na= π , where 2 2/( )Ba me=   is the Bohr radius and 

the dimensionless velocity is /Bma= v v . 
In the long-wavelength limit and in the absence of 

counterflow the dispersions of collective modes read 

 

2

2

4( ) ,

2( ) = ,s

neq q
m

ne dq q q
m

+

−

π
ω ≈

π
ω ≈ v

 (17) 

where 22 /s ne d m≡ πv  is the sound velocity of the charged 
system. With finite counterflow, the plasmon mode is not 
affected by the counterflow to the leading order terms in q, 
but the sound velocity is modified as 

 2 2 2( , ) = .coss sφ − φv v v v  (18) 

Fig. 2. (Color online) Dispersions of in-phase and out-of-phase 
collective density modes in a bilayer of charged bosons in the ab-
sence (solid lines) and presence (dashed lines) of finite counterflow 
velocity. The dispersions are plotted along the flow direction i.e., 

||q v . The dimensionless density parameter is 2
C Bg na= π  and the 

dimensionless velocity is defined as = /Bma
v v . 
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Replacing the long wavelength dispersion of collective 
modes in Eq. (9) the drag coefficient, to leading order in 
the wave vector, reads 

 2
3 ,cos

8 96
D

s s
q

A d
γ = φ≈

π
∑
q

 

v v
 (19) 

where the expression in the second line is obtained after 
integrating q up to 1/d. As 1/2

s d∝v , we find 7/2
D d−γ ∝  

at small layer separations. This agrees with the findings of 
Tanatar and Das in Ref. 10. 

3.2. Dipolar bosons 

If we consider a bilayer loaded with dipolar bosons, 
whose dipolar moments are aligned perpendicular to the 
plane, the bare intralayer and interlayer interactions, re-
spectively read [19] 

 
3

2 2

2 2 5/2

1( ) = ,
4

2( ) = ,
4 ( )

dd
S

dd
D

C
V r

r
C r dV r

r d

π

−
−

π +

 (20) 

where ddC  is the dipole-dipole coupling constant, and the 
direction of polarization in two layers is considered appo-
site to each other, in order to avoid binding of dipoles from 
different layers [25]. In practice, such a configuration could 
be realized with ultra-cold polar molecules subjected to an 
external static electric field applied to polarize the dipoles. 
One would then excite molecules in two adjacent layers into 
two different rotational states, such that their effective polar-
ization become respectively parallel and antiparallel to the 
applied external electric field [19,26]. Upon the Fourier 
transformation of Eqs. (20), we find [20,21] 

2 2 /28( ) 2 e erfc ,
4 3 2 2

( ) e ,
2

q wdd
S

qddd
D

C qwV q q
w

C
V q q −

  
= −  π   

=

 (21) 

where erfc(x) is the complementary error function and w  
is the short distance cut-off introduced to heal the diver-
gence of Fourier transform of the intralayer interaction. In 
Fig. 3 we compare the full dispersions of collective density 
modes of dipolar bosons in bilayer structure at finite and 
zero counterflows. The dimensionless coupling strength is 
defined as 2

0=Dg nrπ , where 2
0 = /(4 )ddr mC π  [22] is the 

dipole length and the dimensionless velocity is 0= /mr
v v . 

Note that in the long wavelength limit, we have 
0( 0) /2S ddV q U C q→ ≈ −  and ( 0) /2D ddV q C q→ ≈ , 

where 0 = 2/ /(3 )ddU C wπ . The dispersions of collective 
modes at long wavelength read 

 ( ) ,sq q±ω ≈ +v  (22) 

where 0= /s nU mv . This shows that both symmetric and 
asymmetric modes are sound waves with the same zero-
sound velocity within the RPA. Finite counterflow breaks 
the degeneracy between two modes, and the sound veloci-
ties are modified as 

 , ( , ) = | cos | .s s± φ ± φv v v v  (23) 

The drag coefficient, to leading order in the wave vector, is 

 

2
3 2

2
0
2 2

2 5 5

cos
64

,
1280

dd
D

qs

dd

s

C
q

u

C n
m d

γ ≈ φ

≈
π

∑



v

v

 (24) 

where, again q is integrated up to 1/d in the second line. 

3.3. Soft-core interactions: 

Now, we consider a bilayer system of particles interact-
ing through a soft-core short-range interaction. This form 
of interaction is relevant e.g., for Rydberg-dressed particles 
[23]. We model this interaction with a step function 

( )cU r rΘ − , where U  is the strength of interaction and cr  
is its range. The intralayer and interlayer interactions read   

 
( )

2 2

( ) = ,

( ) = .

S c

D c

V r U r r

V r U r r d

Θ −

 Θ − + 
 

 (25) 

Obviously, two layers are decoupled if > cd r , therefore 
we consider only cases where the spacing between two 
layers is smaller than the range of interaction. In the Fouri-
er space, we find 

Fig. 3. (Color online) Dispersions of in-phase and out-of-phase 
collective density modes in a bilayer of dipolar bosons in the 
absence (solid lines) and presence (dashed lines) of finite 
counterflow velocity. The dispersions are plotted along the flow 
direction i.e., ||q v . The dimensionless density parameter is 

2
0Dg nr= π , with 2

0 /(4 )ddr mC= π  and the dimensionless ve-
locity is defined as 0= /mr

v v . Moreover, we have used 

0= 0.2w r  as the cutoff parameter for the intralayer interaction. 
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1

2 2
1

2 2

( )
( ) = 2 ,

( ) = 2 .

c
S c

c
D c

J r q
V q Ur

q

J r d q
V q U r d

q

π

 − 
 π −

 (26) 

Here, 1( )J x  is the Bessel function of the first kind. In the long 

wavelength limit we have 2
,0( = 0) =S S cV q V Ur≡ π  and 

2 2
,0( = 0) = ( )D D cV q V U r d≡ π − . The collective modes in the 

absence of counterflow are acoustic with different sound ve-
locities 

 ,( ) = ,sq q± ±ω v  (27) 

with , ,0 ,0= [ ]/s S Dn V V m± ±v . It is interesting to note that 

, = /s d n U m− πv  is independent of the soft-core radius cr , 
and linearly increases with the layer spacing d  for < cd r . 
With finite counterflow, to leading order contribution from 
the flow velocity, we find 

 ,02 2 2 2
,

,0
( , ) = 1 2 .cos

S
s

D

V
V± ±

 
φ + φ ± 

  
v v v v  (28) 

Finally, the drag coefficient reads 

 2
3 ,cos

8 96
D

q

m mG q G
A n nd

γ = φ≈
π

∑   (29) 

where 

 

,0 ,0 ,0 ,0

,0 ,0 ,0 ,0 ,0 ,0

0

2 2
=

1 ( ),

S D S D

D S D D S D

V V V V
G

V V V V V V

O d
U d

− +
− ≈

− +

≈ +
π

 (30) 

which means that we have 

 4
,0

= .
96

c
D

s

r
d

γ
π



v
 (31) 

where ,0 = /s cr nU mπv  is the sound velocity in an isolat-
ed single layer. 

4. Summary and conclusions 

We have studied the dispersions of collective density 
oscillations in bilayers of ultra-cold Bose gases. Consider-
ing different types of inter-particle interactions, we have 
investigated the long-wavelength behavior of collective 
modes. For charged bosons, the collective modes are plas-
mon oscillations and zero sound waves. For dipolar bos-
ons, both modes are of the zero-sound type and the veloci-
ty of sound for both in-phase and out-of-phase oscillations 
is the same within the random phase approximation. Many-
body correlations would break the degeneracy of these two 
modes at strong couplings [24,25]. For soft-core short-
range interaction, again both density modes are linear at 
long wavelengths but the velocity of two modes is different. 

Finite counterflow between two layers enhances the en-
ergy of symmetric mode and reduces the energy of asym-
metric mode. It is expected that at large enough counterflow 
velocities, the energy of asymmetric mode would become 
negative, indicating instability of the homogenous gas phase. 

Superfluid current in one layer would induce super-
current in the second layer. The drag coefficient is propor-
tional to 1/dα , where = 7/2α , 5 and 4, for Coulomb, dipo-
lar and soft-core interaction, respectively. 
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Двошаровий бозе-газ в режимі протитечії: 
колективні моди та бездисипативне захоплення 

Saeed H. Abedinpour, B. Tanatar 

Досліджено колективні коливання густини та ефект без-
дисипативного захоплення у двошарових структурах ультра-
холодних бозонів при наявності протитечії. Розглянуто різні 
типи міжчастинкової взаємодії, знайдено коефіцієнт опору та 
визначено, як протитечія впливає на швидкість звуку. Пока-
зано, що протитечія збільшує (зменшує) енергію симетричної 
(асиметричною) моди та приводить до того, що однорідний 
стан стає нестійким. Знайдено, що залежність коефіцієнта 
опору від відстані між двома шарами визначається виглядом 
міжчастинкової взаємодії. 

Ключові слова: двошаровий бозе-газ, колективні моди, безди-
сипативне захоплення. 

Двухслойный бозе-газ в режиме противотока: 
коллективные моды и бездиссипативное 

сопротивление 

Saeed H. Abedinpour, B. Tanatar 

Исследованы коллективные колебания плотности и эффект 
бездиссипативного сопротивления в двухслойных структурах 
ультрахолодных бозонов при наличии противотока. Рассмотре-
ны различные типы межчастичного взаимодействия, найден 
коэффициент сопротивления и определено, как противоток 
влияет на скорость звука. Показано, что противоток увеличивает 
(уменьшает) энергию симметричной (асимметричной) моды и 
приводит к тому, что однородное состояние становится неус-
тойчивым. Найдено, что зависимость коэффициента сопротив-
ления от расстояния между двумя слоями определяется видом 
межчастичного взаимодействия. 

Ключевые слова: двухслойный бозе-газ, коллективные моды, 
бездиссипативное сопротивление.
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