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In the framework of the Landau-Lifshitz equations for discrete systems, the dynamics of two classical mag-
netic moments modeling weakly coupled magnetic nanodots, layers of quasi-two-dimensional magnets and two-
sublattice magnets are considered. Exact solutions of dynamic equations are found and investigated. Particular
attention is paid to the study of essentially nonlinear inhomogeneous states with different levels of excitation for
identical subsystems as a discrete analog for the magnetic solitons.
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Introduction

Although the nonlinear dynamics of dynamical systems
is a traditional field of physics, the last half-century exhib-
its its essential progress, related to the active study of
soliton excitations and their manifestations in the physics
of condensed matter. Recently a particular interest is con-
nected with the study of nonlinear discrete systems linking
the areas of nonlinear oscillations and nonlinear waves.
Under a weak localization of nonlinear excitations in dis-
crete systems, the whole nonlinear dynamics is localized
on several elements of the lattice. Recently, this problem
has become more actual due to the active research and ap-
plication in nanoobjects such as the coupled effective spin-
torque oscillators [1], the cavities containing SQUIDs with
Josephson junctions connections as the equipment for the
quantum computer [2], high-gain weakly nonlinear flax-
modulated Josephson parametric amplifier using a SQUID
arrays [3,4], coupled micromechanical resonators [5],
microelectromechanical (MEM) coupled cantilevers and
nanoelectromechanical (NEM) systems [6], magnetic bi-
layers with F/N/F structures [7], bicomponent magnonic
crystals [8], arrays of optical waveguides, optical switch
and coupled modes in nonlinear optical waveguides [9]. As
it was first demonstrated in [10,11], many elements of the
solitary waves physics in systems with distributed parame-
ters have their analogous in the systems with the final num-
ber of degrees of freedom, particularly in the systems with
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two elements [12]. Unfortunately, in the Hamiltonian sys-
tems with two degrees of freedom, in the absence of the
additional integral of motion, there appears a chaotic com-
ponent of the dynamics, which defaces such an important
element of motion as the localization of excitations on one
degree of freedom. In its evident form, this phenomenon
manifests itself in the integrable systems with two degrees
of freedom. Some examples of such systems are discussed
in this article. As a first example, consider two bounded
classical magnetic moments in Landau-Lifshitz equation
approximation. In particular, it describes interacting mag-
netic nanodots, magnetic layers or two interacting magnetic
sublattices.

1. The dynamics of two interacting magnetic moments

1.1. Ferromagnetic interaction

Let us study the dynamics of classical magnetic moments
of two subsystems with the easy-axis single-ion magnetic
anisotropy and the ferromagnetic type exchange interaction
between the subsystems. The moments of the two elements
M, and M, at ground state are oriented along the “easy
axis” (Z axis). The total energy of such system reads [13]

E =—emm; —(wy /2)(m12 +m§)+s+m0, >0, (1)

where m; = M; / Mg are the normalized magnetic moment,
m; are Z components of the moments, ay is the constant
of single-ion anisotropy (frequency of magnetic resonance),
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€ is the constant of the exchange interaction, which is posi-
tive for the ferromagnetic case and negative for the antifer-
romagnetic case. (While choosing the energy in the form (1)
the ground state of a “ferromagnetic” type has zero energy).
In the classical approach, the dynamics of the magnetic
system can be described in the framework of a discrete ana-
log of the Landau-L.ifshitz equation [14]:

In components y; = m;, +im;, and m; =m;, they have the
form
id\ui/dt:mowimi+s(\yimj—\yjmi). (2)

For the description of the magnetic moments, it is con-
venient to use the polar coordinate system with y; =
=sin 9 exp(ip;) = a; exp(ip;). Then the system of two
complex equations (2) is reduced to the system of three first-

order real equations for y=¢,—-¢; and a (or
m; = \/1—76%2 ):
dadt =—emya, siny, (3)
da,dt = em,a siny, 4)

dy /dt =(mg —my ) (wg —e—ccosy (1+mm, )/ aay ).
(5)

In addition to the total energy (1), the system under
consideration has the integral of motion — a complete Z
projection of magnetization M = Zcossi =my +m,. This

integral is connected with the total number of spin devia-
tions 2—M =N and plays the role of the number of ele-
mentary excitations in the quasi-classical quantization. The
value of N is limited by number 2: 0 < N < 2. (The value 2
corresponds to the configuration in which both the moments
are perpendicular to the easy axis.) The presence of two in-
tegrals of motion leads to the complete integrability of the
system under consideration and the possibility of obtaining
its solution in the quadratures. The difficulty of the problem
is connected with the choosing of the convenient variables
which takes into account the presence of one of the integrals
of motion (N). Let us introduce instead of two variables 9;,

one function P, such that cos9; =m; =M /2+P. Then

the condition of the conserving for the total magnetization
is fulfilled automatically. Finding from the expression for
the energy

E =—¢(mm, +aa, COS\|/)+8—(DO(le +m§)/2+wo,

(6)
the connection v = (95, E) and substituting it in (3) in the
form dmydt =e&a, Siny, we obtain the closed equation
for the function P(t):

(dP/dt)* =—A-BP2 -CP*, (7)
where
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A=(E—m0(1—|v|2/4))(E—(m0+2s)(1—|v|2/4)), (8)
B=2((0p—¢)E-af (1-M2/4)+2:2). (@)

C =wg(wg —2e¢). (10)

The solutions of the Egs. (7)—(10) can be represented in
terms of elliptical Jacoby functions, but at first, we research
the obtained system qualitatively. It allows the single-
frequency states (stationary states) which describe the syn-
chronous pure rotations of two magnetization vectors:
yi = &; exp (—lot). These rotations permit the same ampli-
tudes and phases (s), same amplitudes and the phases which
differ in n (a) and different amplitudes with the same phases
(nonuniform ones—(n)). Nonuniform states exist only when
inequality € < g / 2 is valid. (In real magnets, the exchange
interaction is essentially large then the energy of magnetic
anisotropy (& >> ®g), but in layered quasi-two-dimensional
magnets and nanodots systems, the inequality we have used
can be performed.) The amplitudes of the rotations of the
moments are linked by the relation

(my—my)((wg —€)agap —&(1+mmy))=0.  (11)

In the in-phase and anti-phase states my =m, and
& ==ay, in the nonuniform stationary states nym, =
=-1+M (1-«)/~1-2k, where x=¢/wy. In stationary
states, the frequencies of these excitations dependence on
the number of spin deviations N have the forms

(DS = (OO (l— N /2), az = al, (12)
0 =0 (1+2x)(1-N/2), a, = —ay, (13)
o, = Mg (M —\/1—2K), az * al. (14)

These dependences are shown in Fig. 1a. At the critical
level of the excitation Ny =2(1-+/1-2x) two dependenc-
es for the nonuniform rotations (n) split from the line of
in-phase rotations.

Corresponding dependences of energy on the norm
N =2-M for the three types of stationary rotations of
magnetic moments have the forms

E¢ = ogN —wgN? /4, (15)
Ea =(0g+2¢)(N-N?/4), (16)
2
En = (wg +2¢)/2-0p (M —V1-2¢) /2, (17)
Eq =(f (N-N?/4)-2¢2)/(@g —¢).  (18)
q 0 0 .
These dependences are represented in Fig. 1b. (On the

line Eq =E4(N) ((18) and (q) in Fig. 1b) the value B

in (9) changes the signs and this state is not stationary.)
First of all, we see that for the single-frequency states the
well-known mechanical relation dE/dN = holds. In
addition, dependences (15), (16) follow from formula (8)
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Fig. 1. (a) The dependences of stationary state frequencies on the
number of spin deviations; (b) the domains of the existence for
the solutions with different dynamics on the plane of the integrals
of motion (E,N).

for A=0, since we have dP/dt=P =0 for the states
with m; =m,. The domain N >2 of the plane (E,N)
corresponds to the similar excitations above another

(a) AP energy increase

P

ground state with M =-2. In the limit N -2 (M —0),

the frequency of in-phase and anti-phase rotations of mag-
netization tends to zero and it appears the static configura-
tions with collinear and anti-collinear configurations of
magnetization vectors in the “heavy” plane. The nonuniform
state in this limit represents the anti-collinear configuration
with moments along the easy axis with precession frequency
o =-mgv1-2x (they rotate in opposite direction). The
frequency of inhomogeneous excitations turns to zero at
N, =2—-+/1-2k. In this case, the vectors of two moments

are orthogonal as it is shown in Fig.1lb: my =a, =

= V1+v1-4k? /42 and m, = —a; = —1-V1-4x? /2.

The expression (8) can be represented in the following
form: A=4(E-E)(E-E,). Therefore the value A is
negative in the area of the parameters between the lines a
and s in Fig. 1b and is positive in the area between lines s
and n. Constant C is positive in the whole domain of the
acceptable parameters of the solutions. At last, B >0 for
Eq <E<E; and B<O for E, <E<Ey. So the phase
portrait of the system in the “phase plane” (P, P) has dif-
ferent structure for N >N, and N <N, and for
Eq <E<E; and E, <E <Eg in the domain N > Ny, (see
Fig. 2). We are able to represent all the trajectories only in
two figures for the oscillations close to in-phase and to
anti-phase one. These two types of orbits are separated by
phase trajectory with the largest size which corresponds to
the line E,(N) in Fig. 1b with

E. =2(w +8)(N-N?/4). (19)

The phase portrait of the system for N < N, is demon-
strated in Fig. 2a. It is similar to the portrait for linear sys-
tem. The two maximal orbits in two parts of the figure are
the same and correspond to the energy E = E,.

\ P

N<N,

energy increase

\ P

N>N,

Fig. 2. Phase portraits of two coupled magnetic moments for N < N (a) and N > Ny, (b).
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In the region N > Ny, the phase portrait is more com-
plicated. The separatrix Eg “begins” and “ends” in unsta-
ble saddle point for in-phase oscillations (P =0, P = 0) and
separates the domain with the nonuniform rotations of two
moments. Two stable “center”-type critical points with
E =E, correspond to the states in which only one from
two moments oscillates.

In all the area outside the separatrix Eg (upper in energy
from the line s in Fig. 1b), the exact solution of Eq. (7) is
expressed in term of the elliptic Jacobi function:

P=acn(\/a2+b2\/6t,kj, k=a/vaZ+b® (20)

with C from (10). For N < Ny with Eg < E <E, and for
N >N, in the domain E; <E <E, parameters a and b

read
a’ :(B/2C)(J4|A|C/Bz+l—1j, (21)
b =(B/20)(,/4|A|C/BZ+1+1). (22)

For the small levels of excitations with N < N, at the
borders of area for the solutions E = E,, E; parameter A
tends to zero and a — 0 with k — 0. So the function (20)
becomes trigonometric. The solution (20)-(22) describes
the relative oscillations of two magnetic moments with the
frequency Q:na\/E/ZKK(k). These oscillations are ac-
companied by the common rotation of all the systems with
the frequency close to the resonant frequency wq for small
exchange interaction.

At N > Ny, the solution (20) preserves its form for energies
Es < E < Eq but with another definition of the parameters:

a’ :(|B|/2C)(J4|A|C/BZ+1+1j, (23)
b =(|B|/2C)(,/4|A|C/BZ+1—1). (24)

Now at the line of in-phase oscillations Eg (s in Fig. 1b)
parameter b — 0 and the modulus k tends to unity: the
solution on the separatrix E5 becomes aperiodic and one
spin deviates from another passing through the easy axis.

At last in the domain of the parameters E,, < E < Eg, as
in the previous case, nonuniform distribution of energy
between the two moments takes place and the appropriate
solution of Eq. (7) has the form

P=adn(at\/6,k), k=+v1-b%/a?, (25)

a’ =(|B|/2C)(l+\/l—4AC/sz, (26)
b =(|B|/2c)(1—\/1—4AC/sz. 27)

with
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In the limit E — E,,, as it follows from (7), B2 =4AC
and modulus k is equal to zero. From this it follows that
the parameter P =a(N) does not depend on time and so
9; = const: magnetic moments rotate around the direction
of the easy axis as a common object.

We note that formulae (20) and (25) describe the oscil-
lations of the polar angles 9;(t) of the magnetization vec-
tors m; with frequencies, depending on a(N,E) and
b(N,E) in (21), (22), (26), (27). After substituting the time
dependence of P(t) into formulas (2), (5), one can find
additional azimuthal oscillations of the angles ;(t) and
y(t) with their additional frequencies. The general motion
of magnetization is two-frequency with incommensurable
frequencies of azimuthal and polar motions. In Fig. 1a only
the frequencies of the general magnetization rotation in
particular cases of single-frequency motions are given.

1.2. Antiferromagnetic interaction

We proceed to consider a system of two magnetic mo-
ments with antiferromagnetic exchange interaction and
single-axis anisotropy of the “easy axis” type. This problem
is interesting in the following aspect. In contrast to the one-
dimensional ferromagnetic chain studied in the framework
of the Landau-Lifshitz equation, the one-dimensional anti-
ferromagnetic chain studied in the long-wavelength ap-
proximation is described by evolutionary equations that are
not fully integrable [15-19]. In the case of the antiferro-
magnetic interaction in the expression for energy (1), it is
necessary to replace the sign of the exchange interaction
constant. In terms of the variables m; and w; introduced
above, and energy will take the form

E =&(mm, +(y1Wp +1v;)/2)-
—mo(mlz+m§)/2+8+coo, g>0, (28)

where the constants are chosen so that in the ground state
the energy turns to zero. Dynamic equations (2) are trans-
formed as follows:

id\vi/dtz(,l)o\vimi—S(Wimj—iji). (29)

We start with a qualitative consideration of the problem by
analyzing single-frequency stationary states. Representing
the magnetization components in the form y; = g; exp (—iwt)
and substituting them in this form in (29), we obtain the
relation similar to (11):

(my—my)((wg +&)agap +&(1+mm,))=0.  (30)

As before, it admits three types of solutions: (S) in-phase
solution with my =m, and & =a,, (&) anti-phase solution
with a phase shift of rotation by n and with my =m, and
& =—a,, and (n) an inhomogeneous state with my = m,
and with opposite signs of g and a, in contrast to the fer-
romagnetic case.
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For an inhomogeneous configuration, from (30) it is
easy to obtain the relations mm, = -1+ M (1+«)/~/1+2k
and &a, =-M1k/~/1+2x. Using them, from Egs. (29) for
stationary states, we find the dependences of the frequen-
cies of single-frequency solutions on the excitation ampli-
tude. It is natural to characterize it by the number of spin
deviations N, which can be associated with the full z com-
ponent of the magnetization M: N =M in the case of an
antiferromagnet. These dependences for three types of sta-
tionary states are:

(,l)s =(DON/2,a2=al, (31)
oy =0 (1-2¢)N /2, ap =—ay, (32)
on =g (N =V1+2x), 8p # &y, (33)

Accordingly, the dependence of energy on the number of
excitations takes for these states the form

E = g (1+2K)—wgN? /4, (34)
Ea =g — g (1-2K)N?/4, (35)
E, =wpv1+2kN —wgN?/2, (36)
Eq = 0 (l+2K—N2/4)/(1+K). (37)

These dependences are shown in Fig. 3b as the lines
s, &, n. The line g corresponds to the nonstationary special
state (see below).

In contrast to a ferromagnetically coupled pair of spins,
in the case of an antiferromagnetic coupling, the inhomo-
geneous state is split off from the line of antisymmetric
oscillations (rotation of moments with phase difference ).
The frequency and number of spin deviations at the bifur-
cation point are equal to o, = mg(1-2x)/v1+2Kx and
Ny =2/+1+2k. On the plane of the integrals of motion
(N, E) in Fig. 3b, the region of the existence of nonlinear
solutions of a general form is hatched. These are two-
frequency solutions, which are easy to find in the same

N,

(O TEENEEPRE S .

=v

way as solutions for ferromagnetic coupling, using the rep-
resentation of moments in cylindrical coordinates (9;,¢;)
or in variables (m;,y).

In order to take into account the conservation of com-
plete magnetization M =N, we introduce a variable P
such that my, =M /2+P. The parameter P is associated
with the antiferromagnetism vector | =m;—m,, namely
P=1,/2=cosS, where 3§ is the polar angle of the
antiferromagnetism vector I. The equation for the function
P coincides with Eq. (7) in the case of ferromagnetic inter-
action, but the parameters of the equation have a different
form:

A=(E-E)(E-E,), (38)
B=2(((,00+8)E+(,05N2/4—0)0((DO+28)), (39)
C =g (g + 2¢). (40)

The shaded region for the existence of solutions in
Fig. 3b is divided into three subdomains with A>0, B<0,
C>0 (I), A<0, B<0, C>0 (Il), and A<0, B>0,
C > 0 (H). In region I, the solution has the form (25)-(27),
in region 1l — the form (20), (23), (24) and in region Il —
(20)-(22). Knowledge of the solution for P(N, E,t) allows
us to find the time dependence for all characteristics of the
dynamics of magnetization:

mi(t) = N/ 2+ P(N, E,t)

and

do; - 2
iﬂ:mi—ij+ M £+N——(1+K)(l+mlm2) :
wp dt 1-m?|og 2

(41)

Let us analyze the general dynamics of magnetization

in the simplest case N =0, which, nevertheless, describes

the main general features of this nonlinear dynamics. In

this particular case at low energies E < o, the solution for
magnetic moments has the form

E/o, A (c)
1+ 2k

Ng————————

=v

Fig. 3. () The dependences of stationary state frequencies on the number of spin deviations; (b) the domains of the existence for the
solutions with different dynamics on the plane of the integrals of motion (E, N ); (c) the same for k >>1.
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E
mo,==+1- dn(./1+2x—E/wyopt, k),
12 \" og+2e ( 00 )

(42)
2xE

k= [———.
(,00+28—E

In the limit E — 0 (k — 0), we obtain the linear polar-
ized oscillations of the magnetization

(43)

1-2x+2 2wt
mlyzzi(l—E K + 2K COS (00]

2((,00 + 28)

with the frequency 2wmq. This is an additional oscillation to
the azimuthal rotation with the frequency o = wgv1+2k
from (33): the general motion is two-frequency one.

In the opposite limit E — oy (k —1), the magnetiza-
tion trajectory becomes aperiodic, and the static state noted
in Fig. 3b as 1 becomes unstable:

2K 1
m1’2 — =+ . (44)
\/1+ 2K cn (\IZKth)

This situation is similar to that considered in the previ-
ous section and corresponds to the separatrix Eg in Fig. 2b.

Finally, in the region 111 with N =0 in Fig. 3b, the solu-
tion takes the form

My =+ E /(00 +20) on(V2eELK), & =2,

k=y(cp +2e—E)/ 2xE. (45)

In the limit E — o +2¢, the linear small-amplitude
oscillations

my o =+ucosQt, y = p2v1+1/ 2k sinQx,

represent the synchronous rotation of the vectors m;
around a certain direction in XY plane with the frequency

Q = wg+/2k(1+2x). In this case, the frequency of the gen-

eral rotation around the easy axis becomes zero.

Since usually in magnetic systems the exchange interac-
tion substantially exceeds single-ion anisotropy, we con-
sider the problem in the limit of large values of the pa-
rameter « (see Fig. 3c). The parameter P is associated
with the antiferromagnetism vector |=m; —m,, namely
I, =2P =2cos 9, where 3 is the polar angle of the antifer-
romagnetic vector. In terms of the magnetization vector
m=m;+m, and the antiferromagnetic vector |, intro-
duced above, the Egs. (29) take the form

di/dt =&[l,m]—(wp /2)([m,n](I,n)+[I,n](m,n)), (46)
dm/dt = —(wg /2)([m,n](m,n)+[1,n](I,n)), (47)

where n is the unit vector along the easy axis.
In the commonly used approximation [15-17] the first
equation defines the relationship
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m~-[1,i]/4e. (48)
In the spherical coordinates for |=2(sin3cose,
sindsing, cos9), from (48) under the assumption

my = —m,, it follows the expression for the integral of mo-
tionM =N:

M=m,=m +m, :—%sin2 8%—(:. (49)

When substituting the value of m from (48) into (47), we
obtain in the main approximation the equation

) 2
d_f{zwglc_(z—(tpj }sin 9cos9=0. (50)
dt

Using the expression for the angle ¢ from (49), after inte-
gration for the variable P we obtain the final equation

(0P /dt)” = 26(wg +M? 12 E )+ 26(E ~ 209) P + 2609P*,
(51)

which coincides with Eqg. (7) in the limit & >> wg. There-
fore, the general solution of Eq. (50) follows from the solu-
tions with parameters (38)—(40) in this limit. From the
foregoing, it follows that the solutions of the approximate
equations (50) are valid only in the shaded area in Fig. 3c
with small energy of the system.

Conclusions

We investigated the nonlinear dynamics for the integrable
systems of two identical coupled magnetic moments and
paid attention to some interesting features of this dynam-
ics. The most interesting facts consist in the appearance of
the additional states with the average mismatching distri-
bution of the energy between the degrees of freedom. This
mismatching nonlinear mode appears in the bifurcation way
at the critical value of the total energy. These states can be
treated as the analogies of solitons in the system with the
finite numbers of the degrees of freedom.
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[unHamika napu 3B’a3aHNX HENIHIMHUX CUCTEM.
I. MarHiTHi cuctemm

O.C. Koanbos, 0.€. Npunencbkun,
K.A. NpaatoLuko

B mexax piBHsaHb Jlangay—Jlidmmis st TUCKPETHUX CUCTEM

PO3IIISTHYTO JUHAMIKY JIBOX KJIACHYHHMX MArHiTHUX MOMEHTIB, 110
MOJIENIOIOTh C/1abK03B’s13aHi MarHiTHI HAHOJOTH, LIAPU KBa3iaBO-
BUMIPHUX MarHeTHKiB Ta JBOIMIATPATKOBI MarHETUKH. 3HAHICHO i
JOCTIKEHO TOYHI PO3B’SI3KM JMHAMIYHUX pPiBHAHBb. OcoOIHMBY
yBary IpHUIICHO JOCHIIKEHHIO CyTTE€BO HENIIHIHHUX HEOTHOPI-
HHX CTaHiB 3 Pi3HUM piBHEM 30Y/KCHHS IICHTUYHUX MiJICUCTEM.

Kimouosi cioBa: HemiHiMHI cucrtemu, piBHsHES Jlanmay—Jlipmmma,

MarHiTHuil pe3oHanc, ¢a3oBuil mopTper, epo-
MarHiTHi Ta aHTH(eppoOMarHiTHi B3aeMOIil.
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