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The topology of phase portraits for nonlinear oscillators driven by a periodic force undergoes significant

changes within a narrow interval of the driving force frequencies v. This property leads to nonintegrability of the

equations of motion, and stochastization of their solutions when v is periodically modulated. Such behavior is

due to the violation of adiabaticity and destruction of the integral manifolds, accompanied by topological rear-

rangements of the integral curves. We study specific features of such stochastic dynamics in a wide range of

modulation periods and damping decrements.
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Introduction

The Hamiltonian of a nonlinear oscillator
1 1
H:E()'cz+m2x2)+ZVx4+xfcos(vt) (1

can be used to describe a variety of mechanical, electronic,
and physical systems. In particular, in [1] it was used to
study the nonlinear ferromagnetic resonance. In the ab-
sence of a driving force (f=0) this Hamiltonian gives
integrable equations of motion. When v(¢) in the driving
term oscillates itself, with a modulation frequency that is
amplitude-dependent, equations of motion become
nonintegrable at /# 0.

The first study of nonlinear oscillations driven by a pe-
riodic force of low amplitude f, slowly varying frequency
\'/(t)/v2 <<1, and low damping, y<<® (where y is the
decrement of damping), is due to Mitropolsky [2,3]. He
investigated the resonant oscillator dynamics by numeri-
cally solving the equations in the first approximation of
asymptotic expansion using the Krylov—Bogolyubov—
Mitropolsky method. (It’s worth mentioning that at that
time the only calculating tool available to him was a me-
chanical integrator.) Mitropolsky found hysteretic behavior
of the oscillation amplitude as v(¢) slowly crossed the res-
onant domain | v —o|<<.

What happens if v(¢) crosses that domain back and
forth many times? The dynamic behavior of the oscillator
(1) at the slow periodic modulation of v(¢) was not inves-
tigated till now. In this communication, we are aiming to
solve this problem.
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Hamiltonian dynamics at slow varying driving force
frequency

To obtain the equations of the first approximation in as-
ymptotic expansions one has to substitute an ansatz
x=acos(vt+0), a>0 in (1), and average it, assuming «
and 0 to be slowly varying quantities.

The fact that a” and © form a pair of canonic variables
of the averaged Hamiltonian [4,5] leads to the following
equations:

2 2
da =—¢(t)sin0; a9 = M—ls(t)cose;
dt dt 2v(t) a
__ S _ 1432
g(t)= ) o(a)=1+ 2 Va©. 2)

Here v(¢) is a periodic function. The frequency of its os-
cillation, €2, is much less than v.

Poincare proved that periodic perturbation of a nonline-
ar Hamiltonian oscillatory system rules out the existence of
analytical integrals if there is a separatrix in the phase por-
trait of the non-perturbed motion [6]. In fact, this general
property of dynamic systems is the sufficient condition for
the existence of random integral curves [6,7]. Therefore, in
order to search for random solutions of Egs. (2) we start by
considering the topology of the phase portraits of the sys-
tem (2) at constant v [8]. In this case, the integral of mo-
tion W (energy) determines the phase trajectories L(W)

%Va“+(l—v)a2 —2eacosO=W . 3)



Oleksandr Bakai and Mykhailo Bratchenko

Let us introduce a variable action

JW)= ¢ a*(0,m)do )
LOV)
and the period of motion along the trajectory L()
-1
do
TW)= — | dé. 5
"= ¢ ( dtj 3)

(W)

There exist three open domains of v in which the topolo-
gies of the phase portraits (determined by Eq. (3)) are es-
sentially different.

At v<v (Fig. 1a), there is one center ¢; and two sad-
dle points s,. which are connected by two branches of the
separatrix Si. Degenerated singular point “center-saddle”,
appearing at v=v., splits into a center ¢, and a saddle
point s, at v>v. At that moment the separatrix S ap-
pears (Fig. 1b).

There is frequency v* belonging to semiaxis V>V, at
which the two separatrices S; and Sy are merging into a
joint separatrix S* (F ig. 1¢). An infinitesimal increase of v
at this point leads to the splitting of S* into two separated
separatrices S3 and Sy as shown in Fig. 1d. At v=v" both
period’s centers are equal to w@(0)= 45723 ~100, and
logarithmically diverge on separatrix. The period 7(J)
within the resonance domain R1 is shown in Fig. 2.

0.9

The loci of the fixed points, centers and saddle points,
determined from the equations a = =0 are shown in
Fig. 3 (thin lines, y=0). The resonance curve of a dissipa-
tive oscillator (which is considered below in brief (thick
lines, yle_z) is shown in this figure as well. At € - 0 the
branches of the resonance curve are approaching the so-
called skeleton curve ®(a)=v, which is shown by a dash-
dotted line.

The phase trajectories are plane sections of the cylindri-
cal invariant manifolds of the system (2). The pitch of a
helical integral curve on the cylinder with plain section (3)
is equal to the period T(W).

Let us perturb the system by a slow modulation of the
frequency v =v+3dvsinQz; Q<<dv<<v. At Q<<w(J)=
=2n/T(J) there are approximate integrals of motion, i.e.,
adiabatic invariants J. However, as it follows from Kolmo-
gorov—Arnold—Moser (KAM) theory [7], in the vicinity of
a resonant cylinder, nw(J)+mv =0 (n and m are integers)
the integral manifolds J= const are destroyed. The reso-
nant domains, filled by the destroyed cylinders, are sepa-
rated by the extant isolated non-resonant manifolds. The
countable set of the open resonant domains is everywhere
dense but its measure is small.

In the vicinity of a separatrix, where Q> wm(J), he
adiabaticity is violated, and a stochastic layer is formed.
Chirikov has shown that this layer appears due to the over-
lap of the resonant domains [9,10]. The measure of this
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Fig. 1. The phase portraits of the system (2) at various values of v . At v=v" two separatrices are merging.
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Fig. 2. The period of motion T vs J within the resonance domain
R1. Inset depicts the dependence of the separatrix action value Jg
on frequency v.

layer at (V+3v)<v. and (V-38v)>Vv" is exponentially
small. A much stronger mixing of the integral curves, and
an increase of related stochasticity, happens at v =v* and
vV =8v)> v due to the essential changes of the phase
portrait topology. Here we investigate the motion randomi-
zation in this case.

The topology of an integral curve is changing as it
crosses the joint separatrix S*. Integral curves, initially
belonging to the same integral manifold before crossing
the S*, enter different manifolds after the crossing. At the
crossing J experiences jumps with jump magnitude, AJ,
essentially depending on the cross point phase 6. Overall,
multiple crossings of S* due to the periodic modulation of
v(t) lead to the randomization of integral curves. Their
autocorrelation time is ~ t=2n/Q. Qualitatively, the ap-
pearance of a stochastic layer due to successive crossings
of S* at frequency modulation is similar to that at periodic
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Fig. 3. The resonant curve showing loci of the fixed points of the
dissipativeless (thin lines) and dissipative (thick lines) system.
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modulation of amplitude [11]. Quantitative difference is
caused by the specific topology of the separatrices S and
S,, as well as by the appearance/disappearance of separatrix
Sy at Veg-

Let us introduce a parameter ¢, (J)=Q/w(J) deter-
mining the perturbation of the phase trajectory per period.
The action J, being adiabatic invariant, is conserved with
the accuracy ~ 85 (J) during the time ~1/g,(J). It is
known that the method of asymptotic expansions [12,13]
allows one to obtain adiabatic invariants in all orders on
the parameter ¢, (J). However, this procedure fails at
€,(J)~1. In this case, the perturbed phase trajectory
reaches the separatrix S* during one period, and gets into
the nonintegrability domain where the adiabatic invariants
are destroyed, and the integral curve is randomized. Let us
denote by J;k the crossover value of J at which an integral
curve leaves the invariant manifolds and enters the
stochasticity domain. The quantity AJ, =J (V)—Jj can
be evaluated using the following equation:

dJy(Jy)

2nAJ, = QT(J,) y
A%

(6)
Function J,(v) is shown in the inset in Fig. 2. Numerical
solutions of Eq. (6) are shown in Fig. 4. Let us note that there
are two asymptotic dependences of AJ, on st =QT(J:):
AW (sf,)2 at €, <10~ and A, ~ (81‘,)1/3 at g, >1072,

Solutions of Egs. (2) for the varying frequency v can
be obtained numerically. The Poincare map of the recur-
rent stochastic trajectories in phase plane (a, 6, v*) at
Q=10 107; 310 % (¢ =0.022; 0.17; 3.3) is shown in
Fig. 5. Quasiperiodic KAM curves surrounding the sto-
chastic layer are not drawn there. The measure of the sto-
chastic layer vs st, shown in Fig. 4 with open boxes, is
compatible with the solution of Eq. (6).

The distributions F(A,) of the phase point jump per one
period t=27/Q,
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Fig. 4. The dependence of AJ,, on parameter af,. The crossover
* . .
values J,, vs Q are shown in the inset.
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Fig. 5. The Poincare maps of the stochastic trajectories on the phase plane (a, ¢, v*) at various values of Q.

A=

T

2 . . 2
:\/(an cosB, —a,_ycos6,_ ;) +(a,sin6,—a, ;sin6, ;)°,

n=12,..., @)

where a, =a(nt) and 0, =0(nt) for Poincare maps, are
shown in Fig. 6. As one can see, the maximum of F(A;)
existing at Q=107 ®(0) disappears at Q> 10_113(0).
These results show that the jump of J at the separatrix
crossing can be treated as a random quantity.

Non-Hamiltonian stochasticity

The Hamiltonian dynamics is applicable while interac-
tions of the system with its environment can be ignored. In
a “mean-field” approximation, the impact of the environ-
ment on the dynamics is described by damping forces and
random disturbances in the equations of motion:

da
—=—ya—¢(t)sin0+mn, (¢
a ! (1) Mg (1)
do 1
— =(a)-v(t)——¢e(t)cosO+ng(?). (8)
dt a
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Fig. 6. The distributions of the phase point jumps A, per one

period t=2n/Q.
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Here n,(#), mg(?) are the projections of random driving
force with small (as compared to v ) correlation time on
aand O axes [8].

To simplify the treatment of random disturbances, we
simulate them by introducing a random jump at each peri-
od 1 of the phase point, (5a) =0, [(8612)]1/2 =10_2, in the
Poincare mapping as in [10]. As an example, the Poincare
map of damped dynamics impacted by a random force at
(a) y=10_4 and (b) y=10_3 is shown in Fig. 7. The dash
line depicts the joint separatrix S* of the unperturbed sys-
tem. The scale of probability is shown in Fig. 7a. As seen,
a stable distribution of randomly walking points on a map
is formed. At y:lO_4 the lifetime of a phase point within
the domain filled by KAM curves at y=8a=0 (depicted
by short-dash line) is much smaller than the time spent
within the stochasticity domain. At \(=10_3 the domain of
stochastic dynamics disappears, and the probability distri-
bution has a maximum at the attracting focus, located not
too far from the center cy.

A more detailed account of the stochastic dynamics of a
nonlinear resonant system driven by a periodic force with
modulated frequency will be published elsewhere [14].

Discussion

On a qualitative level, the investigated randomization of
a set of integral curves of nonlinear oscillator driven by
resonance periodic force with slowly varying frequency is
in accord with the basic understanding of nonlinear dy-
namics [6,7]. Equation (6) allows one to evaluate the sto-
chastic trajectories measure and connect it with the param-
eters of equations of motion of the first approximation of
asymptotic expansion (2), (8). Equations of this type can
be used to describe a variety of nonlinear resonant mechan-
ical, physical and electronic systems [2,3] but their skele-
ton curves o(a)=V are different. The intrinsic frequency
o(a) can be, e.g., a smooth or a piecewise-smooth func-
tion, allowing one to perform a qualitative analysis of the
rearrangement of separatrices for a range of v near ®(0),
and to find the domains of topological instability. In par-
ticular, the phase portraits topology of Hamiltonian sys-

Low Temperature Physics/Fizika Nizkikh Temperatur, 2020, v. 46, No. 8



Stochastic dynamics of a nonlinear oscillator driven by periodic force with slowly varying frequency

1.0 — : 1.0
Q=310 oo @ | oo
I | o3
0.5 it 0
ES | ‘., 0.6
& of A v ;. 105
ST \\ ) // 0.4
I [Fos
03 =107 0.2
1?=107  v=veror |||

o o0s 0 0s 10

asin 0

1.0 ; . :
Q=310 (b)
05 B /// ST \\\\ T
I, / \\
@ % o :
§ oF \‘ - -~ Il i
B \\ I\ /I //
05¢ e |
y=10"
D [3a"]” =107 V=v'~1.07
10 05 0 0.5 1.0
asin 0

Fig. 7. The Poincare map of the dissipative dynamics impacted by a random force at y= 107 (a) and 10° (b).

tems with smooth monotonic functions w(a) is topologi-
cally equivalent to those shown in Fig. 1.

Notably, the breakdown of adiabaticity due to frequency
modulation at Q) ~ @(0) leads to a formation of strong sto-
chastic layer of measure ~ 81,/3 due to the integral curves
mixing near the point of separatrix merger at v =v*.

Conclusions

Modulation of the driving force frequency near reso-
nance gives rise to the strong stochasticity of nonlinear
oscillatory motion if the frequency range contains the do-
main where separatrices merge and split.

The behavior of the measure of stochastic trajectories
set is varying with the adiabaticity parameter €, =Q/®(0).

1/3

At g, >107* it is nearly proportional to € while at

4. 2
g, <1077 it decreases as €,, as €.
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Stohastichnost ~ dinamicheskih  system,

russian trans.:

CTtoxacTuyHa AMHaMika HeniHinHOro ocuunaTopa nig
Jieto nepiognyHol cmnm, yacTtoTa AKOi MNOBINbHO
3MIHIOETBCS

O.C. bakan, M.l. bpaT4yeHko

Tomonoris ¢a3oBUX NOPTPETIB HEMIHIHHOrO OcCHUISTOpA,
SIKUI 30yDKY€ETBCSI IEPIOIMYHOI0 CHUIIOKO, 3a3HAE 3HAYHUX 3MiH Y
BY3bKOMY iHTEpBaji 4acToT Vv pymiiiHol cuian. L[ BaacTuBicTh
MIPU3BOJMTH JI0 HEIHTETPOBAHOCTI PiBHSHB PyXy Ta CTOXACTH3amii
OCLIJIATOPA MpPU MEepioAnYHIH MOIYISLil vV depe3 MOpYyLICHHS
aniabaTUYHOCTI Ta pyHHYBaHHS IHTETPAILHUX MHOTOBHIB, BHK-
JMKAaHOTO MepeOyIOBOI0  TOMOJOrii IHTErpalbHUX KPUBHX.
Oco06IMBOCTI CTOXACTUYHOI JAMHAMIKH BHBYCHO B LIHPOKOMY
niana3oHi mepiofiB MOIYIIALIT YaCTOTH Ta ASKPEMEHTIB 3racaHHs
KOJIMBaHb.

Kutto4oBi ciioBa: HeMiHIHHUNA OCHIIATOP, TEPiOIHYHa MOIYJISLLIs,
CTOXaCTHYHA AUHAMIKA.
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