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Diffusion Magnetic Resonance Imaging (MRI) plays a very important role in studying biological tissue cellular

structure and functioning both in health and disease. Proper interpretation of experimental data requires the develop-

ment of theoretical models that connect the diffusion MRI signal to salient features of tissue microstructure at the cellu-

lar level. In this short review, we present some theoretical approaches to describing diffusion-attenuated magnetic reso-

nance signals. These range from the models based on statistical properties of water molecules diffusing in the tissue-

cellular environment, to models allowing exact analytical calculation of the magnetic resonance signal in a specific sin-

gle-compartment environment. Such theoretical analysis gives important insights into mechanisms contributing to the

formation of diffusion magnetic resonance signal and its connection to biological tissue cellular structure.
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Introduction

Diffusion Magnetic Resonance Imaging (MRI) is a
technique that is capable of providing in vivo images with
a contrast uniquely sensitive to molecular displacement
motion at cellular and sub-cellular length scales. Despite a
rather long history and substantial progress in both clinical
and research applications, the biophysical mechanisms
underlying this contrast are not always understood. This is
not surprising because biological tissues have very compli-
cated composition and geometrical architecture — factors
that influence diffusion-weighted MRI signal in multiple
ways. For example, even a very small imaging voxel in the
central nervous system (CNS) will always have a very
complicated content due to the presence of myriads of
cells with different sizes, intracellular milieu, membrane
properties, etc.

The average diffusion coefficient for water in the CNS
is about 1 mm™/ms and the typical magnetic resonance
(MR) diffusion experiment employs a diffusion time A of
20-80 ms. Thus, the average water molecule probes a
length scale on the order of 5 to 20 pm, making diffusion
MR sensitive to a wide range of tissue microstructural
properties. The ultimate goal of MR diffusion theory is to
quantitatively relate these microstructural and physiologi-
cal properties to the diffusion-weighted MR signal. Due to
the above mentioned highly complex tissue structure, these
theories can never be perfect and can never ideally fit ex-
perimental data. However, as long as they reflect tissue
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properties of interest, they serve the purpose. The MR re-
levant range of length scales for restrictions and hindrances
to water diffusion should be reflected in any model of MR
diffusion data from biological systems.

In what follows, we consider (i) the case of unrestricted
diffusion, in which the problem can be solved analytically;
(i1) diffusion restricted by the boundary of simple geome-
try, for which the eigenfunction of the diffusion equation is
available; in this case, the signal can be calculated in the
framework of the multiple propagator approach; (iii) diffu-
sion restricted by boundaries of arbitrary geometry in the
short-time approximation.

General approach

Most MR methods for measuring molecular displace-
ment rely on a Stejskal-Tanner pulsed gradient experiment
[1] depicted in Fig. 1. This pulse sequence consists of an
initial 90° radio-frequency (RF) excitation pulse followed
by bipolar diffusion-sensitizing magnetic field gradient
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Fig. 1. The Stejskal-Tanner pulsed gradient pulse sequence. The

signal is measured either after the first gradient lobe (free induc-
tion decay, FID) or after the second gradient lobe (spin echo, SE).
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pulses separated by a 180° refocusing RF pulse. Character-
istic parameters of the waveform are the gradient ampli-
tude G, the diffusion time A, and the pulse width 3.

In a general case, the signal produced by a system of a
large number of precessing spins at time # after the first RF
pulse is

S =85, s =(exp[-ip®)]), (1)
where the factor Sy describes the signal in the absence of
diffusion-sensitizing gradients and accounts for the trans-
verse 1> relaxation, ¢(¢) is the phase accumulated by a
single spin by time ¢, and (...) means averaging over all
possible initial positions and trajectories. In an inhomoge-
neous magnetic field, H=H(r, z), the phase ¢(z) of the
spin moving along a given trajectory r = r(¢) can be writ-
ten as

t
o) = jdt'm(r(ﬂ), ), 2)

0

where the local Larmor frequency o =YyH, y is the gyro-
magnetic ratio. The phase in Eq. (2) depends on all the
points of the trajectory. Diffusion of molecules (e.g., wa-
ter) is described by a diffusion propagator P(r,r,,?) satis-
fying the diffusion equation:

oP/ot=D-V?P 3)

(D is the diffusion coefficient) with the initial condition
P(r,ry,0) =3(r —ry), and with specific boundary condi-
tions.

Another approach for calculating the MR signal is
based on the Bloch—Torrey equation for the magnetization
distribution m(r,¢#) — a circular component of transverse
(with respect to the external field H, magnetization distri-
bution (m =m, +im,) at time ¢ after the excitation RF
pulse [2]:

s(t)= jdr m(r, 1),
om(r,f)

> =Lm(r,t), L=DV?+iyh (r,1), m(r,0)=py(r),

“

where h,(r,t) = Hy +G(¢)-r. Importantly, the operator L
is non-Hermitian, and an analytical solution of Eq. (4) for
an arbitrary G(¢) in a closed analytical form is available
only in the case of unrestricted diffusion and in the one-
dimensional case [3].

Let us consider first the case of unrestricted (free) diffu-
sion. In a homogeneous unbounded media (e.g., water)
thermal molecular motion is random, and the diffusion
propagator P(r,r,,t) is Gaussian, and the SE signal is a
simple mono-exponential function [1]:

S =Sy exp(-bDy). )
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Here D is the free diffusion coefficient for water mole-
cules or other MR active species under consideration; b is
the so-called b-value. For an arbitrary gradient waveform
G(?) applied during a total time 7 [4]:

T [t 2
b= yzjdt jdt’ G| . (6)
0 0

For Stejskal-Tanner pulse sequence, Eq. (6) reduces to
b=(yG8)*(A-5/3).

As demonstrated in [5], in the case of free diffusion the
phase distribution function is also Gaussian. Hence, only
first two terms in the cumulant expansion of s(¢) in Eq. (1)
differs from 0, and

s(t) = exp[<—(p2 0/ 2>] %

(without loss of generality, we consider ((p) =0). Averag-
ing (p2 () rather than the exponent exp(—i ¢(¢)) is a sub-
stantially less challenging problem because < ¢~ (¢) > can
be written in a closed form:

5 :it T
<(p (t)> . [a [ ar, [dr x
0 0 V

xjdrz (G(1)'1)(G (1)1, ) P(xy, 15, Ty —T5).
14

®)

In the case of unrestricted diffusion, when the propaga-
tor is Gaussian, the integrals in Eq. (8) can be readily cal-
culated [5] leading to the same signal as in Eq. (5).

If diffusion is restricted by some barriers or if the field
gradients are non-uniform (as in the case of susceptibility-
induced field inhomogeneities), the phase distribution func-
tion is, in general, not Gaussian. However, in some cases, it
can be well approximated by a Gaussian function — the so-
called Gaussian phase approximation (GPA). The quantity
((p2 (2)) and, consequently, the signal can be readily calcu-
lated in systems for which the diffusion propagator
P(r,1,,1) is available. Some important examples of these
calculations can be found in [6].

In the GPA both ((p2 (t)) in Eq. (8) and the h-value in
Eq. (6) are proportional to the diffusion gradient amplitude
squared, the diffusion attenuated MR signal can be pre-
sented in the form similar to Eq. (5):

S =Syexp(~b-D), 9)

where D is the so-called apparent diffusion coefficient
(ADC). Obviously, for free diffusion [):DO. In general
case, D depends on the “timing” parameters of the gradi-
ent waveform and, of course, on the structure and proper-
ties of the environment in which spins diffuse. However, in
the framework of the GPA, D does not depend on the
strength of diffusion gradients (for fixed “timing” parame-
ters of the gradient waveform).
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The dependence —InS ~ G? is a “hallmark” of the
GPA. The adequateness of this approximation has been
discussed by many authors [6—10]. First, the GPA is valid
at short diffusion times, when phase accumulated by dif-
fusing spins is small, @ << 1. Second, it can be valid at suf-
ficiently long diffusion times (this condition is necessary
but not sufficient!), when all diffusing spins have encoun-
tered boundaries many times, their trajectories become
statistically identical, and the central limit theorem can be
applied. Obviously, this is not always true. For instance, in
the case of narrow pulses, the diffusion attenuated MR
signal from a single restricted compound demonstrates a
quasi-periodic dependence on G (a so-called “diffusion
diffraction” effect [7]). A detailed quantitative comparison
of the Gaussian phase approximation with exact results for
some models of restricted diffusion in the presence of a
constant field gradient was given in [10] for a broad range
of system parameters.

Multiple propagator approach

A rather powerful approach for the calculation of the MR
signal in the presence of external magnetic field gradients has
been developed in [11,12] in conjunction with studies of re-
stricted diffusion. This approach is based on dividing the gra-
dient pulse into successive short time intervals and then using
a propagator for each stage of the evolution — the so-called
“multiple propagator approach” (MPA). In [10] the MPA was
reformulated in such a way to obtain not only the net signal
S(¢) but the signal spatial density (magnetization distribution
m(r, 1)) as well, i.e., to solve Eq. (4).

The MPA can be used when the diffusion propagator,
i.e., the Green’s function of the diffusion equation with the
boundary conditions specified by the system’s geometry, is
known. In this case, the propagator P(r,r',z) allows the
standard expansion in terms of the orthogonal set of (nor-
malized) eigenfunctions {u; (r),k=0,1,...} of the Sturm—
Liouville problem:

P(r,r',1) =%Z g ()uy (r')exp(-Agt),  (10)
k=0

where A, are the corresponding eigenvalues. Dividing the
spin’s trajectory into N small intervals Az, t = N-At, and
using Eq. (10) at each time intervals, for an arbitrary gradi-
ent waveform G(¢) the net signal and the magnetization
distribution can be obtained in a matrix product form. For
the FID signal (G = const),

m(r,t) = o(r,q/2)- A(Ar) -[fj(q) -[\(At)]N_l Ff(-q/2),

s(t)=F(q/2)-A(Ar) -[ﬁ(q) ~1A\(At)}N71 Fi(-q/2),

(10)
where q = YG - At; the elements of the matrix U, the diag-

onal matrix A, and the vectors F, ¢ are
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Fe@ =, [ (nyexp(iar).
Vv

0 (r. ) =%uk(r)exp(iqr), (12)

1 sk .
Ukk’ = ;jdr uk(r)ukr(r)exp(lqr),
V

Akk =exp(—7uk At) (13)

For the Stejskal-Tanner pulse sequence, the SE signal is
equal to

ssgp(f) = T.TT’ T= F(q/2)'A(At)‘[ﬁ(Q)'lA\(At)JN/Z_I'

(14)

By choosing the number N big enough, Eqs. (11)—(14)
allow to calculate the signal and magnetization distribution
with any prescribed accuracy.

A single-compartment model — Edge Enhancement
Effect

In the case of one-dimensional diffusion, in which the
spins are distributed between two infinite parallel planes
localized at positions x =0 and x =2a, a solution to the
diffusion equation with reflecting boundary conditions
8P/6x‘x=0 = aP/Gx‘FZa =0 is well-known (e.g., [13]) and
is given by Eq. (10) with

DyB: k
, Br=— (15
a? 2

up(x)=my cosﬂ, Ay =
2a

where the normalization factors are ny =1, Mo = V2.
For the gradient symmetric with respect to the center of the
interval,

femle Bues nkzn e fiw |+ 06
2D
fk_[(nk)2_4q>2}[ exp(—i®)+(-1) exp(zq))}

@ =Qa =yGaAt. (17)

There are two characteristic time parameters in the model,
determining the signal behavior: the characteristic diffu-
sion time f) = a® /Dy, and the dephasing time 7. =1/(yGa)
, which defines the time of signal dephasing in the absence
of diffusion. If we measure time in the units of one of these
characteristic times, for example, 7., the FID signal de-
pendence on t=t¢/¢t, will be governed by the sole dimen-
sionless

_tc_ DO

=== T (18)
Ip vGa
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Figure 2 illustrates the FID signal dependence on the
dimensionless time t=¢/¢, for different values of the pa-
rameter p. Note that for small values of the parameter p
(including the static case p =0), the signal oscillates with
time, whereas for higher p, its behavior becomes monoton-
ic (the detailed analysis shows that the transition takes
place at p =0.443). For p ~1, the GPA is valid, the signal
can be describes by the following expression obtained
from Eq. (8):

0 2
§(OPA) () = exp{_i g(PB2k—IT):| (19)
P’ kz=1 B3k

where g(x)=exp(—x)+x—1.

The first line in Eq. (11) (and the corresponding expres-
sion for the SE signal) was used to calculate the magnetiza-
tion distribution and illustrates the so-called edge enhance-
ment effect (see Fig. 3), where the FID (solid lines) and SE
(dashed lines) magnetization distribution for the 1D model is
plotted as a function of the dimensionless coordinate
x/(2a) for two values of the parameter, p = 0.005 (curves
1) and p =1 (curves 2) (time is fixed, Tt =10). The curves /
have pronounced maxima at the boundaries, whereas
curves 2 are practically flat.

The physical origin of this effect is that spin diffusion in
the vicinity of system boundaries is effectively more re-
stricted than that away from the boundaries. The edge en-
hancement effect takes place when two conditions are satis-
fied: 1) a characteristic diffusion distance x ~ (Dot)l/2 that
a spin travels over time ¢ is much smaller than a system size
a, xy << a, in other words, ¢ << tp; 2) the field gradient is
strong enough to result in a substantial phase difference over
Xo: YGxpt > 1, ie., > (tgtD )1/ 3 (note that the combination
in the right-hand side of the latter inequality is independent
from the system size a). In dimensionless variables, these
conditions are pfl et pil. Obviously, this double-

Fig. 2. The FID signal dependence in the 1D model on the di-
mensionless time t=¢/¢, for different values of the parameter p.
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Fig. 3. The magnitude of the FID (solid lines) and SE (dashed
lines) signal density ‘m‘ as a function of the dimensionless coor-
dinate x/(2a) for the fixed time t=¢/f, =10 and p=0.005
(curves /) and p =1 (curves 2). The edge enhancement is pro-
nounced in curves I (#=0.05¢p), and is practically absent in
curves 2 (t=tp).

inequality can hold only for p <<1. In the case 7 > ¢, diffu-
sion “stirs” all spins and the signal density becomes practi-
cally homogeneous at time ¢.

Short time regime

As already mentioned above, the MPA requires the
knowledge of the diffusion propagator, i.e., a solution of
the diffusion equation with system-specified boundary
conditions. Unfortunately, this is possible only in some
simple geometries: segment, sphere, cube, etc.). Generally,
such a solution is not available in an analytical form. Here
we discuss another approach which is applicable for an
arbitrary geometry in the short-time regime, when the dif-
fusion time ¢ is much smaller than the characteristic diffu-
sion time ¢,

1

f<<tp=——- "
? Dy(old Y

(20)

where o =(A4/V) is the surface-to-volume ratio, and d is
the system’s dimensionality.

In this regime, an effective time-dependent diffusion
coefficient D(¢) relating the mean square displacement of
a diffusing particle ((Sr)z)t and diffusion time ¢ as
((Sr)Z)Z:ZdD(t)-t, can be presented in the following
universal form [14]:

o 1/2 4
D(t)—DO[l cod(DOt) }, 00—3\/;. 2n

Combining Egs. (7), (8) and (21), the signal can be pre-
sented in the monoexponential form of Eq. (9) with the
ADC Dg (1)
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~ c 1/2 A0
DG(t)ZDO I—CG—(Dot) R CG =COT,
d L7(t)
t T
139(0)= [ dr [ dry G(r)Gr)(x ~72)",
0 0
(22)

where the subscript index “G” is used to emphasize that
the quantity DG (#) and the coefficient ¢; depend, in gen-
eral, not only on diffusion time ¢ but on a time-course of
the diffusion sensitizing gradient as well.

For the Stejskal-Tanner pulse sequence with the time
parameters A and o [15]:

6 [(A+8)7/2+(A—8)7/2—2A7/2—267/2J

35vn

G (A, 5) =

§%(A-8/3)(A+38)"
(23)

If 5 << A (narrow pulse approximation, diffusion during
the gradient pulses is ignored), c; = ¢

In [16,17], Egs. (21), (22) were applied to the oscillat-
ing gradient sequence. The latter is extensively used for
studying short-length scales inhomogeneities in porous
media and biological systems. For the oscillating gradient
G(t) = Gy -cos(wt — @) with N total periods of oscillations,
the ADC Dy as a function of frequency ® and a number of
oscillations N can be presented as

!

~ c '
DG(tzan/m)zDo(l—W} c'=cg-(2nN)'"2, (24)

c'(p,N) =

327N Y2 sin? o+ 127N -C(2NY?) +3(3+ 4sin? 9)-S(2N"?)

672 TN (1+ 2sin” @)
(25)

where Q = wtp; C(x) and S(x) are the Fresnel functions.

For any ¢ # 0 (including sin-type gradient), the coeffi-
cient ¢'(¢, N) monotonically increases at large N, whereas
for @ =0 (cos-type gradient), the coefficient ¢'(0, N) mon-
otonically decreases with N increases and tends to a finite
value 1/~/2:

1 1
¢ (N)Ec'((p:O,N):—(l——J, N >>1,
cos \/5 7T2N3/2 6)
.2
c’((pth,N)Z—&/Esm2(‘D Nl/z, N >>1.
3(1+2sin” @)

The divergence of the coefficient ¢'(¢ = 0, N) at large N
imposes a restriction on the oscillation number N:
(=0, N)/Ql/2 <<1, that is equivalent to the require-
ment of the short-time approximation, ¢ << ¢j,. Interesting-
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ly, this requirement can be lifted for the cos-type gradient
because c(,, ~1 for any N. The detailed analysis of this

issue can be found in [17].

Concluding remarks

In this paper, we have discussed several theoretical ap-
proaches developed for describing diffusion-attenuated
MR signals in biological structures. As such structures are
extremely complex with great variability of structural units
(cells), it is not possible to propose an exact microscopical-
ly-based model which would capture all microstructural
properties of biological tissues. Thus, different approaches
are developed to address different aspects of the tissue
complexity. For example, the multi-propagator approach
can be used for theoretical analysis of diffusion-attenuated
MR signal in simplified geometries (e.g. spherical cells).
On the other hand, the Gaussian phase approximation is
based on the statistical properties of water molecules dif-
fusing in a complex cellular environment thus relating the-
oretical parameters to tissue microstructure.
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TeopeTnyHi mogeni MarHiTHO-pe30HaHCHOro curHany
y BionoriyHNX TKaHWHaxX

Alexander L. Sukstanskii, Dmitriy A. Yablonskiy

Mudysiiina maraiTHo-pe3oHaHcHa Tomorpadis (MPT) Bigirpae
Iy’Ke BXIUBY POJb y BUBUEHHI KIITHHHOI CTPYKTYpH OioJorid-
HHX TKaHUH Ta 1X QyHKIIOHYBaHHS SIK y HOPMAJILHOMY CTaHi, TaK i
IpH 3aXBOPIOBaHHAX. KopekTHa iHTeprperamnist eKCIepUMEHTANb-
HMX J@HHX BUMAara€ po3pOoOKH TEOPETHYHHMX MoAeNnel, sKi
noB’s13y10Th 1uQy3Hnit MPT curnan 3 xapakTepHHMH OCOOJIHBO-
CTSMH MIKPOCTPYKTYpH TKaHMHH Ha KIITHHHOMY piBHi. Y cTarTi
HPEJICTABIICHO JIEKi TEOPSTUYHI MiIXO/H IOO0 OINICY MarHiTHO-
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pe3oHaHCHUX curHamiB. Lleil niama3oH migxoJiB 3MIHIOETBCS BiJ
Mojiesiel, 110 3aCHOBaHiI Ha PO3MIBIAI CTATHCTHYHUX BJIACTHBO-
CTeil MOJIeKYNl BOIH, siKi IUGYHIYIOTh Y TKAHHHHO-KIITHHHOMY
CepeIOBHILL, Ta JI0 MOJEICH, SIKi JO3BOJISIIOTH IIPOBOJIUTH TOYHUI
AQHANITHYHUI PO3PaXyHOK MAarHiTHO-PE30HAHCHOTO CHTHAIY Y
KOHKPETHOMY OJTHOKaMEPHOMY CepeloBHIi. Takuil TeopeTHYHUI
aHai3 Jae BXIMBY iHGOPMALIIO PO MEXaHI3MH, L0 CIPHUSIOTH
¢dopmyBaHHIO [HM(Y3HOIO MarHiTHO-PE30HAHCHOTO CHIHALY Ta
Horo 3B’sI3Ky 3 KJIITHUHHOIO CTPYKTYPOIO 010JI0T1YHOT TKAHHHH.

KirouoBi croBa: MarHiTHUH pe3oHaHC, raycciBcbke (asoBe HabIH-
JKEHHSI, METOJ{ MHOXXHHHOTO IIpOIararopa.
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