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It is well-known that a spin-transfer torque caused by a dc electric current can excite in a two-dimensional 
ferromagnetic film exchange-dominated magnetic solitons, often called “spin-wave bullets”, under the condition 
of a negative nonlinear shift of spin wave frequency. In this work, we demonstrate that in a quasi-one-
dimensional (1D) case, e.g., in a nanowire spin-Hall oscillator, it is possible to excite a stable dissipative magnetic 
soliton, which is dominated by the dipole-dipole interaction. This dissipative magnetic soliton can be described 
in the framework of a 1D Ginzburg–Landau auto-oscillator model, and has the shape similar to that of the ex-
change-dominated spin wave bullet, but with a different spatial localization law. The influence of the dipolar in-
teraction makes possible the stabilization of a dissipative soliton in a relatively large (micron-sized) active area 
of the oscillator, which is in a sharp contrast with the two-dimensional case, where the excitation of a stable spin-
wave bullet was observed only in relatively small active areas having typical sizes of the order of 100 nm. 
The characteristics and possible applications of these dipole-dominated spin wave bullets are discussed. 
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1. Introduction 

The inherent nonlinearity of magnetization dynamics, 
which is, mostly, of a topological origin [1], leads to the 
possibility of formation of a wide variety of static and dy-
namic magnetic solitons, which can exist in ferromagnetic 
samples [2,3]. The pioneering theoretical works describing 
the conditions of formation and classification of magnetic 
solitons were performed in 1970th [4–7], followed up by 
the experimental studies of the spin-wave (SW) envelope 
solitons in continuous ferrite films [8,9]. Recent progress 
in the nanopatterning, engineering of magnetic interfaces 
and multilayers allows for the experimental observation of 
many kinds of static magnetic solitons, for instance, vor-
tices [10,11], skyrmions [12–15], magnetic bobbers [16], 
spin meron pairs [17]. 

An important turning point in the investigations of dy-
namic magnetic solitons was the discovery of the spin-
transfer torque (STT) effect [18,19]. By means of the STT 
it becomes possible, under certain conditions, to complete-
ly compensate magnetic damping [20], and, thus, to realize 
experimentally highly nonlinear cases of the magnetization 

dynamics described theoretically in [2,21]. First, it was 
theoretically predicted [22] and, then, experimentally con-
firmed [23] that in the case of an in-plane magnetized two-
dimensional (2D) ferromagnetic film a local application of 
STT can lead to the excitation of a particular type of a dy-
namic magnetic soliton, called a “spin wave bullet”. Later, 
the excitation by means of STT of the other types of mag-
netic solitons, such as multibullets [24], droplets [25–27] 
and dynamic skyrmions [28] was also demonstrated. 

The excitation of the SW bullets was extensively studied 
in the two-dimensional case, when a ferromagnet forming 
a free layer of a spin-torque oscillator (STO) or a spin-Hall 
oscillator (SHO) is an extended film, and the STT acts on 
it locally. In such cases the local STT action (or local in-
jection of a spin current) is created by the use a point con-
tact [23,29] or a current concentrator [30]. The SW bullets 
can be excited under the condition of a negative nonlinear 
shift of the SW frequency, which can be realized, e.g., in 
the case of an in-plane magnetized isotropic ferromagnetic 
film. In such a case, the frequency of the magnetization 
oscillations decreases with the increase of the oscillation 
amplitude, and, at a certain amplitude, goes below the spect-
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rum of the linear SWs. This nonlinear transformation of 
a large-amplitude SW into an evanescent state constitutes 
a nonlinear self-localization mechanism leading to the forma-
tion of a spatially localized SW bullet. In a 2D case the for-
mation of the SW bullets is dominated by the exchange 
interaction, and is well described within the purely ex-
change model [22]. The characteristic size of an SW bullet 
in such a case is determined by the exchange length of a 
ferromagnetic medium, and, typically, does not exceed 
100–200 nm. If one applies an external STT to a much 
larger area, the coherent excitation of SW bullets (or any 
other mode) becomes impossible, and, instead, a sub-
threshold “heating” of many different SW modes is ob-
served [31]. 

In contrast, in a quasi-1D case taking place, e.g., in a na-
nowire SHO [32], the coherent single-mode generation was 
observed in the SHO devices having much larger sizes of 
the SHO active area (area where the STT in applied) ex-
ceeding 1 mµ  [32,33]. Later, we found [34] that in this 
case the SW mode excited by the STT is also a nonlinear 
self-localized SW bullet, but its formation is dominantly 
affected by the dipole-dipole interaction. It should be not-
ed, that the existence of dipole-dominated bullets is not 
trivial, as in this 1D geometry the Lighthill criterion [35], 
necessary for the formation of conservative dynamic so-
litons is not fulfilled. Thus, these dipole-dominated bullets 
can be classified as purely dissipative magnetic solitons 
(see, e.g., [2]), that can exist only in an active, externally 
pumped medium, like an active area of an SHO. In this 
work we present a detailed numerical study of such dipole-
dominated magnetic solitons, and consider the conditions 
when the dipolar interaction dominates the formation of 
the SW bullets. 

2. Model of 1D spin-torque oscillator 

The most common realization of a quasi-1D case is a SHO 
based on a bilayer nanowire comprising a ferromagnet and 
a heavy metal, the sketch of which is presented in Fig. 1. 
If a nanowire is sufficiently narrow, the profile of the exit-
ed SW mode is determined by the lateral quantization and 
nonuniformity of the static magnetic field across the nan-
owire width, and this width profile remains almost unchang-
ed with the increase of SW amplitude, both for bulk and 
edge modes of a nanowire [34]. In this case the development 

of the magnetization dynamics takes place only along the 
nanowire length ( y  coordinate), and is determined by the 
distribution of bias current density ( )J y , which exerts STT 
due to the spin-Hall effect. Below, we assume a rectangu-
lar profile of the bias current: ( ) =J y J  within the active 
region of the length aL  and ( ) = 0J y  outside it. We also 
assume the static magnetization to be directed along the x  
direction, that is the most efficient geometry for the SW 
excitation by the spin-Hall effect. Notes on the influence of 
the static magnetization direction on the magnetization dy-
namics will be given below. 

The magnetization dynamics in this SHO is studied in 
the framework of a nonlinear Ginzburg–Landau equation 
which is derived from the corresponding Landau–Lifshitz 
equation accounting for linear and first nonlinear ( 3| |b ) 
terms [22,34]:  

 ( ) ( )2 2ˆ * | | ( ) 1 | | = 0 .G
b i b iN b b J y b b
t

∂
+ + α Ω + −σ −

∂
 (1) 

Here = ( , )b b y t  is the complex amplitude of the dynamic 
magnetization in the excited spin-wave mode, Gα  is the 
effective damping constant, which could be different from 
the standard Gilbert constant due to the contribution of the 
spin pumping into a heavy metal layer and/or large preces-
sion ellipticity, the parameter N  describes the nonlinear 
frequency shift [36], and the coefficient σ  is the spin-
transfer torque or spin-Hall efficiency for a STO or SHO, 
respectively, exact expressions for which is not important 
for our current work and can be found elsewhere [28,36]. 

The frequency operator Ω̂  is given by  

22
2

0 ex 2
0

ˆ * ( ) ( ) ,
2

M
M yy

bb b G y y b y dy
y

ω∂ ′ ′ ′Ω ≡ ω −ω λ + −
ω∂ ∫  (2) 

where 0=M sMω γµ , exλ  is the exchange length of the fer-
romagnet, and 0ω  is the frequency of a spin wave resonance 
in the linear regime, which is assumed to be constant. 
A spatial dependence of the 0ω  can be induced, e.g., by 
the Oersted field of the bias current, and, in the case of 
a significant nonuniformity of this field, could affect the na-
ture of the excited mode [37]. The last integral term, which 
was neglected in most of the previous studies, describes 
the dipole–dipole interaction with yyG  being the yy -com-
ponent of the magnetostatic Green’s function for a nano-
wire geometry [38]. In several previous works the effect of 
the dipolar interaction on magnetic solitons was considered 
within a local approximation (as an effective anisotropy) [6]. 
Attempts to account long-range nature of dipolar interac-
tion were done in [39,40]; however, the approximation made 
in these works is valid for small-amplitude solitons, which 
is not the case of solitons excited by STT. In the particular 
case presented below, rigorous accounting for the dipolar 
interaction is of a principal importance. 

In the following, we present the results of a numerical 
solution of Eq. (1). As it is usually done in the SW bullet 

Fig. 1. Sketch of the considered quasi-1D SHO, comprising a fer-
romagnet–heavy metal nanowire and thick metal contacts, which 
define the active area between them. 
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simulations [41], we have chosen the initial condition in 
the form of a large-amplitude Gaussian-shape inhomogenei-
ty. The numerical parameters, used in our simulations, are 
the following: 0 = 0.25 Mω ω , = 0.1 MN − ω , ex m= 5.5 nλ , 

= 0.02Gα , which are in the range of typical parameters of 
SHOs based on NiFe/Pt nanowires; the nanowire width was 

nm= 200xw , which is used in the expression for the 
Green’s function. 

3. Results 

A typical dependence of the generation frequency on 
the bias current, which is obtained in the considered case, 
is shown in Fig. 2a. The generation starts at a certain 
threshold th,1J , which is determined by the size of the ac-
tive area and the magnetic parameters of a nanowire. The 
threshold value is always larger than th,0 0= /J Γ σ (where 

0 0= GΓ α ω ), which corresponds to the damping compen-
sation for linear SW in the case when the STT is applied to 
the whole sample (see Eq. (1)). At the threshold th,1J , the 
generation is a single-mode regime, with the frequency 
lying below the linear SW resonance frequency 0ω . With 
the increase of the bias current the generation frequency 
decreases, as it is expected for a negative nonlinear fre-
quency shift. At a certain second threshold value th,2J  the 
generation mode is switched to a different regime. It could 
be two-mode regime, shown in Fig. 2a, a more complex 
quasi-periodic regime, or even a generation failure. In this 
work we are discussing only the first, single-mode genera-
tion regime, which is the most important for applications. 

The profiles of the excited SW mode are shown in 
Fig. 2b. At the threshold th,1J  the mode has large ampli-
tude and is clearly localized in the vicinity of the active 
area. Further increase of the bias current leads to the spatial 
narrowing of the excited mode with simultaneous increase 
of its amplitude. 

All these features of the excited SW mode (the frequency 
lying below the linear SW resonance, finite mode ampli-
tude at the generation threshold, spatially localized profile) 

are characteristic for the excitation of self-localized SW 
soliton (SW bullet mode), and are similar to the cor-
responding characteristics obtained in the 2D case [22]. 
The only important difference is the size of the active area, 
in which we observe the bullet excitation, = 1 maL µ , 
which is much larger than characteristic sizes of the active 
area, for which single-bullet mode excitation was reported 
in the 2D case. 

We have systematically studied how the range of bias 
current, where the single mode generation is realized, 
evolves with the increase of the active area length aL  (see 
Fig. 3). First, let us look at the results within the purely 
exchange approximation, which is achieved by neglecting 
the integral term in Eq. (2). The excitation threshold of the 
first bullet mode (lower boundary of the single-mode re-
gion) becomes smaller for larger aL , as one should expect 
because of a larger in size, and, consequently, smaller in 
amplitude, bullet can be excited at the threshold. The tran-
sition to non-single-mode generation regime also takes 
place at a smaller bias current in an oscillator with a larger 
active area, that is a consequence of a smaller exchange 
energy penalty for the excitation of a second bullet mode, 
or a more complex nonuniform dynamics. Also, in Fig. 3 
we plot the threshold of a linear SW mode excitation, 
which would have been realized if the nonlinear frequency 
shift would be zero or positive. In a real experiment, the 
thermal fluctuations, which are neglected in our simula-
tions, lead to a nonzero thermal level of the linear SWs, 
and the level of the thermal SWs increases substantially 
close to the formal threshold of a linear SW mode excita-
tion. This means, that if the thresholds of excitation of 

Fig. 2. (Color online) (a) Dependence of the generation frequency 
of a SHO on the bias current. (b) Profiles of the excited SW mode 
at the generation threshold th,1 0= 1.14Jσ Γ , and at a higher bias 
current. Calculation parameters: active region length = 1 maL µ , 
nanowire thickness m= 5 nh . 

Fig. 3. (Color online) Region of the single-mode generation 
(shaded area) as a function of the active area length within the purely 
exchange approximation (red), and within the full dipole-exchange 
model for the nanowire thickness m= 5 nh  (blue). Inset shows 
the region of the single mode generation as a function of the nano-
wire thickness for the active area length nm= 500aL . In both 
panels, dashed lines show the threshold of the linear mode excita-
tion if the nonlinear frequency shift is neglected, = 0N . 
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the bullet and linear SW modes become too close to each 
other, the thermal noise could break the single-bullet mode 
generation regime, and a more complex dynamics (e.g., 
stochastic jumps between different modes, so called “mode 
hopping” [42]) can be observed. A similar situation takes 
place if the thresholds of a single-bullet and of a two-bullet 
mode excitation become close to each other. Single-bullet 
generation can be observed only if the threshold of its exci-
tation is sufficiently lower than other thresholds. Within 
the purely exchange approximation this situation takes 
place if the active area is smaller than 300–400 nm, in full 
accordance with previous results obtained for the 2D case. 

At the same time, if the dipolar interaction is taken into 
account, all the characteristic thresholds increase substan-
tially (see Fig. 3), and, therefore, the single-bullet mode 
can be stabilized in a much larger active area, up to 

1.5 maL µ . By varying the nanowire thickness h we 
found, that all the thresholds increase with the increase of 
h (see inset in Fig. 3). This increase of threshold is ex-
pected for the excitation of a linear mode, since a larger 
nanowire thickness corresponds to a larger SW group ve-
locity at low wave numbers. This group velocity is appro-
ximately equal to 2

gr 0/ (4 )Mh≈ ω ωv  for the considered 
geometry. The larger group velocity leads to the larger 
radiation losses which should be compensated by the STT. 
It is clear from Fig. 3, that the thickness dependence of the 
bullet excitation threshold follows the same trend as the 
threshold for the linear mode, meaning that it is also go-
verned by the group velocity increase. 

Summarizing this part, we can state, that: (i) dipolar in-
teraction is crucial for the stabilization of the SW bullet 
mode in large, micron-sized active area of a SHO, and (ii) 
the amplitude range of existence of the single-bullet mode, 
as well as the maximum size of the active area in which 
generation of this mode can be achieved, are mainly deter-
mined by the SW group velocity, and increase with the in-
crease of the group velocity. This fact can be explained by 
a more effective energy flow from the active area when grv  
is increased. 

It should be noted, that the appearance of dipole-domi-
nated solitons is not trivial, as they do not satisfy the Light-
hill criterium < 0ND  [35], where 2 2= /D k∂ ω ∂  is the dis-
persion of the SW group velocity. For the exchange-do-
minated spectrum 2

ex= 2 > 0MD ω λ , and the criterium is 
satisfied. However, for the dipole-exchange SW spectrum 
the dispersion is negative ( < 0D ) at low k . We also check-
ed the pure dipolar case (setting ex = 0λ ), for which < 0D  
in all the range of the SW wave numbers, and the results 
remain almost the same. Therefore, we can conclude that 
the dipole-dominated SW bullets are the solitons of a pure-
ly dissipative nature and they can exist only in an active 
medium with a local source of energy pumping, like it 
happens in the active area of our SHO. In contrast, 1D ex-
change-dominated SW bullets are not restricted by this li-
mitation. Note, however, that in a conservative 2D case 

the SW bullets are instable in respect to splitting into mul-
tiple solitons. 

Now we discuss the properties of the dipole-dominated 
SW bullets. Their spatial profiles are shown in Fig. 2b. We 
have found, that the profile of an SW bullet in this case is 
well-described by the same two-parameter function, i.e.,

0( ) = ( / )b y B f y l , where 0B  is the bullet amplitude, and l  
is its characteristic width. The normalized function ( )f η  is 
almost the same for the different values of the bias currents 
and/or different lengths of the active region. Some dif-
ferences are present at the bullet “tails”, away from the 
active region. However, a numerical simulation is not a 
particularly convenient tool to study the small details of the 
obtained bullet profiles due to the possible numerical er-
rors and the finite size of the simulation area. Rather unex-
pectedly, the bullet profile is well-described by the func-
tion ( ) = 1/ cosh (2.62 )f η η , which is the exact solution for 
a 1D magnetic soliton in the purely exchange approxima-
tion. Some discrepancy with this analytically obtained pro-
file takes place only at the tails, where the dynamic mag-
netization is small, 0( )b y B . Thus, one can use the 
function ( ) = 1/ cosh (2.62 )f η η  for the analytical estima-
tions of the bullet excitation threshold using the method 
described in Ref. 22, and expect a reasonably good accuracy. 
A more rigorous description of the spatial profile of a di-
pole-dominated bullet, especially at the tails, requires a 
more detailed analytical consideration. 

In the exchange approximation, the SW bullet frequen-
cy is related to its amplitude by the expression (recall, that 

< 0N ):  

 2
bul 0 0= / 2.2 .NBω ω +  (3) 

The frequency of dipole-dominated bullets follows the 
same dependence, as shown in Fig. 4a. This fact is not sur-
prising, because this dependence is equivalent to 

3
bul 0= | | /N b dy bdyω ω + ∫ ∫ , which means that the bullet 

frequency is fully determined by the nonlinear frequency 
shift. 

Fig. 4. (a) Dependence of the SW bullet amplitude on the bullet 
frequency. Points — simulations for m= 5 nh  and m= 10 nh , 
line — Eq. (3). (b) Bullet size l as a function of its amplitude. 
Lines are the guides for an eye. 



R.V. Verba, V.S. Tiberkevich, and A.N. Slavin 

924 Low Temperature Physics/Fizika Nizkikh Temperatur, 2020, v. 46, No. 8 

A more interesting is the dependence of the bullet width 
on its amplitude. The bullet width here is defined as the 
width at half-maximum of its amplitude, as shown in 
Fig. 2b. In the exchange approximation one gets 01/l B . 
From the numerical simulations we found, that the width 
of dipole-dominated SW bullets also follows the power-
law dependence described by 0= /l C Bβ, but the exponent 

1β ≠  (see Fig. 4b and note the log–log scale). For various 
nanowire thicknesses h and SW resonance frequencies 0ω  
we have found that the exponent is in the range 

1.25 1.35β ≈ − . The coefficient C , naturally, increases with 
the SW group velocity (i.e. with the increase of the nan-
owire thickness), meaning that the SW bullets of the same 
amplitude are wider, if the dipolar interaction is stronger. 
A more rigorous determination of the localization rules for 
the dipolar SW bullets requires a detailed analytical model, 
and lies out of the scope of our current work. Also, note 
that approximate theory for low-amplitude dipolar solitons 
yields different exponent = 2β  [39,40], meaning that typi-
cal STT-driven bullets are definitely out of the applicabil-
ity range of this approximation. 

At the end, we would like to discuss the influence of the 
SHO geometry on the formation of the dipolar SW bullets. 
As it is shown above, the effect of the dipolar interaction 
on the SW bullet formation is mostly connected with the 
dipolar SW group velocity, which significantly depends on 
the orientation of the nanowire static magnetization in re-
spect to the SW propagation direction. The maximum ef-
fect is expected in the case of “Damon–Eshbach” geome-
try, when the nanowire is magnetized along its width, 
while the SW propagates along the nanowire length. This 
case was considered in the above presented calculations. 

In the case of a perpendicular magnetization of a nan-
owire, the formation of dipole-dominated SW bullets is 
also expected, but it can be realized only for a conventional 
STO, as the spin-Hall effect does not work in this geome-
try. The SW group velocity in this case is also positive, 

gr / 4M h≈ ωv , and for a relatively thick nanowire can be 
sufficiently large to support the formation of a dipolar SW 
bullet. In contrast, in the case of a nanowire magnetized 
along its axis ( y direction in Fig. 1), the dipolar SW group 
velocity becomes negative. Thus, the dipolar interaction 
does not lead to the additional energy flow from the active 
area, and, therefore, cannot support large-size SW bullets. 

The anisotropy of the SW dispersion in an in-plane mag-
netized magnetic film explains why in the 2D case only rela-
tively small, exchange-dominated SW bullets were ob-
served. Indeed, for a certain cone of the polar angles φ, 

0 0[ < ] [( ) < ]φ φ ∪ φ+ π φ , where = 0φ  corresponds to the 
direction parallel to the film static magnetization and 0φ  
depends on the material parameters and the external bias 
magnetic field, the SW group velocity is negative. Therefore, 
in these directions the length of the active area cannot ex-
ceed several hundreds of nanometers, as, otherwise, the bul-
let instability develops in these directions. Since in practi-

cally all the experiments the active area of a STO or a SHO 
was approximately of a circular shape, only in active areas 
having the size of the order of hundreds of nanometers the 
stable single-mode SW generation was observed. Judging 
from our above presented simulations, we expect that if one 
designs a 2D SHO with an active area elongated along the 
direction, perpendicular to the static magnetization, an ellip-
tic-shape 2D SW bullet with a micron-scale size in this di-
rection and 100–200 nm size in the perpendicular direction 
can be formed and stabilized. 

4. Conclusions 

In conclusion, we studied theoretically the formation 
and properties of SW bullets in a quasi-1D STO. It is de-
monstrated that in the 1D case, the dipolar interaction can 
play a dominant role in the process of the SW bullet for-
mation. In contrast with the exchange-dominated SW bul-
lets [22], the dipole-dominated bullets are purely dissipa-
tive solitons can only exist in an active, externally pumped 
medium. The dipolar interaction can substantially enlarge 
the characteristic width of the SW bullet, and can make 
possible a stable single bullet mode excitation in a STO 
having a relatively large, micron-scale size of the active 
area. The stabilizing effect of the dipolar interaction scales 
with the group velocity of the linear SWs at 0k → . 
The higher is the SW group velocity, the larger is the range 
of the bias currents corresponding to the single-mode gener-
ation for a given length of the active area, and the larger is 
the maximum length of the active area, in which a stable 
single-mode generation can be achieved. The spatial profiles 
of the large-size dipole-dominated dissipative SW bullets 
are very similar to the profiles of the small-size conserva-
tive exchange-dominated SW bullets, and they both demon-
strate the same dependence of the bullet frequency on its 
amplitude. At the same time, the localization law for the di-
polar SW bullets 0= /l C Bβ with 1.25 1.35β ≈ −  differs 
from the corresponding law in the exchange-dominated case, 
where = 1β . Our results show a way to increase the size of 
the SHO active area in which a single-mode SW genera-
tion can take place, which could be useful in the design of 
relatively high-power SHO-based generators of microwave 
signals. 
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Дипольні дисипативні магнітні солітони 
у квазіодновимірних спін-торк осциляторах 

R.V. Verba, V.S. Tiberkevich, A.N. Slavin 

Завдяки ефекту спін-трансферу постійний електричний 
струм, як відомо, може збуджувати у двовимірній феромаг-
нітній плівці обмінні магнітні солітони, які ще називають 
«спін-хвильовими булетами», за умови від’ємного нелінійно-
го зсуву частоти спінових хвиль. У роботі продемонстровано, 
що у квазіодновимірному випадку, наприклад, у спін-Холл 
осциляторі на основі магнітної наносмужки, можливе збу-
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дження стійких дисипативних магнітних солітонів, динаміка 
яких визначається, в першу чергу, магнітодипольною взає-
модією. Ці дисипативні магнітні солітони описуються у ме-
жах одновимірної моделі автогенератора Гінзбурга–Ландау 
та мають профіль близький до профілю обмінних солітонів, 
але виявляють відмінний закон просторової локалізації. 
Вплив дипольної взаємодії проявляється у можливості стабі-
лізації дисипативного солітона в осциляторі з відносно вели-
кою (мікронних розмірів) активною зоною, що сильно відрі-

зняється від двовимірного випадку, у якому утворення спін-
хвильових булетів спостерігалось лише у відносно малих 
активних зонах з типовими розмірами порядку 100 нм. Роз-
глянуто характеристики та можливі застосування таких ди-
польних спін-хвильових булетів. 

Ключові слова: спін-хвильовий булет, спін-торк осцилятор, 
солітон, магнітодипольна взаємодія.
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