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We consider a one-dimensional chain of N equidistantly spaced noninteracting qubits embedded in an open

waveguide. In the frame of single-excitation subspace, we systematically study the evolution of qubits’ ampli-

tudes if the only qubit in the chain was initially excited. We show that the temporal dynamics of qubits’ ampli-

tudes crucially depend on the value of kd, where k is the wave vector, d is a distance between neighbor qubits.

If kd is equal to an integer multiple of 7, then the qubits are excited to a stationary level which scales as N™'. We

show that in this case, it is the dark states which prevent qubits from decaying to zero even though they do not

contribute to the output spectrum of photon emission. For other values of kd the excitations of qubits have the

form of damping oscillations, which represent the vacuum Rabi oscillations in a multi-qubit system. In this case,

the output spectrum of photon radiation is defined by a subradiant state with the smallest width.

Keywords: multi-qubit system, qubits’ amplitudes, photon emission.

1. Introduction

Superconducting qubits coupled to photons propagating
in an open waveguide [1-5] allow for the investigation of
the fascinating world of quantum light-matter interactions
in one dimension [6—11].

The interesting feature of these systems is that the pho-
ton-mediated interaction between qubits is of the infinite
range. This can give rise to the formation of the multiple
super or subradiant collective states that can decay at a rate
faster or slower than the rate I' of a single qubit alone [3].
The properties of collective states in multi-qubit 1D sys-
tems have been extensively studied [12, 13]. It has been
shown that the decay rates of the collective states, I'; scales
as EY/N°, where the collective states are ordered from
subradiant state with the smallest I': (§ = 1) to superradiant
state with I'; =T" (§ = N) [14].

Another remarkable consequence of the multi-qubit
system is that a chain of many equidistant qubits acts as a
nearly perfect mirror for an incident field close to reso-
nance [15, 16].

As is known, the superconducting qubits can be techno-
logically addressed and controlled individually [8]. There-
fore, it is important to know the evolution of the probabi-
lity amplitude of any qubit in a superconducting circuitry.

Here, we will discuss the decay dynamics of any qubit’s
amplitude B,(f) when a single qubit in the chain is initially
excited. As is known, the decay of a specific qubit can be
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described by a set of characteristic complex frequencies
defined by the poles of corresponding collective state ei-
genvectors. However, for many qubits (practically, for N > 3)
the calculation of f3,(¢) based on the superposition of col-
lective states is not mathematically convenient. Instead, in
this paper, we show that the qubits’ amplitudes 3,(f) can be
numerically calculated from a set of linear differential
equations which allow us to avoid the use of collective
states. We show that the temporal dynamics of qubits’ am-
plitudes crucially depend on the value of kd, where £ is the
wave vector, d is a distance between neighbor qubits. If kd
is equal to an integer multiple of wt, the qubits are excited
to a stationary level which scales as N™'. We show that in
this case, these are the dark states which prevent qubits
from decaying to zero. For other values of kd, the excita-
tions of qubits have oscillatory behavior and are gradually
damped out to zero.

The paper is structured as follows. In Sec. 2, we begin
by introducing a Jaynes—Cummings Hamiltonian for atom-
light interactions. A trial wave function is written in a
single-photon excitation subspace. In Sec. 3, we present a
non-Hermitian Hamiltonian which is obtained after the
elimination of photon variables. We describe the collective
states which are eigenvectors of non-Hermitian Hamiltoni-
an and show that the application of collective states for the
calculation of qubits’ amplitudes is not mathematically
convenient. In Sec. 4 we obtain for the qubits’ amplitudes
B.(2) a set of linear differential equations which allow for a
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direct numerical simulations. In Sec. 5, we provide a com-
prehensive analysis of the temporal dynamics of the
qubits’ amplitudes. We show that for kd = nm the excited
qubits’ amplitudes become «frozen» at the level of 1/N
which is explained by N—1 dark states which prevent qubits
from decaying to zero. For the values of kd which are not
integer multiple of © the qubits’ amplitudes gradually damp
out to zero. The probability amplitude of the photon emis-
sion is studied in Sec. 6. We find, that for kd = 2n + 1)1
the evolution of the photon amplitude consists of many
clearly seen steps. These steps can be attributed to the in-
terrelation between temporal behaviors of the different
qubits’ amplitudes. In Sec. 7, we calculate a spectral densi-
ty of photon radiation from a linear chain of N qubits. We
show that for kd = nm the dark states do not contribute to
output radiation. However, if kd is not equal to an integer
multiple of 7, a structure of spectral line is defined by the
deep subradiant states. The main results of the paper are
summarized in the concluding Sec. 8.

2. Formulation of the problem

We consider a linear chain of N equally spaced qubits
which are coupled to photon field in an open waveguide
(see Fig. 1).

A distance between neighbor qubits is equal to d. The
Hilbert space of every qubit consists of the excited state |e>
and the ground state | g). The Hamiltonian which accounts
for the interaction between qubits and the electromagnetic
field is (we use units where 7 =1 throughout the paper):

N
H=H,+)Y o.afa; +ZZ((g,({”)e‘”“"cs(,"))a,j +h.c.), )
k n=1 k

where H|, is Hamiltonian of bare qubits.
1 &
H, :EZ(1+G(Z’”)Q". )
n=1

The quantity g,(c'” in (1) is the coupling between nth qubit
and the photon field in a waveguide.

Below we consider a single-excitation subspace with
either a single photon is in a waveguide and all qubits are
in the ground state, Fig. 1(b), or there are no photons in a

To=== )
(=== )

Fig. 1. Schematic illustration of a single-excitation subspace for a
five-qubit chain in an open waveguide. (a) A single qubit is excit-
ed, N-1 qubits are in the ground state. (b) N qubits are in the
ground state and a single photon propagates in the waveguide.

waveguide with the only nth qubit in the chain being exci-
ted, Fig. 1(a). Therefore, we have limited Hilbert space to
the following states:

|.0¢)=|n)®]0, )=
=|g1,g2, ....... Zls o Cyals wevereene gN>®|Ok>, 3)
|G.1,)=|G)®1,)=|g\, &2, coooen@nots &1 ) ®| Lk )-

The Hamiltonian (1) preserves the number of excitations
(number of excited qubits + number of photons). In our
case, the number of excitations is equal to one (see Fig. 1).
Therefore, the system will remain within a single-excitation
subspace at any instant of time. The wave function of an arbi-
trary single-excitation state can then be written in the form:

N
W)= B, (e

n=1

n,0.)+ > v, (e [G.1,), (4)
k

where B, (¢) is the amplitude of nth qubit, y, (¢) is a single-
photon amplitude which is related to a spectral density of
spontaneous emission.

S(o,0) = v, 0 (5)

The function (4) is normalized to unity:
N
Z|Bn(t)|2 +Z|Yk(t)|2 =1. (6)
n=1 k

Our goal is finding the evolution of the amplitudes B, (¢)
for any qubit in the chain with the initial conditions when
the only noth qubit in a chain is excited at # = 0:

0)=1,
B,, (0) 0
B,(0)=0,n#n,.

3. Effective Hamiltonian and collective states

In what follows, we assume all qubits are identical con-
cerning their excitation frequency 2 and the rate I' of
spontaneous emission of individual qubits into the wave-
guide. The elimination of photon variables results in a non-
Hermitian effective Hamiltonian, which in the Markovian
approximation accounts for the photon-mediated interac-
tion between qubits [15, 17]:

r &
Heff = _15 Z e’k‘xm’xn‘ G:rncn > (8)

m,n=1

where k=Q/v,, v, is the group velocity of electromag-
netic wave in a waveguide, x, is the position of nth qubit,
c,,0, are raising and lowering spin operators for nth
qubit. The rate of spontaneous emission I" of an individual
qubit is defined by the Fermi golden rule:

F:2nZ|gk|2 8(ey — Q). )
k
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It follows from (8) that the photon-mediated interaction
between qubits in such a system results in coherent
Jo =Tsin(k|x, —x,|)/2  and

dissipative rates

L, = Fcos(k|xm —xn|). The coherent rate shifts the posi-

tions of the qubits’ resonances, while the dissipative rate
gives rise to the additional spontaneous emission into the
waveguide mode. Unlike real atoms with short-range di-
pole-dipole interaction, here a coherent interaction J,, is
a long-range one: every qubit is sensitive to its distant
neighbor. In a single-excitation subspace Hamiltonian (8)
has N collective eigenfunctions which are obtained from
the Schrodinger equation H ¥V = EY.

|W. ()= *’E’Za<'>|n> (i=1,2...N), (10)
where Eiis a complex energy
— T.
E =E —i—. 11
i =E =iy an

The quantities E; and I'; depend on the system parameters
I', k, x,,. The states with I, <" are called subradiant states,
those with I"; > I” are called superradiant states.

Complex energies can be found by equating to zero the
determinant of the matrix.

I L ikl =
E+i— |5, +i— 1-5, ). 12
( 2) 5 (1-3,,) (12)
An important sum rule
N
DI, =NT (13)
i=1

states that there are no other losses in the system other than

the coherent photon emission into a waveguide.

Since Hamiltonian (8) is non-Hermitian, the set of
eigenfunctions (10) is neither normalized nor orthonormal.
It is known that a correct calculation of the coefficients

ocff)in (10) requires a bi-orthogonal set of eigenfunctions

|‘Tji(t)>which are a solution of the Schrodinger equation for
H ;Lff. In our case H :ff = H 5 with the consequence that the
complex conjugate of an eigenstate |‘I‘i(t)> of Hegr is an

eigenstate of H gff. Therefore, the conditions for normaliza-

tion and orthonormality between eigenfunctions of these
two sets lead to the following equations for the coefficients

al) [18, 19]:

N
(F.017,0)=Y («) =1, (142)

n=

. N e .
(T.01¥,0) =Y alal) =0, (14b)

n=1

We can express the qubits’ amplitudes 3,,(¢) in terms of the
coefficients o). First, we write the dynamic wave func-
tion as a decomposition over the collective states:
N N o
)=D A4|Y, )= 4e oD |n).  (15)
i=1

i,n=1

|W ()

From (15) we see that

N = R
Bn (t) — Ze—iEitAiag)

i=1

(16)

with the initial conditions

"0 0) = ZAza(l) —
(17)
B, (0)= ZAl-ocfj) =0; n#n,.

This procedure looks elegant but it is not convenient for
computer simulations if the number of the qubits is large. It
consists of several steps. The first step requires the calcula-
tion of N complex energies Ei from determinant (12). The
second step is the calculations of a!” using nonlinear con-
ditions (14a) and (14b). And finally, the third step requires
finding the solution of a system of N linear algebraic
Egs. (17). Every one of these three steps is not simple from
a mathematical point of view. As an alternative approach,
we obtain below a set of the linear differential equations
for the qubits’ amplitudes (3, (), which allow us to find the
quantities B,(¢) by direct computer simulations of these
equations.

4. The equations for qubits’ amplitudes

Here, we express the wave function for Hamiltonian (8)
in terms of a superposition of the single excited states:

N
()= B,(®)|n) (18)

n=1
Even though the wave functions (4) and (18) are different, the
qubits” amplitudes f3,, (¢) in these expressions are the same.
The equations for B,(¢) are derived from the time-

dependent Schrodinger equation id¥/dt=H Y. We
obtain

d IK|X,), —X,

Br_ L0023 paoetieil o

m;ﬁn

If qubits are equidistantly spaced by the distance d, the
Eq. (19a) can be rewritten as follows:

Cin

—__ - lkd‘m n‘
==, (0= Y b

m#n

(19b)

where the qubits are ordered from left to right, and » is the
number of a qubit in the chain.
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The solution of equations (19a) has the form:

N
CHORDILACES

i=l1

(20)

where coefficients 5" are defined by the initial condi-
tions (7). The quantities A; are characteristic roots, which
can be found by equating to zero the determinant of the matrix
r T ivalmn (1 _
(xi+2j6mn+2e (1-38,,,)- 21
A comparison of (21) with (12) gives a simple relation
between quantities A, and complex energies, E,: E, = iA,,.
The number of the quantities A, is exactly equal to the
number of qubits N. In principle, the evolution of qubits’
amplitudes is given by expression (20). However, only a
limited number of simple cases can be analytically obtained
in the form of (20). In general, the qubits’ amplitudes can
be only obtained by numerical simulation of Egs. (19). The
Eq. (19b) with initial conditions (7) is a starting point for
our subsequent calculations.

5. The evolution of qubits’ amplitudes

We assume that initially, the noth qubit is excited,
while all other qubits are in the ground state. First, we
consider several simple cases where analytic solutions can
be obtained.

1. kd = 2mn, where n is integer

It follows from the symmetry of Eq. (19b) that the evo-
lution of all qubits, except for that of excited one, is the
same. That is, all B,(¢), n#n, are equal. Therefore, N
Eq. (19b) can be reduced to two equations:

dp, T r
— === (N-DB, () ——=B,, @),
dt 2 2 22)
P Ly 0-Lov-vp,0
dt 2770 2 .
The characteristic roots of this system are as follows:
A =0, X, =—%. (23)

These roots are the signature of a superradiant decay. Here
for N qubits, we have a single decaying state with the en-
ergy £, =Q—iNI'/2 and N-1 dark states which do not
interact with the photon field.

For the solution of (22) we obtain:

I
- —N
By =" e 2
) (24)
N
Bu(t) = ——te 2
N N

It is seen from (24) that the decay rate is equal to NT.
As the qubit number increases, the change of the qubits’
amplitudes scales as 1/Nat t > .

From condition (6) we can find the full probability of
photon emission from the N-qubit system.
2 1 _
Pa@=2 i@l = (1-e). @9
k

Therefore, as NV is increased the qubits’ amplitudes are weakly
changed, and the radiation is mostly blocked within a system.

2. kd = (2n + 1)m, where n is an integer

It should be expected that in this case the behavior of
the qubits is divided into two groups, in each of which the
qubits have the same amplitudes. One group includes
qubits whose distance from an excited qubit is equal to an
odd number of d values: d, 3d, 5d ... The distance of another
group of qubits from an excited one is equal to an even
number of d: 2d, 4d, 6d ... We denote by B and N, the
amplitude and the number of qubits in the first group, re-
spectively, and by B® and N, the same quantities in the
second group. Obviously, N;+ N, = N-1.

Let us first write down the equation for the ngth excited
qubit. It should be borne in mind that due to a phase factor
in the sum of (19b), all the amplitudes belonging to the
first group are taken with a negative sign, while the ampli-
tudes of the second group are taken with a positive sign.

From (19b) we obtain for excited qubit:

d Bno
dt

r r r
=——B, ) +—=N,pY —=N,p?. 26
2Bno() > B 2 2B (26)
For any not excited nth qubit the Eq. (19b) is of the form
[here we count qubits from the excited one, therefore,

m—n=(m—n0)—(n—n0)]

dp r re ikd|(m—ng)~(n—ny)|
=B (O -= D Ba(D)e 0)=(n=no
i 2 B, () 5 B (1)

m#n

== B2 By, () (27a)

r N-2
_ Z B (t) eikd‘(m—no)—(n—no)‘
2 " '

m#n,n

Next, we split the last sum in (27a) into two parts. The first
part consists of odd values of m—n,, while the second part
consists of even values of m —n,,. Then we obtain from (27a):

ap, T T ikd|(n—
7 _EBn(t)_EBnO (e (=m0
N-2
_£ Z B (t) eikd‘(m—no)—(n—no)‘
m#n,ng

== BB, 0 @7

N,
r 1 ikd|(2p—1)~(n-ng)
BZp 1+n (t) €
2 - 0
p=l

Ny
r ikd|2 p—(n—r
_EZszJrnO (t)ezkd‘Zp (n 10)"
p=1
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From (27b) we can write the equations for the ampli-
tudes BV and B®, bearing in mind that for B the quanti-
ty n—ny is an odd number, while for B the quantity
n—n, is an even number.

dBY T Dy p@n s LD

=S NBOO+ S N () + B, (0. (280)
dB? T .l vy L

P NLB¥ () + 2 NBY (1) 2 B, (). (28b)

Summing up these equations we obtain BP(r)+p? (¢) =
= const for any time. Since initially all qubits’ amplitudes
except for that of the excited one are zero, then we have at
any time BD (1) +p? (¢) = 0. It allows for the reduction of
three Eqgs. (26), (28a), and (28b) to the system of two cou-
pled equations:

d
Py e 0 L p0, o)
Q)
2B, 0-S(N-Dp", @)

Formally, these equations are identical to Eqgs. (22). The
characteristic roots of this system coincide with (23).
Therefore, the solution for qubits’ amplitudes for this case
is as follows:

r
N-1 1 —Mm
)= +—e 2,
P =375
1 —ENz
B =—-—e 2, (30)
I 1 —Mm
Dt)y=——+—e 2
PO N N

The full probability of photon emission for this case coin-
cides with the expression (25).

It worth noting that the solutions (24), (25), and (30) are
valid if any qubit in the chain is initially excited. Below we
show the results of direct simulations of Eq. (19b) for a
five-qubit system.

Obviously, these figures confirm the validity of analyti-
cal results obtained in (24), (25), and (30).

Therefore, for kd = nn the characteristic time for the
evolution of the qubits’ amplitudes is on the order of 1/NT.
It takes this time for a qubit amplitude to reach the level of
I/N. We may say that as the number N of qubits increases,
the qubits’ amplitudes become more «frozen». As is seen
from (20) this frozenness is solely due to the dark states
(A, =0), which prevent the qubits’ amplitudes from de-
caying to zero.

The frozenness can be lifted if kd is not equal to an in-
teger multiple of m. Then all qubits are damped to zero
with the rate being determined by the root A, with the
smallest real part.

ee
AN o
T

o 041 (@)

e
[\
T

1,3,4,5

=
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T

(b)

e
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Fig. 2. (Color online) The evolution of qubits’ amplitudes for a
five-qubit system. t = 1/T". (a) The second qubit is initially excit-
ed, kd = 27. (b) The second qubit is initially excited, kd = 7. (c)
The third, a central, qubit is initially excited, kd = 2m. (d) The
third, a central, qubit is initially excited, kd = 7.

Below, for convenience, we consider the chain with an
odd number of qubits. We assume for definiteness that a
central qubit is initially excited. It is clear from the sym-
metry of the system that the qubits’ which are located
equally on both sides from the central qubit have the same
amplitudes. Therefore, it allows for a reduction of N equa-
tions (19b) to (N+1)/2 equations. As an example, we con-
sider a five-qubit system with the central qubit being ini-
tially excited, b;(0)=1. For kd = (2n + 1)n/2 the equations
for qubits’ amplitudes are as follows:

0.20
2015
%~ 0.10
0.05

1 1 1 1
0 1 2 3 4

[k

Fig. 3. The probability Py(¢) for the photon to be emitted. Five-
qubit system, kd =7, 2n. = 1/T.
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10 20 30 40 50
T
Fig. 4. (Color online) Time dependence of qubits’ amplitudes for
five-qubit system with a central qubit being excited. kd = n/2,
t©= 1/T. The numbers on the panel denote the qubit number or-
dered from left to right. For clarity, the evolution of qubits’ am-
plitudes on a smaller time scale is shown in the insert.

%:_gﬁl _igﬁz +£Bs +i%B4 _gB?
%:—l—ﬁl_gﬁz B3+FB4+’ BS’
%=531_i532_533_15[34+5[35’ GD
%:igﬁl "‘%Bz _igm _%34 _igBS’
%Z—gﬁl +l%Bz +gB3 _i%m _EBS'

The numerical calculation provides five roots for this
system: A, = —0.05I" — i0.59T, A, = —0.05T" +i0.59T", A5 =
=-0.50I" — i0.86I', A, = —0.50I" + i0.86I", Ay = —1.40T.
However, due to the symmetry of the system, B, (¢) = B5(¢);
B, (t) =P, (¢). Therefore, five Eqgs. (31) can be reduced to
three equations:

dp, r
D1 g 4.,
T By 253
dp, T
P _ilp., 32
i 253 (32)
dp, T
B3 _ 1B, —irB, ——B..
0 B —il'B, 2[33
03
5 4,6
025
2.8
025
20.15F 3,7 1,9
[e=
0.1
0.051
1
0 2 a6 8 10

Fig. 5. (Color online) The evolution of qubits’ amplitudes for
nine-qubit system. The central, fifth qubit is initially excited,
kd = /2. © = 1/T. The numbers in the figure denote the qubit
numbers in the chain ordered from left to right.

The characteristic roots of this system can be found from
cubic equation:

1—*3

k(k+F)(k+2j 5 —=0.

The solution of this equation provides three characteris-
tic roots [, =-0.05I"-i0.59T, [, =—0.05I"+i0.59T,
[s=—1.40T", which belong to the set of the roots for the
five-equation system (31). It means that the decay of the
central qubit excites only three collective states, associated
with these three roots. The evolution of qubits for this case
is shown in Fig. 4.

As is seen from Fig. 4 the qubits’ amplitudes are
damped out as a distance between the unexcited qubit and
the excited one is increased. This property is also illustrat-
ed in Fig. 5 for the nine-qubit system.

As is known, a single qubit totally reflects incident pho-
ton if its frequency exactly equals that of a qubit [1, 20].

(33)

0.1

0.05

B,

0.05 1

Bl

3
0 \l| ARSI m

10 20 30 40 50
tt

Fig. 6. (Color online) The evolution of qubits’ probabilities for
a five-qubit system with a third, central, qubit being excited. The
numbers on the panels denote the different values of the quanti-
ty kd. (1) kd = 2n-black dashed line; (2) kd = 2.1m-red solid
line; (3) kd = 2.2m-blue solid line; (4) kd = 2.3m-green solid line;
(5) kd = 2.4n-red dashed line. T = 1/T.
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2 2.3
kd/m

Fig. 7. (Color online) Distribution of Re(A,,) for a five-qubit system.

However, for an incident field near the resonance, a multi-
qubit system exhibits a wide forbidden frequency, gap for
transmittance of light [15, 16]. On the other hand, for any
qubit inside a waveguide, the waveguide acts as a high-
quality resonator. As a consequence, the oscillations of
qubits’ amplitudes in Figs. 4, 5 are a clear signature of
vacuum Rabi oscillations in a multi-qubit system.

For other values of &d, the evolution of qubits’ ampli-
tudes may be rather complicated (see Fig. 6.). It is mainly
defined by the distribution of the roots of A , which are
shown in Fig. 7.

From Fig. 6 it is clearly seen that the evolution of qubits
that are equally spaced from the central qubit is similar.

The distribution of real parts of A, is shown in Fig.7.
For any kd which is not equal to n=n there exist, in general,
five different roots. Not all of them are seen in Fig. 7.

As the number of qubits in the chain increases, the am-
plitudes of qubit oscillations, in general, decrease. This

no

0.2F »\3 (a)

B

B,

5 10 15 20
1/t

Fig. 8. (Color online) Dependence of qubits’ amplitudes on N.
kd = /2. The numbers on the panels denote the number of qubits
in the chain. In all cases, a central qubit is initially excited.
(a) The evolution of the first, qubit in the chain. (b) The evolution
of the central excited qubit. (c) The evolution of the qubit which
is nearest to the central one. T = 1/T".

behavior is shown in Fig. 8. The reason for this is that the
energy of the excited qubit must be distributed over all
other qubits in the chain.

6. The probability of the photon emission

Once we know the qubits’ amplitudes B,(¢), we may
calculate the evolution of the full (integrated over all

frequencies) probability of the photon emission,
Py ()= |7, (0)| . From (6) we obtain
* N
P =1-"[8, 0] (34)
n=1

We have found an interesting feature of this quantity if kd
is equal to half-integer multiple of m. The evolution of
P, (1) reveals several steps where, dFy;,(¢)/dt =0. These
steps can be attributed to the interrelation between the
temporal dynamics of the different amplitudes. As an ex-
ample, we demonstrate this property in Fig. 9 for a three-
qubit system.

As is seen from this figure, the first step on F, curve is
in the vicinity of extremum points of qubits’ amplitudes.
However, for more qubits in the chain, the relation be-
tween a particular step and concrete qubits’ amplitudes is
not so evident. As an example, we show in Fig. 10 several
photon steps for a five-qubit system.

7. Spectral density of photon radiation

The quantity v, (¢) in (4) allows for the calculation of a
spectral density of spontaneous emission into a waveguide.

The application of the Schrodinger equation to wave
function (4) leads to the following expression for y, (¢):

N t
V(.0 =iy gf"e ™ [B, () ar. (350)
n=1 0

Using the expression (20) for 3, () we obtain
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Fig. 9. (Color online) Three-qubit system. The second qubit is
initially excited, kd = /2. = 1/T.
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Fig. 10. (Color online) The photon emission probability steps for
the five-qubit system shown in Fig. 4. Central qubit is initially
excited, kd = /2. = 1/T.

This is a rather general expression. As the time proceeds
only the term with the smallest real part of & ; survives in
(35b). However, the concise analytical results can be ob-
tained only for several simple cases.

Consider kd = 2nm with the identical qubits. Substitu-
tion of B, (¢) from (24) in (35a) allows us to proceed with
simple calculations.

N__lj"ei(w_g)trdt,_'_ | ei(m—Qﬂ‘%)t 1

. il
Y () =—ig,e™
N 0 Ni((n—QJrirévj

i(m—Qﬂ'ﬂ)t
el 17 - le 2/ 1
—i e J|——1e'"" t'+ .
gkz NI Ni(oa—Qﬂ'rN)
2

i 0
(36)

If the qubits are equidistant with a distance d between
neighbors, then a coordinate x, of the nth qubit can be
expressed in terms of coordinate x; of the first qubit:
x, =x;+(n—1)d. For x; =0 and k =Q /v, we obtain from
(36) for kd = 2mn:

i{m—QH‘m]t
e - 8k

Yk(t):_gk t—w
(@—Qﬂ'révj (m—QH’Févj

Therefore, in this case, a spectral density of spontaneous
emission has a Lorentzian form with a full width at half the
height of the resonance line being equal to NT.

Two important things concerning the Eq. (37) are worth
to be mentioned. First, a wave vector k in (35a) and (35b)
is related to a running frequency ©: k=w/v,. Our as-
sumption k =€ /v, means that the Eq. (37) is only valid in
the near resonance region. Second, the time-independent
terms in (24) cancel each other in (36). A physical reason for
this is that these terms are related to the dark states (A, =0)
which do not interact with a photon field and, therefore,
cannot contribute to the photon emission.

. (37)
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Fig. 11. Spectral density for three (a) and five (b) -qubit sys-
tems. kd = n/2, © =100/T". The spectrum in (a) is defined by the
roots A, =—(0.25+i0.66)I", A, =—(0.25-i0.66)I". The spec-
trum in (b) is defined by the roots A, =—(0.05+i0.59)I", A, =
=—(0.05-i0.59)T .

Similar calculations for kd = (2n + 1)n with the qubits’
amplitudes (30) also give the Eq. (37) for the spectral den-
sity of spontaneous emission.

For the values of kd, which are different from integer
multiple of m, the spectral density can be calculated only
numerically.

Below we show the spectral density for three and five-
qubit systems obtained by numerical calculations. In both
cases, the central qubit is initially excited and kd = /2.

The spectra in Fig. 11 are calculated for # = 100/T", where
only the roots A, with the smallest real parts survive. It is
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Fig. 12. Spectral density for a five-qubit system. t = 100/T.
(a) kd = m/4, central qubit is excited; (b) kd = n/3, the first qubit
is excited; (c) kd = 1/2, the first qubit is excited.
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known, that with the increase of N the real parts of the
roots of deep subradiant states (I'; <<I") scale as N~ 3 [14].
Therefore, the same scaling law should be observed for the
widths of the spectral lines.

A spectrum of photon emission can be drastically
changed if we take other values of kd or excite another
qubit. Several spectra for the five-qubit system are shown
in Fig. 12. The form of the spectral line depends mainly on
kd since this value defines the distribution of characteristic
roots A,,. This is clearly seen in panels (b) and (c) in Fig. 12
wherein in both cases the first qubit is excited, but the kd
values are different.

8. Conclusion

In this paper, we study the evolution of qubits’ ampli-
tudes in a one-dimensional chain of N equidistantly spaced
identical qubits where a single qubit in the chain is initially
excited. For kd = nm the amplitudes of all qubits, except for
that of the excited one, are similar no matter how far the
qubit under study is located from the excited qubit. In this
case, a spectral line of photon emission has a Lorentzian
form. It reveals a superradiant behavior with a width being
equal to NI'. However, in this case, the excitation of qubits
saturates the stationary level of 1/N. Therefore, the more is
the qubit number N, the less is the amplitude of the qubit
excitation. This property is a signature of the dark states
which prevent the qubits from damping to zero. If id is not
equal to integer multiple of m, the evolution of qubits’ am-
plitudes shows damped oscillations, which are the vacuum
Rabi oscillations in a multi qubit system. In this case, the
amplitude of a given qubit in the chain depends on two
parameters: the distance of the qubit from the excited one
and the number of qubits in the chain. If N is fixed, the
qubit’s amplitude decreases as the distance from the excit-
ed qubit increases. If the distance of a given qubit from an
excited one is fixed, the amplitude of a qubit under study
decreases as N increases.

Throughout the paper, it was assumed that all qubits are
identical for their frequency and the rate of spontaneous
emission. Moreover, the distance between neighbor qubits
was assumed to be equal. From this point, our system is
similar to a chain of real two-level atoms. However, there
are important differences between real atoms and super-
conducting qubits (artificial atoms). First, a distance be-
tween neighbors qubits is, in principle, different due to the
spreading of technological parameters. Second, every su-
perconducting qubit can be individually addressed, so that
we can tune its frequency to a desirable value. Third, a
distance between neighbors’ qubits can purposely be made
different. Therefore, it would be interesting to study how
qubits’ evolution could be altered by the modifications
mentioned above. Undoubtedly, these issues are very im-
portant and are worthy of further investigation. We believe

that the results obtained in this paper could be useful for
protocols of qubit control and readout technique in super-
conducting circuits.
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CnoHTaHHWMI po3nap, WTY4YHMX aToMIB
Yy MynbTUKYBITOBIN cUCTEMI

Ya. S. Greenberg, A. A. Shtygashev, A. G. Moiseev

Po3risiHyTo OZHOBUMIpHHMIA JaHIOr 3 N pPiBHOBIAZAaICHHX
KyOiTiB, sIKi HE B3a€MOJIIOTH Ta BOYJIOBaHI y BIIKPUTHI XBHU-
JenpoBiA. Y MiANpoCTOpi OJHOKPATHOTrO 30YKEHHS BHBUYCHO
€BOJIIONII0 aMIUITYX KyOiTiB, SIKINO cIOYaTtky 30yIpKyBaBcs
onuH KyOiT y nmanmio3i. IlokaszaHo, 10 THMYacoBa JAWHAMiKa
aMILTITY KyOiTiB CYyTTE€BO 3aJEXUTh BiX BEMWUUHH kd, ne k —
XBHJIbOBHUII BEKTOp, d — BiOCTaHb MiX CYCiAHIMH KyOiTamu.
Sxmo kd nopiBHIOE IiIOMy YHCIy, SK€ KpaTHE T, TO KyOiTH

30yMKYIOTECSL IO CTalliOHApHOTO PiBHS, SKHIl MacIITaOyeThCs
sax N'. [Toka3aHo, 110 B IbOMY BUIAJKY CaMe TEMHi CTaHH Iepe-
IIKOKYIOTh KyOiTaM crajaTd A0 HyJsd, HaBiTh SKIIO BOHM HE
CIIPUSIOTH BHUXITHOMY CHEKTpY BHIpOMiHIOBaHHS (oToHiB. J{ms
IHIIMX 3Ha4YeHb kd 30yMKeHHs KyOiTiB MalOTh BHIVILA JeMiido-
BaHUX KOJIMBaHb Ta SBJIIIOTH COOOI0 BaKyyMHI KoJmBaHHs Pabi B
MYJIBTHKYOITOBIN cHcTeMi. Y 1bOMYy BHNAAKy BUXIAHHHA CIEKTp
(hOTOHHOTO BHIPOMIHIOBAHHS BU3HAYAETHCS CYOBUIIPOMIHIOBAIIb-
HHMM CTaHOM 3 HafiMEHILOIO IIHPHHOIO.

KirowoBi cioBa: MynbTHKYOiTOBa CHCTEMa, aMILTITYAH KyOiTiB,
BUIIPOMIHIOBaHHS (DOTOHIB.
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